The Calibration Method for
Free-Discontinuity Problems
on Small Domains

CANDIDATE SUPERVISOR

Maria Giovanna Mora Prof. Gianni Dal Maso

Thesis submitted for the degree of Doctor Philosophiae
Academic Year 2000 — 2001






Il presente lavoro costituisce la tesi presentata da Maria Giovanna Mora, sotto la
direzione del Prof. Gianni Dal Maso, al fine di ottenere 'attestato di ricerca post-
universitaria Doctor Philosophiae presso la S.I.S.S.A., Classe di Matematica, Settore
di Analisi Funzionale ed Applicazioni. Ai sensi del Decreto del Ministro della Pubblica
Istruzione 24 Aprile 1987 n. 419 tale diploma & equipollente al titolo di Dottore di
Ricerca in Matematica.

Trieste, anno accademico 2000 — 2001.

In ottemperanza a quanto previsto dall’art. 1 del Decreto Legislativo Luogotenenziale
31 Agosto 1945 n. 660 le prescritte copie della presente pubblicazione sono state
depositate presso la Procura della Repubblica di Trieste e presso il Commissariato
del Governo nella Regione Friuli - Venezia Giulia.






Ringraziamenti

Desidero ringraziare il mio relatore Gianni Dal Maso per avermi guidato nel mio lavoro
di ricerca durante questi quattro anni: la sua profonda conoscenza della matematica,
la sua continua disponibilita e il suo entusiasmo per la ricerca sono stati per me un
grande incentivo ed insegnamento.

Un ringraziamento molto speciale al mio caro amico e collaboratore Massimiliano
Morini, con cui e stato un piacere condividere gioie e dolori del metodo delle cali-
brazioni.

Vorrei esprimere la mia gratitudine anche a tutti i miei amici in S.I.S.S.A., che hanno
contribuito a questa tesi con il loro affetto e la loro vicinanza, rendendo la mia per-
manenza a Trieste un’esperienza indimenticabile. In particolare, ringrazio Andrea,
Duccio, Giovanni, Matteo e Massimiliano per la loro amicizia.

Ringrazio tutta la mia famiglia per avermi sempre incoraggiato e sostenuto.

Infine un grazie di cuore a Luca: non scriverd i motivi perché sono cosi tanti che

questa pagina non potrebbe contenerli tutti, ma li ricordero sempre.

10 settembre 2001

iii






Contents

Introduction

1 Preliminary results
1.1 Functions of bounded variation . . . . . . . . .. ...
1.2 The Euler-Lagrange equations for the Mumford-Shah functional . . . . . . .. ... .. ..
1.3 The calibration method for the Mumford-Shah functional . . . ... ... ... ... ...

2 Calibrations for minimizers with a rectilinear discontinuity set
2.1 Amodelcase . . . . . ..
2.2 Thegeneral case . . . . . . . . . e

3 Calibrations for minimizers with a regular discontinuity set
3.1 The Dirichlet minimality . . . . . . . . .. ... L
3.2 The graph-minimality . . . . . . . . . .
3.2.1 Some properties of K(T,U) . . . . . o oo o i it

4 Calibrations for minimizers with a triple junction
4.1 Construction of the calibration . . . . . . . . ... . ... ... ...
4.2 Estimates for t; and ¢ near u;_1 and w; . . . . . . ...
4.3 Estimates for t; and t9 near ug and wo . . . . . . ...
4.4 Proof of condition (b1) . . . . . . ...
4.5 The antisymmetric case . . . . . . ..o

5 The calibration method for functionals on vector-valued maps
5.1 Calibrations for functionals on vector-valued maps . . . . . . . . .. ... ... ... ...
5.2 An application related to classical field theory . . . . . . .. ... . ... .. ...
5.3 Some further applications . . . . . . . . . . . ...
5.4 Calibrations in terms of closed differential forms . . . . . . ... . ... ... ... ....

Bibliography

15
16
25

35
36
49
57






Introduction

Many variational problems arising in several branches of applied analysis (as image processing, fracture
mechanics, theory of nematic liquid crystals) lead to consider minimum problems for functionals which
couple a volume and a surface integral, depending on a closed set K and a function u smooth outside K .
Following a terminology by E. De Giorgi, variational problems of this kind are called free-discontinuity
problems, and, in the weak formulation proposed by E. De Giorgi and L. Ambrosio in [13], they appear
as minimum problems for functionals of the form

F(u):/ﬂf(x,u,Vu)dx—f—/S Oz, u™, ut v, dH (1)

where ) is a bounded open subset of R™, and the unknown function u belongs to the space SBV (€; RY)
of special functions of bounded variation in Q with values in RY. We recall that Vu denotes the
approximate gradient of w, S, is the set of essential discontinuity points of u, v, is the approximate
unit normal vector to Sy, and u~,u" the approximate limits of u on the two sides of S, (for a precise
definition see Chapter 1); finally, H"~! denotes the (n — 1)-dimensional Hausdorff measure.

A typical example is provided by the so-called Mumford-Shah functional, introduced in [31] in the
context of image segmentation, which can be written as

MS, 5(u) = / \Vul|?dz + aH™ 1 (S,) + ﬁ/ lu — g|? dz, (2)
) Q

where g is a function in L°(€2;RY), and o > 0 and > 0 are constants.

One of the main features of functionals of the form (1) is that they are in general not convex; there-
fore, all the equilibrium conditions which can be obtained by infinitesimal variations are necessary for
minimality, but in general not sufficient.

G. Alberti, G. Bouchitté, and G. Dal Maso have proposed in [2] a sufficient condition for minimality,
which is based on the calibration method and applies for functionals of the general form (1) defined on
scalar maps.

In this thesis we apply this minimality criterion to identify a wide class of nontrivial minimizers for
the homogeneous version of the Mumford-Shah functional (defined on scalar maps)

MS(u) = /Q Vul?de +H"(S), 3)

which occurs in the theory of inner regularity for minimizers of M S, s and is obtained by taking o =1
and dropping the lower order term in (2). In the last part we develop the theory of calibrations for more
general functionals with free discontinuities on vector-valued maps and we describe several applications
of this result.

All the applications and the examples shown throughout the thesis share the same purpose: we
consider a candidate u satisfying the equilibrium conditions for a functional of the form (1) and we prove
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by calibration that w is a minimizer of F' in a sufficiently small domain; in other words, we show that
the equilibrium conditions are also sufficient to guarantee the minimality on small domains, as in many
classical problems of the Calculus of Variations.

Before giving the details of the results, let us describe the basic idea behind the calibration method
focusing our attention on Dirichlet minimizers of (1), that is minimizers with prescribed boundary values.
Given a candidate u, if we are able to construct a functional G which is invariant on the class of functions
having the same boundary values as u, and satisfies

G(u) = F(u), and G(v) < F(v) for every admissible v, (4)

then wu is a Dirichlet minimizer of F'. Indeed, if such a functional exists, for every v with the same
boundary values as v we have that

F(u) = Gu) = G(v) < F(v).

In [2] the role of G is carried out by the flux of a suitable divergence-free vectorfield ¢ : QxR — R"xR
through the complete graph I, of v, which is defined as the boundary of the subgraph of v (the set of all
points (x,z) € QxR such that z < v(z)), oriented by the inner normal v, . Since ¢ is divergence-free,
from the divergence theorem the flux turns out to be invariant with respect to the boundary values,
while suitable further conditions on ¢ guarantee (4). Consider for instance the case of the homogeneous
Mumford-Shah functional, for simplicity in two dimensions, and denote the variables in Q by (z,y) and
the “vertical” variable in R by z. Then it is enough to require that ¢ = (p*¥, ¢*) is a bounded regular
vectorfield satisfying the following assumptions:

(al) @*(z,y,2) > 2|p™¥(z,y,2)? for L2-a.e. (z,y) € Q and every z € R;

(a2) o™ (2, y,u(z,y)) = 2Vu(z,y) and ¢*(z,y, u(z,y)) = [Vu(z,y)|* for L*-a.e. (z,y) € Q;

(b1) <1 for H'-a.e. (z,y) € Q and every t; < tp in R;

to
/ o2,y =) dz

t1

ut (z,y)
(b2) / 0" (2,y,2)dz = v (z,y) for Hl-ae. (x,y) € S,.

~(z,y)

Indeed, the flux of ¢ through I, can be expressed as

L. 90 oty [ [ ey, m) et (5)

where v, Vv, v¥, and v, are computed at (z,y); since condition (al) implies that
(O™ (2, y,v), Vv) — p*(z,y,v) < |Vv|? for £%-a.e. (r,y) €Q, (6)

while condition (b1) implies

+

/ (" (2,y,2), 1) dz < 1 for H'-a.e. (z,y) € S,, (7)

v

by (5) we have that the inequality in (4) is satisfied for every admissible v. Moreover, conditions (a2)
and (b2) guarantee that the equality holds true in (6) and (7), respectively, so that the equality in (4) is
fulfilled for the candidate u. We will say that ¢ is a calibration for u with respect to the functional M.S
if ¢ is a vectorfield satisfying conditions (al), (a2), (b1), (b2), and
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(c1) ¢ is divergence-free on QOxR.

Summarizing, if there exists a calibration ¢ for u with respect to M S, then u is a Dirichlet minimizer
of MS.

The first applications of this minimality criterion are contained in [2], where the authors provide
several examples of nontrivial minimizers for the Mumford-Shah functional with short and easy proofs.
The simple expression of the calibrations in all these examples is related to the fact that they concern only
minimizers having either a gradient vanishing almost everywhere or an empty discontinuity set. In the
first part of this thesis we deal with candidates having a more complicated structure, that is presenting
both a non vanishing gradient and a nonempty discontinuity set.

We recall from [6] and [31] that a Dirichlet minimizer u for MS in © C R? must satisfy the following
equilibrium conditions (which can be globally called the Euler-Lagrange conditions for (3)):

(i) w is harmonic on Q\ Sy;
(ii) the normal derivative of u vanishes on both sides of S,,, where S, is a regular curve;

(iii) the curvature of S, (where defined) is equal to the difference of the squares of the tangential
derivatives of u on both sides of S, ;

(iv) if S, is locally the union of finitely many regular arcs, then S, can present only two kinds of
singularities: either a regular arc ending at some point, the so-called “crack-tip”, or three regular
arcs meeting with equal angles of 27 /3, the so-called “triple junction”.

In Chapters 2 and 3 we construct calibrations for solutions of the Euler equations with a regular
discontinuity set, while in Chapter 4 we consider the case of a triple junction. All our results are in two
dimensions. The minimality of the crack-tip has been recently proved by different methods in [7], while
the problem of finding a calibration for it is still open.

We point out that we do not know of any general method to find calibrations, but each time, according
to the geometry of the discontinuity set of the candidate, we have to perform a different construction. In
spite of the lack of a general formula, all our constructions present a rather similar structure.

First of all, in terms of calibrations the presence of both a non vanishing gradient and a nonempty
discontinuity set corresponds to a conflict between conditions (a2) and (b2), since (a2) and the Neumann
conditions (ii) imply that o™V is tangential to S, at the points (z,y,u*(z,y)) for (z,y) € S, , while (b2)
requires that its average between v~ (z,y) and u™'(z,y) is normal to S, for (z,y) € S, . It is therefore
convenient to construct the calibration ¢ by pieces in order to act differently on the regions around
the (usual) graph of u, where ¢ will be somehow determined by condition (a2), and an “intermediate”
region, which will give the main contribution to the integral in (b2). More precisely, we decompose the
cylinder QxR in a finite union of Lipschitz open sets A; and define ¢ in such a way that it agrees on A;
with a suitable divergence-free vectorfield ¢;; in order to satisfy condition (c1) we have clearly to require
that the vectorfields ; satisfy a compatibility condition along the boundary of the sets A;.

In a neighbourhood of the graph of u we have to construct a divergence-free vectorfield satisfying
(a2) and such that for every (x,y) € S, there holds

(@™ (z,y,2),vu(z,y)) >0 foru™ <z<u +eandforut —e<z<uh,
(™ (2, y,2),vu(z,y)) <0 forut <z<ut+eandforu™ —e<z<u~

(8)

for a suitable € > 0. These properties are crucial in order to obtain (b1) and (b2) simultaneously.

The aim of the definition of ¢ in the remaining region is to make (b2) exactly satisfied, that is to
annihilate the tangential contribution and to correct the normal one due to the presence of the field
around the graph. Of course, ¢ has to be carefully chosen in order to preserve conditions (al) and (bl).

The scheme of our proofs is the following: we define a vectorfield ¢ depending on some parameters
and satisfying conditions (al), (a2), (b2), and (c1); then we choose the parameters in such a way to fulfil
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also condition (b1l). The Euler conditions are involved in the proof in a rather technical way: in general
they concern the definition of ¢ around the graph, which can be therefore regarded as the crucial point
of the construction.

The first examples of calibrations for discontinuous functions which are not locally constant, are pre-
sented in Chapter 2. We prove that if u is a function satisfying all Euler conditions for the homogeneous
Mumford-Shah functional and whose discontinuity set is a straight line segment connecting two points of
09, then every point (zg,%o) in S, has an open neighbourhood U such that w is a Dirichlet minimizer
of (3) in U, provided the tangential derivatives 9,u and 92 u do not vanish at (zo,yo).

In Theorem 2.1 we study the special case

w(@,y) = z ify >0,
W= —x if y <0,

which, even if very simple, involves most of the main difficulties. The main idea of the proof is in the
definition of ¢ near the graph of u: in order to verify (a2) and to introduce a normal component satisfying
(8) we take as ¢*¥ a suitable “rotation” of the vector 2Vu; in other words, we apply to the vectors +2e;
a suitable orthogonal matrix R depending on z,y, z and satisfying R(x,y,+x) = I, and we set

<P($7 Y, Z) = (:tQR(I7 Y, 3)61, 1)

This construction is then adapted in Theorem 2.4 to the case of a general function u satisfying the Euler
conditions and having a rectilinear discontinuity set. Near the graph of u we simply take

o(2,y,2) = (2R(u,v, 2)Vu, [Vu|?),

where v is the harmonic conjugate of u, while outside a neighbourhood of the graph we are forced to
introduce some additional parameters. We will see that it is actually convenient to perform a change of
variables through the mapping (z,y) — (u(z,y),v(x,y)), which is conformal near (z¢, o), since we are
assuming 9,u(zo,yo) # 0. The additional assumption 92 u(xg,yo) # 0 is instead related to the choice
of the field in the region far from the graph and to the proof of (bl): indeed, it guarantees that the
parameters appearing in the definition of ¢ can be chosen in such a way that the function

to
/ oV (a,y, =) d

t1

I(LU, y7t17t2) =

has a strict maximum at the points (z,y,u™ (x,y),u" (z,y)) with (z,y) ranging in S, .

These first examples are widely generalized in Chapter 3, where we consider candidates u whose
discontinuity set can be any analytic curve and we prove the Dirichlet minimality in a uniform neigh-
bourhood of S,,, without additional technical assumptions. More precisely, in Theorem 3.2 we show that,
if w is a function satisfying all Euler conditions for the Mumford-Shah functional and S,, is an analytic
curve connecting two points of 92, then there exists an open neighbourhood U of S, N such that u
is a Dirichlet minimizer in U of (3).

We note that the analyticity assumption for .S,, does not seem too restrictive, since it has been proved
that the regular part of the discontinuity set of a minimizer is at least of class C*>° and it is a conjecture
that it is in fact analytic (see Chapter 1).

The original idea of the new construction essentially relies on the following remark: we can define
divergence-free vectorfields on an open set A C 2xR starting from a fibration of A by graphs of harmonic
functions. Indeed, if {u¢}ier is a family of harmonic functions whose graphs are pairwise disjoint and
cover A, then the vectorfield

p(x,y,2) = 2Vue(z,y), [Vur(z,9)%) (9)
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with ¢ = ¢(x,y, 2) satisfying z = u;(x, y), turns out to be divergence-free on A; moreover, it automatically
fulfils conditions (al) and (a2).

We use this technique to construct the calibration around the graph of u: we take as {u;} the family
{u + tv}, where v is a suitable harmonic function, and according to formula (9) we define

p(x,y,2) = (2Vu + 2554 Vo, [Vu + 2 Vol);

the function v is chosen in such a way that Vv is normal to S, and (8) is verified.

This method of construction reminds of the classical method of Weierstrass fields, where the proof of
the minimality of a candidate u is obtained by the construction of a slope field starting from a family of
solutions of the Euler equation, whose graphs foliate a neighbourhood of the graph of w.

In Chapter 3 we deal also with a different notion of minimality: in Theorem 3.2 we compare u with
perturbations which can be very large, but concentrated in a fixed small domain; we wonder if a minimality
property is preserved also on a large domain, when we admit as competitors only perturbations of v with
L -norm very small outside a small neighbourhood of S, .

According to this idea, we will say that a function u is a Dirichlet graph-minimizer of the Mumford-
Shah functional if there exists a neighbourhood A of the complete graph of u such that M.S(u) < MS(v)
for all v € SBV () having the same trace on 9 as u and whose complete graph is contained in A.

As proved in [2, Example 4.10], any harmonic function « : @ — R is a Dirichlet graph-minimizer
of MS, whatever ) is. If we consider instead a solution u of the Euler equations presenting some
discontinuities, what we discover is that the Dirichlet graph-minimality of u may fail when € is too
large, even in the case of a rectilinear discontinuity set, as the counterexample at the beginning of
Section 3.2 shows. Therefore, to achieve this minimality property we have to add some restrictions on
the domain 2. To this aim we introduce a suitable quantity which seems useful to describe the correct
interaction between S, and Q. Given an open set U (with Lipschitz boundary) and a portion I'" of oU
(with nonempty relative interior in U ), we define

K([,U) := inf{/ \Vo(z,y)|?dedy : ve H'(U), /v2dH1 =1, and v =0on 8U\F}.
U r

As shown by the notation, K(I',U) is a quantity depending only on T" and U, which describes a kind
of “capacity” of the prescribed portion of the boundary with respect to the whole open set. Note that if
Uy C Uy, and Ty C Ty, then K(T'y1,U;) > K(T'2,Us), which suggests that if K(T',U) is very large, then
U is thin in some sense. The qualitative properties of K (T',U) are studied in the final part of Section 3.2.

Theorem 3.5, which is the main result of Section 3.2, gives a sufficient condition for the Dirichlet
graph-minimality in terms of K(S,,) and of the geometrical properties of S, . More precisely, we
assume that T' is a given analytic curve such that I' N Q connects two points of 9§, and Q\ I has two
connected components 21, 2o with Lipschitz boundary. We prove that there exists a positive constant
¢(T") (depending only on the length and on the curvature of T') such that, if u is a function satisfying all
Euler conditions in 2, whose discontinuity set coincides with I' N ) and such that

min K(I' N0, Q;) > ¢(I) (||87'u_||201(1“ﬂ(2) + ||8T“+||201(m9)) ; (10)
then u is a Dirichlet graph-minimizer of MS.

We remark that condition (10) imposes a restriction on the size of Q depending on the behaviour
of u along S,: if u has large or very oscillating tangential derivatives, we have to take 2 quite small
to guarantee that (10) is satisfied. In the special case of a locally constant function w«, condition (10)
is always fulfilled whatever the domain is; so u is always a Dirichlet graph-minimizer whatever € is, in
agreement with a result proved in [2].

The proof of Theorem 3.5 is based again on the calibration method. Indeed, to prove the graph-
minimality of a candidate u it is enough to show that there exist a suitable neighbourhood A of the
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complete graph of u, and a bounded vectorfield ¢ on A satisfying conditions (al), (a2), (bl), (b2), and
(c1) (where now (z,y,2), (x,y,t;) range in A). Condition (10) guarantees that we can extend to a
neighbourhood of I, a slightly modified version of the calibration of Theorem 3.2.

In Chapter 4 we study the minimality of solutions u of the Euler equations whose discontinuity set is
given by three line segments meeting at the origin with equal angles; in other words, S, is a rectilinear
triple junction, generating a partition of  in three sectors of angle 27/3, that we call Ag, A1, A2. In
Theorem 4.1 we prove by calibration that, setting u; := u|4, and assuming u; € C2(4;), there exists a
neighbourhood U of the origin such that u is a Dirichlet minimizer of M .S in U. This result generalizes
Example 4 in [1] where the function u was piecewise constant.

The proof is quite long and technical, and is split in several steps. The symmetry due to the presence
of 27 /3-angles is exploited in the whole construction of the calibration. First of all, since the function
u; has to be harmonic in A; with null normal derivative at 0A;, applying Schwarz reflection principle
we obtain that w; can be harmonically extended to a neighbourhood of the origin, cut by a half-line;
moreover, from the Euler condition (iii) it follows that the extension of u; coincides, up to the sign and
to additive constants, with u; on A; for every j # . Using this remark it is easy to see that each wu;
must be either symmetric or antisymmetric with respect to the bisecting line of A;.

In Sections 4.1 — 4.4 we define ¢ in the symmetric case and we prove that it is a calibration; in
Section 4.5 we adapt the construction to the antisymmetric case.

The crucial point of both constructions is, as usual, the definition of the field near the graph of wu,
where we apply again the “fibration” technique. Indeed, we fibrate a neighbourhood of the graph of
each u; by a family of harmonic functions of the form w; + tv;. Unlike the construction of ¢ in the
proof of Theorem 3.2 where we choose Vv orthogonal to S, in this case it is convenient to take as v; a
linear function whose gradient is parallel to the bisecting line of A;. Thanks to the symmetry, this choice
ensures that the tangential contributions to the integral in (b2), given by the regions near u~ and u™,
are always of opposite signs and annihilate each other.

The assumption of CZ?-regularity for u; does not seem too restrictive: indeed, by the regularity
results for elliptic problems in non-smooth domains (see [22]), it follows that wu; belongs at least to
C1(A;), since u; solves the Laplace equation with Neumann boundary conditions on a sector of angle
27 /3. Moreover, since u; is either symmetric or antisymmetric with respect to the bisecting line of A;,
one can see u; as a solution of the Laplace equation on a m/3-sector with Neumann boundary conditions
or respectively mixed boundary conditions. By the regularity results in [22], it turns out that in the first
case u; belongs to C?(A;), while in the second one u; can be written (in polar coordinates centred at
0) as u;(r,0) = @;(r,0) + cr®? cos 36, with @; € C%(4;) and ¢ € R. So, only the function r3/2 cos 26 is
not recovered by our theorem: if we were able to construct a calibration also for this function, then we
would recover all possible cases.

Finally we remark that the case where S, is given by three regular curves (not necessarily rectilinear)
meeting at a point with 2m/3-angles, is at the moment an open problem and it does not seem to be
achievable with a plain arrangement of the calibration used for the rectilinear case, essentially because
of the lack of symmetry.

The last part of the thesis corresponds to Chapter 5 where we generalize the calibration method
to functionals of the form (1) defined on vector-valued maps. The basic principle is the same we have
explained at the beginning: in order to prove the minimality of a function u, we want to construct a
functional G satisfying conditions (4) and invariant on the class of the admissible competitors for wu.
When wu is a vector-valued function, it is convenient to consider a different kind of invariant functional:
the calibration is no longer a vectorfield, but a pair of functions (S,Sp), where S : OQxRY — R” is
suitably regular, while Sy belongs to L!(€); the comparison functional for F is given by

Gv) ::-/ (S(@,v), von) dH 1 + [ So(w) da, (1)
oQ Q
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where vgq is the inner unit normal to 9Q. It is clear that the functional (11) is constant on the functions
having the same values at 92. Moreover, by the divergence theorem we can rewrite (11) as

/Qd/ler/QSO(@dSC

where p, is the divergence (in the sense of distributions) of the composite function S(-,v(:)). A gener-
alized version of the chain rule in BV (which is proved in Lemma 5.2) implies that

o = ([div,S](z,v) + (D.S(z,v))", Vo)) L™ 4+ (S(z,v") — S(z,v7),v,) H" [ S,

where [div,S] denotes the divergence of & with respect to the variable z € , and (D,S)” the transpose
of the Jacobian matrix of S with respect to the variable z € RY. Therefore the functional (11) turns
out to be equal to

/Q ([div,S](z,v) + (D,S(z,v))", Vv) + Sp(x)) dx + /s (S(z,v") = S(z,v7), 1) dH" 1. (12)

By comparing this expression with the functional (1), we find pointwise conditions on Sy, S, and the
derivatives of S, which guarantee (4), and then the Dirichlet minimality of a given u. For instance, in
the case of the Mumford-Shah functional (3) defined on vector-valued maps, it is enough to require the
following conditions:

(al) [divyS](z,2) + So(x) < =1 D.S(z, 2)|? for L-ae. z € (2, and for every z € RV;

(a2)
(bl) |S(x,21) —
(b2) S(z,u™) — S(z, =, for H" t-ae. z€S,.

For a precise statement in the case of a general functional of the form (1) we refer to Lemma 5.4 and
Lemma 5.5 in Section 5.1.

The connection between the conditions above in the case N = 1 and those ones of the scalar for-
mulation by Alberti, Bouchitté, Dal Maso, is studied in Remark 5.8. Here we only observe that, while
in the scalar formulation we need condition (cl) to ensure that the comparison functional is invariant
with respect to the boundary values, in this new framework this is guaranteed just by the expression of
the functional (11); so, there is no condition corresponding to (cl). In fact, in the case N = 1, given a
calibration (S,S8p), the vectorfield ¢ = (¢%, p*) : QxR — R™xR defined as

¢, 2) = 0:8(x,2),  ¢*(x,2) = —[divaS](2, 2) = So(x)

is a calibration in the sense of Alberti, Bouchitté, Dal Maso. Indeed, ¢ turns out to be divergence-free,
and the remaining conditions of the scalar formulation follow from conditions (al), (a2), (bl), and (b2)
stated above. Conversely, given any divergence-free vectorfield ¢ = (¢*, v?), we can always write *
as the derivative with respect to z € R of a suitable function § : xR — R"™, and using the relation
0,0* = —div¢” (which follows from (c1)), we can deduce that there exists a function Sy of the variable
x such that ¢*(z,z) = —[div,S](z, 2) — So(x). If we rewrite now conditions (al), (a2), (bl), and (b2)
of the scalar formulation by using these expressions of ¢* and ¢?, we obtain that the pair (S,Sp) is a
calibration.

The formulation in terms of (S,Sp) is related to classical field theory for multiple integrals of the
form

[div,S](z,u) + So(x) = —|Vu(z)]? and (D,S(z,u))” = 2Vu(z) for L-a.e. = € Q;

S(x,2)| <1 for H" '-a.e. x € Q and for every 2z, 2o € RY;

Fo(u) = [ f(x,u,Vu)dx.
o
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In this context a sufficient condition for the minimality of a candidate u € C'(£;RY) is obtained by
comparing Fy with the integral of a null-lagrangian of divergence type, which is constructed starting
from a suitably defined slope field P, called Weyl field, and a function S € C?(QxRY;R"), the eikonal
map associated with P (cf., e.g., [18]). In Section 5.2 we prove that, under suitable assumptions on f
and 1), whenever a Weyl field exists for a function u € C1(€;RY) (so that u is a Dirichlet minimizer for
Fy), then there exists a calibration for u with respect to the functional F' (which is given by the eikonal
map S and by Sy =0), so u is also a Dirichlet minimizer for F among SBV functions.

Some examples and applications are presented in Section 5.3. In Examples 5.14, 5.16, 5.17, and 5.18
we deal with minimizers of the Mumford-Shah functional, and we generalize some results proved in [2]
for the scalar case. A purely vectorial example is given by Example 5.15, where we study the minimality
of continuous solutions of the Euler equations for a functional arising in fracture mechanics, which can
be defined only on maps from 2 C R™ into R™.

Finally, we point out that, as mentioned in [2], one could try to generalize the calibration theory from
the scalar case to the vectorial one by replacing divergence-free vectorfields by closed n-forms on QxRY
acting on the graphs of the functions v, viewed as suitably defined surfaces in QxRN . This could lead
to the idea that our choice of writing the calibration in terms of the pair (S,Sp) is somehow restrictive
when N > 1. This is not the case at all, since the existence of a calibration expressed via differential
forms implies the existence of a calibration expressed in terms of a pair (S,Sp), as shown in Section 5.4.

The results of Chapter 2 are obtained in collaboration with Gianni Dal Maso and Massimiliano Morini,
and are published in [11], while the results of Chapter 3 are achieved in collaboration with Massimiliano
Morini and published in [27]. The content of Chapter 4 will appear in [25], while the content of Chapter 5
corresponds to the paper [26].



Chapter 1

Preliminary results

In this chapter we collect some preliminary results which will be useful in the sequel. In Section 1.1 we
recall some basic results from the theory of functions with bounded variation. In Sections 1.2 and 1.3
we deal with necessary and sufficient conditions for the minimality of the homogeneous Mumford-Shah
functional on scalar maps: in Section 1.2 we write the Euler-Lagrange equations, while in Section 1.3 we
present the theory of calibrations.

Let us fix some notation. Given z,y € R™, we denote their scalar product by (z,y), and the euclidean
norm of x by |z|. We set S"7! := {x € R" : |z| = 1}. Given a set B C R", we denote the Lebesgue
measure of B by £"(B) and the (n — 1)-dimensional Hausdorff measure of B by H"~*(B). If a,b € R,
the maximum and the minimum of {a,b} are denoted by a Vb and a A b, respectively.

1.1 Functions of bounded variation

Let Q be a bounded open subset of R", let v € L} (Q;RY), and let zp € Q. We say that u has an

loc
approximate limit at zq € Q if there exists z € RV such that

1
lim 7/ u(x) — z|dx =0, 1.1
r—0+ L™(B(x0)) BT(@)' () | (1.1)

where B..(x) is the ball of radius r centred at xy. The set S, of points where this property does not
hold is called the approzimate discontinuity set of uw. For any zo € Q\ S, the vector z (which is uniquely
determined by (1.1)) is called the approzimate limit of u at xoy and denoted by ().

We say that a function u : Q2 — RY has bounded variation in 2, and we write u € BV (;RY) | if u
belongs to L!(Q;RY) and its distributional derivative Du is a finite Radon R™" -valued measure in €.
If Q has Lipschitz boundary, we can speak about the trace of u on dQ, which belongs to L!(99Q, H"~1)
and will be still denoted by wu.

If u € BV(Q;RY), then S, is countably (H"~!,n — 1)-rectifiable, that is, it can be covered, up to
an H" !-negligible set, by countably many C!-hypersurfaces. Moreover, for H" '-a.e. =g € S, there
exists a triplet (uT(xg),u™ (z0), vu(20)) € RV xRN xS"~1 such that ut(zg) # u~(29), vu(zo) is normal
to S, in an approximate sense, and

1

lim 7/ u(z) — ut(zo)|dz = 0, 1.2
r—0+ L7(B; (o)) B}(m0)| (@) (o) (1.2)

where BF(zg) is the intersection of B, (o) with the half-plane {z € R : +(x — xg,v,(2¢)) > 0}. The
triplet (u™ (o), u™ (o), vu(z0)) is uniquely determined up to a permutation of (u™(x¢),u™ (z0)) and a

9
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change of sign of v, (). Condition (1.2) says that v, (z¢) points from the side of S;, corresponding to
u™ (zo) to the side corresponding to u™(zo).

For every u € BV (€;RY), by applying the Radon-Nicodym theorem we can decompose the measure
Du as D%u + D?u, where D%u is the absolutely continuous part with respect to the Lebesgue measure
L™ and D?u is the singular part. The density of D%u with respect to L™ is denoted by Vu and agrees
with the approzimate gradient of u. The measure D*u can be in turn written as D7u + D°u, where
Dl is the restriction of D*u to S, and is called the jump part, while D°u is the restriction to Q\ S,
and is called the Cantor part. The density of D/u with respect to the measure H"~1[S, is given by the
tensor product (u™ —u~) ® v,,. We also call the sum D% + D°u the diffuse part of the derivative of u
and denote it by Du.

We say that a function u : Q — RY is a special function of bounded variation, and we write u €
SBV(Q;RY), if u € BV(Q;RY) and Du = 0.

Finally, for every u € BV (;RY) we define as graph of u the set

graphu := {(z,a(x)) : € Q\ S, }.

