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Approximation of the Maxwell eigenvalue problem
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Maxwell eigenvalue problem (PEC boundary, homogeneous isotropic material)

Find  # 0, (E,H) # 0 such that

curlE—ioH=0 & curlH+iwE=0 in

(Maxwell EVP) {Exn—O & H-n=0 on 0N

Simplest variational formulation

Find @ # 0, E € Hp(curl,Q)\ {0} such that

VE € Ho(curl,Q) /curlE~curIE:a)2/E~E
Q Q

Energy space: Ho(curl,Q) = {u € L2(Q)® | curlu € L?(Q)%;ux n=0}

Galerkin discretization:
Restriction to finite-dimensional subspace Vi, N — oo,

Eigenfrequencies are non-negative, discrete.
Problem: @ = 0 has infinite multiplicity
Kernel: Electrostatic fields: gradients of all ¢ € H}(Q2) (+ harmonic forms).

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010



Approximation on the square Q = (0, 7) x (0, )

Good approximation: Triangular edge elements (15 nodes per side, P¢)
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Approximation on the square Q = (0, 7) x (0, )

Bad approximation: Nodal triangular elements (15 nodes per side, P)
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Approximation on the square Q = (0, 7) x (0, )

Another bad approximation: One square element ((Qg)? N Hy(curl, Q))
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Wrong multiplicities!
Too many discrete divergence free functions
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The convergence result

Theorem [BCDDH]

Using the p-version of Nédélec edge finite elements on

* triangles or tetrahedra (first or second family) or on
* quadrilaterals or affine hexahedra (first family)

we obtain a spurious free spectrally correct approximation
of Maxwell eigenvalues and eigenfunctions.
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The convergence result

Theorem [BCDDH]

Using the p-version of Nédélec edge finite elements on

* triangles or tetrahedra (first or second family) or on
* quadrilaterals or affine hexahedra (first family)

we obtain a spurious free spectrally correct approximation
of Maxwell eigenvalues and eigenfunctions.

This means: Enumerate the positive exact eigenvalues (with multiplicity)
0< oM ga)(z) < ---SCOU) <.
and the positive approximate eigenvalues

0< o) <o) <...<of) <

Then a),(\;) converges to o, together with the eigenspaces.
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De Rham complex in dimensions d =2 and d =3

d = 2: The De Rham complex

Ho(d, 2,A%) —0s Ho(d, @A) —Fs Hy(d,2,02) —%2, 0

coincides with

grad 0

H(Q) 3% Ho(eur,2) —U 1) — 2. o

d = 3: The De Rham complex

Ho@ 2% —2 s ro@any —3 roeant) —2 H@an) —B g

coincides with

grad curl div
E—

H () 2% po(curt, ) U Ho(div, Q) 0

L2(Q) —— 0
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Some vocabulary about the de Rham complex

cochain projections = pr. satisfying the commutative diagram property
WK = [2(Q,\F)
VK = Ho(d,Q,A%) = H}(Q), Ho(curl, Q), Hy(div, Q), L2(Q)
Vi = H(8,9Q,AK) = {0}, H(div,Q), H(curl, Q), H' (Q)
Bk =imd = dV¥' c 3K =kerd = H(d0,Q,A¥)
9% =3k BKL : harmonic forms
V,’,‘, V;,‘, Vy @ finite element subspaces, h, p version, generic
for example:

B\« discrete divergence free fields, here — 3},

DIE divergence free fields, here = BM

in general: BAE ¢ B
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Necessary and sufficient conditions for convergence [Caorsi et al 2000]

Completeness of the Approximating Subspaces

Yu € Hp(curl, Q) : /\I/im igﬂ [u—unllyeuna) =0
—o Yy A

(CAS) = any eigenvector can be approximated by V,I, as N — oo.

But @ = 0 has infinite multiplicity
= All discrete eigenvalues will converge to O !
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Necessary and sufficient conditions for convergence [Caorsi et al 2000]

Completeness of the Approximating Subspaces

Yu € Hp(curl, Q) : /\I/im ir;fv1 [u—unllyeuna) =0
—o Yy A

(CAS) = any eigenvector can be approximated by V,I, as N — oo.
But @ = 0 has infinite multiplicity
= All discrete eigenvalues will converge to O !

