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Convection-diffusion in mixed form
[C. & Manzini & Russo, SINUM, 2009]
Model probelm: Q@ c R? (d = 2,3) Lipschitz bounded domain

F = —(KVp—08p) in Q
divﬁ—l—cpzb in Q
p=20 on 02

Variational form W = [2(Q), V = H(div; Q)
Find (p,F) € W x V s.t.

(aF,G) — (p,divG) — (afp,G) = 0  VGeV
(divF, q) +(cp.q) = (b,q) VgeWw

where a == K71,



Mixed MFD formulation

[Brezzi, Lipnikov, Shashkov, SINUM, 2005]

@ 7T, MFD-type partitions of Q into polygonal (polyhedral) elements.
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Mixed MFD formulation

[Brezzi, Lipnikov, Shashkov, SINUM, 2005]

@ 7T, MFD-type partitions of Q into polygonal (polyhedral) elements.
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@ Discrete pressure space Qp

Q={a={qr € R}per,}. ForqeW,q € Qs: (q')p=




Mixed MFD formulation

[Brezzi, Lipnikov, Shashkov, SINUM, 2005]

@ 7T, MFD-type partitions of Q into polygonal (polyhedral) elements.

S e

@ Discrete pressure space Qp

1
Qv =1{a={ar € Riper,}. ForqeW,ql € Qy: (q)p = ﬁ/ g
P
@ Discrete flux space Xj,
o o - 1 o
Xp={G={Gf € R}cor,}. ForGeV,G' eXy: (G'), = [ G-Fi

fif unit normal vector assigned to f




MFD discretization
Mimetic Finite Difference (MFD): find (p,F) € Qn x X such that

[F,G]Xh — [p,dthG]Qh + Z pp [I@I’G]P =0 VG € X,
PeT,
[div,F, dq, +[c'p,alo, = [P dle, Ya € Qn

@ Discrete divergence divy : Xy — Qp given on each P € 7y, by

, 1
div,G|p= ] > ofIfIGr
feoP

@ Pressure space @, scalar product

[p.alo, = Y [Plpear
EcQy

@ Flux space Xj, scalar product

[Fa G]Xh = Z [F7 G]P
EEQh
in terms of any stable and consistent local scalar product [-,]p.



Po-compatible reconstructions

Set Xp = Xp|p. We name Py-compatible reconstruction a linear map
RFP : Xp — L2(P) such that for all G € Xg,

1. RPG|r - nf = G, vf € OP,
2. divRFPG = div,Glp,

and, for all constant vector C,
3. RpC' = C.

Let Mp be the (symmetric and positive definite) matrix defining the local flux
scalar product, and let A\pi, be its smallest eigenvalue.

Theorem [Brezzi, Lipnikov, Shashkov, Simoncini, CMAME, 2007]. There exists
g > 0 such that if Ayin > « then there exists a Pp-compatible reconstruction
RFP such that

[F,G]p = /(R)*lRPF-RPG dpP.
P



Error estimates

Assume that the scalar product for X}, is given by a Py-compatible reconstruction.
Then, we can re-write the MFD method in terms of L:

(aRF,RG) — (p,div RG) — (ARAH, RG) =0 VG € X,

(div RF,q) +((c'p), @) =(b,@ VaeQ

and analyze it as a mixed finite-element method (a la Douglas & Roberts '85).



Error estimates

Assume that the scalar product for X}, is given by a Py-compatible reconstruction.
Then, we can re-write the MFD method in terms of L:

(aRF,RG) — (p,div RG) — (ARAH, RG) =0 VG € X,

(div RF,§) +((c'p), @) = (bh,a) Vae @
and analyze it as a mixed finite-element method (a la Douglas & Roberts '85).
Theorem. Let © convex Lipschitz continuous domain, 7, MFD-type partitions of
Q, K strongly elliptic, (1/2)div3 + ¢ > 0.

If the scalar product of X}, is related to a stable Py-compatible reconstruction
then, for h small enough,

e = Bllo + [|F = RF|law < Ch (||pll1 + Allpll2 + /b = bY]o)
If, moreover, K is piecewise constant and 3 = R3", then

llp" = pllo < C h? (h|p||2 + ||bl]1) (pressure super-convergence)



Meshes used for numerical tests
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Pressure error
Q=(0,1)2, K=1,6=(1,3)7, c = xy?, and p = sin(27x) sin(2my) + x>+ y? + 1