In the scalar case N = 1, for every u € BV (Q) we call 1,, the characteristic function of the subgraph
of w in QxR, namely the function defined by 1,(x,z) :=1 for z < u(z) and 1,(z,z) =0 for z > u(z).
We define as complete graph of u (and we denote it by I,) the measure theoretic boundary of the
subgraph of u, that is the singular set of 1,. We note that, assuming u and S, sufficiently regular, the
complete graph I, consists of the union of the graph of u and of all segments joining (x,u™(x)) and
(z,u™(x)) with x ranging in S,.

For more details we refer to the book [6] by L. Ambrosio, N. Fusco, and D. Pallara, where a self-con-
tained presentation of BV and SBV spaces can be found.

1.2 The Euler-Lagrange equations for the Mumford-Shah
functional

Let € denote a bounded open subset of R? with Lipschitz boundary, and let us consider the homogeneous
Mumford-Shah functional

MS(u) = /Q |Vul*dz + H'(S.,) (1.3)

for w e SBV(Q).
In the sequel we will refer to the following definition of minimizers.

Definition 1.1 An absolute minimizer of (1.3) in Q is a function w € SBV(Q) such that
/|Vu\2dz+H1(Su) g/ |Vo|2de + H(S,) (1.4)
Q Q

for every v € SBV(Q), while a Dirichlet minimizer in Q is a function u € SBV () such that (1.4) is
satisfied for every v € SBV(Q) with the same trace on 9Q as u.

Let us focus our attention on necessary optimality conditions near a regular portion of S.. Let u be
a Dirichlet minimizer of M.S and let U C ) be an open set such that S, NU is a graph, that is

S.NU = {(t,¥(t)): t€ D}

for some open set D C R and ¢ : D — R. Set Ut := {(t,s) €U : s> ¢(t)} and U™ := {(t,s) € U :
s < (t)}. Let ¢ € CY(U) be a function vanishing in a neighbourhood of U™ \ S, ; by comparing u
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with the function v := u + ¢, from the minimality of w we obtain that

/ (Vu, V) dx = 0.
U+

This means that u is a weak solution of the following problem:

_ 1.5
O,u=0 ondUTNS,. (1.5)

{Au =0 inUT,
A similar problem is solved by « in U~ .

The Euler equation (1.5) has been obtained by considering only variations of u and keeping S, fixed.
By considering also variations of S, we expect to derive a transmission condition for u along S, , which
takes into account the interaction between the bulk and the surface part of the functional. Assume that
u belongs to W22(UT UU™) and suppose that S, NU is the graph of a C%-function (that is, v is of
class C?). Then it can be proved that

where the left-hand side is the curvature of S, , while at the right-hand side (Vu)* denote the traces of
Vu on S, NU from U*, respectively.

We note that, if 1 is known to be only of class C*7, equation (1.6) actually still holds in a weak
sense. Then using (1.6) it is possible to prove that, as soon as we know that S, NU is of class C17,
then S, N U turns out to be in fact of class C.

The following conjecture is still an open problem.

Conjecture (De Giorgi). If u is a Dirichlet minimizer of MS, then S, is analytic near its regular
points.

We conclude this section by some remarks on the regularity of the discontinuity set of a minimizer,
which represents a very challenging mathematical problem. In [31] D. Mumford and J. Shah conjectured
that, if w is a Dirichlet minimizer of M.S, then S, is locally the union of finitely many C'' embedded
arcs; moreover, they showed that, if the conjecture is true, then only two kinds of singularity can occur
inside €2: either a line terminates at some point, the so-called “crack-tip”, or three lines meet forming
equal angles of 27/3, the so-called “triple junction”.

In [6, Theorem 8.1] the following regularity result is proved.

Theorem 1.2 If u € SBV(Q) is a minimizer of MS, there exists an H! -negligible set ¥ C S, N
relatively closed in 0 such that QN S, \'Y is a curve of class C11.

This result is still far from Mumford-Shah conjecture, since we are only able to say that ¥ is H!-
negligible, and not that it has locally finite H° measure.

1.3 The calibration method for the Mumford-Shah functional

In this section we present the calibration method for the homogeneous Mumford-Shah functional in two
dimensions and we briefly recall how this criterion can be adapted to a general functional with free
discontinuities defined on scalar maps.
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We first introduce a more general notion of minimality which will be useful in the sequel. Let Q2 be a
fixed bounded open subset of R? with Lipschitz boundary, and vaq its inner unit normal. Let A denote
an open subset of QxR with Lipschitz boundary, whose closure can be written as

A={(x,y,2) € QxR : 1i(x,y) < z < mo(x,9)},
where the two functions 71,75 : Q — [—00, +00] satisfy 71 < 72.

Definition 1.3 We say that a function u € SBV({2) is an absolute A-minimizer of M S if the complete
graph of w is contained in A and MS(u) < MS(v) for every v € SBV(QQ) such that I, C A, while u
s a Dirichlet A-minimizer if we add the requirement that the competing functions v have the same trace
on 08} as u.

For every vectorfield ¢ : A — R2xR we define the maps ©*¥ : A — R? and ¢*: A — R by

o(x,y,2) = (" (2,y,2), (2,9, 2)).

We shall consider the collection F of all piecewise C!-vectorfields ¢ : A — R2xR with the following
property: there exist a finite family (A;);cs of pairwise disjoint open subsets of A with Lipschitz boundary
whose closures cover A, and a family (¢;);er of vectorfields in C1(A;; R?2xR) such that ¢ agrees at any
point with one of the ;.

Let u € SBV(Q2) be such that I, C A. A calibration for u on A (with respect to the functional
MS) is a bounded vectorfield ¢ € F satisfying the following properties:

(al) ¢*(x,y,2) > i|gp“y(x,y,z)|2 for £2-a.e. x € Q and every z € [y, T2];

(a2) ¢ (z,y,u(z,y)) = 2Vu(z,y) and ¢*(z,y,u(z,y)) = |[Vu(z,y)* for L*-a.e. z € Q;

(b1) <1 for H'-ae. (z,y) € Q, and every t1,ty in |11, 7o];

to

t1

ut(z,y)
(b2) / 0" (z,y,2)dz = v, (z,y) for Hl-ae. (z,y) € Su;
u™(2,y)

(c1) ¢ is divergence-free in the sense of distributions in A.
If also the following condition is satisfied:
(€2) (¢, vpq) =0 HZ-a.e. on AN (IQxR),

then ¢ is called an absolute calibration for u on A.
We note that, in order to prove condition (cl), it is enough to show that divg; = 0 in A; for every
i € I, and the following transmission condition is satisfied:

(@i, voa,) = (vj,vaa,) H?-a.e. on OA; N dA;,

where vga, and vpa; denote the unit normal vector to dA; and 0A;, respectively.
We can now state the fundamental theorem of the calibration method, which is proved in [1] and [2].

Theorem 1.4 Let u € SBV(Q) be such that I, C A. If there exists a calibration for u on A (with
respect to MS ), then w is a Dirichlet A-minimizer of the homogeneous Mumford-Shah functional. If
there exists an absolute calibration for u on A, then u is an absolute A-minimizer.

The following lemma, which allows to construct divergence-free vectorfields starting from families of
harmonic functions, will be useful in the construction of the calibrations of Chapters 3 and 4.
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Lemma 1.5 Let U be an open subset of R? and I, J be two real intervals. Let u : UxJ — I be a
function of class C* such that

o u(-,-;8) is harmonic for every s € J;
e there exists a C'-function t : UxI — J such that u(z,y;t(z,y;2)) = 2.
Then, if we define in UxI the vectorfield

p(z,y,2) = (2Vu(z, y; t(z,y; 2)), [Vulz, y; t(z, y; 2)) %),
where Vu(z,y;t(x,y; z)) denotes the gradient of u with respect to the variables (x,y) computed at the
point (x,y;t(x,y;2)), ¢ is divergence-free in UxI.
PROOF. — Let us compute the divergence of ¢:
dive(z,y, 2) = 28u(z, y; t(z,y; 2)) + 2(0:Vu(z, y; t(z,y; 2)), Vi(z,y; 2))
+20:t(, y; 2) (Vulz, y; t(z,y; 2)), s Vu(z, y; t(z,y32))),  (1.7)

where Au(z,y;t(z,y;z)) denotes the Laplacian of u with respect to (z,y) computed at (x,y;t(z,y; 2)),
and Vi(z,y; z) denotes the gradient of ¢ with respect to (z,y). By differentiating the identity verified
by the function ¢ first with respect to z and with respect to (z,y), we derive that

Osu(z, y; t(z, y;2)) O:t(w,y32) =1, Vu(z,yit(z,y;2)) + Osul(z, y; t(z, y; 2)) Vi(z,y;2) = 0.
Using these identities and substituting in (1.7), we finally obtain
divep(z,y, 2) = 2Au(z, y; t(z,y;2)) =0,
since by assumption w is harmonic with respect to (z,y). O

Let us consider now a general functional of the form
F= [ fouVuyde+ [ o atm)we,
Q Su

where Q) is a bounded open subset of R™ with Lipschitz boundary, the unknown u belongs to SBV (),
and f, ¢ are Borel functions.

Let f* and O; f denote the convex conjugate and the subdifferential of f with respect to the last
variable. We recall that the subdifferential of a function g : R™ — [0, +00] at the point £ € R™ is defined
as the set of vectors n € R™ such that g(&) + (n,{ — &) < g({) for every ¢ € R™.

As before, let A be an open subset of QxR with Lipschitz boundary whose closure can be written as

A={(z,2) € QxR : 1(2) < z < ()},

where 71,79 : Q — [—00, +00] satisfy 7 < 7.
The regularity assumptions on ¢ can be weakened by requiring that ¢ is approximately regular, i.e.
it is bounded and for every Lipschitz hypersurface M in R™*! there holds

aplim  {p(z, 2), var(z0, 20)) = (@(20, 20), ar (20, 20)) for H™-a.e. (z,2) € MNA,
(z,2)—(x0,20)
where vpr(zo,y0) is the unit normal to M at (zo,y0). It is easy to see that, if ¢ € F, then ¢ is
approximately regular. B B
Let u € SBV(Q) be such that I, C A. A calibration for u on A with respect to the functional F’
is an approximately regular vectorfield ¢ = (p%, ¢p*) : A — R" xR satisfying the following conditions:
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(al) ©*(x,z) > f*(x,z,¢"(x,2)) for L"-a.e. z € Q and every z € [11, T2];
(a2) ¢"(z,u(z)) € 0 f(z,u(x), Vu(z)) and ¢*(z,u(z)) = f*(z,u(z), " (z,u(z))) for L -a.e. z € Q;

ta
(b1) / (" (x,2),v)dz < P(x,t1,ta,v) for H* L-ae. x € Q, every v € S"!, and every t; < t in
ty

(71, T2
u (@)
(b2) /u_(w) (0" (x,2), vu(2)) dz = (z,u” (2),u” (z), v (x)) for H" t-ae. x € Sy;
(cl) ¢ is divergence-free in the sense of distributions in A.
If also the following condition is satisfied:
(c2) (¢p®,vaq) =0 H™-a.e. on AN (INxR),
then ¢ is called an absolute calibration.

The following theorem is proved in [2].

Theorem 1.6 Let u € SBV () be such that I, C A. If there exists a calibration for v on A with
respect to I, then u is a Dirichlet A-minimizer of F, that is F(u) < F(v) for every v € SBV(2) with
the same trace on 02 as w and such that Iy, C A. If there exists an absolute calibration for uw on A

with respect to F, then u is an absolute A-minimizer of F, that is F(u) < F(v) for every v € SBV ()
such that Iy C A.



Chapter 2

Calibrations for minimizers with a
rectilinear discontinuity set

In this chapter we show the first examples of calibrations for discontinuous functions, which are not locally
constant. In particular, we consider solutions w of the Euler-Lagrange equations for the homogeneous
Mumford-Shah functional

MS(w):/Q|Vw(x,y)|2dxdy+7'll(5w), (2.1)

and we assume that the discontinuity set S,, is a straight line segment connecting two boundary points
of the domain. We prove that, under the additional assumptions that the tangential derivatives d,w and
02 w of w do not vanish on both sides of S,,, the Euler conditions are also sufficient for the Dirichlet
minimality in small domains.

Let © be a circle in R? with centre on the x-axis, and set

Q ={(z,y) eQ:y#0}, S={(z,9) €Q:y=0}

If we CYQp) with fﬂo |Vw|?dx dy < +oco, then it is easy to see that w satisfies the Euler conditions
for the Mumford-Shah functional (see Section 1.2) if and only if w has one of the following forms:

’ —u(z,y) +c ify <O, '

or

’ u(z,y) if y <0, '

where u € C’l(Q) is harmonic with normal derivative vanishing on S and c¢;, co are real constants. For
our purposes, it is enough to consider the case ¢; =0 in (2.2) and co =1 in (2.3).

In both cases we will construct an explicit calibration for w in the cylinder UxR, where U is a
suitable neighbourhood of (xg, o). Since this construction is elementary when (zg,yo) ¢ Sy (see [2]),
we consider only the case (z9,yo) € Sy -

In Section 2.1 we consider the special case of the function

z ify >0,
= 2.4
w(z,y) {_x IS (24)

15
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and give in full details the expression of the calibration for w (see Theorem 2.1); then in Theorem 2.3
we adapt the same construction to the function

1 if 0
wia,y) =40 PV (2.5)
T ify <0.

In Section 2.2 we consider the general cases (2.2) and (2.3): the former case (2.2) is studied in Theorem
2.4 by a suitable change of variables and by adding two new parameters to the construction used in
Theorem 2.1; the minor changes for (2.2) are considered in Theorem 2.5.

2.1 A model case

In this section we deal with the minimality of the functions (2.4) and (2.5). The aim of the study of these
simpler cases (but we will see that they involve the main difficulties) is to clarify the ideas of the general
construction.

Theorem 2.1 Let w : R? — R be the function defined by

w(z,y) = x ify >0,
T 2 ify <o

Then every point (xo,yo) 7 (0,0) has an open neighbourhood U such that w is a Dirichlet minimizer in
U of the Mumford-Shah functional (2.1).

PROOF. — The result follows from Example 4.10 of [2] if yo # 0. We consider now the case yo = 0,
assuming for simplicity that xo > 0. We will construct a local calibration of w near (xg,0). Let us fix
€ > 0 such that

o 1
— —. 2.
0<5<10, 0<€<32 (2.6)
For 0 < § < & we consider the open rectangle

U:={(z,y) eR?: |z — 20| < g, |y| < o}

and the following subsets of UxR (see Fig. 2.1):

Ay = (z,y,2) eUxR:z—aly) <z<z+ayl},
Ay = {(z,y,2) eUxR: b+ Ny <z<b+r(N)y+h},
As = {(z,y,2) e UxR: —h < z < h},
Ay = {(x,y,2) eUxR: =b+K(N)y—h<z<-=b+r(Ny},
As = {(z,y,2) eUxR: —x —a(—y) <z < —z+a(-y)},
where
aly) = v4e? — (e —y)*,
_m a1, 1ok
he= T k()= b= 2R(NE A= o

We will assume that

(2.7)
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Figure 2.1: Section of the sets Aq,..., As at © = constant.
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so that the sets Ay, ..., A5 are pairwise disjoint.
For every (x,y,2) € UxR, let us define the vector p(x,y,2) = (%, ¥, p*)(x,y,2) € R?® as follows:
2e — —9(z —
ey o) 1) itz e A,
V=92 + (-2 /e—y)?+(z—x)?
)\2
(07 A, 4) if (z,y,z2) € Aqg,
(f(y)vov]-) if (.’E,y,Z) GABv
/\2
(O, A, 4) if (x,y,2) € Aq,
-2 2
vy CE) 1) (e € 4,
VE+y)?2+ (G +a)2 (e+y)?+ (2 +2)?
(0,0,1) otherwise,

where " -
1 o €— oy €+
h\Jo 2+ (e—y) 0 V2 + (e +y)

Note that A; U A5 is an open neighbourhood of graphw N (UxR). The purpose of the definition
of p in A; and As (see Fig. 2.2) is to provide a divergence-free vectorfield satisfying condition (a2) of
Section 1.3 and such that

©Y(x,0,2) >0 for |z| <z,
©¥(x,0,2) <0 for |z| > «.
These properties are crucial in order to obtain (bl) and (b2) simultaneously.

The role of Ay and A4 is to give the main contribution to the integral in (b2). To explain this fact,
suppose, for a moment, that € = 0; in this case we would have A; = A5 = () and

[ o=t

—T

so that the y-component of equality (b2) would be satisfied.
The purpose of the definition of ¢ in As is to correct the x-component of ¢, in order to obtain (b1).

We shall prove that, for a suitable choice of ¢, the vectorfield ¢ is a calibration for w in the rectangle
U.
Inequality (al) is clearly satisfied in all regions: the only nontrivial case is Az, where using (2.6) we

have
d(a(y) +o(-y) _ 8V3e

< 2.
Ty — 3€ T~ x9— 3¢

[f(y)] <
On the graph of w we have

(2,0,1) ify >0,

oz, y, w(x,y)) = { (-2,0,1) ify <0,
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Figure 2.2: Section of the set A; at z = constant.

so condition (a2) is satisfied.
Note that for a given z € R we have

for every (x,y) such that (z,y,z) € A; U As. This implies ¢ is divergence-free in A; U As5. Moreover
dive = 0 in the other sets A;, and the normal component of ¢ is continuous across 9A;: the choice of
k(A) ensures that this property holds for 0As and 0A4 (see Fig. 2.3). Therefore ¢ is divergence-free in
the sense of distributions in U xR.

We now compute

/ ©Y(z,y,2) dz.

—X

Let us fix y with |y| < d. Since ¢¥(z,y,2) depends on z — z, we have

T z+a(y)

[ epae= [ penod (29)
z—a(y) T

Using (2.8) and applying the divergence theorem to the curvilinear triangle

T={(¢neR*: {¢>a, n<y, (e—n)?+(xz—§? <4de?}

(see Fig. 2.4), we obtain
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Figure 2.3: Section of the set Ay at x = constant.
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Figure 2.4: The curvilinear triangle T'.

a+aly) y
/ (& y,x)dE= | o"(x,m,x)dn=2(y +€).

—&
From (2.9) and (2.10), we get
[ e =2e).

—a(y)
Similarly we can prove that
—zta(—y)
/ V(9,2 dz = Ay + ).

Using the definition of ¢ in A, Az, A4, we obtain
/ ¥ (2,y,2)dz = 1.
On the other hand, by the definition of f, we have immediately that

/ ©*(x,y,2)dz = 0.

—XT

21

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

From these equalities it follows in particular that condition (b2) is satisfied on the jump set S, NU =

{(z,y) €U :y=0}.
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Let us begin now the proof of (bl). Let us fix (z,y) € U. For every t; < t5 we set

I(t1,t2) ::/2(<pm,goy)(x,y,z)dz.

t1

It is enough to consider the case —x — a(—y) <1 <t2 <z — a(y). We can write

I(tl,tQ) = I(tl,—x) +I(—£B,ZL’) +I(£L’,t2),
I(tr,—z) = I(ti A (=2 +a(=y)),—2) + ItV (=2 + a(=y)), —z + a(-y)),
I, t2) = I(z,t2V(z—a(y) + Iz —ay), t2 A (z—ay))).

Therefore

I(tr,te) = I(=,2) + It A (=2 + a=y)), —2) + [(z, 12 V (z — a(y)))
+I(t V(-2 +a(-y) A (- ay) - Iz +a(-y),z - aly). (2.15)

Let B be the ball of radius 4e centred at (0,—4¢). We want to prove that
I(z,t) € B (2.16)

for every t with 2 — a(y) < t < x + a(y). Let us denote the components of I(z,t) by a® and a¥.
Arguing as in the proof of (2.11), we get the identity

a’ =2(e—y) =2/ (t— )2 + (e —y)? <0.
As || < 2, we have also
(a)? <At —2)* = (2(c —y) — a¥)* — 4(c — y)*.
From these estimates it follows that
(a®)? + (a¥ + 4¢)* < 16¢2,

which proves (2.16). In the same way we can prove that

I(t,—z) € B (2.17)

for every t with —z — a(—y) <t < —z + a(—y).
If f(y) >0, we define

C = ([0,2hf ()] x[0, 3 — 2¢]) U ({2f ()} x[0, 1 — de]);

if f(y) <0, we simply replace [0,2hf(y)] by [2hf(y),0]. ;From the definition of ¢ in Ay, Az, Ay, it
follows that

I(—z+a(~y),r — ay)) = 2hf(y),1 — 4e) (2.18)

and
I(s1,89) € C (2.19)

for —z+a(—y) <s1<sy<x—aly). Let D:=C— (2hf(y),1—4e), ie.,

D = ([<2hf(y),0]x[~1 +4e, =1 + 2¢]) U ({0} x[-1 + 4¢,0]),
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for f(y) > 0; the interval [—2hf(y),0] is replaced by [0, —2hf(y)] when f(y) < 0. ;From (2.15), (2.13),
(2.14), (2.16), (2.17), (2.18) and (2.19) we obtain

I(t1,t2) € (0,1) + 2B + D. (2.20)
As f(0) =0, we can choose ¢ so that (2.7) is satisfied and

330—36

2hf(y)l = —

Ifl<e (2.21)
for |y| < 6. It is then easy to see that, by (2.6), the set (0,1) 4+ 2B + D is contained in the unit ball
centred at (0,0). So that (2.20) implies (b1). a

Remark 2.2 The assumption (zg,yo) 7 (0,0) in Theorem 2.1 cannot be dropped. Indeed, there is no
neighbourhood U of (0,0) such that w is a Dirichlet minimizer of the Mumford-Shah functional in U.

To see this fact, let 1 be a function defined on the square @ = (—1,1)x(—1,1) satisfying the boundary
condition ¢ = w on 0Q and such that Sy = ((—1,—-1/2) U (1/2,1))x{0}. For every ¢, let 9. be the
function defined on Q. := eQ by ¥ (z,y) := e(z/e,y/c). Note that 1. satisfies the boundary condition
e = w on 9Q.. Let us compute the Mumford-Shah functional for ¥. on Q.:

/ |Vw5|2dxdy+H1(S¢,E):EQ/ V| de dy + e.
Qe Q

Since
/ \Vw|*dz dy + H*(S,) = 4e® + 2,
we have
/ Ve |2 dx dy + H(Sy.) < / |Vw|?dz dy + H (S,)
Q- e
for e sufficiently small. |

The construction shown in the proof of Theorem 2.1 can be easily adapted to define a calibration for
the function w in (2.5).

Theorem 2.3 Let w:R? — R be the function defined by

w(z,y) = z+1 ify>0,
W= x ify <O0.

Then every point (zo,y0) € R? has an open neighbourhood U such that w is a Dirichlet minimizer in U
of the Mumford-Shah functional (2.1).

PROOF. — The result follows by Example 4.10 of [2] if yg # 0. We consider now the case yo = 0; we will
construct a local calibration of w near (zg,0), using the same technique as in Theorem 2.1. We give only
the new definitions of the sets Aj,..., A5 and of the function ¢, and leave to the reader the verification
of the fact that this function is a calibration for suitable values of the involved parameters.

Let us fix € > 0 such that

0< <1 0< <1 (2.22)
S o ENEDY '
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For 0 < § < ¢ we consider the open rectangle
U= {(m7y) € RQ : |.’L‘—$0‘ <E§, |y‘ < 6}
and the following subsets of U xR

A = {lzy,2) eUxR:z+1—aly) <z<z+1+aly)},

Ay = {(z,y,2) e UxR: b+ k(N y+3h <z<b+r(A)y+4h},
As = {(z,y,2) e UxR: xg+ 3c +2h < z < xg + 3¢ + 3h},

Ay = {(z,y,2) eUxR: b+ k(N y <z<b+r(N)y+h},

As {(z,y,2) e UxR: z —a(-y) <z <z+a(-y)},

where
a(y) == /4e? — (e —y)?,
1—6e A1 1—4e
h:= E H(A)'_Z_X’ b:=x9+ 3+ £(N)4, A= TR
We will assume that
1—6¢
0< ——— 2.23
0ROV (229)
so that the sets Aq,..., A5 are pairwise disjoint.

For every (x,y,2) € UxR, let us define the vector op(x,y,2) € R? as follows:

2(e —y) —2(z—x—1) )i ey s) € A
<¢<e—y>2+(z—x—1>2’ Je G ) (@92 € A,
(0, A, Z) if (z,y,z2) € As,
(f(y),0,1) if (7,y,2) € A3,
(0,/\, 1) if (z,y,2) € Ay,

2(e+y) 2(z — x) ) (o2 e A
(\/(E-FZU)Z—G-(Z—JU)Q’\/(E+y)2+(z—x)2’ > (z,y,2) € 45,
(0,0,1) otherwise,

where
) a(y) _ a(-y)
fy) = —( __£Y dt + cry dt
0

for every |y| < 4. O
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2.2 The general case

In this section we denote by € a ball in R? centred at (0,0) and we consider as u in (2.2) and in (2.3)
a generic harmonic function with normal derivative vanishing on S. We add the technical assumption
that the first and second order tangential derivatives of u are not zero on S.

Theorem 2.4 Let u: Q — R be a harmonic function such that Oyu(x,0) = 0 for (z,0) € Q, and let
w: ) — R be the function defined by
u(z, ory >0,
w(z,y) = (z,y) fory
—u(z,y) fory<DO.

Assume that ug := u(0,0) # 0, 9,u(0,0) # 0, and 92,u(0,0) # 0. Then there exists an open neighbour-
hood U of (0,0) such that w is a Dirichlet minimizer in U of the Mumford-Shah functional (2.1).

PROOF. — We may assume u(0,0) > 0 and 9,u(0,0) > 0. We shall give the proof only for 92,u(0,0) > 0,
and we shall explain at the end the modification needed for 92, u(0,0) < 0. Let v : Q@ — R be the
harmonic conjugate of u that vanishes on y = 0, i.e., the function satisfying d,v(z,y) = —0,u(x,y),
Oyv(z,y) = Oyu(x,y), and v(z,0) = 0.

Consider a small neighbourhood U of (0, 0) such that the map ®(z,y) := (u(z,y), v(x,y)) is invertible
on U and d,u >0 on U. We call ¥ the inverse function (u,v) — (&(u,v),n(u,v)), which is defined in
the neighbourhood V := ®(U) of (ug,0). Note that, if U is small enough, then n(u,v) = 0 if and only

if v = 0. Moreover,
0 0,6\ 1 Ozt Ogv
b= ( Qun Oun ) | Vul? ( Oyu Oy >’ (2.24)

where, in the last formula, all functions are computed at (z,y) = ¥(u,v), and so 9,& = 9y, 0,& = —0un
and 9,7 (u,0) =0, dyn(u,0) > 0. In particular, £ and n are harmonic, and

92.n(u,0)=0,  92n(u,0)=0. (2.25)

On U we will use the coordinate system (u,v) given by ®. By (2.24) the canonical basis of the tangent
space to U at a point (z,y) is given by

Vu Vo

= v =YY 2.26
R e (2.26)

Tu

For every (u,v) € V', let G(u,v) be the matrix associated with the first fundamental form of U in the
coordinate system (u,v), and let g(u,v) be its determinant. By (2.24) and (2.26),

= ((Byn)? + (0,1)*)?° = ———. 2.27
9= ((9un)” + (0un)”) SO (2.27)
We set y(u,v) := /g(u,v).
The calibration ¢(z,y,z) on UxR will be written as
1
p(z,y,2) = o(u(z,y),v(z,y), 2). (2.28)

7 (u(z,y),v(z,y))

We will adopt the following representation for ¢ : VxR — R3:

P(u, v, 2) = ¢*(u, 0, 2)7u + ¢° (u, v, 2)70 + 67 (u, v, 2)es, (2.29)
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where e, is the third vector of the canonical basis of R?, and 7,, 7, are computed at the point U(u,v).
We now reformulate the conditions of Section 1.3 in this new coordinate system. It is known from
differential geometry (see, e.g., [9, Proposition 3.5]) that, if X = X%r, + X"7, is a vectorfield on U,
then the divergence of X is given by

1

divX = 2

(0u(V?X™) + 0 (v*X")). (2.30)

Using (2.26), (2.27), (2.28), (2.29), and (2.30) it turns out that ¢ is a calibration if the following conditions
are satisfied:

(al) (¢“(u,v,2))? + (6% (u,v, 2))* < 4¢°(u, v, 2) for every (u,v,z) € VxR,

(a2) ¢“(u,v,+u) = +2, ¢"(u,v,£tu) =0, and ¢*(u,v,tu) =1 for every (u,v) € V;

t 2 t 2
(b1) (/ o (u,v, 2) dz) + (/ ?°(u,v, 2) dz) < v*(u,v) for every (u,v) €V, s,t €R;

(b2) ¢“(u,0,z)dz =0 and ¢’ (u,0,z) dz = v(u,0) for every (u,0) € V;

(c1) 0u9" + 0yd” + 0,¢% = 0 for every (u,v,z) € VXR.
Given suitable parameters € > 0, h > 0, A > 0, that will be chosen later, and assuming
V ={(u,v) : Ju—ug| <9, |v| <}, (2.31)
with 6 < e, we consider the following subsets of V' xR

A = {( YJEVXR: u—a(v) <z<u+a)},

Ay = {( )€ VxR : 3h+ B(u,v) < z < 3h+ B(u,v) +1/A},

As = {(u,v,2) e VxR: —h < z < h},
{(u,0,2)
{( )

U, v, 2

u,v, 2

U, v, 2

Ay = € VxR: =3h+ B(u,v) —1/A < z < =3h + B(u,v)},

As = {(u,v,2) e VxR: —u—a(—v) <z < —u+a(-v)},

where

a(v) == +/4e? — (e — v)?,
and [ is a suitable smooth function satisfying G(u,0) = 0, which will be defined later. It is easy to see
that, if € and h are sufficiently small, while A is sufficiently large, then the sets A, ..., A5 are pairwise

disjoint, provided § is small enough. Moreover, since y(u,0) = 9,n(u,0) > 0, by continuity we may
assume that

v(u,v) > 128¢ and On(u,v) > 8 (2.32)

for every (u,v) € V.
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For (u,v) € V and z € R the vector ¢(u,v,z) introduced in (2.28) is defined as follows:

2(e —v) - 2(z — u)

Tu Ty + €, in Ay,

Ve—02+(G-u? " E-v2+(z—u)y !
v u—a .

_)\O'(’LL, '[))m’ru + )\U('LL, U)m’fv + HE, 1NN AQ,

f(w)ry +e. in As,
v u—a .

—/\U(u, U)mTu + /\O'(U, U)mﬂ; + pe, 1n A4,

3 2(e+v) . 2(z +u) e A
VeE+ i+ (z+u? ' JEeto2+(ru? >
€, otherwise,
where
a < ug — 1194, w>0 (2.33)

R R L S e
flo) = h(/ NCES e mdt>’

o(u,v) = %’y(a ++/(u—a)?+02,0) — 2. (2.34)

We choose [ as the solution of the Cauchy problem

Ao (1, ) (=0 B+ (u— a)8,B) = (u — 1)y/(u — a)? + 02,
(2.35)
B(u,0) =0.

Since the line v = 0 is not characteristic for the equation near (ug,0), there exists a unique solution
B € C>®(V), provided V is small enough.

In the coordinate system (u,v) the definition of the field ¢ in Ay, Az, and As is the same as the
definition of ¢ in the proof of Theorem 2.1. The crucial difference is in the definition on the sets As and
Ay, where now we are forced to introduce two new parameters a and p. Note that the definition given
in Theorem 2.1 can be regarded as the limiting case as a tends to +oo.

In order to satisfy condition (al), it is enough to take the parameter p such that

)\2

for every (u,v) € V, and require that
|f(v)] <2. (2.36)

Since
|f(1))| < - < W (2.37)
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inequality (2.36) is true if we impose
2e < h.

Looking at the definition of ¢ on A; and Ajs, one can check that condition (a2) is satisfied.
By direct computations it is easy to see that ¢ satisfies condition (c1) on A; and As. Similarly, the
vectorfield

v uU—a
Vu—a)2+ 02" \/(u—a)? + 2

is divergence-free; since (u — a)? + v? is constant along the integral curves of this field, by construction
the same property holds for o, so that ¢ satisfies condition (c1) in Ay and Ay.

In As, condition (cl) is trivially satisfied.

Note that the normal component of ¢ is continuous across each 9A;: for the region Ag this continuity
is guaranteed by our choice of §. This implies that (c1) is satisfied in the sense of distributions on V xR.