We need to handle the kernel. Two different possible directions:

@ Blow up of the kernel
Regularization [old], weighted regularization [Co.-Dauge 2002]

(curlu,curlv) — (curlu, curlv)+s(divu.divv) 2 o)

@ Separation of the kernel
Commuting diagrams (“cochain projections”) + some conditions...
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Necessary and sufficient conditions for convergence Caorsi et al 2000
(X))

Completeness of the Approximating Subspaces

Yu € Hp(curl, Q) : /\I/im ir;fv1 [u—unllyeuna)y =0
—e uyeV

Completeness of the Discrete Kernels

vke3': m inf, Ik — k|l 2q) = 0.
N

|
N—co KnE

(DCP) [KIKUCHI 1989]

Discrete Compactness Property
Any sequence {uy}, _ with

uy € Vlllm(:,?}\l)L and ”uN”H(curl.Q) <1

contains a subsequence that converges in L?(Q)
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Spurious-free spectrally correct approximation

The ideal situation of eigenvalue approximation is to have (SFA) + (SCA):
With the exact eigenvalues

0< oM <@ <. . <o <. .
and the discrete eigenvalues

o< o’<oP <. . <ol <.

w,(\;) converges to o), together with the eigenspaces.
Theorem [CAORSI - FERNANDES - RAFFETTO 2000]

(CAS) + (CDK) + (DCP) == (SFA) + (SCA)

It remains to show (DCP)...

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010 13/36



Projection-based interpolation [Demkowicz et al]

From [Demkowicz08; Theorem 5.3]
There exist densely defined projection operators in the commuting diagram

grad

HIQ) 22 Ho(eur,Q) &% Ho(div,Q) 12(Q)

[ |7 |7 |7
0 __ grad 1 curl o div 3
Vp =W, — =Qp -— Vp =V, — V =Y

Lagrange Nedelec Raviart-Thomas dlscont.

div
—_—

Approximation properties [Demkowicz-Buffa]:
Ju—mpull,; < Clog?pp"™"|lullyr, r>3
||U* 7'E1U||H (curl) =C lonpir HUHH'(CUH) > %

Ju=m5ul| gy < Clogp P~ |[ull gy - r >0
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The Integral Operators
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The Poincaré operators: Definition

Let D C R® be star-shaped with respect to a € D

X

RI¥y(x) = (x—a)~/01 u(a—i—t(x—a))dt:/ u-ds

a
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The Poincaré operators: Definition

Let D C R® be star-shaped with respect to a € D

RIu(x) = (x—a)./o1 u(a+t(x—a))dt= /Xu.ds
RMMu(x) = —(x—a)x /01 tu(a+t(x—a))dt
RVu(x) = (x—a) /01 u(a+t(x—a))dt
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The Poincaré operators: Definition

Let D C R® be star-shaped with respect to a € D

RIu(x) = (x—a)./o1 u(a+t(x—a))dt= /Xu.ds
RMMu(x) = —(x—a)x /01 tu(a+t(x—a))dt
RVu(x) = (x—a) /01 u(a+t(x—a))dt

Known: 1. Polynomials are mapped to polynomials:

ERd‘V %curl %grad
PP2,  RTP (AL CEN
Raviart-Thomas Nedelec

IPPH

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010 16/36



The Poincaré operators: Definition

Let D C R® be star-shaped with respect to a € D

RIu(x) = (x—a)./o1 u(a+t(x—a))dt= /Xu.ds
RMMu(x) = —(x—a)x /01 tu(a+t(x—a))dt
RVu(x) = (x—a) /01 u(a+t(x—a))dt

Known: 2. Homotopy relations:

R gradu = u— u(a)
R curlu + grad R9*u =u
RIVdivu + curl Ry =u

divir®u=u
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The Poincaré operators: Definition

Let D C R® be star-shaped with respect to a € D

RIu(x) = (x—a)./o1 u(a+t(x—a))dt= /Xu.ds
RMMu(x) = —(x—a)x /01 tu(a+t(x—a))dt
RVu(x) = (x—a) /01 u(a+t(x—a))dt

Known: 3. Continuity [Gopalakrishnan, Demkowicz 2004]:

R MY« L3(D) — L*(D)