Mesh M1 Mesh M
n | llp—pnllg" rate | [lp—pllc’  rate
10 9.13410°° —— 8.09510°7 —

20 | 46301072 1.007 | 3.9641072 1.029
40 | 23151072 1.012 | 1.9661072 1.011
80 | 1.1641072 0.995 | 9.81010~% 1.003
160 | 5.84110™% 0.995 | 4.90210~% 1.000
320 | 2.927107% 0.996 | 2.45110~° 1.000
llp —plls’  rate | [[p" —p[]§"  rate
10 | 3.06910 2 —— | 1.81310° %2 ——

20 | 1.0781072 1.551 | 52501073 1.787
40 | 2.807107% 1.964 | 1.3621073 1.946
80 | 7.483107* 1.913 | 3.46410~* 1.975
160 | 1.90410~* 1.975 | 8.720107° 1.990
320 | 4796107° 1.989 | 2.182107° 1.998




Pressure error

Q=(0,1)2, K=1,6=(1,3)7, c = xy?, and p = sin(27x) sin(2my) + x>+ y? + 1

Mesh M1 Mesh M>

n llp—plle’  rate | |lp—pllg’  rate
10 | 9.13410° 2 —— | 809510 2 ——
20 | 46301072 1.007 | 3.9641072 1.029
40 | 23151072 1.012 | 1.9661072 1.011
80 | 1.1641072 0.995 | 9.81010~% 1.003
160 | 5.84110™% 0.995 | 4.90210~% 1.000
320 | 2.927107% 0.996 | 2.45110~° 1.000
llp —plls’  rate | [[p" —p[]§"  rate

10 | 3.06910 2 —— | 1.81310° %2 ——
20 | 1.0781072 1.551 | 52501073 1.787
40 | 2.807107% 1.964 | 1.3621073 1.946
80 | 7.483107* 1.913 | 3.46410~* 1.975
160 | 1.90410~* 1.975 | 8.720107° 1.990
320 | 4796107° 1.989 | 2.182107° 1.998

@ Solution post-processing [C. & Manzini, CMAME, 2008]

@ A posteriori error estimators [da Veiga, NM, 2008, da Veiga, Manzini, Int. J.
Numer. Meth. Eng, 2008]

@ Convection-dominated problems [da Veiga, Droniou, Manzini, IMATI, 2009)]



Model problem and nodal MFD spaces
Model problem Q ¢ R? (d = 2,3) Lipschitz bounded domain

-V -(KVu)+p5-Vu=b in Q
u=20 on 02

Variational form find u € H}(Q2) such that

(KVu,Vv)+(B-Vu,v) = (b,v) Vve H;(Q)

Assumptions K strongly elliptic, —1V - 3 > 0, solution in H*(Q) = H}(Q) N C°(Q)
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Model problem and nodal MFD spaces
Model problem Q ¢ R? (d = 2,3) Lipschitz bounded domain

-V -(KVu)+p5-Vu=b in Q
u=20 on 02

Variational form find u € H}(Q2) such that

(KVu,Vv)+(3-Vu,v) = (b,v) Vv H(Q)
Assumptions K strongly elliptic, —1V - 3 > 0, solution in H*(Q) = H}(Q) N C°(Q)

Nodal MFD space 7, MFD-type partitions of Q, V(7},) set of vertices of 7,
[Brezzi,Buffa,Lipnikov, M2AN, 2009]

No = {v={v(v)}veyz : v(v) =0 Wv € 0Q} @
v(v)

For v € HY(Q), vl € No : (VD)|y = v(v).

10



Nodal MFD formulation

Quadrature formulas Let P € 7, and f C OP. @

@ wp weights of a vertex-based 0-th order quadrature formula
@ wr weights of a vertex-based 1st order quadrature formula
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(b,v)x == > blp(wp-vp)  with b|p average of b over P
PET,



Nodal MFD formulation

Quadrature formulas Let P € 7, and f C OP. @

@ wp weights of a vertex-based 0-th order quadrature formula
@ wr weights of a vertex-based 1st order quadrature formula

(b,v)x == > blp(wp-vp)  with b|p average of b over P
PET,

Mimicking the formula / VvdP = Z /vdS, define the
f

feop
Averaged

S A wr-ve (VPP =Vplp VpePi(P))
feoP

gradient Viv|p = |P|

(B : V*ujv)/\/ = Z (B . V*U)|P(WP . Vp)

PeT,



Nodal MFD formulation

[v, p'lp := |P| (KV*v) - (V*p!) VpePi(P) and veN|p

yields consistency and can be extended to all of 7 |p to yield a symmetric bilinear
form verifying an appropriate stability condition. Then,

[u,v] := Z [u,v]p

PeT,



Nodal MFD formulation

[v, p'lp := |P| (KV*v) - (V*p!) Vpe Pi(P) and veN|p

yields consistency and can be extended to all of 7 |p to yield a symmetric bilinear
form verifying an appropriate stability condition. Then,

[u,v] := Z [u,v]p

PeT,

Nodal MFD Find u e Ny :

[u,v] + (3 V*u,v)n = (b,v)xy VveAMN.