Arguing as in the proof of (2.11), (2.12), (2.14) in Theorem 2.1, we find that for every (u,v) € V

—u+ta(—v) h u
/ " (u, v, 2) dz + / " (u, 0, 2) d= + / 6" (u,v,2) dz = 0,
—h u

—u —a(v)

—u+a(—v) h w
/ " (u,v,2)dz + / @’ (u,v,2)dz + / ¢’ (u,v,2) dz = 4e.
— —h u

u —a(v)
Now, it is easy to see that

u

» d)u(u”l},z) dz 720(U,U)m, (238)
v u—a
[U¢ (U,U,Z) dZ = 45+20(U,U)m, (239)
since for v = 0 we have )
o(u,0) = iy(u,()) — 2¢,
condition (b2) is satisfied.
By continuity, if § is small enough, we have
“ 7
" (u,v,2)dz > =v(u,v 2.40
8

—Uu

for every (u,v) € V.
From now on, we regard the pair (¢%, ¢¥) as a vector in R?. To prove condition (b1) we set

t
I o(u,v,s,1) ::/ (o", ") (u,v,2)dz

for every (u,v) € V, and for every s,t € R. We want to compare the behaviour of the functions |I. ,|?
and 72; to this aim, we define the function

d&,a<u7 Ua 57 t) = |I€,a(u7 'U7 87 t)‘z - ’72(11/5 U)'
We have already shown (condition (b2)) that

de o(u,0, —u,u) = 0. (2.41)
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We start by proving that, if V' is sufficiently small, condition (b1) holds for every (u,v) € V, for s close
to —u and ¢ close to u. Using the definition of ¢(u,v,z) on A; and As, one can compute explicitly
de.o(u,v,s,t) for |s+u| < a(—v) and for |t —u| < a(v). By direct computations one obtains

Vst de o(u, 0, —u,u) =0 (2.42)

for (u,0) € V.
We now want, to compute the Hessian matrix V2, dc o at the point (ug,0, —ug, ug). By (2.34) and
(2.27), after some easy computations, we get

02 o (u,0) = ——Buy(u, 0) =

2
2(U _ Cl) u 6uv77(u7 0)

2(u—a)

Using this equality and the explicit expression of d. , near (ug,0, —ug,up), we obtain

8¢
m(&ﬂ?(uo,o) —de) + —

Since 1 and v do not depend on a and ¢, for every ¢ satisfying (2.32) we can find a so close to ug that

81)7)(“07 O) aqzl,z)n(u(b 0) - 651) (72)(11’07 0)

2
0ypde a (o, 0, —ug, ug) = —

a’gvds,a (UOa 07 —Uo, UO) <0. (243)

Moreover, we easily obtain that

4
8t2td€7a(u07 07 —Uo, U/O) = agsds,a<u07 07 —Uo, UO) =8— gavn(u07 0)7

agtda,a(u07 0; —Ug, UO) = 833d8,a(u0a 07 —Ug, UO) = - (61;77(“0, O) - 45)7

Upgp — a
83tds,a(uo,0, —ug, Up) = 8.
By the above expressions, it follows that

0%,d 02,d

v e, v g,a 16
det (u0,0, —ug, up) = 5 0yn(uo,0)(Ipn(uo, 0) — 4e) + ) + ea(e),

2 2 (UQ — a) ug — a

8Utd8,a attde,a

where ¢1(g), ca(e) are two constants depending only on e. Then, if & satisfies (2.32), a can be chosen
so close to ug that
a?}vdﬁﬂl 612)td57¢1
det (ug, 0, —ug, ug) > 0. (2.44)
aiz)tdsya atztdsya

At last, the determinant of the Hessian matrix of d. o at (uo,0, —ug,uo) is given by

32
e2(up — a)

where c3(e) is a constant depending only on €. Since, by (2.24),

det V3,57t dE,(L (’LLO, 07 —Uo, uO) = (avn(UOa 0))2831177@0’ O) (avn(UOa 0) - 46) + 03(8)5

92,u(0,0)
2 _ xTx )
auvn(uO’ 0) - (amu(07 0))3 ’

given e satisfying (2.32), we can choose a so close to ug that

det Vi&t de (10,0, —ug, up) < 0. (2.45)
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By (2.43), (2.44), and (2.45), we can conclude that, by a suitable choice of the parameters, the Hessian
matrix of d., (with respect to v,s,t) at (ug,0, —ug, uo) is negative definite. This fact, with (2.41) and
(2.42), allows us to state the existence of a constant 7 > 0 such that

de o (u,v,8,t) <0 (2.46)

for |s +ug| <7, [t —uol <7, (u,v) €V, v#0, provided V is sufficiently small. So, condition (b1) is
satisfied for |s 4+ ug| < 7 and |t — ug| < 7. We can assume 6 < 7 < a(v) for every (u,v) € V.

From now on, since at this point the parameters €, a have been fixed, we simply write I instead of
I. ,. We now study the more general case |s + u| < a(—v) and |t —u| < a(v).

Let us set

mi(u,v) ;= max {|I(u,v,s,t)|: [s+ul <a(-v), [t —u| <av), |t —u|>7}.

By the definition of Ay,..., A5, for p = a(d) +§ we have (¢%,¢?) =0 on (VX[ug — p,up+ p]) \ A1 and
(Vx[—ug — p, —ug + p]) \ As. This implies that

ma(u,v) = max {|I(u,v,5,)| - |s +uo| < p. 7 < |t —uo| < p}

for (u,v) € V. The function mq, as supremum of a family of continuous functions, is lower semicon-
tinuous. Moreover, m; is also upper semicontinuous; indeed, suppose, by contradiction, that there exist
two sequences (u,), (v,) converging respectively to w, v, such that (mj(un,v,)) converges to a limit
I > mq(u,v); then, there exist (s,), (¢,) such that

‘Sn + un| < @(—Un)v |tn - Un| < OZ('Un)a |tn - ’LL()| > T, (2'47)

and my(un,vn) = |[I(tn,Vn, Sn,tn)|. Up to subsequences, we can assume that (s,), (¢,) converge
respectively to s, ¢ such that, by (2.47),

Is +ul < a(—v), [t —ul < a(v), [t — uo| > 7;

hence, we have that
mi(u,v) > |I(u,v,s,t)| = Um |[I(tn, O, Sn,tn)| =1,
n—oo

which is impossible since I > m;(u,v). Therefore, my is continuous.
Let B be the open ball of radius 4e centred at (0,—4¢). Arguing as in (2.16), we can prove that

I(u,v,u,t) € B (2.48)
whenever 0 < |t — u| < a(v). In the same way we can prove that
I(u,v,s,—u) € B (2.49)
for 0 < |s+ u| < a(—v). We can write
I(u,v,s,t) = I(u,v,s,—u) + I(u,v, —u,u) + I(u,v,u,t). (2.50)

So, for |s+u| < a(—v), |t —u| < a(v), and |t —ug| > 7, by (2.49), (2.38), (2.39), and (2.48), we obtain
that —
[(U,O,S,t) € (077(11’70)) +B+B7

hence, by (2.32), I(u,0,s,t) belongs to the open ball of radius 7(u, 0) centred at (0,0), and so, mq(u,0) <
~(u,0). By continuity, if V' is small enough,

ma (u,v) < y(u,v) (2.51)
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for every (u,v) € V.
Analogously, we define

mQ(ua'U) = max{|I(u,v,5,t)| : |S+u| SO[(—U), |S+u0| 27—7 ‘t_u‘ SCM(’U),}.
Arguing as in the case of m;, we can prove that, if V' is small enough,
ma(u,v) < y(u,v) (2.52)

for every (u,v) € V.

By (2.51), (2.52), and (2.46), we can conclude that I(u,v,s,t) belongs to the ball centred at (0,0)
with radius y(u,v), for |s+u| < a(—v) and |t —u| < a(v). More precisely, let E(u,v) be the intersection
of this ball with the upper half plane bounded by the horizontal straight line passing through the point
(0, 274(u,v)): by (2.50), (2.40), (2.48), (2.49), and (2.32), we deduce that

I(u,v,s,t) € E(u,v) (2.53)
for |s + u| < a(—v) and [t — u| < a(v).

We can now conclude the proof of (bl). It is enough to consider the case —u — a(—v) < s <t <
u~+ a(v). We can write

I(u,v,s,t) = I(u,v,s A (—u+ a(—v)),t V (u — a(v)))
+I(u,v,8V (—u+ a(—v)),t A (u—a(v))) — I(u,v, —u+ a(—v),u — a(v)). (2.54)
By (2.53), it follows that
I(u,v,s A (—u+ a(—v)),tV (u—a(v))) € E(u,v). (2.55)

Let Ci(u,v) be the parallelogram having three consecutive vertices at the points

(—v,u—a)
2hf(v),0), 0,0), o(u, V) ————,
let Co(u,v) be the segment with endpoints
(—v,u—a)

(2hf(v),0), (2hf(v),0) + 20 (u,v)

(u—a)? + 02

and let C(u,v) := Ci(u,v) U Ca(u,v).
From the definition of ¢ in As, Az, Ay, it follows that
(—v,u— a)

I(u,v,—u+ a(—v),u — a(v)) = (2hf(v),0) + 20 (u, V) ——m——=rtxs
(1,0~ 6(=), 1= a) = (0 (0,00 + 20(n,0) LU

(2.56)

and
I(u,v, s1,82) € C(u,v) (2.57)

for —u—+ a(—v) <s1 < sy <u—alv). Let

(—v,u—a)

D(u,v) := C(u,v) — (2hf(v),0) — 20 (u, v) —/——m—=trvxs=.
(1,0) = Ol 0) = (20 (0),0) =20 0) 7Lt

From (2.54), (2.55), (2.56), and (2.57) we obtain

I(u,v,s,t) € E(u,v) + D(u,v). (2.58)
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As |Jv] < § < 100 < u — a by (2.33), the angle that the segment Co(u,v) forms with the vertical is less
than arctan(1/10). Moreover, we may assume that the lenght 20(u,v) of the segment Cs(u,v) is less
than ~y(u,v); indeed, this is true for v = 0 and, by continuity, it remains true if ¢ is small enough. By
(2.32) and (2.37), we have also that |2hf(v)| < v(u,v)/16. Using these properties and simple geometric
considerations, it is possible to prove that E(u,v) 4+ D(u,v) is contained in the ball with centre (0,0)
and radius ~y(u,v). This concludes the proof of (b1).

If 92,u(0,0) < 0, it is enough to change the definition of ¢ in the sets Ay and Ay, as follows:

v a—1u
Mo (U, V) ————ou7, + Ao (U, V) ————T,, + [1C;,
(u,0) (a —u)? +v? (u,0) (a —u)? +v? a

where a > ug + 116 and

o(u,v) = %’y(a — v/ (a—u)?+v20)— 2.

Theorem 2.5 Let u: Q@ — R be a harmonic function such that Oyu(x,0) = 0 for (x,0) € Q, and let
w: Q) — R be the function defined by

w(z,y) = u(z,y)+1 fory >0,
= u(zx,y) fory < 0.

Assume that 9,u(0,0) # 0 and 92,u(0,0) # 0. Then there exists an open neighbourhood U of (0,0)
such that w is a Dirichlet minimizer in U of the Mumford-Shah functional (2.1).

PROOF. — We will write the calibration ¢ as in (2.28) and we will adopt the representation (2.29) for
¢. We will use the same technique as in Theorem 2.4. We give only the new definitions of the sets
Ay, ..., As and of the function ¢ when 9,u(0,0) > 0 and 92,u(0,0) > 0, and leave to the reader the
verification of the fact that this function is a calibration for suitable values of the involved parameters.
The case §%,u(0,0) < 0 can be treated by the changes introduced at the end of Theorem 2.4.

Let up :=u(0,0). Given € >0, h >0, A > 0, and assuming

Vo= {(u,v) : Ju—wup| <9, |v] <8},

we consider the following subsets of V' xR

A = {u,v,2) eVxR:u+1—av)<z<u+1+av)},

Ay = {(u,v,2) € VXR: 5h + B(u,v) < z < bh + B(u,v) + 1/},
As = {(u,v,2) € VxR: 2h < z < 4h},

Ay = {(u,v,2) € VXR: h+ B(u,v) < z < h+ B(u,v) + 1/A},
As = {(u,v,2) eVXR: u—al(—v) <z<u+al(-—v)},

where
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and f is a suitable smooth function satisfying [(u,0) = 0, which will be defined later. For (u,v) € V

and z € R the vector ¢(u,v,z) is defined as follows:

2(e —v)

2(z—u—1)

V-t G-u-17 "

v

(u—a)?+v?

Mo (u, V) ———o—r, + Mo (u,
o(u,v) (u—a)2+v27— o
f)Ty +e.
v
=20 (U, V) ———=7y + o (u,

v)

v)

2(e +v) 2(z — u)

VE—v)2+(z—u—1)2

u—a

(u—a)?+v?

u—a

\/(5+v)2+(z—u)2Tu

€z
where a < ug — 110, p >0,

1 (e —v)

a(v)
f(v) .——h< ; [y E—"

dt +

0

a(—

V(E+v)2+ (2 —u)?

v)

(e 4+ )

VBT (E+o)2

o(u,v) = %W(a ++/(u—a)?+02,0) — 2¢,

and ( is the solution of the Cauchy problem (2.35).

Ty + e, in Aq,

Ty +pe, in As,

in Ag,

Ty + pe, in Ay,
(u—a)?+v?

Ty + €5 in As,

otherwise,

dt) ,






Chapter 3

Calibrations for minimizers with a
regular discontinuity set

In this chapter we consider solutions w of the Euler-Lagrange equations for the homogeneous Mumford-
Shah functional (2.1) whose discontinuity set is an analytic curve connecting two boundary points.

Section 3.1 is devoted to the proof of the Dirichlet minimality of « in a uniform small neighbourhood
of S,. In Section 3.2 we deal with a different notion of minimality: instead of comparing u with
perturbations which can be very large, but concentrated in a fixed small domain, as in Section 3.1, we
consider as competitors perturbations of u with L -norm very small outside a small neighbourhood of
S, , but support possibly coinciding with Q. According to this idea we give the following definition.

Definition 3.1 We say that u is a Dirichlet graph-minimizer of the Mumford-Shah functional (2.1) in
Q if there exists an open neighbourhood A of the complete graph I, of u such that w is a Dirichlet

A-minimizer of (2.1).

In Theorem 3.5 we give a sufficient condition for the graph-minimality in terms of the geometrical prop-
erties of .S, (namely, the length and the curvature) and of a sort of capacity of S, with respect to the
domain 2, which is defined in (3.58) and whose qualitative properties are studied in Subsection 3.2.1.
We present also a counterexample when the condition of Theorem 3.5 is violated.

In the sequel the following notation and remarks will be useful. Given any subset U of R? and § > 0,
we denote by Us the d-neighbourhood of U, defined by

Us == {(z,y) € R? : I(x0,y0) € U such that |(z — 0,y — yo)| < J}.
Let T" be a smooth curve in . Fix an orientation of I" and call v the corresponding normal vectorfield

to T'. If £ — (x(£),y(€)) is a parameterization of T' by the arc-length, then the (signed) curvature is
given by

curvI'(§) = —((&(¢), (£)), v(£)); 3.1)

since the two vectors in (3.1) are parallel, it follows that
[curv D (§)]” = (£(€))* + (§(£))*. (3.2)
We will denote the length of T by I(T"), and the L® -norm of the function (curvT’) by k(T).

35
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3.1 The Dirichlet minimality

In this section we prove that, if we assume that .S, is an analytic curve, then the Euler-Lagrange equations
guarantee the Dirichlet minimality of w in small domains. This result generalizes Theorems 2.4 and 2.5
of the previous chapter in several directions: the discontinuity set S, does not need any more to be
rectilinear, there are no additional assumptions on the tangential derivatives of u along S, , and the
Dirichlet minimality of u is proved in a uniform neighbourhood of S, N €.

Let us give and prove the precise statement of the result.

Theorem 3.2 Let Qg be a connected open subset of R? and I be a simple analytic curve in Qo con-
necting two points of the boundary. Let u be a function in H'(Qo\T) with S, =T, with different traces
at every point of ', and satisfying the Fuler conditions in Qq, that is,

i) w is harmonic in Qo \T';
i) O,u=0 on T';
i) |VuT|? — |Vu~™|? = curv D at every point of T,

where Vu® denote the traces of Vu on I'. Finally, let Q be an open set with Lipschitz boundary,
compactly contained in Qq, such that QNT # . Then there exists an open neighbourhood U of T' N Q)
contained in Qo such that u is a Dirichlet minimizer in U of the Mumford-Shah functional (2.1).

PROOF. — In the sequel, the intersection I' N Q will be still denoted by I'. Let

r.lz= x(s)
y=1y(s)
be a parameterization by the arc-length, where s varies in [0,1(T")]; we choose as orientation the normal
vectorfield v(s) = (—y(s), &(s)).

By Cauchy-Kowalevski theorem (see [24]) there exist an open neighbourhood U of T' contained in
Qo and a harmonic function ¢ defined on U such that

ET(s))=s and 0,&(T(s)) = 0.

We can suppose U simply connected. Let 1 : U — R? be the harmonic conjugate of ¢ that vanishes on
I', i.e., the function satisfying 0,n(x,y) = —0,&(z,y), Oyn(z,y) = 0:§(x,y), and n(I'(s)) = 0.

Taking U smaller if needed, we can suppose that the map ®(z,y) := (&(x,y),n(z,y)) is invertible on
U. We call ¥ the inverse function (£,1) — (Z(£,7),%(£,n)), which is defined in the open set V := &(U).
Note that, if U is small enough, then (Z(&,7n),7(&,n)) belongs to T' if and only if = 0. Moreover,

Oek O, 1 D& O >
DU = &0 T ) = —— , 3.3
( ey Oy ) V¢ < 9y€ Oyn (3:3)

where, in the last formula, all functions are computed at (z,y) = ¥(£,7n), and so

(z,
O0:T = Oy and O = —0:y. (3.4)
In particular, £ and gy are harmonic.

On U we will use the coordinate system (£,7n) given by ®. By (3.3) the canonical basis of the tangent
space to U at a point (z,y) is given by

S LV
IVERT T vl

Te (3.5)
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For every (£,m) € V, let G(§,n) be the matrix associated with the first fundamental form of U in the
coordinate system (&,7), and let g(&,n) be its determinant. By (3.3) and (3.5),

1

9= ((0e2)* + (0¢9)?)* = Ve (3.6)

We set y(£,m) = ¥/9(€.n)-

From now on we will assume that V' is symmetric with respect to {(¢,7n) € ®(U) : n = 0}.
Note that we can write the function u in this new coordinate system as

_Juwi(&n) i (En) eV, n<O,
uem = {W(S,n) if (§,n) €V,n>0,

where we can suppose that u; and ug are defined in V' (indeed, u; is a priori defined only on the set
{(&,n) € V :n < 0}, but it can be extended to V by reflection; an analogous argument applies to us ),
0 <u1(&,0) <wuz(&,0) for every (£,0) € V, and

1) OFcui(&m) + 95, ui(§,m) =0 for i =1,2;
ii) Opui(§,0) = 0yua(€,0) =0;
i) (Deus(€,0))” — (Deus (€, 0))? = curv T(e)
The calibration ¢(z,y,2) on UxR will be written as

1

go(m,y7 Z) = ’}/2(5(56, y),n(x,y))qb(f(m’y)’n(m’y)7 Z)? (37)

where ¢ : VxR — R3 can be represented by

B(&,m, 2) = ¢*(&,m,2)Te + 8"(E,m, 2)T) + O (€, 1, )€, (3.8)

where e, is the third vector of the canonical basis of R?, and T¢, T, are computed at the point ¥ (&, 7).
We now reformulate the conditions of Section 1.3 in this new coordinate system. It is known from
differential geometry (see, e.g., [9, Proposition 3.5]) that, if X = X%+ X", is a vectorfield on U, then
the divergence of X is given by

divx — %(ag(%xﬁ) +0,(7?X")). (3.9)

Using (3.5), (3.6), (3.7), (3.8), and (3.9) it turns out that ¢ is a calibration if the following conditions
are satisfied:

(al) (¢°(&,m,2))° + (¢"(€,m,2))? < 4¢*(€,m, 2) for every (£,7,2) € VXR;

(32) ¢§(§,7hu(§,ﬂ)) - 285“(5377)7 ¢n(€>773u(€777)) - 2877“(5777); and ¢Z(€an7u(€vn>) = (aﬁu(&n)y +
(Dyu(€,m))* for every (&,n) € V;

t 2 t 2
(b1) ( / ¢§(€,7772)d2) +< / as"(an,z)dz) < 22(6,m) for every (€,m) €V, 5.t €R;

(b2) /“2 ¢§(§,0,z) dz =0 and /"2 @"(&,0,2)dz = v(£,0) = 1 for every (£,0) € V;

(cl) 0¢¢® + 9,9" + 0.6% = 0 for every (&,1,2) € VxR.
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Given suitable parameters ¢ > 0 and A > 0, that will be chosen later, we consider the following
subsets of V xR:

A = {(&n,2) e VXR: z < (&) — e},

Ay = {(gn, 2) €VXR: uy(&,n) —e < z <ui(é,n) +e},
As = {(&n,2) e VxR : wi(§,n) +e<z<B1(€n)},

Ay = {(&m,2) EVXR: Bi(&,m) < 2 < Ba(E,m) + 1/A},
As = {(&m,2) EVXR: Bo(&m) + 1/A < 2 <ua(&,m) — e},
As = {(Em2) EVXR: up(€,m) —e < 2 < ua(&,m) + ¢},
A {(€.m,2) € VXR: 2> up(€,1) + €},

where (31 and 2 are suitable smooth function such that uq(£,0) < 31(&€,0) = B82(£,0) < uz(&,0), which
will be defined later. Since we suppose ug > 0 on V, if ¢ is small enough, while A is sufficiently large,
then the sets Aj,..., A7 are nonempty and disjoint, provided V' is sufficiently small.

The vector ¢(&,n,z) introduced in (3.7) will be written as

¢(€’ 777 Z) = (¢§n (f’ 777 Z)’ ¢Z (67 775 Z))?

where qsﬁ" is the two-dimensional vector given by the pair (¢§’¢n). For (€,n) € V and z € R we define
#(&,m, 2) as follows:

(0,w1(&,7m)) in A; U Az,

2
(2Vu1 + QZ;n Vi, [Vui + %V@l‘ ) in Ay,

()‘U(g7n)vwa ,U/) in A4,

(O’w2(§an)) in A5 UA7,

2
(2Vuz + 22252 Vs, |Vug + %Vﬂg‘ ) in Ag,

where V denotes the gradient with respect to the variables (&, 7), the functions v; are defined by

vi(&n) =+ Mn, v2(§m) :=e— Mn,

and M and p are positive parameters which will be fixed later, while

e2M?

wilS, ::7—6% 5 Z—Gui 5 2 3.10
(€1 = gy~ Pe&m)? — @yl m) (3.10)
for i = 1,2, and for every (£,n) € V. We choose w as the solution of the Cauchy problem

Aw =0,

w(E,0) =~ M/ )(Deur (s,0) + Deus(s, 0)) ds, (3.11)

Fw(E,0) =n(8),
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where n is a positive analytic function that will be chosen later in a suitable way (if V is sufficiently
small, w is defined in V). To define o, we need some further explanations: we call p(&,n) the solution
of the problem

Onp(&,m) = g%(p(&n),n),
n

p(£,0) = ¢,

which is defined in V', provided V is small enough. By applying the Implicit Function theorem, it is
easy to see that there exists a function ¢ defined in V' (take V smaller, if needed) such that

p(a(§;m),m) =¢&. (3.13)

(3.12)

At last, we define

1
oEn = ey EM:

We choose (;, for i = 1,2, as the solution of the Cauchy problem

{/\0(67 n)aﬁw(ga 77)8561(57 77) + )‘O(fa U)anw(fa 77)87751 (£7 T]) — =W (ga n)’ (314)

/B’L(S’O) = %(ul(gao) + u2(€a0))

Since the line n = 0 is not characteristic, there exists a unique solution 3; € C*°(V), provided V is
small enough.

The purpose of the definition of ¢ in Ay and Ag is to provide a divergence-free vectorfield satisfying
condition (a2) and such that

@"(£,0,2) >0 for uy < z < ug,
@"(&,0,2) <0 for z < up and z > us.

These properties are crucial in order to obtain (bl) and (b2) simultaneously.

The role of Ay is to give the main contribution to the integral in (b2). The idea of the construction is
to start from the gradient field of a harmonic function w whose normal derivative is positive on the line
7 = 0, while the tangential derivative is chosen in order to annihilate the £-component of ¢, as required
in (b2). Then, we multiply the field by a function o which is defined first on n = 0 in order to make
(b2) true, and then in a neighbourhood of n = 0 by assuming o constant along the integral curves of
the gradient field, so that oVw remains divergence-free.

The other sets A; are simply regions of transition, where the field is taken purely vertical.

Since

wi(£7 0) = M2 - (afuz(gy 0))27
condition (al) is satisfied in A; U A3 and in Ay U A7 if we require that

M > sup{|0gu;(¢,0) - (§,0) €V, i=1,2},

provided V' is small enough.
Arguing in a similar way, if we impose that

A2 4e?
—(1—2eM)* (14 ——— (0, 0)+ 0 0)*): (&0 eV
s { 0= 2200 (14 = e (€0 + den €07 ) (€0 € V.
condition (al) holds in A4, provided V is sufficiently small.

In the other cases (al) is trivial.

Looking at the definition of ¢ on Ay and Ag, one can check that condition (a2) is satisfied.
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Let us prove condition (cl). By Lemma 1.5 it follows that ¢ is divergence-free in As U Ag, noting
that it is constructed starting from the family of harmonic functions w;(&,n) + tv; (&, 7).

In Ay condition (cl) is true since, as remarked above, ¢ is the product of Vw with the function o
which is constant along the integral curves of Vw by construction.

In the other sets condition (cl) is trivially satisfied.

Note that the normal component of ¢ is continuous across each 0A;: for the regions Ay, Ag, and
for A4, this continuity is guaranteed by our choice of w; and §;, respectively. This implies that (c1) is
satisfied in the sense of distributions on V xR.

By direct computations we find that

Uo 1
(bf dz = 2e0¢ur +2e0cug + A (ﬁg — b1+ )\) o0sw, (3.15)
uy
2 Me? Me? 1
/u1 QW dz = 26877'LL1 + 2587711,2 + e+ M?? + - M’f] + A <ﬂ2 - 51 + /\> o@nw, (316)

for every ({,m) € V.
By using (3.11) and the definition of ¢, we obtain

11,2(5,0)
/ #°(£,0,2) dz =0 (3.17)
u1(§,0)
and
u2(€,0)
jf (€,0,2) dz = 1, (3.18)
u1(§€,0)

so condition (b2) is satisfied.

The proof of condition (bl) will be split in two steps: we first prove that condition (b1) holds if s
and t respectively belong to a suitable neighbourhood of u1(£,n) and ws(€,n), whose width is uniform
with respect to (£,7) in V; then, by a quite simple continuity argument we show that condition (bl) is
true if s or ¢ is not too close to u1(€,7n) or us(€,n) respectively.

For (§,m) € V and s,t € R, we set

t
1€mst) = [ 69, 2)dz
and we denote its components by I¢ and I7.

STEP 1.— For a suitable choice of ¢ and of the function n (see (3.11)) there exists § > 0 such that
condition (b1) holds for |s —uy1(§,n)| < 6, |[t—u2(§,n)| < 6, and (§,n) € V, provided V is small enough.

To estimate the vector whose components are given by (3.15) and (3.16), we use suitable polar coordinates.
If V is small enough, for every (&,n) € V there exist p. ,(&,n) > 0 and —7/2 < 0 ,(§,nm) < 7/2 such
that

(& mun(§m),ua(€m)) = pen(€m)sinde n(€,n), (3.19)
In(&’m“l(&n)ﬂ@(&n)) = Pan(fﬂ?)COS@a,n(fJ})- (320)

In the notation above we have made explicit the dependence on the parameter € and on the function n
which appears in the definition of w (see (3.11)).

In order to prove condition (bl), we want to compare the behaviour of the functions p. , and v for
|| small. We have already proved that p.,,(£,0) = v(£,0) = 1; we start computing the first derivative
of v and of p., with respect to the variable 7.
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CrAM 1.— There holds that 8,(|V, ,&(¥)[?)(£,0) = —2curvI'(€).

PROOF OF THE CLAIM. By (3.6) we obtain

1
2 _
Vet Gear + @
hence
O (I Ve y (W) ?) = —[(9e2)” + (9c9)*) > (20¢ 0F,T + 206 OZ,9). (3.21)

Using the fact that (0¢Z)? + (0¢y)? is equal to 1 at (£,0), and the equalities in (3.4), we finally get
Oy (|Vay§ (D)*)(€,0) = —2(—0¢ 0 + O D) = —2curv I(§),
where the last equality follows from (3.1): therefore the claim is proved.

Since v = (|V,,,€(¥)[?)~ 2, one has that 9,7 = — 1 (| Ve, €(¥)[?) ™29, (| Vi, €(¥)[?) ; using the previous
claim we can conclude that

1
0y(£,0) = =50n(IVayE(V)*)(E, 0) = curv I ().
Using the equality

P2 () = [TE(E,my ur (&), ua(€,m))] + (176, my wn (€ m), ua (€, )],

we obtain

! 677 (15(67777”17”2)) 15(5,7’]7’[1,1711,2) + ! a’f] (In(§7777u1>u2)) Iﬁ(fﬂ%“laUZ)-

e,n e,n

anpe,n =

By (3.17) it follows that the first addend in the expression above is equal to zero at (£,0), while by (3.18)
it turns out that I"(£,0,u1,u2) = pen(&,0) = 1; therefore,

anps,n(§70) = a7] (In(§707u17u2)) . (322)
By (3.16) it follows that

_ 2 a2 e
(e + Mn)? (e — Mn)?

+ )\(a,,ﬂg — 6nﬁl)0'8nw + )\(ﬂg — 61 + 1//\)817(0'677’(1)) (323)

877 ([77(5’ U1, UQ)) = 25857]71’1 + 26372]7]"&2 o

From (3.14) and the Euler condition iii), we have that

A0y 2(&,0) = 0pB1(€,0))a(§,0)0,w(E,0) = —wa(£,0) + wi(£,0)
(Oeu2(€,0))* = (Oeur(€,0))* = curvI(€), (3.24)

while

Oy (00yw)(§,0) = —0e(00:w)(&, 0) = 0e(2¢0¢ua (&, 0) + 2e0¢u2) (€, 0),

where we have used the fact that cVw is divergence-free and the definition of ¢ and w. Putting this
last fact together with (3.23), (3.24), and the harmonicity of wu;, we finally get

Iypen(§,0) = curvI(€) = 0yy(§,0). (3.25)
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CrLaM 2.— There holds that 97, (|V.,&(¥)[?)(€,0) = 4 [curv [ (£)]*.

PROOF OF THE cLAIM. By differentiating with respect to 7 the expression in (3.21) and by (3.4), we
obtain

05 (Ve €(O)*) = —2[(0e)? + (069)°] *[(02,%)° + O 02, T + (02,9)° + 0ey 02,7
+8[(067)” + (069)°] 7 (9T 92,7 + D¢y 02,9)*
= —2[(02)* + (9c9)°] *[(0%c)? + (02cT)° — D¢ Dt — D Oeee]
+8[(062) + (069)°] 7> (— 0T 0zey + Oey Oze).
Note that

- - - - - - 1 - -
—O¢i 8?5533 — Ocy 8?553/ = (35252/)2 + (852533)2 - 5855((8533)2 + (6524)2)-
Using (3.1), (3.2), and the fact that (9:2)? + (9¢9)? is equal to 1 at (&,0), we obtain the claim.

By using Claims 1 and 2, we can conclude that

02,7(6,0) = B(m,yg(\p)ﬁ)3[an(vx,y£(\11)l2)}2;<|Vx,y£(\lf)l2)gain(lvz,ys(\P>l2>H(€o)
= [curvT(&)]* (3.26)

The second derivative of p. , with respect to 7 is given by

1

872]77 Pe,n = 0 {[a’n (15(5777#1, UQ))]Q + 872]77 (IE(Ear'%ulyuQ)) IE(&) 777”17“2)

e,n

1
Pe,n

+ [0y (1" (&, m, ua, u2))]* + 872;77 (I"(&,m,u1,u2)) In(ganaul,UQ)} - [0 (pe.n)]?.