We want more: L?(D) — H'(D) !
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The Poincaré operators: Definition

Let D C R® be star-shaped with respect to a € D

RIu(x) = (x—a)./o1 u(a+t(x—a))dt= /Xu.ds
RMMu(x) = —(x—a)x /01 tu(a+t(x—a))dt
RVu(x) = (x—a) /01 u(a+t(x—a))dt

Known: 4. Application: Discrete Friedrichs Inequality [GoDe04]
(DF/) Yue (327)L : HUHLZ(Q) < Cr ||CUI"|UHL2(Q)
ue WPN(gradPP):t — u—R"curlu=gradR?*y 1L u
=
lull < u=(u=2g" curlu) | = |RE" curl ufl < | R 22y | curlu]|

Add boundary conditions with the help of a trace lifting operator.
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The Poincaré operators: Definition

Let D C R® be star-shaped with respect to a € D

RIu(x) = (x—a)./o1 u(a+t(x—a))dt= /Xu.ds
RMMu(x) = —(x—a)x /01 tu(a+t(x—a))dt
RVu(x) = (x—a) /01 u(a+t(x—a))dt

Known: 5. Application: Trace lifting in H(curl) [C-Dauge-Demkowicz08]
Construction of a p-uniformly bounded polynomial trace lifting in
H(curl) from trace liftings in H' and H(div).

W@ 9 g0 ;é'. v, v
YOlT,ZO(p) %lef(p) yanfn(p) ’yanlwgavg

d
w00) T g M veo ™ R
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The Poincaré operators: Definition

Regularized Poincaré operator:
6 € C3(B), D star-shaped with respect to B, [ 6(a)da =1

R u(x) = —/Be(a)(x— a) x /01 tu(a+t(x—a))dtda
RVu(x) = /Be(a)(x— a)- /01 t?u(a+t(x—a))dtda
and for differential ¢-forms u

Rou(x) = /Be(a)(x—a)J/o1 t""u(a+t(x—a))dtda

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010



The Poincaré operators: Definition

Regularized Poincaré operator:
6 € C3(B), D star-shaped with respect to B, [ 6(a)da =1

R u(x) = —/Be(a)(x— a) x /01 tu(a+t(x—a))dtda
RVu(x) = /Be(a)(x— a)- /01 t?u(a+t(x—a))dtda
and for differential ¢-forms u

Rou(x) = /Be(a)(x—a)J/o1 t""u(a+t(x—a))dtda

Change of variables... Weakly singular kernel
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The Poincaré operators: Definition

Regularized Poincaré operator:
6 € C3(B), D star-shaped with respect to B, [ 6(a)da =1

R u(x) = —/Be(a)(x— a) x /01 tu(a+t(x—a))dtda
RVu(x) = /Be(a)(x— a)- /01 t?u(a+t(x—a))dtda
and for differential ¢-forms u

Rou(x) = /Be(a)(x—a)J/o1 t""u(a+t(x—a))dtda

Change of variables... Weakly singular kernel

curl 2 X—y  x—y _ x—y
R u(x) = // P y|3 \x y|2)6(y r|X7y‘)dr><u(y)dy
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Bogovskil and Poincaré operators. Support properties

Regularized Poincaré operator:

Rou(x) = /BG(a)(xfa)J/; ¢V u(a+ t(x— a)) dtda

Bogovskil integral operator:

Tou(x) = —/Be(az)(x—a)J/:Ot“1 u(a+t(x—a))dtda

Duality: To=x(Rpr11)'*

Bogovskii

Support properties: o

Poincaré¢ [ .

e For x € D, ®,u(x) depends only on u|,

o lfu=00nR\ D, then T,u=00n R\ D. @
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Bogovskil and Poincaré operators. Main properties

Theorem [Co.-Mclntosh]

xRy, Ty are pseudodifferential operators

of order -1 on R?
xRy maps polynomials to polynomials
dr—1Reu+*Rpp1dpu=u
A1 T U+ dpu=u
Ry HS(D,NY) — HSH(D,A"1)  VseR
To HS(D,AY) — HSTY(D,A1) VseR

*

*

*

*

F(D) = H3(RY)

Many other spaces possible: WeP, B , (Besov), F5 4 (Triebel-Lizorkin)
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Proof: T, € OpS; §(RY)

