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Scalable (optimal) algorithms

cost    number of unknowns≈

Parallel scalability:

Numerical scalability:

time    1/number of processors≈



Challenges

� Identify the active constraints for
free

� Get rate of convergence independent of                   
conditioning of constraints

� Marry preconditioning with constraints 



Composite with inserted inclusions



Contact problem of elasticity
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FETI domain decomposition
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Total FETI domain decomposition
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Total BETI domain decomposition
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FETI-DP domain decomposition
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Coulomb and given (Tresca) friction
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Coulomb and given (Tresca) friction
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Model problems
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Primal variational formulation
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Stiffness matrices

1 1

1

1 1

1 1

,  -  definite or semidefinite,

,  - semidefinite, same kernels

c

s sc

c cs cc

i

s s

i

s s

   
   
   
   
      

   
   
   
   
      

 
 
 =
 

 

= =

= =

Total  FETI :

FETI - D

K O K

K
O K K

K K K

P :

FETI1:

K f
K K f

K f

K f
K K f

K f

O M

L

O M

O M

1

,  - positive definite,i
s

c

 
 
 =
 
 
  

f

K f
f

f

M

reminders
14444444244444443

corners
14243



Discretized primal problem
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Mixed (saddle point) formulation
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Dual formulation (1): coercive FETI-DP
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Optimal estimates for coercive FETI-DP -
model  problem (nodal/normalized mortar 

multipliers)

1:  The following bounds for hold:T−= BK BTheorem

Z.D., D.Horák,D.Stefanica  IMA J. Numer. Anal

F

. 2005
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Dual formulation (2): semicoercive FETI-DP
coercive/semicoercive FETI1 and Total FETI
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 Convexity of   . ,   and   gradient argument:

full rank matrix,  Im  Ker 
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FETI notation and homogenization
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Natural coarse grid projectors (semicoercive
FETI-DP, FETI1, total FETI) and penalty 

approximation
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Optimal estimates for semicoercive FETI-
DP – model problem

: The following bounds for hold :Theorem

Proof in Z.D., D.Horak,D.Stefanica 
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Optimal estimates for FETI1, TFETI and 
BETI (D2, D3)

Theorem

Proof in C.Farhat, J.Mandel and F.- X.Roux CMAME 1994
BETI J.Bouchala,Z.D.,M.Sadowska in preparation
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Optimality of dual penalty for FETI1, 
semicoercive FETI-DP and Total FETI
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Primal formulation of problems with given 
(Tresca) friction
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Discretized primal problem
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A simple observation (2D)
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Mixed (saddle point) formulation
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Dual formulation (3): coercive/semicoercive
FETI1 and Total FETI with given friction  2D
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FETI notation and homogenization
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Natural coarse grid projectors (semicoercive
FETI-DP, FETI1, total FETI) and penalty 

approximation
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Bound constrained problems
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KKT conditions and active set method

KKT and minimization 
on the face with the 
solution:

Typical minimization:
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Proportioning
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Proportional iterations

Projection step: 
expansion of 
the active set

Feasible conjugate 
gradient step:
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Optimality of MPRGP
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Optimality of FETI-DP for coercive model 
problem (frictionless/Tresca friction)
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Bound and equality constrained problems
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Augmented Lagrangian and projected 
gradient
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Effect of penalization
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Modification of linear term (Lagrange 
multipliers)
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Computational engine II: SMALBE
(Semimonotonic augmented Lagrangians)
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Basic relations for SMALBE
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Optimality of SMALBE
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Computational engine II: SMALBE 
Semimonotonic augmented Lagrangians
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Optimality of FETI/BETI for semicoercive/coercive 
problems (Tresca 2D, frictionless 2D/3D)
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Convergence of Lagrange multipliers
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FETI-DP: Numerical experiments for nodal 
Lagrange multipliers
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FETI-DP: Numerical experiments for 
mortars (orthogonalized constraints) 
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Solution and numerical scalability of FETI for 
n ranging from 50 to 2 130 048 (C/PETSc) 
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Numerical scalability

1/256, 1/ 4, 

primal dimension 135 200, dual dimension 3359 

2 outer iterations, 33 cg iterations
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Best results for FETI with SMALBE
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22number of outer
iterations

64 32 number od SGI-Origin
processors

128128number of subdomains

59 51929 823dual dimension

8 454 2722 130 048primal dimension



Benchmark for 2D Tresca friction
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FETI-DP 2D contact problem frictionless 
and with given (Tresca) friction 
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BETI for 2 nd kind variational inequality
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2D coercive test

12MPRGP



3D 2 blocks problem matching 
grids

outerinner

2913SMALBE



3D 2 blocks problem:non-matching grids
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FETI-DP 3D elasticty Hertz model problem

55666 DOFs

47 iterations

61 matrix-vector OPs

      38.5 s time

55666 DOFs

47 iterations

61 matrix-vector OPs

      38.5 s time

Optimal preconditioner and 

adaptive strategy for  

(proposed by M. Lesoinne)

α



Related research in variational inequalities

• FETI-NCG  by  C. Farhat, Duraiseix (based on FETI)
• FETI-C C. Farhat, M. Lesoinne , P. Avery, … (based on FETI-DP)
• Optimal dual penalty  Z. D., D. Horák
• Large deformation  J. Dobias, V. Vondrák, …
• Applications to contact shape optimization V. Vondrák, Z. D.
• Applications in composites Z.D., O. Vlach
• Quasistatic problems J. Haslinger, O. Vlach, Z.D.,
• Applications in biomechanics  V.  Vondrák, J.Rasmussen, …
• Problems with Coulomb friction R. Kučera, J. Haslinger, Z.D., …
• Some others (R. Kornhuber, R. Krause, B. Wohlmuth, …) gave 

evidence of optimality of various algorithms, J. Schoeberl even the 
first proof.



Conlusions

1. New algorithms for bound and equality 
constrained QP problems were introduced 

2. Qualitatively new results were shown

3. The results were applied to develop scalable 
algorithms for elliptic boundary variational
inequalities including contact problems

4. Theoretical results are in agreement with 
numerical experiments

5. Engineering application in progress (joint with C. 
Farhat)

6. Recently extended to 3D Tresca