By the equalities (3.17), (3.18), and (3.22), the expression above computed at (£,0) reduces to

2
672]17 ps,n(fa 0) = [377 (15(67 1, u1, UQ)) |(E,0)} + 872}7] (I"(&,n,u1, u2))|(§,o) . (3.27)
By differentiating (3.15) and (3.23) with respect to 7, we obtain that
877 (I€ (57 7, U1, u2)) (fa 0) = [)‘(anﬂQ - anﬂl)o—aﬁw + 8770— afw + Uagnw} |(f,0)a (328)

and

0 (16, m, w1, 12) (6,0) = =M+ 32, 5a(€,0) — 0,1 (6, 0)o(€, 0)dyw(E,0)
+20[0,82(&, 0) — 8,B1(€, 0))8, (09 w) (€, 0) + 95,0 (€, 0) 05w (€, 0)
+20,0(£,0)0;,w(£,0) 4+ 0(£,0)0;,,w(E,0), (3.29)
while, by using the equation (3.14),

[)‘(87%7752 - 6T%nﬁl)aanw]l(f,o) = [Ogw1 — Opw2 — A0y (0gfa — Og1)o0cw — A0y (0 0yw)(9y B2 — anﬁl)“(s,o)
4
= [ M° = 200, — Duon)odw + Ne(00ew) (Dn2 — 046l
Since by (3.24) and by the definition of ¢ we have that

curvI'(§)

Ao 52(6,0) — 0,51 (6,0)] = S8,
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and moreover,
(&, 0)0cw(§,0) = —2¢(Jgua (£, 0) + Deuz(€,0)),

we obtain that

[)‘(asnﬂZ - 67217751)0371“’ + 2M(0p B2 — anﬂl)an(aanw)”(g,o) =

4 2
= —gM?’ + ﬁ@g((@gul — 8§U2) cuer)(f,O).
By using the definition of o, we can write
Opo = —(1- 25M):2((2&7q,
(n'(€))” "(6) "©)
82170' = —(1-2eM)|-2 23(5) (0nq)? + 22(5) (0n9)* + 22(5) 8,27,74 .

In order to compute the derivatives of ¢, we differentiate the equality (3.13) with respect to 7:

0,4(6,0) = ~0p(€.0) = 12 (P (6,0) + DeualE,0),
Dew)? 1
Pol€0) = 208, p(E00,0(E.0) = pl€.0) = | ~(GEN o0 S0t (€.0)

By the definition of w, we obtain

n'(§) _n'()  4e’

2 _ _ 2
67]77(](57 O) - TL(S) n(f) (1 o 2€M)2 (6§u1 (67 0) + a§u2(§7 0)) .
Finally, we have
2
ow(E0) = —Fw0) = ﬁ[n/(aﬂh + Deun) + n(OFcur + Ozeua)lle.0),
Opqw(€,0) = —0Z0yw(,0) = —n"(€).

By substituting all information above in (3.28) and in (3.29), and by using (3.27), we finally obtain that

o0 = —a©Z & (6 28)
_ e (PO WO\ Lo (MO
- -0 () () 0 () (330
where
a:(§) — 1 uniformly in [0, ()],
he(¢,7) — 272 uniformly on the compact sets of [0,/(T)]xR, (3:31)
as ¢ — 0.

CLAIM 3.— There exists € > 0 such that for every ¢ € (0,2), we can find an analytic function n :
[0,{(T")] — (0, +00) satisfying

7T2

(e =60 =~y

n'(€)
n(¢)

’ <N Ve¢e (o), (3.32)



44 Chapter 3

where N :=1 4 max L,k(F) and k(') = ||curv | o -

41(T)
PROOF OF THE CLAIM. Set 7 := n’/n; in order to prove the claim, by (3.30) and (3.26) we study the
Cauchy problem

7T2

—a:(©)7" +he(&7) =7 = leurv D)) = g (3.33)

7(0) =0,

and we investigate for which values of ¢ it admits a solution defined in the whole interval [0,1(T)], with
L*°-norm less than N. As € — 0, by (3.31) we obtain the limit problem

772

7'+ 712 — (curvI)? = _16T(F)7 (3.34)
7(0) = 0.

By comparing with the solutions 7 and 79 of the Cauchy problems

2 w2

o 2 _ __ ° ! 2_k2F:_7
T = TRy 2+ =K =~ gy (3.35)

71(0) =0, 72(0) =0,

one easily sees that the solution of (3.34) is defined in [0,{(T")], with L°°-norm less than the maximum
between ||71]lcc and ||72]/co, Which is, by explicit computation, less than max{w/(4l(T)),k(T')}. By
the theorem of continuous dependence on the coefficients (see [23]), we can find & such that, for every
e € (0,2), the solution of (3.33) is defined in [0,{(T")] with L° -norm less than N.

For every ¢ € (0,8), we set
ne(€) = elo () ds, (3.36)
where 7. is the solution of (3.33).
From now on we will simply write p. and 6. instead of p.,_  and 6, ,,_.

We now want to estimate the angle 6.(£,n) by a quantity which is independent of . Since by (3.15)
and (3.16)

2e0:u1 + 2e0¢un + A (ﬂg — 01+ %) 00w

tan b = 2e0,uy + 2e0yus + Me?(e + Mn)~t 4+ Me2(e — Mn) '+ X (B2 — 1 + 3) 00w’
we have
0,0.(¢,0) = flfﬁ(aﬂl + Deus) (cuer 2 (Beus + 85“2)28) + (1= 2eM) Z%
and so, by Claim 3, if ¢ is sufficiently small,
10,0-(€,0)| < N Ve € [0,1(I)]. (3.37)
Let 6(n) be an arbitrary continuous function with
6(0)=0 and  #'(0) = N; (3.38)

by (3.37), it follows that .
0-(&:m)| < 6(n) signn (3.39)
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for every (£,n) € V, provided V is sufficiently small.
Given h > 0, we consider the vectors

b?(f, m, S) = (07 _2(8 - Ul(g, 77))877’“1(57 77) - h(S - U](g, 77))2) ;
by (& mit) = (0,2t — ua(€,m))Oyua(§,n) — h(t —uz(€,n))?)

for (§,n) € V and s,t € R. We denote by B(r) the open ball centred at (0, —r) with radius r.
Let us define 7(&,n, s,t) as the maximum radius r such that the set

(pe(&m) sinb(n), p=(£,m) cos O(n)) + bY (&, m, s) + b (&, m,t) + B(r)

is contained in the ball centred at (0,0) with radius (&, 7).

CrLAIM 4.— If we define !

= RN

where NN is the constant introduced in the previous claim, then there exists h > 0 such that for every
e € (0,8) (see Claim 3), there exists ¢ € (0,¢) so that, if V' is small enough,

(3.40)

d

PROOF OF THE CLAIM. Let p"(£,7,s,t) >0 and —7/2 < ﬁg(f,n,s,t) < 7/2 be such that

(pg(& 1) sin0(n), p- (€, n) cos 5(77)) + 01 (&, m, 8) + D5 (& t) =

. . —h _ —h
= <p? (57 T” 57 t) S1n 06 (57 77’ S’ t)? pg (57 777 87 t) COs 95 (5’ 777 S? t)) N (3'42)
To prove Claim 4, it is enough to show that, for every e € (0,%), there exists 0 € (0,¢) with the property
that
d —n —h d

1-— B cosO,(&,m,s,t) | pe(€,m,s,t) < |1— 3 v(&,n) (3.43)
for |s —ui(&n)| <96, [t —ux(&,m)| < d, and (§,1) € V with n # 0, provided V is sufficiently small.
Indeed, if (3.43) holds, it follows in particular that p"(¢,7,s,t) < v(&,n), and this inequality with some
easy geometric computations implies that
72(£a 7]) — (ﬁ?(fa 7,5, t))2

2T?(§7 n,s, t) = _n —h )
Y = Pe (577)’ Sat> Cos 95 (57777 Sat)

at this point, it is easy to see that, if V' is small enough, inequality (3.43) implies that 27" (¢,n,s,t) > d/2,
that is Claim 4. So let us prove (3.43).

We set J J
fd,h(ga m, Svt) = (1 - 5 COSE?(SJL S7t)> ﬁg(ga n, Svt) - (1 - 2> 7(57 77)

and we note that f%"(&,0,uq(&,0),u2(£,0)) = 0. We will show that

L. Vn,s,t fd,h(€7 0’ ul(fa 0)7 u2(§7 O)) =0 if (57 O) € Va
2. Visyt FER(E,0,u1(€,0),u2(€,0)) is negative definite if (£,0) € V,
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where V,, féh and Vis,t f%h denote respectively the gradient and the Hessian matrix of f%" with

respect to the variables (1, s,t). Equality 1 follows by direct computations and by (3.25). Using (3.42),
the equality in (3.32), and (3.38), we obtain

§ d\ d
3727nfd,h(f»0,u1(£,0),u2(§,0)) = —#(F) <]_ _ 2) 4 §N2;

then by the definition of d,

71_2

O (6,0,11(€,0), 028 0)) = — g5 < 0 (3.44)

Moreover we easily obtain that

8252t.fd,h(§707u1(€70)’ u2(§7 0)) = 5523fd’h(§a 0, u1(£70)7u2(§70)) = —2h <1 - Z) )

afnfd’h(fa Oa u1(£7 0),’1,62(5,0)) =-2 (1 - d) 672,77’111(5,0),

2
d
a?nfd’h(§707u1(€,0)7u2(§,0)) =2 (1 - 2) 81%17’“2(570)7

afsfdﬁ(f? 07 U1(§7 0)7 u2(§a 0)) =0.
From the expressions it follows that
2 rdh 52 fdh
det Om/ Ounl
82 fd’h 32 fd’h
sn ss

71.2

> (€,0,u1(£,0),u2(£,0)) = h(2 — d)m — (2= d)?[07,u1(&,0))?,

and that the determinant of the Hessian matrix of f%" at (&,0,u1(,0),u2(€,0)) is given by

2

det V2, , f(E,0,u(€,0), ua(€, 0)) = —h3(2 — d)* o + h(2 — d)*[(92,u1 (€, 0))* + (92, u2(&, 0))?].

3212(T)
By the definition of d, if h satisfies
32 2
h> =52~ d)PI) Y102, uil3 e 1y (3.45)
=1
then for every (£,0) € V we have
32 fd’h 82 fd’h
det [ " ° €,0,u1(£,0),uz(€,0)) > 0, 3.46
( g2 pih g2 pin ( 1(£,0),u2(¢,0)) (3.46)
and
det V7 ., f2(€,0,u1(£,0),u2(,0)) < 0. (3.47)

By (3.44), (3.46), and (3.47), we can conclude that the Hessian matrix of f&" at (£,0,u;(€,0),us(€,0))
is negative definite: both (3.43) and Claim 4 are proved.

CLAIM 5.— For every r > 0 and h > 0, there exists £ > 0 with the property that, if € € (0,&), one can
find § € (0,¢) so that
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I(&anfu/?(f/’])’ )

t) €
I(gvnvsvul(gvn)) €

B(r) 4+ bl (&, s),

provided V' is small enough, for every |t —ua(&,n)| <4, [s —u1(§,n)] < 9.

PROOF OF THE CLAIM. By the definition of ¢ in Ag, we obtain that
If(f’ 7, u2(€7 n)a t) = 2(t - u2(£7 77))8£U2(f’ 7])7

In(fﬂ%W(fﬂ?)vt) = 2(t - u2(§7n))877u2(§>n) - M(E - MU)_l(t - u2(§777))2'

To get the claim, we need to prove that
(2t — u2)Deus)® + (=M (e — Mn) " (t — u)® + h(t — u)® + 1) <12,
which is equivalent to
(2(t — u2)Beus)® + (=M (e — Mn) ™"+ h)* (t — ug)* + 2r (=M(e — Mn) ™" + 1) (t — ug)? < 0.

The conclusion follows by remarking that, if V' is small enough, the left-handside is less than
2M
(4(85112)2 + 2hr — 3;) 82 + 0(8?),

which is negative if ¢ is sufficiently small. The proof for u; is completely analogous.

Let us conclude the proof of the step. By Claim 4, we can find h > 0 such that (3.41) is satisfied for
e € (0,€). If we choose r such that 2r < d/4, by Claim 5 there exists £ > 0 such that for every € € (0, &)
there is § € (0,¢) so that

1(&,m, s, (§m) + (€, ua(€,m), 1) € B(2r) + by (€, 8) + b5 (€, 1, ) (3.48)

for every |s —ui(&,n)| <9, [t —uz(&,n)| <9I, and (§,n) € V. If we take ¢ < min{&,g}, then by Claim 4
we have that the set

B(2r) + (p<(&m) sin0(n), p=(&,n) cos O(n)) + i (&, 7, 5) + b (&, m, 1)

is contained in the ball centred at (0,0) with radius (£, 7). Some easy geometric considerations show
that the relation between 6. and 6 (see (3.39)) implies that also the set

B(2r) + (p=(&,m) sin 0=(n), pe(&,m) cos 0 (n)) + Vi (€,m, 5) + b5 (€,m,t) (3.49)

is contained in the ball centred at (0,0) with radius (&, 7), if the condition

b} (., 8) + b5 (&, t)] < 2r

holds (to make this true, take 0 and V' smaller if needed). Since

1(5;7775»15) = 1(5777757111(5777)) + I(gvnaul(gvn)ﬂlm(f?n)) + I(fvﬁa“?(£a”)7t)v

by (3.48), (3.19), and (3.20), it follows that I(£,n,s,t) belongs to the set (3.49), and then to the ball
centred at (0,0) with radius v(&,n) for every |s —ui(§,n)| <6, [t —u2(§,n)| <4, and (§,n) € V. This
concludes the proof of Step 1.
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STEP 2.— If ¢ is sufficiently small and § € (0,¢), condition (bl) holds for |s — uy(§,n)] > § or
[t —u2(&,m)| >4, and (£,m) € V, provided V is small enough.

Let us fix § € (0,e) and set

my(&,n) == max{|[I(§,n,s, 1)+ wi(§,m) —e <s <t <wua(é,n) +e |t —ual,n)| >0}

It is easy to see that the function my is continuous. Let us prove that m;(£,0) < ~(&£,0) = 1.
Fixed (€,0) € V, u1(£,0) — & <5 < ¢ < us(&,0) + ¢, with |¢ — up(€,0)] > 8, we can write

1(5707 S7t) = I(§707 S,U1(§70)) + I(§>O7u1(§70)7u2(£ﬂ 0)) + I(f, 07 u2(§70)7t)' (350)

CLAIM 6.— For every r > 0 there exists € > 0 such that
1(5707u2(£30)7t) € B(T)7 I(gaovsaul(gvo)) € B(T)
for 0 <|s—u1(§,0)] <e, 0 < |t —u2(§,0)] <e,and (£,0) V.

PROOF OF THE CLAIM. See the similar proof of Claim 5 above.

By (3.50), (3.17), (3.18), and Claim 6, it follows that
I(£,0,s,t) € (0,1) + B(r) + B(r) = (0,1) + B(2r) (3.51)

for 0 < |s —wui(&,0)| <e, §d <|t—wu2(§,0) <e. If r <1/4, the set (0,1) + B(2r) is contained in the
open ball centred at (0,0) with radius 1.

It remains to study the case |s — uj| > & and the case |t — ug| > €. Let us consider the latter; the
former would be completely analogous. We can write

I(E,O,s,ul(f,O)) - I(EaOaSA(ul(gao)+€)7u1(€70))+1(§7075\/(u1(§70)+5)vu1(530>+€)7
I(g,O,UQ(f,O),t) = I(faoau2(£50)7U2(§7O)_5)+I(§707u2(€’0)_€7t)'
Therefore, by (3.50)

1(5707S7t) = 1(5,0711,1(5,0),’&2(5,0)) + I(é-aoa 5 A (ul(gao) + 5)711,1(570))
+ 1(5707u2(£7 0)’ u2(£70) - 5) + 1(5707 sV (u1(£70) + 5)7t)
—1(£,0,u1(£,0) +&,u2(£,0) —€).  (3.52)

If —2e(0¢ui1(€,0) + Ogua(€,0)) > 0, we define
C = [0, —26(85111 (f, 0) + 65’(1,2(5, 0))] X [O, 1-— QEM];
if —2e(0¢u1(€,0)+0:u2(€,0)) < 0, we simply replace [0, —2e(0euq (€, 0)+0gu2(£,0))] by [—2e(0¢ui(§,0)+
}

Otu2(&,0)),0]. From the definition of ¢ in A3 U A4 U As, it follows that
I(fa Oa Uy (ga 0) +e&, u2(§7 0) - 6) = (—26(85U1 (5’ 0) + 85“2(5, O))v 1- 25M) (353)
and
1(¢,0,s,t) € C (3.54)

S
In(ga 07 Ug(f, O)a UZ(E

I(€,0,5,t) € [(0,1) + B(r)+ B(r)|n{(z,y) eR*:y <1 —eM} + D
=[(0,1) + B2r)|N{(x,y) ER*:y <1 —eM} + D.

for u1(€,0) +e <s <t <wup(§,0) —e. Let D :=C — (—2¢(0cu1(&,0) + Ozuz(&,0)),1 — 2eM). Since
0)—¢




Calibrations for minimizers with a regular discontinuity set 49

If 7 < 1/4 and if ¢ is sufficiently small, the set [(0,1) + B(2r)]N{(z,y) € R? 1y < 1—eM} + D is
contained in the open ball centred at (0,0) with radius 1 and this means that m;(&,0) < v(&,0).
Analogously we define

mQ(fan) = maX{|I(€vn78at)| : Ul(fﬂl) —e<s<t< U2(§a77) +, |5 - ul(éﬂ?” > 5}

Arguing as in the case of my, we can prove that ms is continuous and ms(€,0) < v(£,0). By continuity,
if V' is small enough, m1(¢,7) < v(&,n) and ma(€,n) < (&, n), for every (£,7) € V. This concludes the
proof of Step 2.

By Step 1 and Step 2 we deduce that, choosing e sufficiently small and n = n. (see (3.36)), condition
(b1) is true for ui(&,n) —e < s,t <wua(€,n) + & and in fact for every s,t € R, from the definition of ¢
in A; and Ar. O

3.2 The graph-minimality

We start this section with a negative result: if the domain Q is too large, the Euler conditions do not
guarantee the graph-minimality introduced in Definition 3.1, as the following counterexample (proposed
by Gianni Dal Maso) shows.

Proposition 3.3 Let R be the rectangle (1,1 + 4l)x(—1,1) and let

w(w,y) = xz ify >0,
T2 iy <o,

Then u satisfies the Fuler conditions for the Mumford-Shah functional in R, but it is not a Dirichlet
graph-minimizer in R for [ large enough.

PrOOF. — The Euler conditions are obviously satisfied by u in R.
Let Ry be the rectangle (0,4)x(—1,0) and let w be any function in H*(Rg) such that w(z,0) = x
for € (0,2), and w(x,y) =0 for (x,y) € IRy \ ((0,4)x{0}).
The idea is to perturb u by the rescaled function v(z,y) = lw(*7t,%). We define the perturbed
function
x on Ry \ T,
W(z,y) =4 -—z+n(x—1) onT,
—z+nu(z,y) on Ry,

where 7 is a positive parameter and the rectangles R;, Ry, and the triangle 7, are indicated in Fig. 3.1.
We want to show that, if we set ¢ := fRo |Vw(x,y)|?dx dy, for every | > ¢ and for every &g, o > 0 there
exist € < gp and 1 < ny such that

[ 1VutepPdedy+ 1148, > [ Vo) Pdedy +1(S5).
R R

By definition, @ satisfies the boundary conditions. Since by the construction of v the function u is
continuous on the interface between T, and R, then

2
HY(S,) — HY(Sa) = 21 — 212 + &2 = —67 + o(e?). (3.55)
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Figure 3.1: the regions Ry, Ry and T..

On the triangle T, we obtain
|Vu(z,y)|?de dy — \Va(z,y)|*dx dy = 2len — len?. (3.56)
T, T:

Finally, since we have that |Va|?> = 1+ n?|Vo|? — 2nd,v in Ry, taking into account the boundary
conditions of v, we get

/ |Vu(gc,y)|2dxdy—/ |V11(sc,y)|2dxdy = —172/ \Vv(x7y)\2dxdy
Ro Ro2 Ry
= —l2n2/ |Vw(z,y)|2dz dy. (3.57)
Ro

In order to conclude, by (3.55), (3.56), and (3.57), we have to show that for I large we can choose € and
n arbitrarily close to 0 such that

2
—67 — clPn? + 2len — len? + o(?) > 0.

If we choose 1 = ¢/(cl), then the equality above reduces to

g2 g2

_7+?+0(€2) > 0,

which is true if [ > c. O

As suggested by Proposition 3.3, to get the graph-minimality we have to add some restrictions on the
domain Q. To this aim we introduce a suitable notion of capacity: given an open set U (with Lipschitz
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boundary) and a portion T' of QU (with nonempty relative interior in OU ), we define K(I',U) by the
variational problem

K({,U):= inf{/ \Vo(z,y)|?dedy : ve H(U), /UQdHl =1, and v =0 on 8U\F} . (3.58)
U r

First of all, it is easy to see that in the problem above the infimum is attained. Moreover, if U; C U,,
and 'y C Ty, then K(I'1,U;) > K(T'y,Us); this suggests that, when K (T',U) is very large, U has to be
thin in some sense. It is convenient to give the following definition.

Definition 3.4 Given a simple analytic curve I', we say that an open set € is I'-admissible if it is
bounded, T' N connects two points of 0N, and Q\T' has two connected components having a Lipschitz
boundary.

The following theorem gives a sufficient condition for the graph-minimality in terms of K (I",Q2) and of
the geometrical properties of the curve. We recall that {(I") denotes the length of I'; curvI" its curvature,
and k(T') the L*-norm of curvT.

Theorem 3.5 Let Qy, Q, u, and I' = S, satisfy the same assumptions as in Theorem 3.2; suppose
that Q is T'-admissible and denote by Qy and Qo the two connected components of Q\T', by u; the
restriction of u to €, and by Oru; its tangential derivative on I'. There exists an absolute constant
¢ >0 (independent of Qo, Q, T', and u) such that if

mim:l,g K(FﬂQ,Qz) 2 2
T AR ¢ 2 10 ulE e (3:39)

then w is a Dirichlet graph-minimizer on §2.

Remark that condition (3.59) imposes a restriction on the size of 2 depending on the behaviour of u
along S,: if u has large or very oscillating tangential derivatives, we have to take 2 quite small to
guarantee that (3.59) is satisfied. In the special case of a locally constant function u, condition (3.59) is
always fulfilled; so u is a Dirichlet graph-minimizer whatever ) is, in agreement with a result of [2].

PROOF. — From the definition of d and N (see (3.40) and Claim 3 in the proof of Theorem 3.2) it follows
that there is an absolute constant ¢ > 0 (independent of Qqy, 2, I', and u) such that
16

¢(1+PMEXT)) > T (3.60)

The absolute constant ¢, which appears in (3.59), is defined by

= max{é,ﬁ}. (3.61)

Actually, to avoid problems of boundary regularity, we shall work not exactly in 2, but in a little bit
larger set. Let ' be a I'-admissible set such that Q CC ' CcC Qq, and

s 2
min;—1 o K(I'N Y, Q) 9
L+ NQY)+ TNk NY) > C; 19-willer (prr

where €} denote the connected components of '\ I'. This is possible by (3.59) and by the continuity
properties of K.



52 Chapter 3

The idea of the proof is to construct first a calibration ¢ in a cylinder with base an open neighbourhood
of 'N Y, and then to extend ¢ in a tubular neighbourhood of graphw.

Construction of the calibration around T’

We essentially recycle the construction of Theorem 3.2, but we need to slightly modify the definition
around the graph of u, in order to exploit condition (3.59) and get the extendibility.

To define the calibration ¢(x,y,z) we use the same notation and the coordinate system (&,7n) on U
(which is supposed to be an open neighbourhood of I'N Q) introduced in the proof of Theorem 3.2. The
vectorfield will be written as

1
Y2(&(z, ), m(z,y))

w(x,y,z) = ¢(£(x7y),77(x,y),z)7 (362)

where ¢ can be represented by
$(&,1,2) = 6°(&, 1, 2)7e + 9" (E,, )7 + D7 (€, 2)es

Given suitable parameters € > 0 and A > 0, we consider the following subsets of V' xR:

A = {(En2) € VR ui(§n) —evi(§n) <z <w(&n) +evi(€n)}
Az = {(§m2) € VxR ui(§,m) +evi(§,n) <z <wui(§,n) + 2},

Az = {(En,2) e VXR: ui(§,m) +2e <z < Bi(€,n)},

As = {(Em2) € VR Bi(€,m) < 2 < B2(€,n) + 1/A),

As = {(&n,2) e VXR: Ba(&,n) + 1/A < z <wa(&,n) — 2},

As = {(§m2) € VxR ua(§,m) — 28 < 2 <wa(&n) —ev2(€m)},

A7 = {(En2) € VXR: ua(€,m) —eva(&m) <z <wua(én) +eva(§in)},

where the functions v; are defined as
1)1(5»77) :1+M777 712(5,77) ::1_M7]

with M positive parameter such that

2
cQ+PTNQ)+PCnQ)EAT Y)Y 10:ui]1E (rray < M < min K(I' N, Q), (3.63)
- J=4
Jj=1

while 8; and (2 are the solutions of the Cauchy problems (3.14). Since we suppose ug > 0 on V, if ¢ is
small enough, while A is sufficiently large, then the sets Ai,..., A7 are nonempty and disjoint, provided
V' is sufficiently small.

The vector ¢(&,n,z) introduced in (3.62) will be written as

B(&n, 2) = (6°1(&,m, 2), ¢ (£,m, 2)),
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where ¢°7 is the two-dimensional vector given by the pair (¢¢, ¢"). We define ¢(£,7, z) as follows:

2
(2Vu1 + 2%V017 Vu; + %Vul‘ ) in Ay,
2
(2V(U1 + €’U1) + Q%Vﬁl, V(Ul + 61)1) + %V’Dl > in AQ,
(07 wl(fﬂ?)) in A37
(Mo (&,n)Vw, p1) in Ay,
(Oa ("')2(5’77)) in A57

2
(W(uQ — cvg) + 25TEEER VG, ‘V(uz —evg) + %ﬁwwgl > in Ag,

2
(2VU2 + 2%V02, Vus + %VUQ‘ > in Ay,

where V denotes the gradient with respect to the variables (£, 7), the functions ¥; are defined by
01(&,m) =26+ M'n, 2(&,m) =2 — M'n

while

Ui(f»ﬂ) 27 W 2 _ Wi 2
mg,n)) (Beus(€.m))? — (Byus(€.m)

for ¢ = 1,2, and for every (£,n) € V; we take the constant p sufficiently large in order to get the
required inequality between the horizontal and the vertical components of the field (see condition (al) of
Section 1.3), and M’ so large that w; is positive in V', provided V is small enough. We define w as the
solution of the Cauchy problem

)= (M + 01

Aw = 0,
4e

w60 == —eem
({97711)(5, 0) = n({),

where n is a positive analytic function that must be chosen in a suitable way. We define

— 1 / 2
o(&,m): n(q(ﬁ,r]))(l eM’' —6e"M),
where the function ¢ is constructed in the same way as in (3.13).

Let us prove that for a suitable choice of the involved parameters the vectorfield is a calibration in a
suitable neighbourhood U of T'N €Y, which is equivalent to prove that ¢ satisfies (al), (a2), (bl), (b2),
and (cl) of page 37. The proof of conditions (al), (a2), (b2), and (cl) is the same as in Theorem 3.2.
The proof of (bl) is split again in two steps.

3
| ns)(0cua(5,0) + cua(s,0)) s, (3.64)
0

STEP 1.— For a suitable choice of £ and of the function n (see (3.64)) there exists § > 0 such that
condition (b1) holds for |s—u1(&,n)| <0, [t —u2(§,m)| <9, and (£,n) € V, provided V is small enough.
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We essentially repeat the proof given in Theorem 3.2: Claims 1, 2, 3, and 4 are still valid with the same
proof (up to the obvious changes due to the different definition of ¢). Claim 5 must be modified as
follows.

CrLAamm ~5.f For h = 531%(I) Zle HaguiHch(me)a there exist r € (0,d/8) and & > 0 such that for every
§ € (0,0)

I(§,m,ua(€,m), 1) € B(r) + b3 (&7, 1),

provided V' is small enough, for every |t —ua(&,n)| <4, |s —u1(§,n)] <9J.

PROOF OF THE CLAIM. Using the definition of ¢ in A7, the claim is equivalent to prove
(2(t — u2)O¢u2)® + (—M (1 — Mn) ™" + h)2 (t —uz)* +2r (=M (1= Mn)~" +h) (t — uz)? < 0;

note that for a; € (0,1) the left-handside is less than

2
2r
<4Z 10cuil|En (rrary + 2hr — = M) 5% + o(8%),

i—1 a1
provided V' is small enough. To obtain the claim, it is sufficient to prove that
2 & ) 1
; Z ||8EuiH01(FﬂQ’) < mM — h. (365)
i=1
Since by (3.63), (3.60), and (3.61) we can write
2
16+as 64
M = (d + ﬁlz(r n Q’)) D N0euillEs ragry:
i=1
with as > 0, the inequality (3.65) is equivalent to

2 1 64 16+ax 1
< 1) =03Trno ,
<1+a1 )71'2 ( )+ d 14w

r

which is true if a; is sufficiently small and r is sufficiently close to d/8. The proof for u; is completely
analogous.

To conclude the proof of the step, let r and h be as in Claim 5. If we choose ¢ < € and § < min{S, e},
by Claim 5 we have that

1(&,m, 5,ur(€,m)) + 1(§, m,u2(€,m),t) € B(2r) + (&7, 5) + b3(§,m, 1) (3.66)

for every |s —u1(§,m)| <, [t —ua(&,n)| <0, and (&,m) € V; since h satisfies (3.45) and 2r < d/4, we
can apply Claim 4 to deduce that the set

B(2r) + (p<(&m) sinb(n), p=(&,n) cos (n)) + b (&, 1, 5) + b (&, m, 1)

is contained in the ball centred at (0,0) with radius v(£,7). Some easy geometric considerations show
that the relation between 6. and 6 (see (3.39)) implies that also the set

B(2r) + (p=(&, 1) sinb-(n), p= (&, 1) cos - (n)) + b (€, 5) + b5 (€, 7, ¢) (3.67)
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is contained in the ball centred at (0,0) with radius y(&,n), if the condition

b} (&,m,8) + b5 (& m,t)] < 2r

holds (to make this true, take 6 and V' smaller if needed). Since

I(¢,m,s,t) = 1(&§,m, s,u1(§,m)) + 1(§,m,u1(§,m),u2(8,m)) + 1(§,m,u2(€,m), 1),

by (3.48), it follows that I(£,m,s,t) belongs to the set (3.67), and then to the ball centred at (0,0) with
radius v(&,n) for every |s —u1(&,m)| <9, |t —ua(€,n)| < J, and (&,n) € V. This concludes the proof of
Step 1.

STEP 2.— If ¢ is sufficiently small and § € (0,¢), condition (bl) holds for |s — u1(§,m)| > 0 or
[t —u2(§,m)| > 6, and (&,m) € V, provided V is small enough.

By using condition (3.63), arguing as in the proof of Claim 5, we can prove the following claim.
CLAIM 6.— There exist < 1/4 and € > 0 such that

I(5707u2(£70)1t) S B(T)a I(f,078,ul(£,0)) € B(T)
for 0 < |s—wui(&,0)] <e, 0<|t—u2&0) <e,and (£,0)eV.

We can conclude the proof of Step 2 in the same way as in Theorem 3.2, with the minor changes due
to the different definition of the field.

By Step 1 and Step 2, we conclude that, choosing ¢ sufficiently small and n in a suitable way,
condition (bl) is true for uy(§,n) —e < s,t <wuz(€,n) + €. So, ¢ is a calibration.

Construction of the calibration around the graph of u

Now the matter is to extend the field in a tubular neighbourhood of the graph of w. From now on, we
reintroduce the Cartesian coordinates.