Nodal MFD formulation

[v,p'lp := |P| (KV*v) - (V*p')  VpePi(P) and veN|p

yields consistency and can be extended to all of 7 |p to yield a symmetric bilinear
form verifying an appropriate stability condition. Then,

[u,v] := Z [u,v]p
PET,

Nodal SD-MFD Find u € N :

[u,v] + (B Vu,v)x+ ZTP |P|(b—3-V*u)(3-V*v) = (b,v)y VveENMN.
PET,

—c hp if Pep > 1
TP =S /e otherwise

with  Pep := 2l

Note. SD-MFD = P;-FEM on triangular (tetrahedral) partitions



Convergence test: MFD method

K=el B=(23)

2(x—1) 2 3(y—1)
u=|x—e" = y-—e =

e = 1 (diffusion dominated regime)

h [l —u|l% rate | ||u' —u|l§, rate
145810 T | 2.014100f —— | 13271002 ——
72801072 | 1.043107! 0.948 | 3.46810°° 1.936
3.6441072 | 52981072 0.977 | 8.81010~* 1.976
1.8221072 | 2.6671072 0.990 | 2.21810~* 1.989




Convection-dominated test (¢ = 1072)
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Convection-dominated test (¢ = 1072)

Mainly-exagonal meshes M
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Harmonic basis functions
For P € Ty, let

CAv=0 in P
H(P):{V' vlr € Pi(f) WeaP}

H(P) = ({wi}ily), with @i(v)) = 0

16



Harmonic basis functions
For P € Ty, let

CAv=0 in P
H(P)_{"' Vs € Pi(F) WeaP}

H(P) = ({pi}iZy), with @i(v)) = 6;

Note that P;(P) C H(P) and

vp
e l= ZQD,
i=1
vp vp
9 X = insoi, y= Zy;@;
i=1 i=1

16



MFD scalar product (K =1)

For uy, v, € H(P)

vp

[, vulp == (Vuy, Vvy)p = E up(vi) </ Vi - Vg@dP) viu(v;)
ij=1 P
= (u))T Mot}

Note that mj; := /Vap, V;dP = / 8"”’ ©j



MFD scalar product (K =1)

For uy, v, € H(P)

vp

[, vulp == (Vuy, Vvy)p = Z up(vi) </P Vi - Vg@dP) viu(v;)

ij=1
= (U))T MexV!

Note that mj; := /Vap, V;dP = / 8"”’ ©j

Consistency: approximate mj; so that the resulting

approximate bilinear form [uy, vi]p = (u})T Mv] is exact when {

uy € Pl(P)
vy € H(P)



MFED consistency condition

Let, for instance, u, = x. Testing with ¢;, j=1,...,vp
vp vp
/ Vx -V, = / V(Z xipi) - Vpj = inmij
P Pz i=1

On the other hand,

Vj,
/VX-WJ-:/ nfoi= ) ni/wj
P opP feop  “f
f- f 1 6 f
=nj l/f 90171+nx/f901: 5 (1| + x| ])

j—1 J
Defining the vp x 2 matrices R and N by row

Co1
R =[x yl NJ:§[|g_1|ﬁﬁ—1+ﬁff|g] yields RTM = NT



Comments

@ MFD as harmonic FEM plus quadrature
> Triangular partitions base is {1, x, y}
» Quadrilateral partitions base is {1, x, y, xy }
[Hansbo, A new approach to quadrature for finite elements incorporating
hourglass control as a special case CMAME, 1998]
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Comments

@ MFD as harmonic FEM plus quadrature
> Triangular partitions base is {1, x, y}
» Quadrilateral partitions base is {1, x, y, xy }
[Hansbo, A new approach to quadrature for finite elements incorporating
hourglass control as a special case CMAME, 1998]

@ Extends to higher-order nodal MFD

@ Polyhedral interpolation and FE literature
"Finite element simulations in computer graphics are typically based on
tetrahedral or hexahedral elements, which enables simple and efficient
implementations, but in turn requires complicated remeshing in case of
topological changes or adaptive refinement. We propose a flexible finite
element method for arbitrary polyhedral elements, thereby effectively avoiding
the need for remeshing”
[Martin et al Polyhedral FE Using Harmonic basis Functions, ESGP, 2008]
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