Let T'; be the curve n = (—1)%, where k > 0. If k is sufficiently small, for i = 1,2 the curve T;
connects two points of 9, divides € (and then Q) in two connected components, and the normal
vector v; to T'; which points towards T' coincides with (—1)""1Vn/|Vn|. Set U’ := U N {(z,y) € Q' :
In(z,y)| < k} and U” :=U'NQ. Since |Vl =1 on I', by (3.63) we can suppose that

- 3 O\ TT
Tz 2ex Vil < min KT, 2\ TY). (3.68)

Chosen § so small that (graphu)s N ((U” N§4) x R) C Ay and (graphu)s N ((U" N Q) x R) C A7, we
define the vectorfield

@(z,y,2) = (p™(z,y,2), $*(z,y,2)) € R*xR,

as follows:

@(xayvz) in {(l‘,y,Z) € U'R: ul(x,y) —0<z< u2(a?,y) +6}7

2
(QVU + 254V, ’Vu + Zgluwl‘ ) in (graphu)s N (Q1 \ U") xR,

2
<2Vu—|—2z_“Vﬁ2, ’Vu-l— ZI;“VﬁQ‘ ) in (graphu)s N (Qa \ U”)xR.

V2
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The function v; is the solution of the problem

. 2 M 2 1. 1 /
min {/Q;\ / |Vol“dz dy — 1= ik /F [VnlvtdH" : ve H (Q;\U'), U|8(Q;\U')\n = 1} . (3.69)

Let us show that the problem (3.69) admits a solution. If {v,} is a minimizing sequence, then

M
sup Vo, |*dx dy — / Vv dH' } < +oc. 3.70
n{/WJ | T (3.70)

We have only to show that {v,} is bounded in H!(Q}\ U’). If we put v, := v, — 1, by (3.58) for every

7€ (0,1) we have
. 2
Von|2dz dy / Vo |2dedy = ( / vidw) / A [ —
/sz;\U/| | QN\T’ | | r; QN\T” (fri ThdH1)?

dzx dy

> </m(1}" - 1)2dH1> K(T;,Q:\T)
> (1-7)K(;,Q\U) /F vidH' + KTy, Q\ U') (1 - i) HYT,),  (3.71)

where we used Cauchy inequality. By (3.68), we can choose 7 so small that

— M
(1= KT UNT) > s IVl e,

and substituting (3.71) in (3.70), we obtain

sup/ U?L dH' < 4o0.
F,

n k2

Using again (3.70) and Poincaré inequality, we conclude that {v,} is actually bounded in H(Q;\ U’).
The solution of (3.69) satisfies

A@i:O in Q;’\ﬁ,

0 A-—LN |9 I, (3.72)
szil—Mk nv; on ly, B .
@Zzl on 8(QQ\U’)\F“

and so, in particular, belongs to C°°(; \ U”). By a truncation argument, it is easy to see that 0; > 1,
so ¢ is well defined.

Since ¢ is a calibration in the set {(z,y,2) € U"XR: ui(z,y) — § < z < ua(x,y) + d}, it remains to
prove only that the field is globally divergence-free in the sense of distributions and that conditions (al),
(a2), (bl) are verified in the regions (graphwu)s N (£2; \ U”)xR. First of all, note that by Lemma 1.5 the
field ¢ is divergence-free in the regions (graphu)s N (€; \ U”)xR, since it is constructed starting from
the family of harmonic functions w(z,y) + t0;(z,y). To complete the proof, we need to check that the
normal components of the traces of ¢ and of the extension field are equal on the surface of separation,
ie.,

Z—=U

Vg

(" 1) = <2Vu +2 Vi;, Vi> on I';, (3.73)
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where v; = (—1)T1Vn/|Vn|. Using the definition of ¢, we obtain that

Z—U

TY o\ — 1)+l
o) = (oo 250

M) [Vnl;

since (Vu,v;) = (—1)"19,u|Vn|, the equality (3.73) is equivalent to

M 1 .
1_ Mk|V77| - E<vvi,Vi>,

which is true by (3.72).
Conditions (al) and (a2) are obviously satisfied, while condition (b1) is true if we take ¢ satisfying

LN =1
5§sup{<4|Vu|—|—2|v;1|> : (x,y)eﬂi\(]//7i:1’2}_
Therefore, with this choice of §, the vectorfield ¢ is a calibration. O

3.2.1 Some properties of K(I',U)

In this subsection we investigate some qualitative properties of the quantity K (I", U) and we shall compute
it explicitly in a very particular case. Let us start by a very simple result.

Proposition 3.6 Let I' be a simple analytic curve and T be an extension of I, whose endpoints do not
coincide with the endpoints of T'. If Ffst are the two connected components of T's \ T' (which are well
defined if § is sufficiently small), then

lim K(T,TF) = +oo.

§—0t
PROOF. — For convenience we set

W) == {v c H (I'Y): /Fv%ml =1, v=0o0nd(F) \F} .

Suppose by contradiction that there exists a sequence {d,} decreasing to 0 such that sup,, K (T, Fj{n) =
¢ < +o00; this implies the existence of a sequence {v,} such that

v € WT(6,) and / |V (z,y)|?drdy < ¢
Tt

Sn

for every integer n. From now on, we regard v, as a function belonging to H 1(1";1) which vanishes on
I'f \ T} . By Poincaré¢ inequality it follows immediately that {v,} is bounded in H*(I'}), and so it
admits a weakly convergent subsequence {v,, }. Let us call v the limit of the subsequence; since vy,
vanishes on I‘;rl \I‘j{nk for every k, then v must vanish a.e.; on the other hand, since fr v%del =1, by

the compactness of the trace operator, we have that fr v2dH! = 1, and this is clearly impossible. O

We remark that by Theorem 3.5 and Proposition 3.6, if Uy is a neighbourhood of I and w € SBV (Uyp)
satisfies the Euler conditions in Uy with S, = I", then there exists a neighbourhood U of I" contained in
Up such that w is a Dirichlet graph-minimizer in U. Actually, taking U smaller if needed, by Theorem
3.2 we get also the Dirichlet minimality.
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Proposition 3.7 (Characterization of K(I',U)) Let U be an open set with Lipschitz boundary and
T be a subset of OU with nonempty relative interior in OU . The constant K(T,U) is the first eigenvalue
of the problem

Au=0 on U,
dou=Mu onl, (3.74)
u=0 on QU \T.

Moreover, it is the unique eigenvalue with a positive eigenfunction.

PROOF. — If u is a solution of (3.58), then it is harmonic and there exists a Lagrange multiplier A such
that

/ (Vu, V) dxdy = )\/ up dH? YVoe C®U): ¢=00n U \T, (3.75)
U r

which means, by Green formula, that d,u = Au on T'. Using (3.75), one can easily see that K(T',U) is
in fact the minimal eigenvalue of (3.74) and that it has a positive eigenfunction (indeed, if  is a solution
also |u| is). Let u be a positive function belonging to the eigenspace of K(I',U) and v another positive
eigenfunction associated with the eigenvalue p; by Green formula we have

/vﬁ,,udHlf/ua,,vdHl =0,
I I

therefore
(K(T,U) — p) / uwwdH' = 0.
r
Since both u and v are positive, from the last equality it follows that u = K(T',U). O

Proposition 3.8 If U = (0,a)x(0,b) and T'= (0,a)x{0}, then
T

atanh (”b) '

a

K(I,U) = (3.76)

PRrROOF. — The function
T T

0= (52) s (- )

v(z,y) sm(ax) sin a( y)

T

a tanh (”—b)

a

with K(T',U). O

is positive and satisfies (3.74) with A = . Then, by Proposition 3.7, this quantity coincides

Proposition 3.9 Let g : [0,a0] — [0,+00) be a Lipschitz function and denote the graph of g by T.
Given 0 < ay < az <ag and b >0, if we set I'(ay,az) := graph gl(a, a,) and

R(ay,a2,b) :==A{(z,y) : x € (a1, a2), y € (9(x),9(x) + b)},

then
lim K (I'(a1,a2), R(ay,as,b)) = +o0 uniformly with respect to b.

\a27a1|~>0
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PROOF. — The idea is to transform the region R(ai,as,b) into the rectangle (0,a2 — a1)x(0,b) by a
suitable diffeomorphism in order to use (3.76).

Let ¥ : (0,a2 —a1)x(0,b) — R(a1,as,b) be the map defined by ¢¥(x,y) = (x+a1,y+g(x+a1)). Let
v € HY(R(ay,az,b)) be such that v =0 on dR(ay,az,b) \ T'(as,az) and

/p< U= [ e iF ek - (3.77)

If we call 9(x,y) := v(¢(x,y)), then © € H*((0,a2 —ay)x(0,b)), © = 0 on the boundary of the rectangle
except (0,az —ay)x{0}, and by (3.77) there exists A > 0 such that A\ < /1 + |¢’[|% and

az—ai
)\2/ % (2,0) dz = 1.
0
Therefore, since Jy =1,

/ Vo(a,y)Pdedy = / Vo y) 2d dy
R(ai,a2,b) (0,a2—az)x(0,b)

> (14 1o+ 120 Vi) Pde dy
(0,a2—a1)x(0,b)
> A2 (14 g oo + 19'1%) T K ((0,a2 = a1) x{0}, (0,02 — a1)x(0,1))
> (L+lg1%) - :
2(ay — ap) tanh (a;bal)

where the last inequality follows by the estimate on A and by (3.76). Since v is arbitrary, using the fact
that 0 < tanht <1 for every ¢t > 0, we obtain that

™

K (I(a1,2), Rla,02,8)) 2 (14 11 lle) ™ 30—

so, the conclusion is clear. O

We have already remarked (see Proposition 3.6) that the graph-minimality is guaranteed in small
neighbourhoods of the discontinuity set I'. As a consequence of Proposition 3.9, we obtain that the
graph-minimality holds also in the open sets, which are narrow along the direction parallel to I' and may
be very large along the normal direction. This is made precise by the following corollary.

Corollary 3.10 Let g be a positive function, analytic on [0,ap], that is g admits an analytic extension,
and denote the graph of g by I'. For every M > 0 there exists h = h(M,I') such that, if Q is T'-
admissible (see Definition 3.4) and Q C (a1,a1 + h)xR with a; € [0,a0 — R, and if u is a function in
SBV(Q) with S, =T NQ, with different traces at every point of TN, satisfying the Euler conditions in
Q, and Z?:1 |0 uillcr(rnoy < M (where u; is as above the restriction of u to the connected component
Q; of Q\T ), then u is a Dirichlet graph-minimizer in Q@ (see Fig. 3.2).

PROOF. — By Proposition 3.9 there exists h > 0 such that for every aj,as € [0,a0] with 0 <az—a; <h
and for every b > 0,
K(F(al, ag), R(al, as, b))

T B0 4 B M
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Figure 3.2: if the thickness of  is less than h, then u is a Dirichlet graph-minimizer in .

If Q C (a1,a1+h) xR, then we can choose b > 0 so large that, assuming that €; is the upper component,
Oy C R(a1,a1 + h,b). Then by the monotonicity properties of K(T', A), it follows that

K(TNQ, )
1+ 2(T) + 2(T)k2(T)

2
>cM? > CZ 107w |E1 (rroy-
=1

Applying the same argument to €5, the conclusion follows from Theorem 3.5. a



Chapter 4

Calibrations for minimizers with a
triple junction

In this chapter we study the Dirichlet minimality of solutions of the Euler-Lagrange equations for the
Mumford-Shah functional (2.1) whose discontinuity set presents a triple junction.
The precise statement of the result is the following.

Theorem 4.1 Let Q := B(0,1) be the open disc in R? with radius 1 centred at the origin, and let
(Ao, A1, As) be the partition of Q0 defined as follows:

A; = {(rcos@msin&) €Q: 0<r<l, %W(?—i) <fh< gw(?)—z)} Vi=0,1,2.

Let S;; == A; N A; for every i < j. Let u; € C*(A;) be a harmonic function in A;, satisfying the
Neumann conditions on 0A; N QY and such that |Vu;| = |Vu;| on S;; for every i < j. If w is the
function in SBV(Q) defined by u := w; a.e. in each A; and up(0,0) < u1(0,0) < uz2(0,0), then there
ezists a neighbourhood U of the origin such that w is a Dirichlet minimizer in U of the Mumford-Shah
functional.

The proof is very long and technical and is split in several steps. First of all, the symmetry due to the
27 /3-angles allows to deduce from the other Euler conditions that each w; must be either symmetric or
antisymmetric with respect to the bisecting line of A;. In Section 4.1 we construct an explicit calibration
¢ in the case u; symmetric and we prove that ¢ satisfies conditions (al), (a2), (b2), and (cl) (see
Section 1.3); in Sections 4.2 and 4.3 we show some estimates, which will be useful in Section 4.4 to prove
condition (b1); finally, in Section 4.5 we adapt the calibration to the antisymmetric case.

4.1 Construction of the calibration

Let {e®,e¥} be the canonical basis in R? and for i = 1,2 consider the vectors 7; = (—1/2, (—1)'\/3/2),
v; = ((—=1)'/3/2,1/2), which are tangent and normal to the set S;_;; (see Fig. 4.1). As u((0,0) <
u1(0,0) < u2(0,0), there exists an open neighbourhood U of (0,0) such that the function u belongs to
SBV(U), the discontinuity set S, of u on U coincides with |J;_;(S;; NU), and the oriented normal
vector v, to S, is given by
v for (z,y) € So1,
vu(z,y) = Qv for (z,y) € S12,
eV for (z,y) € Soz2;

61
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by the assumptions on u;, the function u satisfies the Euler conditions for (2.1) in U. We will construct
a local calibration ¢ = (™, p?) : UXR — R2xR for u.

Figure 4.1: the triple junction.

Applying Schwarz reflection principle with respect to Sp; and Spo, the function ug can be har-
monically extended to U \ S 2, and analogously u; and ug can be extended to U \ Sp2 and U \ Sp 1,
respectively. By the hypothesis on u; and by Cauchy-Kowalevski theorem (see [24]) the extension of ug
coincides, up to the sign and to additive constants, with u; on A; and with us on As; analogously,
the extension of u; coincides, up to the sign and to an additive constant, with us on As. Since the
composition of the three reflections with respect to Sp 1, S1,2, and Sp.2 coincides with the reflection with
respect to the bisecting line of the sector Ay, by the previous remarks we can deduce that wug is either
symmetric or antisymmetric with respect to the bisecting line of Ag.

We consider first the case ug symmetric (the antisymmetric case will be studied in Section 4.5). Then
also u,us are symmetric with respect to the bisecting line of A;, A5, respectively, and the extensions of
ug, U1, ug by reflection are well defined and harmonic in the whole set U.

In order to define the calibration for w, let € > 0, I; € (u;—1(0,0),u;(0,0)) for ¢ = 1,2, and A > 0
be suitable parameters that will be chosen later, and consider the following subsets of U xR:

G; = {(z,y,2) e UxR: wi(z,y) —e < z < ui(z,y) + &} for i =0,1,2,
K, = {(z,y,2) e UxR: l; + ai(z,y) < 2 <l + 2A + Bi(z,y)} fori=1,2,
H, = {(z,y,2) e UXR: ; + A/2 <z <l; +3\/2} fori=1,2,

where «; and (; are suitable Lipschitz functions such that «;(0,0) = 3;(0,0) = 0, which will be defined
later. If € and A are sufficiently small, then for every ,j the sets G;, K; are nonempty and disjoint,
while for every 4 the set H; is compactly contained in K;, provided U is small enough (see Fig. 4.2).

The aim of the definition of the calibration ¢ in G; is to provide a divergence-free vectorfield satisfying
condition (a2) and such that

(Y (8745, 2),v5) >0 for u;—1 < z <u;—1 +¢ and for u; —e < z < u;,
(oY (s7i,2), 1) <0 for u;—; —e < z < u;—1 and for u; < 2z < u; + ¢,
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Figure 4.2: section of the sets G;, K;, H; at © = constant.

for ¢ = 1,2 and s > 0, and analogously

(p™¥(s,0,2),e¥) >0 for up < z < ug + € and for us — e < z < ug,
(p™(s5,0,2),e¥) <0 forug—e < z < up and for us < z < ug + ¢;

these properties are crucial in order to obtain (b1) and (b2) simultaneously. Such a field can be obtained

by applying the technique shown in Lemma 1.5, starting from the family of harmonic functions u; 4 tv;,
where we choose as v; the linear functions defined by

’Uo(l‘,y) = <7—27 (x7y)> +e, Ul(xay) = <ez’ (m,y)> +e, 'UQ(mvy) = <7—1’ (x7y)> +e.
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So for every (x,y,2) € G;, i =0,1,2, we define the vector ¢(z,y,z) as

z —ui(x,y)
vi(2,y)

—ui(z,y)

Wy + 22 Vo,
Uy ('1:7 y)

V’U/i + VQ)Z'

2)
The role of K; is to give the exact contribution to the integral in (b2). In order to annihilate the

tangential contribution on S, given by the field in G;, we insert in K; the region H; and for every
(x,y,2) € H;, i = 1,2, we define ¢(x,y, 2) as

2
(—/\6 (Vui—1 + Vu;) 7u>

where p is a positive constant which will be suitably chosen later. By the harmonicity of u; this field is
divergence-free and, as d,u; = 0 on S, for every 14, its horizontal component is purely tangential on S, .
So, it remains to correct only the normal contribution to the integral in (b2) due to the field in G;. To
realize this purpose on the two segments S;_1;, @ = 1,2, we could require that o;(s7;) = §;(s7;) =0 for
every s > 0 (see the definition of K;) and define op(z,y, 2) for (v,y,2) € K; \ H; as

(5 o(tm o) o). W

where g is a function of real variable chosen in such a way that (b2) is satisfied for (z,y) € S;—14, e,

2

e
g(t) =1 \/gm VYt € ]R,

as we will see later in (4.19). Note that the two-dimensional field g ((7;, (x,y))) v; is divergence-free, since
it is with respect to the orthonormal basis {7;,;}, hence ¢ is divergence-free in K;\ H;; moreover, since
p* = u on K;, the normal component of ¢ is continuous across the boundary of H;, so that ¢ turns
out to be divergence-free in the sense of distributions in the whole set K;. Actually it is crucial to add a
component along the direction 7; to the field in (4.1) in order to make (b1l) true, as it will be clear in the
proof of Step 2 (see Section 4.3); this component has to be chosen in such a way that it is zero on S;_1 ;
(so that (b2) remains valid on these segments) and that it depends only on (v;, (z,y)) (so that the field
remains divergence-free). Therefore we replace in (4.1) the vector g ({7, (z,y))) v; by

6ilw,y) = () (s (@) 7+ g (s (@) v (4.2)

where f is an even smooth function of real variable such that f(0) = 0 and which will be chosen later
in a suitable way (see (4.74)). From this definition it follows that

o5 (x,y) = —o7(x,—y),  P5(x,y) = ¢1(z, —y), (4.3)

so that
¢1(l‘, O) + ¢2($7 0) = 2¢11/($7 O)ey7

i.e., if we assume that a;(z,0) = B;(x,0) for every z > 0, the contribution given by the fields (4.2) to
the integral in (b2) computed at a point of Sp o is purely normal, as required in (b2), but its modulus
is in general different from what we need to obtain exactly the normal vector e¥. In order to correct it,
we multiply ¢; by a function ¢; which is first defined on S;_1 ;U Sp 2 (more precisely, o; is taken equal
to 1 on S;_1,; and to the correcting factor on Sp2); then, we extend it to a neighbourhood of (0,0) by
assuming o; constant along the integral curves of ¢;, so that o;¢; remains divergence-free.
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The integral curves of ¢; can be represented as the curves {(x,y) € U : y = 9;(x, s)}, where 9;(x, s)
is the solution of the problem

Outhi(x, 8)87 (2, ¥i(w, 8)) — ¢} (2, ¥i(x,8)) =0, (4.4)
Y;i(s,s) =0, '

which is defined in a sufficiently small neighbourhood of (0,0). By applying the Implicit Function
theorem, it is easy to see that if U is small enough, then there exists a unique smooth function h;
defined in U such that

h1(07 0) =0, ’(/JZ({L‘7 hl(xvy)) =Y. (45)

Note that the curve {(x,y) € U : hi(z,y) = s} coincides with the integral curve {(z,y) € U : y = ¢;(x, s)}
and that (h;(x,y),0) gives the intersection point of the integral curve passing through (x,y) with the
x-axis; in other words, the level lines of h; provide a different representation of the integral curves of ¢;
in terms of their intersection point with the x-axis.

Figure 4.3: integral curves of the field ¢;.

We state here some properties of h; and ; for further references. Since v;(s,s) = 0, we have that
hi(s,0) =s (4.6)

for every s such that (s,0) € U. By (4.4) and by differentiating the initial condition in (4.4) with respect
to s, we obtain

¢{(0,0) v/ _ (=1) (-1
¢7(0,0)  vP V3 V3
By differentiating the equation in (4.4) with respect to z and to s, and by using (4.2), it is easy to see
that

6wwi(0a O) = 5’5%(070) = _8acwi(070) = (47)

while by differentiating twice with respect to s the initial condition ;(s,s) =0, we obtain that
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By (4.7) and (4.8), the curve {h; = 0} (which coincides with {y = ;(2,0)}) is tangent to v; at 0,
which may be an inflection point. Moreover, since 9,1;(0,0) # 0, by continuity the function ;(-,s) is
strictly monotone in a small neighbourhood of 0 for s sufficiently small; by this fact and by comparing
the values of the function ;(-, h;i(s7;)) at the points h;(s7;) and s77, it is easy to see that

hi(sm;) <0 (4.10)

for every s > 0 such that s7; € U, provided U is small enough. Remark that by (4.6) and (4.10) it
follows that the segment Sy o is all contained in the region {h; > 0}, while S;_1; in the region {h; < 0}.
At last, we set
1 if h;(z,y)
Ui(x7y) = g(hl(x,y)) :
_INABY)) i p(e, y
200(hi(a.).0) Y
since by definition ¢?(0,0) = g(0)vY = ¢(0)/2, the function o; is continuous across the curve {h; = 0}.
Moreover, remark that from (4.3) it follows that ¢s(z,s) = —¢1(x, s), ha(x,y) = h1(z, —y), and then

oa(x,y) = o1(z, —y). (4.11)

<0,
> 0;

For every (x,y,2) € K; \ H;, i = 1,2, we define op(r,y,2) as

(5ot ) e).

In the remaining regions of transition it is convenient to take ¢ purely vertical. In order to make
@ divergence-free in the whole set UxR, we need the normal component of ¢ to be continuous across
the boundary of G; and H;. To guarantee this continuity across 9G;, we are forced to take as third
component of ¢ the function

2
257 — |Vu0\2 for z <y + A,
UO(xvy)
2
€
w(z,y, z) = m — |Vui|? forly + A<z <ly+ )\ (4.12)
2
267 — |Vug|* for z > 1y + A
UQ(ZE?y)

Finally, we define the functions «;,3; in such a way that the normal component of ¢ turns out to be
continuous also across the boundary of K;; more precisely, for ¢ = 1,2 we choose «; as the solution of
the Cauchy problem

1 g?

J Y1 ) 7 ) 7v 7 ) - = 5 v 1— ) 27

3 oi@,y){(di(e,y), Vai(z,y)) — u (@) + |Vui—1(z, y)|

a;(s1) =0, a;(s,0) =0 fors>0,

while 3; as the solution of

L o ) s(2, ), VBi( ) [ Tue )P
AT A ) i\ Ly - = T 5, X Ui\, )
S0, 9)(diz,y G e T y

Bi(s:) =0, Bi(5,0) =0 for s> 0.
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Since o; is not C' near the curve {h; = 0}, we cannot expect a C'-solution. Nevertheless, if U is
small enough, then «;,8; are Lipschitz functions defined in U, and the possible discontinuity points of
Va;, V3; concentrate only on the curve {h; = 0}; indeed, if U is sufficiently small, the Cauchy problems

1 - e 2
X(gﬁi(x,y),Vai(ac,y)) —u= —m + |Vui_1(m,y)| ’ (413)
ai(sm) =0 (s€R),
e (hi(e, ) :
g\ni\x,y ~ _ 3 . 2
2)\¢;’(h2(x,y)70) <¢i(x7y)’vai(may)> —Hp= _U§_1($7y> + |vu1—1(x7y)| ) (414)

4i(5,0) =0 (s€eR),

admit a unique solution &;,&; € C°(U), since the lines {s7; : s € R} and {(s,0) : s € R} are
not characteristic for these equations. Since the curve {h; = 0}, which coincides with the curve {y =
¥;(x,0)}, is a characteristic line of both equations (4.13) and (4.14) (use (4.4) and ¢(0)/(2A¢¢(0,0)) = 1),
the functions &y, &; assume the same value on the curve {h; = 0}. So, a; can be regarded as the function
defined by

a; (T, = .
Y Gi(zyy) if hi(x,y) >0,

and therefore «; is C* in U \ {h; = 0}, and all derivatives of «; have finite limits on both sides of
{h; = 0}. The same argument works for £3;.

The complete definition of the field is therefore the following: for every (z,y,z) € UxR, the vector
o(z,y,2) = (0™, 9*)(z,y,2) € R?xR is given by

<QVur+2ﬂ&§$”vw,Vur+2Jg3”vw2> inG; (i=0,1,2),
(x0i(@,y)di(x,y), 1) in K; \ H; (i=1,2),
(=2 (Vuim1 4+ Vi), ) in H; (i=1,2),
(0,w(z,y,2)) otherwise.

Condition (al) is trivial in G; for all i.
Since Vu;(0,0) = 0 for all ¢ (this fact easily follows by the assumptions on the regularity of u; and
by the Euler conditions), we have that

2
€
———— —|Vu;(0,0)]> =1 > 0;
200 VOO
then, if U is small enough,
2
€ 2
s~ [Vui(z, ) > 0
U$($7y) |V (z,y)|” >

for every (z,y) € U and for every i = 0,1,2, and so w is always positive.

Arguing in a similar way, if we impose that pu > 1/(4\?), condition (al) holds in K;, provided U is
sufficiently small.

By construction conditions (a2) and (c1) are satisfied.
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By direct computations we find that for every (z,y) € U

Ui 82 52 1
/ wwy dz = V'Ui,1 - —Vvi + 7(ﬂ1 — o+ A)0i¢i7 (415)
i1 Vi—1 Uy A
for 1 = 1,2, while
u2 2 1 2
/uo O dz = —Vvo - —va X g —a; + A)op;. (4.16)
Note that for ¢ = 1,2
vi—1(s75) = vi(s1;) = vo(s,0) = ,g +e VseR, (4.17)
Vui_1(z,y) — Voi(z,y) = V3 Y(z,y) € U. (4.18)

As h;i(s1;) <0 for every s > 0 by (4.10), we have that o;(s7;) =1 for every s > 0, while by definition
a;(s7;) = Bi(s7;) = 0. From these facts, (4.15), (4.17), (4.18), and the definition of ¢;, we obtain

w;(s7;) 2 )
/ Y (smi,2) dz = \/557%- + (=)0 + g(s)vi = iy (4.19)
ui,l(sn) UO(S’ 0)

where the last equality follows from the definition of g and the fact that f(0) = 0. Analogously, by the
equalities

vo(s,0) = va(s,0) Vs € R, (4.20)
Vuo(z,y) — Vua(z,y) = V3e? V(z,y) € U, (4.21)

by the definition of «; and §;, and by (4.3), (4.11), (4.16), we have

us (s,0) 2
/ ©™(s,0,2) dz = /3 © vy 201(s,0)¢Y(s,0)e?
o (s,0) UO(S?O)
2
- v Vo= e 4.22
\/g'UO(S,O)e +g($)€ € ) ( )

where the two last equalities follow from (4.6) and from the definition of ¢; and g. So condition (b2) is
satisfied.

The proof of condition (b1) will be split in the next three sections: in Section 4.2 we prove that con-
dition (b1) holds if ¢; and ¢2 belong to suitable neighbourhoods of w;—1(0,0) and w;(0,0), respectively;
then, in Section 4.3 we prove condition (bl) for ¢; and ¢2 belonging to suitable neighbourhoods of u(0, 0)
and wu2(0,0), respectively; finally, in Section 4.4, by a continuity argument we show that condition (bl)
is true in all other cases.

4.2 Estimates for t; and t; near u;_; and u;

For (z,y) € U and t1,t2 € R, we set

to
(e, . ts) = / (e, y,2) dz (4.23)

t1
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and we denote its absolute value by p. In this section, we will show that p(z,y,t1,t2) < 1 in a neigh-
bourhood of the point (0,0, u;—1(0,0),u;(0,0)) for i = 1,2, so that the following step will be proved.

STEP 1.— For a suitable choice of the parameter ¢, there exists § > 0 such that condition (b1) holds
for |t; —u;—1(0,0)| <, |t2 —u;(0,0)] < § with ¢ = 1,2, provided U is small enough.

Note that p is a continuous function, but its derivatives with respect to z,y may be discontinuous
at the points (z,y,t1,t2) such that hi(z,y) = 0 or ho(z,y) = 0; indeed, the curve {h; = 0} is the
boundary of the different regions of definition of the functions o;, a;, and 3;, whose derivatives may
present therefore some discontinuities. Nevertheless, if we set N; := {(x,y) € U : hi(z,y) < 0} and
P, := {(x,y) € U : hiy(xz,y) > 0}, the restrictions of o;, a;, and [; to the sets N; and P; can be
extended up to the boundary {h; = 0} as C°°-functions; so, along the curve {h; = 0} the traces of the
derivatives of o;, a;, and (3; are defined. Then, also the traces of the derivatives of p with respect to
x,y are defined at the points (z,y,t1,t2) with hi(x,y) =0 or ha(x,y) =0.

Figure 4.4: the regions P, and Nj.

Since we want to study the behaviour of p in a neighbourhood of (0,0, u;—1(0,0),u;(0,0)), we can
suppose [t; —u;—1(0,0)] < e and |t2 —u;(0,0)| < €, so that the possible discontinuities of the derivatives
of p concentrate only on the curve {h; = 0}. We study separately the two regions N; and P;.

Consider first the case (x,y) € N;, which is the region containing S;_1 ;. We will study the derivatives
of p at the points of the form

qi(8) = (s1i,ui—1(873), ui(s7:)), s> 0.
We have already shown (condition (b2)) that p(g;(s)) =1 for every s > 0; we want to prove that
Vo(gi(s)) =0  ¥s>0 (4.24)

(where now V denotes the gradient with respect to z,y,t1,t2) and that the Hessian matrix of p with
respect to v;,t1,t2 is negative definite at ¢;(0).
Let I™ and I” be the components of the integral in (4.23) along the directions 7; and v;, respectively.
Since by definition
p(l“, Y,t1, t2) = [(Iﬂ (l‘, Y, t1, t2))2 + (IW (.13, Y,t1, t2))2]1/2,
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the gradient of p is given by

Vp= %(I”VI“ + IV IV, (4.25)
Note that (4.19) implies that
I"(qi(s)) =0 and I (g;(s)) =1 Vs >0, (4.26)
hence
Vo(gi(s)) = VI (qi(s))- (4.27)

By the definition of ¢ in G; and by (4.15) we can compute explicitly the expression of 1" at (z,y,t1,t2):

| 1 3
I = —=2(t1 — wi—1) 0, ui—1 + 2(t2 — u;) O, ui + — (8 — o + N0y}

A
+ 2;{31 (% = (tr —ui1)?) + ;/5(52 — (ta —u;)?), (4.28)
where '
o7 (@) = ()T (i (2y)) and ¢ () = g((7i, (2,9))- (4.29)

By differentiating (4.28) with respect to the direction v; we obtain

By, I = 2(0y,ui 1) = 2(0y,ui)? — 2(t — wi1) 02, wi1 + 2(t2 — i), s

1 1
+ Xa'” (Bi — a)oidy + X(ﬂi —a; + N)(0y,0:0]" + 00, 0]")

3 3
- E(’fz = (tr —ui-1)?) + @(52 — (t2 —ui)?)
3 3
-+ \[ (tl — ui_l)auiui_l + f(tQ — Uz)ayﬂ.Q (430)
Vi—1 VU
By the Euler conditions, 0y,u;—1(s7;) = 0y,u;(s7;) = 0 for every s > 0. Moreover, since |Vu;_1| = |Vu;]

on U (see the remark at the beginning of the proof), in the region N; the function f3; — ; coincides
with the solution &; of the problem

1. 1, g2 &2
X@ 0r.& + X(/l)i 0y, & = 1}127_1 - ?7:2’ (4.31)
As 0;,¢i(sm) =0 and v;—1(s7;) = v;(s7;) for every s > 0 (see (4.17)), we have that
(9y,i (ﬁz - Oéi)(STi) = a,,i&'(STi) =0. (432)

By definition 9,,¢ =0 and o;(x,y) = 1 for every (z,y) € N;; using these remarks and the first equality

in (4.17), we can deduce that
00T (4i(5)) = 0 (4.33)

for every s > 0, and the equality holds also for the trace of 9,,I"" at ¢;(0). Since the derivatives of I
with respect to t; and ty are given by

\/g (tl — ui—1)> ﬁtQI”i = 28,,111,1 — \/g(tg — ul), (434)

i—1 (%

8t11”i = 728yiui_1 -
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by the Euler conditions it follows that
O, I (qi(8)) = 0, IV (gi(s)) = 0. (4.35)

As I"i(g;i(s)) = 1 for every s > 0, equalities (4.35) imply that 9,1 (¢;(s)) = 0. By this fact, (4.27),
(4.33), and (4.35), equality (4.24) is proved.

Now we need to compute the trace of the Hessian matrix of p with respect to v;,t1,t2 at the point
qi(0); using (4.26), (4.33), (4.35), and (4.24), the Hessian matrix at ¢;(0) reduces to

Vgi,tl,tgp(qi (0)) = [vw,tl,h I"® vVi,t17t2ITi + vzzli,tl,tz Iw](qi (O))7 (436)

where V,, +, +, denotes the gradient with respect to v;,t1,¢2 and ® the tensor product. As before, we
know the explicit expression of 17 :

1 .
I = —Q(tl - ui,l)aﬂui,l + 2(t2 - ui)aﬂui + X(ﬁl — o+ )\)Jlgﬁ:l
1
(2 = (t = wim)?) 5 (% = (b2 —w)?), (437)

2051

hence, using the Euler conditions, (4.32), and the fact that o; =1 in N;, it results that

1 1 , 3
0,17 (0(0) = 200,011(0.0) = 20,,0,(0.0) + 0, 67(0.0) = 2. (439)
where the last equality follows by (4.18) and by the equality
9,07 (0,0) = (=1)"*1 f'(0) = 0. (4.39)

By differentiating (4.30) and by using the Euler conditions, (4.32), the constancy of o; in N;, and the
fact that 02, ¢7* = 0, we have

(2

2 i (0)) = Lo 2 (3 _ o 35 0 _ 35 _ V3
81,7%[ (¢:(0)) = /\(bi (O,O)GVM (Bi — a;)(0,0) + 258%”1—1(070) 2581/71111(070) T T 9o (4.40)

where the last equality follows from

1, 2v3
which can be obtained by differentiating (4.31). Using (4.36), (4.38), and (4.40), we obtain that
. ”. 3 V3
0 P((0)) = (00,17 (@ (O + 02, 1% 0 0)) = & = ¥2 <0 (1.42)

provided ¢ is sufficiently small. Since 9y, 17 (g;(0)) = 0 (this can be easily proved using the fact that
Vu;—1(0,0) = Vu;(0,0) = 0), by (4.36) we have that

0;,4,p(ai(0)) = 05,4, 1" (¢:(0)), 07,1, p(4i(0)) = 07, 1" (4 (0)).

By differentiating (4.34) and by using the Euler conditions, it turns out that

v, Vi \/g
agitll 1((12’(0)) = —28§iyiui,1(070), 6t21t1] Z(Qi(o)) = _77
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so that

ayup 8ut 3 \/g
det o v i(0) = == |1 — ——¢ | —4(0% , u;_1(0,0))%
( R,p O )(Q( ) ( 5 (0;,,1i-1(0,0))

1t P

Arguing in a similar way, one can find that

V3
92.4,p(q:(0)) = 202, u;(0,0), 97, p(qi(0)) = - 97,4,p(¢;(0)) = 0,

so that

det qu t1, t2 (ql(o)) = 253 92

_3V3 (1 V3 ) 4f[(52 L 1i-1(0,0))% + (92, u4(0,0))?].

Since for e sufficiently small it results that

2 2

P O,

det | 2. (@:(0) >0,  det V7, . p(q:(0)) <0, (4.43)
vity t1t1

then, by (4.42) and (4.43) the Hessian matrix of p at ¢;(0) is negative definite.

At this point we have all the ingredients we need in order to compare the value of p on S;_;; with
its value at a point (z,y,t1,t2) for (z,y) € N; and [t; —u;—1(0,0)] < e, [t2 —u;(0,0)] < e.

Remark that since the curve {h; = 0} may have an inflection point at the origin, the set N; might
be not convex. If the segment joining (x,y) with its orthogonal projection on S;_;; (which is a point
of the form s7; with s > 0) is all contained in N;, then we can consider the restriction of p to the
segment joining (z,y,t1,t2) with ¢;(s) and write its Taylor expansion of second order centred at ¢;(s).
By (4.24) and the fact that the Hessian matrix of p is negative definite at ¢;(0) (and then, by continuity,
in a small neighbourhood), we have that there exist 0,C' > 0 such that, if U is small enough and
|t1 — Ui_1(0,0)| < 5, |t2 — UZ(O,O)‘ < 5, then

p(x,y,t1,ta) <1 —Clv, (,9)) ]2 — C(ty — ui—1(s7))* — C(ta — ui(sm;))* < 1.

In the general case, since the curve {y = v;(z,0)} is C? with null second derivative at 0, one can find
5 >0, a € R such that the segment joining (z,y) with s7; + av; is all contained in N; and the ratio
|(z,y) — s7i — av;|/a® is infinitesimal as a — 0. Since s > 0, the segment joining s7; + av; with its
prOJectlon 57'1 on S;_1, is all contained in N;, so that we can apply to this point the estimate above; if
we call L the L*-norm of the gradient of p, we obtain that

p(xa:%tl?tQ) S p(STi—’_aViatlatQ)-'_LKmay)_STi_al/i|
< 1-4d? (C — L\(x,y) O T am) — C(ty — ui—1(sm3))? — Oty — u;i(sm))?,

a?

which is less than 1, provided U is small enough. So we have proved that, if ¢ is sufficiently small, then
there exists > 0 such that

P($7y7t1,t2) <1 for (1'73/) € ﬁia |t1 - Ui71(0,0)| < 5a |t2 - ul(ovo)l < 57 (444)

provided U is sufficiently small.

Suppose now (z,y) € Pi, |t1 — u;—1(0,0)] < e, |ta — u;(0,0)| < e. In order to show that p < 1
also in this case, we will compute the traces of the gradient and of the Hessian matrix of p at the point
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¢;(0). The main difference with respect to the previous case is that in the region P; the function 3; — o
coincides with the solution 7; of the problem

L (e, (040, 0), Vs, ) = =
~0i\Z, ACH) } (L = - 9
A y Y, Vinl®, Y v: (zy)  vi(z,y) (4.45)
ni(s,0) =0 (s>0),
while the function o; is defined as
g(hi(z,y)) =
oi(z,y) = —DY)) oy ) € P 4.46
) = St e,y Y (440)
By (4.26) and (4.25) it follows that
Vp(qi(0)) = VI (q:(0)). (4.47)

By (4.28) we obtain the following expression for the gradient of I with respect to 7;,v; computed at
the point ¢;(0):
3
L V3

2
where we have used the Euler conditions, the fact that V(3; — «;)(0,0) = 0 by (4.45), and that

Ve v 17 (¢i(0)) = 9(0)Vei(0,0) + V¢;™ (0,0) Ti, (4.48)
V’Ui_l(‘r,y) + Vvl(:c,y) =T V(IIZ,y) ev.
It follows immediately by (4.29) that
Vol (@,y) =g (7, (2, )7 (4.49)

and by the definition of g that

Dgvo(t,0) V3 1
) =V3e? S = - 4.50
g'(1) = Ve w2 (t,0) 2 © W0 (4.50)
for all ¢t € R. By differentiating (4.46), we obtain that
1

Voi(z,y) = 5p(hi(e,y))Vhi(z, y), (4.51)

where we have set w0 ®

Pt) 1= s = e a0 (1,0),

C9l(t,0)  [9f(t,0)]2
To compute the gradient of h; it is enough to differentiate the second equality in (4.5): this provides
Outbi(z, hi) + Ospi(w, hi)Ophi = 0, Ostpi(, hi)Oyhi = 1; (4.52)
by (4.7) we have that
Vhi(0,0) = —27;. (4.53)

Since

0,61(.9) = (~1F 2 £ (v, () = 19/ (),

we find that p(0) = 3¢’(0)/g(0), and substituting in (4.51), we have that

g0 (4.54)

Vo;(0,0) = —3 )
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Since the partial derivatives of I with respect to t; and t5 are still given by (4.34), they are equal to 0
at the point ¢;(0), as in the previous case. Then, by (4.47), (4.48), (4.49), (4.54), and (4.50), we deduce

that
Vp(4i(0)) = (3\2/§n, 0, 0) : (4.55)

To conclude the study of p in this region, we write the Hessian matrix of p with respect to v;,t1, 2, which
still satisfies (4.36). Differentiating (4.37) and using the Euler conditions, the fact that V(5; —;)(0,0) =
0, ¢.7(0,0) = 0 and (4.39), we obtain that (4.38) still holds. Differentiating (4.30) and computing the
result at ¢;(0), we have that

831-1/,;Iyi (qz(o)) = %g(o)aiul (61 - 042')(0; 0) + g(O)aIiVlUZ(Ov 0) + %(alﬁvifl(o? 0) - al/ivi(oa 0))7 (456)

where we have used in particular that 9,,0;(0,0) = 0 by (4.54) and that 82, ¢;" = 0. In order to
compute the second derivative of ; — «; with respect to the direction v;, we differentiate (4.45) with

respect to z and with respect to y; using the fact that 9,(8; — «;)(s,0) = 0 for every s > 0, we obtain

6. 1 A

2- \Mi — (g ; =Y, 2 i — (g ) =—(-1 y 4.
022 (B; — :)(0,0) =0, 95, (Bi — :)(0,0) = =(-1) 50) (4.57)
2v3 A ; 43 A
2 P —__zve_ - -1 1+192 . N A 4.
0y (Bi = ) 0,0) = ==7= 75+ VB(=1)™0%, (8 — @) (0,0) = =755 (4.58)
By the relation 02, = 392, + @(—1)@321 + 102, it follows that
2v3 A
9%, (Bi — ;)(0,0) = - = —_,
(= ) (0,0) = =22
Since 9,,h;(0,0) = 0 by (4.53), from (4.51) we obtain that
1/ 4'(0) 9(0) ) 34'(0)
02, 0:(0,0) = = ( — 0:¢7(0,0) ) 0%, h;(0,0) = =202 h,(0). 4.59
00 =5 (50.0) ~ [or0, o 080 ) OO0 =5 gy OO (459)

By differentiating twice with respect to the direction v; the second equality in (4.5), we obtain that
(V)02 0i(m, he) + 207 02 1bi(, hi) Dy, hi + 023)i(x, hi) (B, hi)® + Osthi(, hi) D2, hi = 0

since 8,,h;(0,0) = 0 by (4.53) and 92,¢;(0,0) = 0 by (4.8), we can conclude that 82, h;(0,0) = 0 and
then, by (4.59) also the limit of 82, o; at (0,0) is equal to 0. Taking (4.17) and (4.56) into account, we
can conclude that

V3

2’
i.e., (4.40) is still satisfied. Since it is easy to see that also the other second derivatives of p remain
unchanged, we can conclude that the Hessian matrix of p with respect to v;,t1, %2 is negative definite at
4:(0). _

If the segment joining (x,y,t1,t2) with ¢;(0) is all contained in P;, then we consider the Taylor ex-
pansion of second order centred at ¢;(0) of the function p restricted to this segment; since the component
of (z,y) along 7; is less or equal than 0, by (4.55) and by the fact that the Hessian matrix of p with
respect to v;,t1, 1o is negative definite, we have that there exists d > 0 such that p(x,y,t1,t2) <1 for
[t1 —u;—1(0,0)] < 4§, |t2 — u;(0,0)] < §, provided U is small enough. In the general case, we can find
s <0, a € R such that the segments joining (x,y) with s7; + av;, and s7; + av; with (0,0) are all

0y, 1" (0:(0)) =

ViV
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contained in P;, and |(z,y) — s7; — av;|/a? is infinitesimal as @ — 0. Arguing as for the region N;, this
is enough to obtain the same conclusion. So we have proved that, if € is small enough, there exists § > 0
such that

p(x,y,tl,tg) <1 for (x,y) c E, |t1 — ui_l(0,0)\ < (5, ‘tQ — ui(0,0)| < (5, (460)

provided U is sufficiently small.
By (4.44) and (4.60) Step 1 is proved.

4.3 Estimates for t; and t; near uy and us

This section is devoted to the proof of the following step.

STEP 2.— For a suitable choice of the function f (see (4.2)), there exists § > 0 such that condition (b1)
holds for [t; — up(0,0)] <, |tz —u2(0,0)| < 4, provided U is small enough.

In order to prove the step, we want to show that the function p, introduced at the beginning of Section 4.2,
is less or equal than 1 in a neighbourhood of the point (0,0, u(0,0),u2(0,0)). We can assume that
[t1 —u0(0,0)| < e, |[t2 —u2(0,0)] <e. Since now the derivatives of p may be discontinuous on the curves
{h1 = 0} and {hs = 0}, we have to consider separately four different cases, one for (z,y) belonging to
each one of the regions Ny " No, NN Py, NoNP,and PLNPs.

Let I* and IY be the components of the integral in (4.23) with respect to e® and e¥, that are the
tangent and the normal direction, respectively, to the third part of the discontinuity set Sy .

Consider first the case (z,y) € Py N P2, which is the region containing Sp2; as before, we will study
the derivatives of p at the points of the form

qo(x) = (I,O,UO(I,O),UQ(I,O)), x> 0.
Condition (4.22) implies that p(go(z)) =1 for every x > 0; we want to prove that
Vo(go(z)) =0 Yo >0 (4.61)

and that the Hessian matrix of p with respect to y, 1,2 is negative definite at ¢;(0). By the definition
of p, it follows that

1
Vo= (VI 1Y),
Since I*(go(z)) =0 and IY(go(z)) = 1 for every = > 0, we have that
Vp(qo(x)) = VI (qo(x)).

By (4.16) and by the definition of ¢ in G; we can write the explicit expression of 1Y at (x,y,t1,t2):

2
1
IY = —2(t1 — ug)dyuo + 2(t2 — ug)dyus + X Z(ﬁz —a; + N)oip!
i=1

B w2 w46
) V2
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and by differentiating with respect to y, we obtain
8yly = 2(8yu0)2 — 2(8yUQ)2 —2(t; — UO)agyU() + 2(t2 - ug)(');yug

2
+ Y [0,(8i — i) ol + (B — i + Ny (0:Y)] — 3(2)(52 — (t1 —uo)?)

=1

3 3 3
+ p(SQ — (tg — Ug)z) + i(tl — UQ)ay’U,O + i(tQ — ug)ﬁyuQ. (463)
Vg Vo V2

Since in the region P; N P, the functions 3; — a; coincide with the solutions of the problems (4.45), it
results that 0,(8; — a;)(z,0) = 0 for ¢ = 1,2. Moreover, differentiating (4.11) and the second equality
in (4.3) with respect to y, we have that

0y03(x,y) = =Oyo1(x,—y),  Oydy(x,y) = —0y6{(z, —y), (4.64)
and then, using again (4.3) and (4.11),
¢11!($7 O)ayal (z,0) = _¢22!<x7 0)6y02($, 0), o1z, O)ay¢zf(x7 0) = —o2(z, O)ay(bg(xv 0).

By the Euler conditions, dyug(x,0) = dyua(z,0) =0 for every x > 0; using all these remarks and (4.20),
we deduce that 0,1Y(go(x)) = 0 for every = > 0 and the equality holds also for the trace of J,IY at
¢o(0). Since we have that

8tlly = —28yu0 — ?(tl — UO), 8t21y = 2(9yu2 — ?(tg — UQ), (465)
0 2

by the Euler conditions it follows that 0, IY(qo(z)) = 01, I¥(qo(z)) = 0. As IY¥(qo(z)) = 1 for every
x >0, this implies that 0,1Y(qo(x)) = 0. Thus we have obtained equality (4.61).
By (4.61) and (4.22) the Hessian matrix of p computed at ¢o(0) reduces to

Vi 0 0P(00(0) = [Vt 4,17 @ Yyt 4,17 + Vi 4 1, 1Y1(q0(0)). (4.66)

As before, we know that

2
I$ = —Q(tl — ’LL())(?I'LLO + Q(tg — u2)8zu2 Z — Q4 + )\)O'ZQSI

~ 3 (= (= w0)) 5 (2 = ),

@;)(0,0) =0 for i = 1,2, and (4.21), it results that

>/\H

hence, by the Euler condition, the fact that 9,(8; —

N

+20,¢7(0,0) +2¢7(0,0)9,01(0,0),

M\%

2
9y I"(q0(0 Z 7:¢7)(0,0) =

where we have also used the first equalities in (4.3) and in (4.64), and the relation 0,¢3(z,y) =
0y®7 (x,—y). From (4.54) we obtain that

3v/3 ¢'(0)
2 9(0)
Then, using the definition of ¢7 and (4.50), we can conclude that

aygl (07 O) =

8,17 (0,0) = ? —34'(0) = 2V/3. (4.67)
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By differentiating (4.63) with respect to y and by using the Euler condition and the fact that 0,(8; —
@;)(0,0) =0 for ¢ = 1,2, we obtain

3V3

2
Og, 1% (q0(0)) = < Y _[02,(Bi — i)Y + 03, (0:67)](0,0) + o
i=1

> =

Equality (4.58) implies that
2
1 43
X Z[Qﬁy(ﬁi — @;)0;¢}1(0,0) = -~ (4.68)
In order to write explicitly 82 ,oi at (0,0), we differentiate the y-component in (4.51) with respect to y

and we pass to the limit, taklng into account that d,h;(0) = (—1)"*1/3 by (4.53):

1

~p(0)92,h,(0).

3
03,01(0,0) = 5p/(0) + 5

By differentiating with respect to y the second equality in (4.52), we obtain that

20%,1(0,0)

a§yh1(070) = _(ayh1(070)) ag'l/)l(o 0)

:07

where the last equality follows by (4.9). Since

iy 09 (0) L0 02,07(0,0)
P (0) = 20 5 + 3 — A R (4.69)
while A V3
02,6(0,0) = =22 11(0) + Lg"(0), 32,0000,0) =~ X2 7(0) + 24" (0), (1.70)
and ¢"(0) = —v/3/(2¢), we can write that
N Z — i + N5, (0:6Y)(0,0) = (26Y0;,01 + 40,010,0{ + 202,6%)(0,0)
= 2V3/"(0) +3¢"(0)
= 2V3f"(0) — 2—‘? (4.71)
Substituting (4.68) and (4.71) in the expression of d;,IY, we find that
8y, 1% (40(0)) = 2V3f"(0) + 4\[ (4.72)
From (4.66), (4.67), and (4.72), we finally obtain that
9y,p(40(0)) = [0, 17 (90 (0))]* + 85, % (g0(0)) = 12+ M +2v3/"(0). (4.73)

As in the previous step, we can compute explicitly the other elements of the Hessian matrix of p and we

find that
T 6 123 12
det Yy yt1 P 0)) = —— £7(0) — 22¥2 _ 22 _ 4(5? 0.0))2
e (iﬁhp o )(QO( N =250 - 22 2 a32,u0(0,0),
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B % 36 12V3 I %ﬁ[(asyuo(o,o)f + (0§yu2(070))2}~

det V2, ,p(00(0)) = —5-1"(0) + 55 + —

If we impose the following condition on the second derivative of f at 0:
2 2
1(0) < =2v3 = = = (05, u0(0,0))* + (9,u2(0,0))°), (4.74)

then the Hessian matrix of p is negative definite at ¢o(0).

To conclude, we restrict p to the segment joining (x,y,t1,t2) with go(z) and we write its Taylor
expansion of second order centred at ¢o(z); using (4.61) and choosing f satisfying (4.74) (so that the
Hessian matrix of p is negative definite at ¢o(0), and then by continuity in a small neighbourhood), we
obtain that there exists § > 0 such that

p(zvyvtlth) S 1 for (I,y) € ?10?27 |t1 7U0(O,0)| < 67 ‘tQ - U2(0,0)| < 6’ (475)

provided U is sufficiently small.

Let us consider the set N; N Ny: in this region o1 = oo = 1, while the functions 3; — o; coincide
with the solutions of the problems (4.31). By (4.22) the gradient of p at the point go(0) is given by

V(0(0)) = VI¥(q0(0))- (4.76)

By (4.62) we derive the explicit expression for the gradient of I¥ with respect to z,y; using the Euler
condition, the fact that V(5; — a;)(0,0) = 0, the constancy of o; and the equality

V’UO (Jf, y) + VU2 (1‘7 y) = —e” V($, y) € Ua (477)

we obtain that

&

2
1 V3 3V3
_ Yy P _ / xr Yo __ — vV T T
VLny(qO(O))—zZ:;V@(O,O)—I— 5 € =59 (0)e” + 5 ="
Since the partial derivatives of I¥ with respect to t; and ¢y are still given by (4.65), they are equal to
0 at go(0), as in the previous case. Therefore, we have that

Vp(q0(0)) = (3\4/5695,0,0> . (4.78)

__If (z,y) # (0,0) belongs to Ni N Ny and the segment joining (x,y) with (0,0) is all contained in
N1N Ny, then by the Mean Value theorem, (4.78) and the fact that z is strictly negative, we can conclude
that there exists § > 0 such that

plz,y,t1,t2) <1 for [ty —uo(0,0)] <4, [t —u2(0,0)| <4, (4.79)

provided U is sufficiently small. If the segment joining (z,y) with (0,0) is not contained in N; NN, then
we can find a regular curve connecting (x,y) and (0,0), along which we can repeat the same estimate
as above.

At last consider the set Ny N Py, since the case Ny N P, is completely analogous. In this region, oy is
defined by (4.46), while o9 is identically equal to 1; the function 1 — a1 coincides with the solution of
the problem (4.45) for ¢ = 1, while 52 — s with the one of (4.31) for ¢ = 2. Equality (4.76) still holds,
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as well as the fact that V(8; — «;)(0 7O) = (0,0) for all ¢; since Vo is given by the formula (4.54) and
Voy =0, by (4.2), (4.50), (4.62), and (4.77) we have that
. V3
Voo (@f0) = 3] V(0,0) + 64(0.0)V01(0,0) + e
i=1
3v3 3v3
= St Hn) = =,
hence
3v3
Vp(a0(0) = ( 0, 0)

Since the gradient of p vanishes along the direction (v2,0,0), we need to compute the Hessian matrix of
p with respect to v, t1,t2 at the point go(0); from the equality V,, i, 1,1%(g0(0)) = 0, we have that

v12/2,t1,t2p(q0(0)) = [VVQ,tl,hI ® VV2 t1, t2I + vl/g t1,to ](qO(O)) (480)
Using the fact that Vug(0,0) = Vuz(0,0) =0 and V(8; — «;)(0,0) = 0, we obtain

2

aVQIZ (qO (O)) = Z 8u2 st (07 O) + a1/2 0'1(0, O)ny (07 0) + %auz (UO - '02)

i=1

\f
= 9,610,0) - Jg0)+ L =3,

where the second equality follows from (4.54) and from the fact that 0,,¢7 + 0,65 = 907 at (0,0).

If we differentiate (4.62) twice with respect to the direction v and we compute the result at the point

¢0(0), we obtain

aSzllzly O 0 ( Z l/2V2 Ul(b + Zauzuz + 8321/20-1(#1’ + 281’20’18V2¢11/> (O’ ) + ﬁ
(4.81)
From (4.57) and (4.58), and from (4.41) it follows respectively that
43 A 2v3 A
o 0,0)=—-—, 0, — )(0,0) = —————. 4.82
1/21/2(5 Oll)( 3 ) 23 g(o)ﬂ u2u2(52 012)( ) ) c g(O) ( 8 )
Since by (4.51) we have that 9,,01(z,y) = 3p(h1(2,y))dy,h1(z,y), then
1 1
0320,1(0,0) = 57 (0)(9u, 71 (0,0)) + 5p(0)9,,,71(0, 0).
Some easy computations show that 92, h1(0,0) = 0; using (4.53) it results that
3 9I[g O 9 5f"(0)
92,,,01(0,0) = =p'(0) = ~V3 4.83

where the last equality follows by (4.69) and by the first equality in (4.70). At last, by using (4.3) and
(4.70), we obtain that

§//

Zamasy (0,0) = 202,64(0,0) + 103,61(0,0) = ~2V3F(0) + 24"(0), (4.84)
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and by substituting (4.82), (4.83), and (4.84) in (4.81), we deduce that

2" (00(0) = 2 70) 4 L2,
hence \[
92,0,P(q0(0)) = 3+ — + == ‘[ £7(0).

By differentiating (4.65) with respect to vo and by (4.80), we obtaln
87,1,p(40(0)) = —20,,0,u0(0,0) = =85,u0(0,0),  8,,,p(q0(0)) = 28,,0,u2(0,0) = 85,u2(0,0).

At this point, it is easy to see that, if f satisfies the condition
2 ¢
£7(0) < —2v/3 — - - 6[((‘Bf,yuo(o,o))2 + (05,u2(0,0))?] (4.85)

then the Hessian matrix of p with respect to va,t1,t2 is negative definite at the point ¢o(0). Arguing
as for the region P; in the previous section, it can be proved that, if f satisfies (4.85), then there exists
4 > 0 such that

plx,y,t1,t) <1 for (z,y) € NaN Py, |t1 —up(0,0)] < 6§, |t2 —u2(0,0)| <6, (4.86)

provided U is sufficiently small.

Since condition (4.74) implies (4.85), if we require that (4.74) holds, then by (4.75), (4.79), and (4.86),
we can conclude that Step 2 is true.

4.4 Proof of condition (bl)

In this section we complete the proof of condition (bl). To this aim it is enough to check condition (bl)
in the three cases studied in the following step, as it will be clear at the end of the section.

STEP 3.— If ¢ is sufficiently small, 6 € (0,¢), and U is sufficiently small, condition (bl) is true for
t1 < to whenever one of the following three conditions is satisfied:

1) |[t1 —up(0,0)] > 4§ and [t; — u1(0,0)| > §;

2) |ta —u1(0,0)| > 6 and |ta — u2(0,0)| > J;

3) |t1 —up(0,0)] > 0 and |ta — u2(0,0)] > 9.

Let us fix § € (0,¢) and set

Ml(ﬂ?,y) = max{‘l('r’yatlatQH : Uo(l',y) —€ S tl S t2 S UQ(I,y) =+ g,
[ty —uo(0,0)] =6, [t1 —u1(0,0)] = &}
It is easy to see that the function M; is continuous. Let us prove that M;(0,0) < 1. For simplicity of
notation, from now on we will denote I(0,0,t1,t2) simply by I(t1,t2) and u;(0,0) by u,.
Let t1,to be such that ug —e < ¢ < to < ug +¢& with |t3 — ug| > 6 and |t — uy1| > 6. Suppose
furthermore that |t; — uy| < &; then, we can write

I(ti,t2) = I(ti,ur) + (w1, u2) + I(uz, t2),
I(UQ,tg) = I(UQ,tQV(UQ—E))+I(UQ—E,t2/\(UQ—E)).
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Therefore, we have
I(tl,tg) = I(tl,ul) + I(’Lbl,’LLQ) + I(u27t2 V (UQ - 6)) — I(tg A\ (UQ - 6)711,2 - 6). (487)

From the definition of ¢ in G, G, it follows that

1
I(s1,u1) = ——(s1 —up)?e” for |s; —uy| <e,
€
1
I(ug, 89) = — (89 —ug)?m  for |sy — ug| < ¢ (4.88)
€

using condition (b2), we have that

62
I(tl,ul) + I(ul,ug) + I(UQ,tQ vV (UQ — E)) € vy — ?ex + Ry, (489)

where R; is the parallelogram spanned by the vectors e; and — (5 — %) e”. Let C' be the intersection

of the half-plane {(x,y) € R?: (v, (2,9)) > 1 —+/3¢} with the open ball centred at 0 with radius 1;
some elementary geometric considerations show that

62
ve——e"+ R CC. (4.90)

If T; is the segment joining 0 with ¢g(0)v;, then from the definition of ¢ in K;, it follows that
I(uj—1 +€,u; — €) = g(0)v;, (4.91)
and
I(s1,892) € T; (4.92)

for wuj—1 +e <s1 <sy<w; —e,i=12. Let D:= —Ts; from (4.87), (4.89), (4.90), and (4.92), we
deduce that
I(tl,tg) e C+ D;

since g(0) = 1 — /3¢, the set C + D is contained in the open ball centred at 0 with radius 1. This
concludes the proof when [t; —ui| < e.
If |t2 — u1| < e, we consider the decomposition

I(t1,t2) = I(t1,u0) + I(uo,u1) + I(u1,t2),
I(tl,uo) = I(tl/\(uo—i—e),uo)—i—l(tlV(u0+€),u0+£),

and the proof is completely analogous.
When [t; — u1| > € and |ta — uy| > &, we can write

I(ty,ta) = I(ti,u0) + I(uo,u2) + I(u2,tz),
I(tl,uo) = I(tl/\(U0+€),UO)+I(ZL1\/(U0+5),U0+€),
I(’UQ,tz) = I(Ug,tgV(i@-é‘))-ﬁ-[(’l@—&,tg/\(UQ—{:‘));

therefore, we have

I(tl,tg) = I(tl N (Uo + E),UO) + I(UO,UQ) + I(Ug,tg V (UQ — 6))
+ I(tl vV (uo + E),tz A\ (UQ — E)) - I(UO + &, U2 — E). (493)
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Since from the definition of ¢ in Gy it follows that

1
I(sg,ug) = —g(so — up)* Ty for |sp — ug| <, (4.94)

using condition (b2) and (4.88), we have that

(52
I(tl A\ (Uo + E),Uo) + I(UQ,’U,Q) + I(UQ,tg V (UQ — E)) ce¥— ?7-2 + R, (495)

52

where R5 is the parallelogram spanned by the vectors em; and — (5 — ?) 7. Let E be the parallelogram

having as consecutive sides Ty and Tb, and let F' be the set E — g(0)e¥; as I(u1 —e,u; +¢) =0, from
(4.91) it follows that
I(ug 4 €,ug —€) = g(0)e¥ = (1 — V3e)e?, (4.96)

and from (4.92),
I(Sl, 82> cF (497)

for every up+e < s1 < s3 <ug —e, with |s; —u1| > € and |s2 — uy| > €. From (4.93), (4.95), (4.96),

(4.97), we obtain that
2

)
I(tl,tg) ce¥— ?7—2 + Ry + F.

The set eV — §72 + Ry + F is a polygon, since it is the sum of two polygons, and it is possible to prove
that, if e < /3, its vertices are all contained in the open ball with centre 0 and radius 1. Then, under
this condition, the whole set e¥ — gTQ + Ro + F' is contained in this ball; this concludes the proof of the
inequality M;(0,0) < 1.

By continuity, choosing U small enough, we obtain that M;j(z,y) < 1 for every (z,y) € U, which
proves 1).

To prove 2) and 3), we define analogously

MQ(I,y) = maX{‘I(‘r’yatlatQH : Uo(l’,y) —€ S tl S t2 S UQ(xvy) +€a
|tz = u1(0,0)] =6, [tz —u2(0,0) = &},

M3(££7y) = max{“[(xvyatlthN : ’Lbo(l',y) —e<t1 <t < ’LLQ(ZL',y) +¢,
[t1 —uo(0,0)] > 6, [t2 —u2(0,0)] > d}.

It is easy to see that the functions My and Mj are continuous and, arguing as in the case of M;, we can
prove that M5(0,0) < 1 and M35(0,0) < 1, which yield 2) and 3) by continuity. Step 3 is proved.

CONCLUSION.— As in Step 3, we simply write u; instead of u;(0,0). Let us show that, if f satisfies
(4.74), and € and U are sufficiently small, then condition (bl) is true for ug(z,y)—e < t; < ta < ua(z,y)+
¢ and in fact for every t1,t2 € R, since ¢™¥(z,y,2) =0 for z < wug(z,y) — e and for z > us(x,y) + €.

We start by considering the case |[t; —ug| < d. If |[t2 —u1| < &, the conclusion follows from Step 1. If
|ta —u1| > &, the result is a consequence of Step 2 when |ty —ug| < 0, and of Step 3.2) in the other case.

We consider now the case |t; — ug| > 6. If |[t; — ui| > d, the conclusion follows from Step 3.1). If
[t1 —u1| < &, the result is a consequence of Step 1 when |t —ug| < 0, and of Step 3.3) in the other case.

This concludes the proof of condition (bl) and then, of Theorem 4.1 in the case u¢ symmetric. O
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4.5 The antisymmetric case

In this section we show how the construction of the calibration for u; symmetric can be adapted to the
antisymmetric case.

If the function ug is antisymmetric with respect to the bisecting line of Ag, then the reflection of wg
with respect to Sp1 and to Spo provides an extension of ug, which is harmonic only on €\ S; 2 and
which is multi-valued on S 2, since the traces of the tangential derivatives of uy on S; 2 have different
signs. Since u71,us coincide, up to the sign and to additive constants, with the reflections of ug with
respect to Sy, and Sp a2, respectively, they are antisymmetric with respect to the bisecting line of A,
and As, respectively, and then, their extensions by reflection are harmonic only on Q\ Sy 2 and Q\ Sp 1,
respectively.

The calibration ¢ can be defined as before, just replacing the sets Gy, G1, G2 with

Go = {(z,y,2) € U\ S12)xR:up(z,y) —e < z <ug(z,y) +¢},
G = {(z,y,2) € (U\ So2)xR:uy(z,y) —e < z < uy(z,y) + €},
Gy = {(z,y,2) € (U\ So1)xXR : ug(x,y) —e < z < ug(x,y) + €},

and the sets Hi, Hy with

Hl = {(1‘,y,2) S (U\(Sl,g USOQ))XR 2+ /\/2 <z<lh +3/\/2},
gg = {(amy,z) € (U\(Soﬁl USO’Q))XR tlo + )\/2 <z <l +3)\/2}

Since ug is harmonic in Q\ S; 2, the field ¢ is divergence-free in Go by Lemma 1.5. Moreover, the
normal component of ¢ is continuous across the boundary of G since O, = Oyyvo =0 on Sy 2. The
same argument works for the sets Gy, Go. By the harmonicity of ug and wu;, the field is divergence-free
in Hl and the normal component of ¢ is continuous across the boundary of ﬁl since Oy,up =0 on S 2
and Jyu; =0 on Sy 2. Therefore, condition (cl) is still satisfied in the sense of distributions on U xR.

It is easy to see that conditions (al), (a2), and (b2) are satisfied.

The proof of Step 1, Step 2, and Step 3 can be easily adapted; indeed, even if now the function
|I(z,y,t1,t2)| may present some discontinuities when (z,y) € S;;, we can write U as the union of
finitely many Lipschitz open subsets U; such that |I| is C?(U;xR?) and study the behaviour of |I|
separately in each U;. So, it results that also condition (b1) is true. O






Chapter 5

The calibration method for
functionals on vector-valued maps

The purpose of this chapter is to present and develop a generalization of the calibration method to
functionals with free discontinuities defined on vector-valued maps.

In the sequel 2 is a fixed bounded open subset of R™ with Lipschitz boundary, vgq is its inner unit
normal, while U is a closed subset of QxR . The letter z usually denotes the variable in Q (or R"),
while 3 or z is the variable in RV . We will consider functionals of the form

F(u):/ﬂf(x,u,Vu)dx—i—/S Yz, u™ut,v,) dH" !, (5.1)

where f: QxRN xR™ — [0, 4+00], and 1 : QxRN xRY xS"~1 — [0, +00] are Borel functions, S"~! :=
{veR": |v| =1}, and the unknown function u belongs to the space SBV (Q;RY) of special functions
of bounded variation in . Since the triplet (u™,u™,v,) is uniquely determined up to a permutation
of (u*,u™) and a change of sign of v, (see Section 1.1), we will assume that ¢ satisfies the condition
1#(% Y, 2, V) = 1/)(557 Y, _V) :

We start this chapter with the proof of a generalized chain rule in BV, which will be useful in the
following. If w € BV(€;RY) and S is a Lipschitz continuous function from RY into R | it is known
that Sowu belongs to BV (£;RM). When in addition S € C*(RY;RM), the following chain rule formula
can be written:

D(Sou) = DS(iu(z))Du(z) onQ\S,,

_ (5.2)
Di(Sou) = [S(ut)—8u)]®v,H*" 1S,

(see Theorem 3.96 in [6]). Following an idea by [32], we generalize formula (5.2) to the case of a function
S, which may depend also on the variable = and is only piecewise C' in the sense of the following
definition.

Definition 5.1 We say that a Lipschitz continuous function S : U — RM s piecewise C' if S can be
written as

S(a,y) = 3 8%(@,y)lue(.y). (5.3)

acA

where (U%)aca 1is a finite family of pairwise disjoint Borel sets such that UaeaU® = U, and (S%)aca
is a family of Lipschitz continuous functions belonging to C*(QxRN;RM).
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Lemma 5.2 Let S : U — RM be a Lipschitz continuous function, piecewise C' in the sense of Defini-
tion 5.1, and satisfying (5.3), and let w € BV (Q;RY) be such that graphu C U. Then, v := S(-,u(-))
belongs to BV (Q;RM) and

Dv = Z Ly (2, @) (DeS® (2, @) L™ 4+ DyS*(x, @) Du)  on Q\ S, (5.4)
acA
Div = [S(z,u") - S(x,u”)] @ v, H" | S.. (5.5)
PROOF. — Since the function S can be extended to a Lipschitz function on the whole QxRY by

Theorem 3.101 in [6] we have that the function v = S(-,u(+)) belongs to BV (Q;RM) and formula (5.5)
holds true.

Since S® is globally Lipschitz and of class C' on QxRY by Theorem 3.96 in [6] the function
v® = S8%(-,u(-)) belongs to BV (Q;RM) and the diffuse part of its derivative satisfies the following
equality:

Dv® = D,S%(x, @) L" + DyS*(z, @) Du. (5.6)

Consider now the set
E®:={xeQ\S,: 0(z)=0%x)}.

Since v and v® are both BV functions and their jump sets are both contained in S, by the locality
property of the derivative of a BV function (see Remark 3.93 in [6]) it follows that Dv|E® = Dv®|E®.
Since E* C Q\ Sy, the previous equality can be rewritten as

Duv|E* = Dv®| E“. (5.7)

If we define
P :={zecQ\S,: (z,u(zx)) € U™},

since P* C E%, by (5.7) and (5.6) we can conclude that
Dv|P* = Dv®| P* = D,S%(z,@)L" | P* + D,S%(x, @) Du| P*,
which immediately gives formula (5.4). a

The plan of the chapter is the following: in Section 5.1 we present the calibration method for func-
tionals of the form (5.1) on vector-valued maps; Section 5.2 is devoted to the link between calibration
theory and classical field theory; Section 5.3 contains some applications to the Mumford-Shah functional
(for vector-valued functions) and to functionals arising in fracture mechanics; finally, in Section 5.4 we
reformulate the theory of calibrations in terms of differential forms and show that this formulation does
not lead to new results.

5.1 Calibrations for functionals on vector-valued maps

According to Definitions 1.1 and 1.3, we consider the following definition of minimizers of F'.

Definition 5.3 An absolute minimizer of (5.1) in Q is a function u € SBV(Q;RY) such that F(u) <
F(v) for all v € SBV(£;RYN), while a Dirichlet minimizer in © is a function u € SBV (;RY) such that
F(u) < F(v) for all v € SBV(Q;RY) with the same trace on 9Q as u. A function u is a U-minimizer
if the graph of u is contained in U and F(u) < F(v) for all v € SBV (Q;RY) whose graph is contained
in U, while u is a Dirichlet U-minimizer if we add the requirement that the competing functions v have
the same trace on 02 as .
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Before proving the key lemma about calibrations, we fix some further notation.

Given two functions S : U — R”, and v : Q — RY | we will denote the divergence of the composite
function S(-,u(+)) by div,[S(x,u(z))], while the divergence of S with respect to the variable z computed
at the point (x,u(z)) by [div,S](z,u(x)). The Jacobian matrix of S with respect to y will be denoted
by D,S and its transpose by (D,S)”. Note that if S and u are sufficiently regular,

divy[S(z, u(x))] = [divyS](z,u) + ((DyS(z,u))", Vu).

As in Section 1.3, we call f* and ag f the convex conjugate and the subdifferential of f with respect

to the last variable. It is well known that, if ¢ is any function from R™V into [0, +o0], (£,7)—g*(n) < g(£)
for every &,n € R™ | and the equality holds if and only if n € O¢ g(&). Moreover, if g is convex and

differentiable, then 3{ 9(§) = {0¢9(§)}. Using these properties, we can prove the following lemma.

Lemma 5.4 Let F be the functional defined in (5.1). Let S € CH(QxRN;R") be Lipschitz continuous
and let Sp € L*(Y). Assume that the following conditions are satisfied:
(a1) [divyS|(z,y)+So(z) < —f*(z,y, (DyS(x,y))7) for L -a.e. x € Q and for every y with (z,y) € U;

(b1) (S(z,2) — S(z,y),v) < Y(z,y,2,v) for H* L -a.e. x € Q, for every v € S"~, and for every y, z
with (x,y) € U, (z,2) € U.

Then for every u € SBV (Q;RY) such that graphu C U we have that div,[S(-,u(-))] is a Radon measure
on £, which will be denoted as p, , and

F(u) > | duy, + | So(z)dx. (5.8)
Q o

Moreover, equality holds in (5.8) for a given u if and only if

(a2) [divés](x,u) + So(z) = —f*(z,u, (DyS(z,u))") and (DyS(z,u))" € O f(z,u,Vu) for L -a.e.
x € 1}

(02) (S(z,ut) — S(z,u™),vy) = Y(x,u",ut,v,) for H* t-a.e. x € S,,

where w, u®, Vu, and v, are always computed at x.

PROOF. — Let u € SBV(;RY) be such that graphu C U. By Theorem 3.96 in [6] the function
S(-,u(-)) belongs to SBV(2;R™), and therefore, its divergence is a Radon measure on Q. Moreover, we
have that

Dy, [Si(w,u)] = 0y, Si(w,u) L™ + DySi(2,u)dp,u L7 + [Si(z,u™) — Siz,u™ )] (vy)i H" 1| S,

so that the measure u, can be written as

n

pule) = 3 D[S u(x))]
= [AveS)@.w) £ + 3 DySile u)dr L + Y (Sl ) = Sifaru )] () HLS,

[div,S](z, u) L™ + ((DyS(x,u))", Vu) L + (S(z, ut) — S(x,u™), vy) H L | Sus
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and the functional at the right-hand side of (5.8) has the following expression

/ Aty —|—/ So(z) dx = / ([divgS](z,u) + ((DyS(z,u))", Vu) + So(x)) dz
Q Q Q

+/S (S(z,ut) — S(a,u), vy dHY. (5.9)

u

Using assumption (al) we obtain that for L™-a.e. x € Q

[diveS)(z, u) + (DyS(z,u))", Vu) + So(x) < —f*(,u, (DyS(z,u)7) + (DyS(z,u))", Vu)
< f(z,u,Vu),
and consequently
/ ([divgS](z, u) + ((DyS(z,u))", Vu) + Sp(x)) de < / f(z,u, Vu) de. (5.10)
Q Q

Moreover, equality holds in (5.10) if and only if (DyS(z,u))” € 9; f(z,u, Vu) and [div,S](z, u)+So(z) =
—f*(z,u, (DyS(x,u))7), which is condition (a2).
As for the second integral in (5.9), condition (bl) implies that

/ (S(w,u™) = Sz, u™),vy) dH" </ Yz, u™ut, v,) dH (5.11)
S

u

Moreover, equality holds in (5.11) if and only if (b2) is satisfied.
The statement follows now from (5.9), (5.10), and (5.11). O

The assumption of C'-regularity for S is often too strong for many applications. We prove now a
new version of Lemma 5.4 under weaker regularity assumptions for S.

Lemma 5.5 Let F be the functional defined in (5.1). Let S : U — R™ be a Lipschitz continuous
function, piecewise C' in the sense of Definition 5.1, and satisfying (5.3). Let So € L*(Q). Assume that
the following conditions are satisfied:

(al) [divyS®](z,y) + So(z) < —f*(x,y, (DyS*(x,y))7) for every a € A, for L™ -a.e. x € Q, and for
every y € RN with (z, ) eU%

(b1) (S

(,2) — S(z,y),v) < Y(x,y,2,v) for H* t-a.e. x €, for every v € S*~ 1, and for every y,z
with (v,y) € U, (2,2) € U,

Then for every u € SBV (;RY) such that graphu C U we have that div,[S(-,u(-))] is a Radon measure
on Q, which will be denoted as p,, and

F(u) Z/Qd,uu—i—/QSo(a:) dx. (5.12)

Moreover, equality holds in (5.8) for a given u if and only if

(a2) [diveS®|(z,u) + So(x) = —f*(2,u, (DyS*(x,u))7) and (DyS*(z,u))” € O f(z,u, Vu) for every
a €A, for L"-a.e. x € Q such that (x,u(x)) € U*:

(02) (S(z,ut) — S(x,u™), 1) = ¥(x,u",ut,v,) for H* '-a.e. €S,

where w, u*, Vu, and v, are always computed at x.
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PROOF. — Let u € SBV(£;RY) be such that graphu C U. By Lemma 5.2 the function S(-,u(-))
belongs to SBV(Q;R™), and therefore, its divergence is a Radon measure on Q. By (5.4) and (5.5) we
have that the measure p, can be written as

pa(z) =Y Lye(@,u)[diveSY)(z,u) L+ Y 1ye (@, u)(DyS*(2,u)", Vu) L"

acA acA
+{(S(x,uT) = S(z,u™), v H" [ S,.

The proof of Lemma 5.4 can be now repeated simply replacing [div,S] with } ., 1y«[div,S8¢], and
D,S with 3, 1yaD,S°. 0

Definition 5.6 We say that a pair of functions (S,Sp) is a calibration for v € SBV(Q;RY) on U
with respect to the functional (5.1) if S : U — R™ is a Lipschitz continuous function, piecewise C*
in the sense of Definition 5.1, So € L*(Q), and they satisfy assumptions (al), (b1), (a2), and (b2) in
Lemma 5.5.

We can now prove the main result of this section.

Theorem 5.7 Let u be a function in SBV (;RY) whose graph is contained in U. Assume that there
exists a calibration (S,So) for w on U with respect to the functional (5.1). Then w is a Dirichlet U -
minimizer of F. If, in addition, the normal component of S at OU N (0QxRYN) does not depend on 1y,
namely for H" ' -a.e. x € OQ there exists a constant a(z) € R such that

(S(z,y),voa(x)) = a(x) for every y such that (z,y) € U, (5.13)

then u is also an absolute U -minimizer of .

PROOF. — Let v be a function in SBV(Q;RY) such that v = v on dQ and graphv C U. Then the
definition of the measure p, and the divergence theorem imply that

dpy = —/ (S(2, ), von) dH™ .
Q o

If v has the same trace on 9€) as wu, from this identity it follows that

/duvz/d,uu, (5.14)
Q Q

Fv) 2/Qd,uv-i-/QSo(x)dx:/Qduu+/QSO(:5)d:c:F(u).

and by applying Lemma 5.5 we obtain

We have thus proved that u is a Dirichlet U-minimizer of F'.

If we assume, in addition, that (5.13) holds true, then fQ du, = —fﬂad’l-{”_1 for every v €
SBV(;RY) whose graph is contained in U; so, the equality (5.14) is fulfilled even if the traces of
u and v on 02 differ. This proves that u is an absolute U-minimizer of F'. O

Remark 5.8 It is natural to wonder what is the link in the case N = 1 between our vectorial theory
and the calibration method for the scalar case, recalled in Section 1.3, which involves a divergence-free
vectorfield ¢.
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Let N = 1. Let us suppose that (S,Sp) is a calibration for v and assume furthermore that S is
globally C!. Take the vectorfield ¢ = (9%, ¢*) : U — R"xR defined by ¢*(z,z2) := 9,S(z,2) and
¥ (x,z) = —[div,S](z,2) — Sp(z). Then ¢ satisfies all the assumptions of Section 1.3. Indeed, by
Remark 2.3 in [2] ¢ is approximately regular on U. Moreover, conditions (al) and (a2) on (S,Sp)
clearly imply that ¢ satifies (al) and (a2) of Section 1.3, respectively. By definition of ¢ we have that

ta
| o2z = S(ata) - Sty
t1
so that conditions (b1) and (b2) on (S,Sp) imply conditions (b1l) and (b2) of Section 1.3, respectively.
If S is C? and Sy is C!, then it is trivial that ¢ is C* and divp = 0; in the general case, one can prove
that ¢ is divergence-free by an approximation argument.

Analogously it is easy to see that, if ¢ is a bounded Lipschitz C*-vectorfield satisfying the calibration
conditions of Section 1.3, then we can construct a calibration (S,Sp). Take indeed

S(x,z) := /: )cpx(x,t) dt and So(z) := (" (z, 7(2)), VT(x)) — o*(x, 7(x)),

where 7 is any smooth function satisfying (x,7(z)) € U for every z € Q.

5.2 An application related to classical field theory

We recall now some classical results from field theory for multiple integrals of the form

Fo(u):/ﬂf(x,u,Vu) dx, (5.15)

where u € CH(Q;RY) and f € C?(QxRY xR™V).
We will call extremals of Fy or f-extremal the solutions u of class C? of the Euler equations for the
integral Fy, i.e.

ZDmi [0g,, f(z,u(z), Vu(x))] — O, f(z,u(x), Vu(z)) = 0, 1<j5<N. (5.16)
i=1
In the classical field theory for multiple integrals several sufficient conditions for the minimality of an
f-extremal have been proposed. Among the others, we recall Weyl field theory, which is strictly related
to the calibration theory for vector-valued functionals and ensures that a given f-extremal u is in fact a
minimizer of Fy among all functions of class C', with the same boundary values as « and whose graph
is contained in a suitable neighbourhood of the graph of w. It consists in the construction of a suitable
slope field P, called Weyl field, and of a smooth function S, called the eikonal map associated with the
field, satisfying the system of equations (5.17) — (5.18). This set of conditions arises from the comparison
of Fy with an invariant functional of divergence type, which is nothing but the functional

/Qdivz [S(z,v)] dz,

where S is the eikonal map (see, e.g. [18, Chapter 7, Section 4]).

We will show via calibrations that, if a Weyl field exists for an f-extremal u (and then there exists
a neighbourhood U of the graph of u such that u minimizes Fy among C*!-functions with the same
boundary values as u and with graph contained in U), then w is also a Dirichlet U-minimizer of the
functional (5.1) in the sense of Definition 5.3, provided U is a sufficiently small neighbourhood of the
graph of u and the function v satisfies the estimate (5.20); moreover, if S is the eikonal map associated
with the Weyl field, then the pair (S,Sp) with Sy =0 is a calibration for v on U.
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Definition 5.9 Let U be a closed domain in QxRN . A mapping p: U — UxR™ is called a slope field
on U if it is of class C* and of the form

p(xay) = (x,y,P(m,y)) for every (‘T7y) evU;

we denote P(z,y) = (Pij(w,y)) as the slope function of the field p. We say that a map u € C1(Q;RY)
fits the slope field p if graphu C U and

O, uj(z) = Pij(z, u(x)) for every x € Q0.

Finally, a slope field p is said to be a Weyl field if there is a map S € C2(U;R™) such that {S, P} solves
the Weyl equations:

[dlva](zay) = f(x,y,P(x,y)) - <79(;l:,y),agf(x,y,P(x,y)», (517)
ayJSl(x’y) = afu f(m,y,P(a?,y)) (518)

The function S is called the eikonal map associated with p.

The main results in Weyl field theory can be stated as follows. For a proof we refer to [18].
Theorem 5.10 (1) Assume that the function [ satisfies

f(xvyvg)_f(x’yvn)_<§_777a§f($’ya77)> 20

for every (z,y) € U and &,n € R™™ | and let u € C?>(Q;RY) fit a Weyl field p : U — UxR™™ with
the eikonal map S : U — R™. Then u is a minimizer of Fy among all v € C1(Q;RY) such that
v|gn = u|sq and graphv C U ; in particular, u is an f-extremal. Moreover, if there is a constant
w >0 such that

Z 8§ij§hkf($7yaf)§hij§hk > M|C‘2 V(.’If,y) € QXRNa 57 C € RnN7 (519)
©,5,h,k

then w is a strict minimizer of Fy in the same class.

(2) Vice-versa, if [ satisfies the strict convezity condition (5.19), then every f-extremal fits at least
locally a Weyl field and is therefore locally minimizing Fy. In other words, for every xq € () there
exist € > 0 and an open neighbourhood A of x¢ such that u minimizes Fy among all v € C1(A;RY)
such that v|pa = ulpa and graphv C {(z,y) € AXRYN : |y —u(zo)| < }.

Let us now state and prove a similar result for free-discontinuity problems.

Theorem 5.11 Let f : QxRN xR™™ — [0, +00] be a function of class C? satisfying (5.19) and let
P OXRY xRN xS"1 — [0, +00] be a Borel function satisfying
QZJ(I’,y,Z,I/) 260(|y72’|)7 (520)

where ¢ is a positive constant, while 0 is such that lim;_, g+ @ = +o00. Let u be an f-extremal. Then
for every xg € Q there exist € > 0, an open neighbourhood A (with Lipschitz boundary) of xqg, and a

pair (S,8p) such that (S,Sp) is a calibration for u with respect to the functional (5.1) on the set
U= {(z,y) € AxRY : |y —u(xo)| < e}; (5.21)

therefore w is a Dirichlet U -minimizer of the functional (5.1).
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PrROOF. — Let u be an f-extremal. By the second part of Theorem 5.10 for every xg € £ there exist
€ > 0 and an open neighbourhood A (with Lipschitz boundary) of xo such that u fits a Weyl fiel in the
set (5.21). Denote the Weyl field by p(z,y) = (z,y, P(x,y)) and the eikonal map associated with p by
S.

We claim that, if we take Sp(z) := 0 for every = € 2, then the pair (S,Sy) is a calibration for u
on U with respect to the functional F' defined in (5.1), provided e is sufficiently small. Let us prove it.
Since f is convex, for every n € R™ we have that

f(mvyvn) - <7778§f(m7y377)> = _f*(xvyva§f(xay7n))a

this fact, jointly with (5.17), implies that

[diVIS](QT,y) = —f*(l', y,agf(x,y,P(x,y)))
= _f*(xa Y, (DyS({E, y))T)v (522)

where the second equality follows from (5.18). Therefore, condition (al) is satisfied.

Condition (a2) follows from (5.22) and (5.18), using the fact that u fits the field P, hence P(z,u(x)) =
Vu(z) for every z € (2.

If we call L the L°°-norm of the Jacobian matrix of S on U, then we have that

(S(x,2z) — S(z,y),v) < L|z — vy (5.23)

for every z € Q, y,z € RY such that (z,y) € U, (z,2) € U, and v € S"~1. By the assumption on the
function 6 there exists § > 0 such that 6(t) > Lt/c for every t € (0,0); then from (5.20) it follows that

Y(z,y,z,v) > Ly — 2| for |y —z| < 4. (5.24)

Taking € < 6/2, from (5.23) and (5.24) we have that condition (b1) is satisfied.
Since S, = 0, condition (b2) is trivial.
The conclusion follows now from Theorem 5.7. a

As made precise in the next proposition, when the function f depends only on the variables x, ¢, we
are able to prove the minimality of an f-extremal u on the whole domain 2 and to give an estimate of
the width € of the neighbourhood of the graph of u where the minimality holds.

Proposition 5.12 In addition to the assumptions of Theorem 5.11, suppose that f = f(x,§). Let u be
an f-estremal. For every (z,y) € QxRN define

S(x,y) = [0cf (z, Vu())]" (y — u(x)) + o (), (5.25)

where o : 0 — R™ is a solution of the equation dive = f(x,Vu). Then the pair (S,Sy) with Sy =0 is
a calibration for u with respect to the functional (5.1) on the set

U:={(z,y) € IxRY : |y —u(z)| < ()}, (5.26)

where
0(t)

e(x) < %inf {t >0: e < |8§f(x,Vu(x))|} , (5.27)

and ¢,0 are the quantities appearing in (5.20). Therefore u is a Dirichlet U -minimizer of the functional

(5.1).
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PROOF. — Note that by the assumption on 6, the infimum in (5.27) is strictly positive for every z € Q.
Let us prove that (S,Sp) satisfies all the conditions in Lemma 5.4.
By direct computations we have that D,S(x,y) = [0¢f(z, Vu)]™; using the Euler equations (5.16),
the definition of ¢, and the convexity of f, we find out that

divaS)(@.y) = 3 Do O, o, V) s — u5) = ([0S 2, V)7, V) + dive

— ([0 f(x, Vu)]", Vu) + f(x, Vu)
7f* (33, [aff($7 vu)]T)

Conditions (al) and (a2) are therefore satisfied.
By the definition of S we obtain

|S(x, 2) = Sz, y)| < |0 f (x, Vu(z))] - |z —yl;
since |z — y| < 2e(x), (5.27) implies that

|0 f (x, Vu(z))] - |z — y| < c0(]z — yl);

so condition (b1) follows now from (5.20).

Condition (b2) is trivial since S, is empty. This concludes the proof.

We notice that the thesis can be proved also in the following way: if we define P(x,y) := Vu(z) for
every (r,y) € QxRY | it is easy to see that the field p(z,y) := (2,9, P(z,y)) is a Weyl field, S is the
eikonal map associated with p, and w fits p. Then we can follow the proof of Theorem 5.11: the check
of condition (al), (a2), (b2) remains the same, while the estimate on the size of e(x) is given by a more
careful proof of condition (b1). O

Remark 5.13 When the functional (5.1) satisfies some special further conditions, it is enough to prove
the Dirichlet minimality of a given u on a neighbourhood of its graph to conclude that u is in fact
a Dirichlet minimizer on the whole cylinder QxR, reducing the domain € if needed. For istance, in
addition to the assumptions of Proposition 5.12, suppose that the two following conditions are satisfied:

(1) f(z,8) > flz,(I —e;®e;)€) forevery z € Q, E € RN j=1,...,N, where {ei,...,en} is the
canonical basis of RV ;

where we have set
Ty RN - RN, (T2);(y) = (y; Aaj) Vb;.

If w is an f-extremal, then by Proposition 5.12 we know that w is a Dirichlet U-minimizer of F', where
U is the set (5.26). We want to show that for every xg € Q there exists an open neighbourhood A (with
Lipschitz boundary) of zy such that w is a Dirichlet minimizer of F in A.

First of all, we can find an open neighbourhood A (with Lipschitz boundary) of 2y and two vectors
m, M € RY such that |M —m| < e(z) for every z € A and

Let v be a function in SBV (A;RY) with the same trace on A as u and define ¢ := T (v), which still
belongs to SBV (A;RY). Note that Vi; = Lim;<v;<m,;}Vu; for every j, so that, if we call Jo(x) the
set of all indexes j such that v;(x) & (m;, M;), the matrix Vo(x) can be written as

Vi(z) = Vo(z) — Y (e;®€;) Vo(x).

Jj€Jo
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By using iteratively condition (1), we obtain that f(z, V) < f(x, Vo), which implies

/ fz,Vo)de < / f(z, Vv) dx. (5.29)
A A
Since S; C Sy, and 9~ =TM(v™), 9+ =TM(v*) on S;, by condition (2) we obtain
/ Yz, 07,07, vy) dH ! < / Yz, v, v v,) dH L. (5.30)
SsnA S,NA

On the other hand, by (5.28) the function ¢ has the same trace on dA as w, and its graph is contained
in the set -
{(z,y) € AxRN : |y —u(x)| < e(x)}.

Since wu is a Dirichlet minimizer on this set, we have that

/f(m,Vu)dmﬁ/f(a:,V@)dx—i—/ Y(z, 07,07, vg) dH" L. (5.31)
A A S

Therefore by (5.29), by (5.30), and (5.31), u is a Dirichlet minimizer of F' in A.

The same result can be achieved by calibration: indeed, we can extend the function S in (5.25) to
the whole QxRN simply by taking S(x,y) := S(z, TM(y)); it is easy to see that assumptions (1) — (2)
guarantee that the pair (3 ,Sp) provides a calibration for u on AxRY .

We conclude the remark with some comments on conditions (1) — (2). Condition (1) ensures that
the functional decreases when any row of the matrix Vu is annihilated, which is what occurs when a
component of u is truncated. For istance, (1) is fulfilled for f(§) = >_,; ¢i;(&i;) where ;; are convex
and positive, and ¢;;(0) = 0. As for condition (2), note that it is satisfied whenever 1 depends on y, z
only through the distance |z —y].

5.3 Some further applications

In this section we present some examples and applications. In Examples 5.14, 5.16, 5.17, and 5.18 we deal
with minimizers of the Mumford-Shah functional, and we generalize some results proved in [2] for the
scalar case. Example 5.15 is a purely vectorial example, since it involves a functional arising in fracture
mechanics which can be defined only on maps from Q C R™ into R™.

Example 5.14 Let v : Q2 — RY be a harmonic function. It is well known that v is an extremal of the
functional [, [Vu|?, and a Dirichlet minimizer of it. We can prove via calibrations that u is a Dirichlet
minimizer also of the homogeneous Mumford-Shah functional

MS(u) = /g Vudr+ (S, (5.32)

if the following condition is satisfied:
osc u - sup |[Vu| <1, (5.33)
Q Q

where osc v denotes the modulus of the vector in R whose components are the oscillations of the
components of w. When (5.33) is not fulfilled, w is still a Dirichlet U-minimizer of the functional M S,
where

U:= {(:E,y) € QxRN ¢ |y —u(z)| < 4|V11‘(17)|} (5.34)
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This second result directly follows from Proposition 5.12, where f(£) = |£]? and ¢ = 1. Moreover, a
calibration is given by (S,Sy) with So =0 and

S(z,y) = 2[Vu(@)]" (y — u(z)) + o(x),

where o : Q2 — R™ is a solution of the equation dive = |Vu|?. Since u is harmonic in Q, it is easy to
see that we can take o(x) := [Vu(z)]"u(z), so that

S(z,y) = 2[Vu(x)]” (y - u(;)) . (5.35)

As for the Dirichlet minimality of u, we can show that, under the assumption (5.33), the calibration
(S,Sp) can be extended to the whole QxR , applying a similar argument to the one used in Remark 5.13.

We recall that, in the case of the functional (5.32), conditions (al), (a2), (b1), and (b2) in Lemma 5.5
become

(al) [divyS®)(z,y) + So(z) < —1|D,S%(z,y)[* for every a € A, for L"-ae. x € Q, and for every
y € RN with (z,y) € U%;

(a2) [div,S¥(z,u)+So(z) = —|Vu(z)|* and (DyS*(x,u))” = 2Vu(z) for every a € A, and for L"-a.e.
x € Q such that (z,u(x)) € U%;

(b1) |S(z,2) — S(x,y)| < 1 for H* l-ae. 2 € Q and for every y,z € RY such that (x,y) € U,
(x,2) € U;

(b2) S(x,ut) —S(z,u”) =1, for H* t-ae. x€S9,,

where S(x,y) = > ,ca S (z,y)1ya(z,y).
Let m; and M, be the infimum and the supremum of u; in Q, respectively (then osc u; = M; —m; ).
Let T be the function from R into RV defined as Tj(y) = (y; V m;/2) A M;/2. Define

A u(z

S(z,y) = 2[Vu(z)]" T(y - (2)) .
It is easy to see that (S,Sy) satisfies conditions (al) and (a2). Condition (b2) is trivial. Finally, for
every y,z € RY we have

|8 (@, 2) = S, y)| < 2Vu(z)| - |T(z = u/2) = T(y — u/2)|. (5.36)

Since T;(z —u/2) and T;(y —u/2) belong to the interval [m;/2, M;/2] for every 1 < j < N, we deduce
that |T'(z —u/2) — T(y — u/2)| < |M — m|/2; so, condition (bl) follows from (5.36) and (5.33).

These two minimality results generalize those obtained in [1] for scalar harmonic functions. Note that
the minimality of w can be proved by applying the scalar argument to each component w;, but this
provides a more restrictive condition on the size of the domains where the minimality holds. Indeed, by
the scalar result in [1], since u; is harmonic for every j, if

1
osc u; - sup |Vu,| < — 1<j<N, (5.37)
Q Q N

then )
/ |V, |2de < / |Vo;|2de + —H""1(S,,)
Q Q N !

for every v; € SBV(S2) with the same boundary values as u;; summing over j, we obtain the Dirichlet
minimality of w in . On the other hand, it is easy to see that condition (5.37) is stronger than (5.33).
Analogous remarks hold for the Dirichlet minimality of u in a neighbourhood of its graph.
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Example 5.15 In this example we consider a functional related to Griffith and Barenblatt theories of
fracture mechanics of the form

H(u) := ,u/Q le(u)|*dx + %/Q(divu)2 dx +/S O(jut —u ) dH" !

where u is a function from ©Q C R"™ into R™, e(u) denotes the symmetrized gradient of w, 6 is a
positive function satisfying lim;_,q+ 6(t)/t = 400, and p, A are real parameters. In the context of
fracture mechanics, €) is a reference configuration of an elastic body, possibly subject to fracture, and u
parameterizes its displacement; the bulk term represents the energy relative to the elastic deformation
outside the fracture, while the surface integral is the energy needed to produce the crack.

The functional H is clearly of the form (5.1) with f(€) = pu|(€7 +€)/2|* + 2(tré)? and ¥(y,z) =
0(]z — y|). However, since the bulk term in H involves only the symmetric part of the matrix Vu, the
appropriate setting for the minimum problem for H is not exactly the space SBV (2;R™), but the space
SBD(Q) of special functions with bounded deformation (for a complete overview on the properties of
this space see [5]). Even if the calibration method has been developed only for SBV functions, we can
actually prove by calibration that, if u is an f-extremal, i.e. v € C1(Q;R") N C?(;R") and u solves
the equation

pAu~+ (4 AV (divu) =0 on €, (5.38)

then u minimizes H among all functions v € SBD(Q) with the same trace on 9Q as u, and whose
graph is contained in the set

U= {(z,y) € QxR" : |y —u(x)| < e()},

where

e(z) < %inf {t >0: @ < |2pe(u)(z) + )\divu(a:)ﬂ} .

Indeed, since O¢,; f(&) = pu(&ji+Eij) +A(tr §)d;5, Proposition 5.12 implies that w is a Dirichlet U-minimizer
of H in the class SBV(£2;R™) and a calibration is given by (S,Sp) with Sp =0 and

S(z,y) = [2ue(uw)(z) + Mdivu(z)I] (y - u(;)) ; (5.39)

this last fact follows from formula (5.25) where we have taken o(z) := [pe(u)(z)+ 3divu(z)I] u(x), which
is a solution of dive = f(Vu) thanks to (5.38).

On the other hand, we can show that the pair (S,Sp) provides a calibration also in the space SBD(Q)
in the following sense: consider the functional

Hy(0) = — /69<3(x,u),ym> AR

which is the same used as comparison functional in the proof of Theorem 5.7; then, H; is well defined
on SBD(RQ), is invariant on SBD functions having the same trace on 9, and satisfies the equality
Hy(u) = H(u) and the inequality Hy(v) < H(v) for every v € SBD(€2). This implies that w is a
Dirichlet minimizer of the functional H in the class of SBD functions.

Let us prove the properties of H; stated above. If we set for simplicity of notation A(x) := 2ue(u)(z)+
Adivu(x)I, by (5.39) the functional H; can be rewritten as

1

Hy() = /8“<A(2v ), veq) dH,
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whence it is clear that it is well defined on SBD(2) and invariant on the class of functions in SBD(f2)
having the same trace on 9. By the generalized Green’s formula in SBD(Q) we have that

1 nt _ X [ on o divAd de 4 L o
_5/8Q<A(2v_u),uan>dﬁ = 2/Q<2 ,divA)d —1-2/QAd(2E Eu)
= ;/Q<A’2€(U)_e(U)>dx+\/;v<A(v+_U)aV1J>dHn1,(5.4O)

where the last equality follows by the fact that divA = 0, by the decomposition theorem for the measures
Ev, Eu and by the remark that S, = (). Using the definition of the matrix A and (5.40) it is easy to see

that
1

Hy(u) = /Q (A, e(w)) dz = H(u), (5.41)

while, using also the elementary inequality 2(¢,n) < [£]? + |n|? for every &, € R , we obtain

/(A,e(v)) dx = 2u/<e(u),e(v)>dx+/\ divu dive dz
Q Q Q

IN

2 A N2
u/Q|e(v)| dx—i—g/ﬂ(dlvv) dx + H(u). (5.42)

Since the graph of v is contained in U, we have that (A(vT —v7),1,) < O(JvT —v~|) H" t-ae. on S,
so that

/ (A(vt —v7), 1) dH™ ! < / O(jvt — v~ |)dH" (5.43)
Sy Sy

By (5.40), (5.41), (5.42), and (5.43), we deduce that H;(v) < H(v) for every v € SBD(Q) whose graph
is contained in U.

We conclude this example by noticing that the existence of a weak solution in Wh2(Q;R"™) for
the Dirichlet boundary value problem associated with the equation (5.38) is guaranteed if p > 0 and

21 + 3A > 0; moreover, the additional requirements of regularity for u are always satisfied in any open
subset Q' CC Q (see [10]).

Example 5.16 Let Q be a product of the form (0,a)xV, where V is a regular domain in R"~1 and
let u be the step function defined as u(z) := 0 for 0 < 21 < ¢, and u(z) = h for ¢ < x; < a, where
c€(0,a) and h € RNV, h # 0. Then, u is a Dirichlet minimizer of the Mumford-Shah functional (5.32)
in Q if a2 > a.

This result generalizes Example 4.12 in [1], where u is a scalar step function.

We prove the statement by calibration. Let {e1,...,e,} be the canonical basis of R™. A calibration
for u is given by the pair (S,Sp) with Sy =0 and

0 if <y7 TZ|> S %<CE,61>,
S(Jf,y) = 2\ (<ya %> - %<$,€1>) €1 if %<Z‘,61> < <y7 ‘Th‘> < %<$,€1> + %a7 (544)
aX2e, if (y, ﬁ) > %(z,eﬁ + %a,

where A :=1/y/a. Some direct computations show that

|D S(z y)|2 _ 4)\2 if %<CC,€1> < <y, %) < %(x,el> + %a7
! 7 0 otherwise,
divS(ey) = 4V Halme) <lgp < alee)+ g
7 0 otherwise,
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so that condition (al) is trivially satisfied, while condition (a2) is true if || > 3z1 + Fa for every

x1 € [c,a), which is guaranteed by the assumption |h|?> > a. ’

One easily checks that the vector S(z,z) — S(z,y) can always be written as pe; with |u| <1 (u
depending on ,y, 2), so that condition (bl) is fulfilled. As for condition (b2), since |h| > 3(c+ a) by
the assumption |h|? > a, we have that S(z,h) — S(x,0) = aX?e; — 0 = e; for every z € S, .

We note that the minimality of u can be proved by applying the scalar result to one component of
u. Take, indeed, j € {1,..., N} such that h; # 0; we know that if h? > a, then

H'H(S,,) < / |V, |*dx +H"1(S,,)
Q

for every v € SBV(Q) with the same boundary values as w. Now, the left-hand side coincides with
MS(u), while the right-hand side is less than or equal to MS(v), since S,; C S,. So, the Dirichlet
minimality of u is shown, but under the stronger condition h? >a.

Actually, since the Mumford-Shah functional is invariant by rotation (and then w is a Dirichlet
minimizer if and only if R owu is a Dirichlet minimizer, where R is any rotation in R™), the scalar
result can be exploited in a more efficient way. Let R be a rotation in RY transforming the vector h/|h|
in e; and let @ := Rowu. Applying the argument above to the first component of @, we have that @
is a Dirichlet minimizer of MS if |h|?> > a, which is the same condition we have found via vectorial
calibration theory. We also note that the calibration (5.44) can be obtained starting from the vectorfield
which calibrates @7 simply replacing the one-dimensional vertical variable by the component of the vector
y along h/|h| and following the instructions of Remark 5.8.

Example 5.17 Let © := B(0,7) be the open ball in R? centred at the origin with radius r, and let
(A1, Az, A3) be the partition of € defined as follows:

2 2
A; = {3? = (pcosh,psinf): 0<p<r, gw(i— 1)<6< 37ri}.

Let u € SBV(;RY) be the function defined as u := a; in each A;, where ay,as,as are three distinct
vectors in RV . In [2, Example 4.14] it is proved that, when N = 1, u is a Dirichlet minimizer of the
Mumford-Shah functional (5.32) if the values a; are sufficiently far apart, more precisely if

min{\al fa2|,|a27a3|,|a37a1|} Z \/ﬂ (545)

This result can be generalized to the vectorial case N > 1, where beside condition (5.45) we require that

max{|a; — azl, |az — as|, |as — a1|} > 1/ (2 + V3)r. (5.46)
Note that when N = 1 condition (5.46) is implied by (5.45): indeed, without loss of generality we can
assume that a; < as < ag, so that the maximum in (5.46) is asz — a1 ; then by (5.45) we obtain
as — a1 = (a3 — az) + (az —ay) > 2v2r > /(2 +V3)r.

We prove the statement by calibration. For every 4,j we call S;; the interface between A; and Aj,
which is oriented by the normal v;; pointing from A; to A; and we suppose that the maximum in (5.46)
is given by |a; — az|. Let Sp =0 and

S(z,y) = [o1(z,y) V0] vs1 + [o2(x,y) V 0] V32,

where
ly — as|?

r— (v3, )

ly —a1]?

TR -1
’I’—<V31,£L'>7 UQ(xvy)

Ul(x7y) =1-
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For any 7’ < r the function S is Lipschitz in B(0,7’)xRY . By direct computations we have that

|y*al|2 |y*<12|2

1 4 1
N O P R

T 2=y
|Dy8( 7y)| 4(7"— <V31,.’L'>)

(y — a1,y —a)
(r = (va1,2))(r — (va2, @

i >) ]‘{0'1>07 o2>0}> (547)
while

S D el

(r — (v31,2))2 {o1>0} (r — (2, 7)) {020}

Condition (al) is therefore fulfilled if and only if (y — a1,y — as) < 0 for every y such that there exists
x € B(0,7") so that o1(z,y) > 0 and o2(z,y) > 0. Taking into account the definition of oy, 09, this is
equivalent to require the following: if y belongs to the intersection of the ball centred at a; with radius
(r — (v31,2)) and the ball centred at as with radius (r — (v32,2)), then the angle spanned by the two
vectors y — a; and y — ag is greater or equal to 7/2. Some elementary geometric considerations show
that this is guaranteed if

[div,S](z,y) = — (5.48)

lay — as|* > (2r — (vs1, x) — (32, 2)) Vo € B(0,r'),

which is implied by condition (5.46).

From (5.45) it follows that o2(z,a1) <0, so that by (5.47) and (5.48) we have |D,S(z,a1)|?> =0 and
[div;S](x,a1) = 0. Since (5.45) implies analogously that o1 (z,a2) <0, and o1(x,a3) <0, o2(x,a3) <0,
we deduce that condition (a2) is satisfied.

Let (x,%),(z,2) € B(0,r")xRN . If neither (x,%y) nor (z,z) belongs to {o; > 0,09 > 0}, then it is
easy to check that the vector S(zx, z) —S(x,y) can be written as a linear combination Ajv3; — Aavze with
either A1, Ay € [0,1] or A1, A2 € [—1,0] (depending on x,y, z); since v3; and —v32 span an angle equal to
27/3, the modulus of S(x, z) —S(x,y) is in this case less than or equal to 1. If (x,y) € {01 > 0,02 > 0},
only two cases can occur: either S(z,z) — S(z,y) is a linear combination of v3; and —v3y of the same
kind as before (so, the same conclusion holds), or S(z, z) — S(x,y) can be written as pqv3; + pavse with
w; € [0,0;(z,y)] (depending on z,y, z). In this second case, we obtain

[S(@,2) = S(x,y)|* < o} (,) + 03 (2, y) + 01(z,y)oa (2, y) < (01(x,y) + o2(x,9)).

It is easy to see that, under condition (5.46), o1(z,y) + o2(x,y) < 1 for every (z,y) € {01 > 0,09 > 0},
so that (bl) is always satisfied.

Finally, using (5.45) we have that S(z,az2) — S(x,a1) = v32 — v31 = v1o for every = € S12, S(z,a3) —
S(x,a2) = —v32 = Vo3 for every = € Soz, while S(x,a1) — S(x,a3) = v31 for every x € S31; so, we can
conclude that (b2) holds true for every x € S,,.

We have thus proved that under conditions (5.45) — (5.46), u is a Dirichlet minimizer of MS in
B(0,7") for every r’ < r. By an approximation argument this implies the Dirichlet minimality of u in
the whole B(0,7).

As in the previous example, the minimality of w can be proved by using the scalar result in [2]:
indeed, even if S, is strictly contained in S, for every j, one can always find a rotation R in RN
tranforming the range of u in a set of three vectors which differ each other for the same component
and apply the scalar result to this component. This procedure leads to the following condition: w is a
Dirichlet minimizer if

max  min {|{a; — az,v)|,|{az — a3z, v)|,|{as — a1,v)|} > V2r,
veERN |v|=1

which is always more restrictive than (5.45) — (5.46), except when the vectors a; — a; are collinear.
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Example 5.18 In this example we deal with the complete Mumford-Shah functional
MS, p(u) = / |Vu|?dz + aH (S,) + ﬂ/ lu — g|* de, (5.49)
Q Q

where Q C R?, g is a given function in L>(;RY), and «, 3 are positive parameters.

Let {I';}ics be a finite family of simple and connected curves of class C? such that for every i T;
is either a closed curve contained in Q or it orthogonally meets 9. Suppose also that I'; N T, = 0 if
1 # h. If g is a piecewise constant function, whose discontinuity set coincides with U;c;I';, then for large
values of (3 the function g itself is an absolute minimizer of (5.49).

We prove the statement by calibration. We recall that conditions (al), (a2), (bl), and (b2) in
Lemma 5.5 read for the functional (5.49) as

(al) [diveS7)(z,y) + So(z) < —1|DySY(z,y)|? + Bly — g(x)[* for every v € A, for L*-ae. x € Q, and
for every y € RV with (z,y) € U7;

(a2) [div,SY)(z,u) +So(z) = —|Vu(z)]? + Blu — g|> and (D, S (z,u))™ = 2Vu(x) for every v € A, and
for £?-a.e. x € Q such that (z,u(z)) € U7;

(bl) |S(z,2)—S(z,y)| < a for H'-a.e. x € Q and for every y,z € RV such that (z,y) € U, (z,2) € U;
(b2) S(z,ut) - S(x,u”) = ay, for Hl-ae. x€S,,

where S(z,y) =32, c4 87 (@, y)1u~ (2, y).
Let {E;};e; be the partition of Q generated by the family {I';};,c;. Then the function g can be

written as
g(x) = a;lg,(x),
jeJ
where a; € RY and a; # ay, if j # k. For j < k we call Sj;, the interface between E; and Ej, oriented
by the normal vj; pointing from E; to Ej (in other words, Sji is the set of all € S, such that
g~ (z) =a; and g*(x) = ar). In this way we have simply relabelled the curves T';.

For every j < k we can construct a C'-vectorfield 1/, : @ — R™ such that it agrees with v, on Sy,
is supported on a neighbourhood of Sji, is tangent to the boundary of €, and [¢;,| < 1 everywhere.
Since the curves S;;, are disjoint, the functions 1, can be constructed in such a way that their supports
are still disjoint; moreover, if Sj; is closed, we can also assume that the support of ;. is relatively
compact in 2. Finally, for every j < k we define the functions A :RY - R as

Ajk(y) =0 <<yaj’ak aj>> ;

lak — a;[?
where o : R — [0,a] is a nondecreasing function of class C? such that o(t) := fat® for t € [0,1/8],
o(t) :==a+ 3a(t—1)3 for t € [7/8,1], o/(t) € [0,20] for every ¢, and |o”(t)| < 16« for every ¢.
Now we set
S(z,y) = Z Ajk(y) Yjk(2), So(z) == —a Z divepi(2)1Eg, (z),
(3,k):5<k (3,k): i<k

and we claim that the pair (S,Sy) is a calibration for g when 3 is large enough.

First of all, independently of the choice of o, the function S has vanishing normal component on 92
because of the choice of 1, so that condition (5.13) of Theorem 5.7 is satisfied.

Using the fact that the supports of the functions v, are disjoint, and that || < 1, while \j; takes
values only on [0, o], it is easy to see that condition (bl) is fulfilled.
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Since Sy is the union of the disjoint curves {Sji};j<k, for every x € Sy there exists one and only one
pair (j,k) with j < k such that = € S, so that

S(w,g™(2)) = Sz, 97 (2)) = (Njrlar) = Ajw(a;)) k(@) = (0(1) = 0(0)) vjk(x) = avy(z).

Therefore, also condition (b2) is satisfied.
By direct computations we obtain that

(4,k):§<k
while
D,S(z,y) = Z o <<yaj,akaj>> Pir(x) _ak —aj
j k

® :
(i< Jas = a " Jas = a "

If x € E}, for any h € J, then

[div,S](z,g(x)) = [div,S](z,an) = ZAjh(ah)diV¢jh(x)+Zx\hk(ah)divwhk(aj)
j<h k>h
= aZdivz/}jh(z),
j<h

where the last equality follows from the fact that Ajn(an) = o(1) = «, while Apr(ar) = o(0) = 0.
Arguing analogously, since ¢’(0) = ¢’(1) = 0, we have that D,S(z,g(x)) = 0, so that, taking into
account the definition of Sy, condition (a2) is satisfied.

It remains to prove condition (al). Let (z,y) € QxRN . If z does not belong to any of the supports
of the functions v, then [div,S|(z,y) =0, Sp(z) =0, and D,S(z,y) =0, so (al) is trivially satisfied.
If 2 belongs to the support of 9, for any j < k, then

[diveS](2,y) = Ak (y) divipj (@), So(x) = —adivip (@)1, (2),

—aj,ar — a;) ak — a;

DS(e.) =o' (¥ ) oo

® .
lax — a;[? lax — a;[?’

if we write the vector y — a; as the sum v + t(ax — a;) where v € RV is orthogonal to ay — a;, and
t € R, condition (al) turns to be equivalent to

divipjp(2)(o(t) — alp, (z)) < —i|¢jk($)l2l(f’(t)|2 +Blv + tlax — a;) + a; — g(2)|*. (5.50)

Since we are assuming that x is in the support of 9, = belongs either to £ or to E,. When z € Ej,
inequality (5.50) reduces to

divepjp(x) o(t) < —i\¢jk($)|2|0/(7§)|2 + Blof* + Blay — a;[*t?,

which is implied by
. 1
divpji(z) o(t) < —Z\wjk(x)|2|0'(t)|2 + Blax — a]-|2t2. (5.51)

So, let us prove (5.51) for every ¢ € R and = € E;. Since in (5.51) the equality holds for ¢ = 0, it is
enough to show the following inequality

divpji(z) o’ (t) < —i|wjk(x)|22o/(t) o (t) + 2B|ay — a;|*t  for t >0, (5.52)
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and the opposite inequality for ¢ < 0. Since ¢’ =0 for ¢ > 1, inequality (5.52) is trivially satisfied for
t>1. For 0 <t<1,(5.52) follows immediately from

, 1
~ldivipselloco’(t) > 50" (®)|0” (8)] = 28lax — a; %,

which is satisfied (taking into account the structure of the function o) for
Blax, — a;|* > 8al|divepjk |l + 640

The same condition implies also the opposite inequality for ¢ < 0. Moreover, the same argument can be
applied in the case = € E..
In conclusion, condition (al) is fulfilled for 8 > By, where Gy is defined by

1
= —  (8a||divepik|leo + 6402) . 5.53
ﬂO (],r/ga})ik ‘ak: — Clj|2 ( Ol” lV’l/J]kH « ) ( )

We conclude this example by noticing that this result generalizes Example 5.5 in [2], where g is the
characteristic function of a regular set. As in the previous examples, the vectorial statement can be
proved by applying the scalar result to one suitable component of g, but this leads to a worse estimate

on fg.

5.4 Calibrations in terms of closed differential forms

In this section we develop the theory of calibrations in terms of differential forms. The scalar method
presented in Section 1.3 involves a divergence-free vectorfield on QxR (and its flux through the complete
graph of the maps u), which is now replaced by a closed n-form on QxR¥ | acting on the graphs of the
maps u, viewed as suitably defined n-surfaces in QxR .

As we will see, this formulation is indeed not preferable to the one described in Section 5.1, since it
leads to the same kind of conditions, requiring a greater technical effort.

For simplicity we restrict our discussion to piecewise smooth functions u € SBV (€;RY) in the sense
of the following definition.

Definition 5.19 We say that a function u € SBV (Q; RY) is piecewise smooth, and we write u € A(Q),
if the following conditions are satisfied: up to an H™ ! -negligible set, S, is a finite union of pairwise
disjoint (n — 1)-dimensional boundaryless C' -manifolds of R™; u is C* on Q\ S, up to S, , that is
u € CHQ\ Su;RY) and there exist the limits of u and Vu on both sides of (the reqular part of) S, .

For u € A(Q2) we define the n-surfaces
Yo = {(z,y) € AxRY : z €S, and It € [0,1] such that y =tu™(z)+ (1 —t)u" (x)},
I, := graphu U X,,.
Using notation from [19], let us consider an n-form

w: OXRY — APRHN

w(x,y) = Z Wap(x,y) dz® A dy®,
| +]8]=n

whose coefficients w,g are of class C1, and for u € A(2) the following functional

/F S (5.54)
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where the orientation of I, will be defined later in a precise way.
If w is a closed form, then the functional (5.54) is constant on the functions u which take the same
value on 9. Moreover, if F' is the functional (5.1), and if
/ w < F(v) for every v € A(Q),
r,
and (5.55)
/ w = F(u) for a given u € A(Q),
r,

then w is a Dirichlet minimizer of F' in the class A(Q).
Let us now look for pointwise conditions on the coefficients of the form w which guarantee (5.55).

By definition we have that
/ w:/ w+/ w. (5.56)
Iy graphu »

u

On the graph of u we consider the natural orientation given by the parameterization = € Q\ S, +—

(z,u(z)), so that
/ h w= Z /wag (z, u(x))pap(x) d, (5.57)

|+ Bl=n
where 5
ug
= det
o) i= el det ( F2(0)) .
In the previous formula & denotes the increasing complement of « in {1,...,n}, €(a) is the sign of
permutation of (1,...,n) into (o, &), and 8“5 is the |B]x|3| matrix g;@ .
&;

On ¥, we consider the orientation given by the following parameterization: since u € A(Q), without
loss of generality, we may assume that S, is an (n—1)-dimensional C*!-manifold of R™ without boundary
and that S, can be covered by just one parameter patch v: S — S, , where S is an (n — 1)-dimensional
domain (the general case can be easily obtained by summing over the C!-pieces). Assume that ~ yields
v, as orientation, that is the vector

n(v(0)) := zn:(—l)"_idet (Zf(d)) e

i=1

(where {ey,...,e,} is the canonical basis of R™) satisfies

n(v(0))
In(v(o))|

We consider as parameterization of ¥, the function ¢ = (¢%,¢Y) : [ 1] — QxRN defined as
¢*(a,t) == (o), ¢¥(o,t) :=tut(y(0)) + (1 — t)u~ (y(0)) for every (o,t) € Sx|[0,1], so that the second

integral in (5.56) is given by
/ / Wap((a, 1)) det ( (%ﬁ) (o, t)) dodt, (5.58)

/zu

e Y ...,¢% ) for o] = p and |3] = g = n — p. By direct computations one
a1 61 Bq q y p

8%0 _
det (8(0,75)) =0,

= vy (y(0)) Yo € S.

la|+]8|=

where ¢op = (¢%
can find that
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while for every 1 <i<n, 1<j< N

det (220 = (ut — u)det (| D0) = (—1)iud — o) @il
(o, 1) do

where all the functions at the right-hand side are computed at v(¢). Finally, by straightforward compu-
tations, if we set a := &, for |a] = |B| = ¢ > 2 it results that

- ut —t)u") g
det (;(i?f)) = Z E(CV?aE)(il)n*qumfak(uEm *Ugm)det <a(t +é]:;jag t) )5m> (Iju)ak|77|’

m,k=1

where (35, a; are the increasing complement of 3, in {f1,...,53,} and of ay in {a1,...,a,}, respec-
tively, while €(c,az) is the sign of permutation of (a,az) in @y ; again all the functions at the right-hand
side are computed at (o). Set w? := tu™ + (1 —t)u~ and substitute all the above expressions in formula
(5.58); since |n| do is the area element of the manifold S, parameterized by ~, we obtain

/ Z/ / )" lwii (e wt)(u]+ —u;)(yu)idH"_ldt
q . - wt )
+ Z / / was(z, w') Z e(a,az)(=1)"" atm=ay (uﬁm — uﬁm)det = (V) a, dH™ TN dE

T
la|= Iﬁl =q m,k=1 k

=: /gw(x,u_,u+,Vu_,Vu+,1/u)dH"_l, (5.59)
S'U/

where the last equality follows from changing the order of integration and calling g,, the integrand with
respect to H" . Now we wonder what kind of conditions on w,3 guarantee that

go(z,u™,ut, Vu~, Vu©,v,) <oz, u”,ut, ) on Sy (5.60)

for every admissible u. The answer is given by the following proposition.

Proposition 5.20 Inequality (5.60) holds true for every u € A(Q) if and only if the following conditions
are satisfied:

(b0°) wap =0 for every a, such that |B| > 2, ||+ |8l =n;

(b1’) Z/ )" w (z, tz 4+ (1=1)y) (25 —y; )vi dt < W(w,y, 2,v) for every x € Q, for every y,z € RV
and for every v € S"7 1,

Moreover, the equality holds for a given u if and only if

(v2’) Z/ )" wy(z, tut + (1= t)u™ ) (u j+—u;)(uu)idt:w(x,u_,u+,yu) for every x € S,,.

PROOF. — Let (z,y) € QxRY | and let us prove that was(z, y) or |&| = |G| = 2. By renumbering
the coordinates of z and y, we may suppose that § = (1,2) a =& = (1,2). Given C € R, we
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can construct u € A(Q) such that = € S,, Vu~ (z) = Vu'(z) (hence Vw!(z) = Vu~ (z) for every
t €10,1]), and 9, wi(z) = 0 for every (i,7) # (1,1) and 0y, wi(z) = C. With this choice we have that

go(z,uut, Vu~ Z/ “wi x,wt)(uj —uj ) (vy)idt

Since the value of C' is arbitrary and independent of u™ (z),u™ (z), v, (z), inequality (5.60) implies that

1
/0 (1) ey 1y (01 (0F — ) ()it = 0 (5.61)
i£1,j#1

whatever are the values of v~ (z),u" (), v, (z). Choosing v,(z) such that (v,(z)); =0 for every i # 2,
(vu(x))2 = 1, we have that (5.61) is equivalent to

Z/ wWiiaya ) (@ 0 (uf —uy)dt =0 (5.62)

J#1

whatever are the values of u™(z),u"(z). Choosing u™ (z) = y, while uj(m) =y, for every j # 2,
uj (z) = y2 + ¢ with ¢ # 0, we obtain that (5.62) is equivalent to

1
C/o Y13)(1,2) (z,y1,y2 + ct,ys, ..., yn)dt =0 (5.63)
for every ¢ # 0. By a change of variables, (5.63) can be rewritten as
Yy2+c
/ w(]:\Q)(LQ)(maylasayfi?'~~ayN)ds =0. (564)
Y2

Since (5.64) has to be true for every ¢ # 0, this implies that W(TB)(1,2) (z,y) =0.
Using the fact that the coefficients w,g = 0 for every || = 2, we can repeat the same proof to show
that weg = 0 for every |&| = |5| = 3, and so on.
We have thus proved that (5.60) implies condition (b0’). At this point, it is trivial that (5.60) implies
also condition (b1’), and that the equality holds in (5.60) for a given u if and only if also (b2’) is satisfied.
O

Summarizing, if conditions (b0’) and (b1’) hold true, by Proposition 5.20 inequality (5.60) is satisfied,
hence by (5.59) we have that

/w</ Yz, u,ut,v,) dH (5.65)

for every u € A(Q2), while the equality holds in (5.65) for a given u if and only if also (b2’) is verified.
Assuming that w satisfies condition (b0’), formula (5.57) reduces to

[ o
graphu

[ {wnteute D+ D o u@)ne) )
Q

= /ﬂ (woo (2, u(@)) + (Aw (2, u(x)), Vu(z))) dx,

where in the last equality (A, (z,9))ji = (=1)"‘ws(x,y). It is easy to see that, if we require the
following condition:
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(al’) wyo(z,y) < —f*(2,y, Au(x,y)) for L™-a.e. x € Q and every y € RV,

then

/ wS/f(x,u,Vu)dac
graphu Q

for every u € A(2); moreover, the equality holds for a given u if and only if

(a2’) (sz;j(x,u(a:)) € O¢,, f(z,u(z), Vu(z)) and wyy(z,u(z)) = —f*(z,u(x), Ay(z,u(x))) for L™-a.e.
x el

Therefore by (5.56) we can conclude that (5.55) is guaranteed if conditions (al’), (a2’), (b0’), (b1’),
and (b2’) are satisfied. In other words, we have proved the following theorem.

Theorem 5.21 Let u be a function in A(Q). Assume that there exists a closed n-differential form
w: OXRY — APRN with coefficient of class C' and satisfying condition (al’), (a2’), (b0°), (b1°), and
(b2°). Then u is a Dirichlet minimizer of the functional (5.1) in the class A(Q).

We conclude this section by proving that, if v € A(Q2) and there exists a differential form w which
calibrates u in the sense of Theorem 5.21, then there exists a calibration (S,Sy) for u in the sense of
Definition 5.6.

Proposition 5.22 Let u be a function in A(Y) and let w : QxRY — APR™ N be a closed n-differential
form satisfying all the assumptions of Theorem 5.21. Then there exists a calibration (S,Sy) for w, with
S € CY(OQxRYN;R") and Sy € CH(Q).

PROOF. — First of all, we notice that from condition (b0’) it follows that

w(z,y) = wyo(z,y) dx + Zwij(az, y)da* A dy’ .
0,J

Since w is a closed form, by computing explicitly the exterior derivative of w, we obtain that the
coeflicients wy,ws; satisfy the two following equations:

 Owy; Ow;
> () - 0 = 1<j<N :
i:1( ) oz, (z,y) By; (z,y) =0 <Jj<N, (5.66)
n—i Owij n—i Owik

(-1) (2.y) = (~1) (ry) 1<i<nm 1<jE<N. (5.67)

Oy, 0y,

n—u

The last condition is equivalent to require that for every i the vector ((—1)"‘ws(z,y))j=1,.. N I8
the gradient with respect to y of a function of class C?; more precisely, there exists a function S €
C?(QxRYN;R") such that

0y, Si(z,y) = (—1)" "wy(z,y)  1<i<n, 1<j<N. (5.68)

Equation (5.66) can be therefore rewritten as

L2, g, u )
0= ; 0%3:1/] (I’,y) - 8:[/] (:c,y) = ayj ;arlsz(xay) - WOO(IE,y) 1 S J g N7
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and then there exists a function Sy : Q — R of class C! such that wgy(x,y) = [div,S](z,y) + So(z). By
substituting this equality and (5.68) in conditions (al’) and (a2’), we directly obtain that the pair (S, Sp)
satisfies conditions (al) and (a2) of Lemma 5.4. Since the left-hand side in (b1’) can be rewritten as

Z/ )" g (. tz + (1= )y) (25 — y;)vi dt

Si(z,tu™ + (1 — t)u_)(u;r —u; )(vy)idt

n 1 d )
- E/ g lSi@ tu® + (1= u)) ()it
= D[S u?) = Si(a,u”)(vu)i
i=1
Sl‘,u ) (LU’LL )Vu>7

Il
—~ =

condition (b1’) implies that the function S satisfies condition (b1) of Lemma 5.4, and in the same way
(b2’) implies (b2). a
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