(x=9)Gi(x.y) =k(x,x—y); k(x,2)=2z]5s"(s+1)"""6(x+sz)ds
k=ko+ki; ko=Jg...dse C™(R%)
= [{...ds = ky(x,z) =0 for |z| > |x| + diam(supp )

Symbol:
ki (x,8) */ 82 Ky (x,2) dz

_/ fs+1) 1/9”'<5’z>29(x+sz)dzds,
:/0 (t+1)Z_1e”<‘5”‘>/e_”<5’y> (v — x)8(y) dy at
:/(;1(t+1)€*1eit<5'x> (i(Vé)(té)fxé(t§)> ot

151 5 )
_ e 1/ ( +‘?75‘)( 1e/r<wx ('(V@)(‘L’(D)fxe(fw)> dt

< Comin{1, 5[ "}(1+x])

Similarly for 9% ki (x,6): = i €5y (RY < RY)
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vs general bounded

On a star-shaped domain D:

di—1Reu+ R deu=u
a1 Zu+ T dpu=u

and Ry, %, have support properties with respect to D.

dqu=0 — u=d_{Ru=d_1%u
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vs general bounded

On a star-shaped domain D:

di—1Reu+ R deu=u
a1 Zu+ T dpu=u

and Ry, %, have support properties with respect to D.

dqu=0 — u=d_{Ru=d_1%u

For any s € R:

ue H(D,A)and dju=0 = 3IveHH' (DAY u=dy qv
ue HS(D,AYand dju=0 = 3JveH (DAY u=d_qv
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vs general bounded

On a bounded Lipschitz domain Q with star-shaped hull D: Q

di—1ReU+Rep1deu=u
dr—1Zu+ T pdeu=u

D
/3
.

and Ry, %, have support properties with respect to D.

qu=0 — u=d {Ru=d,_1%u
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vs general bounded

On a bounded Lipschitz domain 2 with star-shaped hull D: Q

di—1ReU+Rep1deu=u
dr—1Zu+ T pdeu=u

D
/3
.

and Ry, %, have support properties with respect to D.

qu=0 — u=d {Ru=d,_1%u
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vs general bounded

New result: On a bounded Lipschitz domain Q:
There exist pseudodifferential operators Ry, <, of order —1 and
infinitely smoothing integral operators K/, £, such that

dr—1Reu+Rpp1deu = U+ Kyu
A1 %u+Tppau=u+Lu

and R/, Ky and T, £, have support properties with respect to 2.

dqu=0 = (1+R)u=d_1Rwu

u=di_1wv = u=d_1(FReu—HK1v)
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There exist pseudodifferential operators Ry, <, of order —1 and
infinitely smoothing integral operators K/, £, such that

dr—1Reu+Rpp1deu = U+ Kyu
A1 %u+Tppau=u+Lu

and R/, Ky and T, £, have support properties with respect to 2.

dqu=0 = (1+R)u=d_1Rwu
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Construction of Ry & K/ on a

§tar—shaped partition of unity: -
QC UL U, xi € CF(Uj),Lxi = 1 0on Q, U star-shaped /B;,6; € C3(B;), [ 6; =1
~ Ry j, %y ; constructed from 6;

Definition

Re=Y xiRei: Re=Y[d—1,X]Rei B
= A1 Ru+Rpdiu=Y xiu+RKu=u+Ku onQ
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Construction of Ry & K/ on a

§tar—shaped partition of unity: -
QC UL U, xi € CF(Uj),Lxi = 1 0on Q, U star-shaped /B;,6; € C3(B;), [ 6; =1
~ Ry j, %y ; constructed from 6;

Definition

Re=Y xiRei: Re=Y[d—1,X]Rei B
= A1 Ru+Rpdiu=Y xiu+RKu=u+Ku onQ

But: Ry is of order —2 only ! We want —oo |
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Construction of Ry & K/ on a

§tar—shaped partition of unity: -
QC UL U, xi € CF(Uj),Lxi = 1 0on Q, U star-shaped /B;,6; € C3(B;), [ 6; =1
~ Ry j, %y ; constructed from 6;

Definition

Re=Y xiRei; RKe=Y[d—1, xR B
= A1 RUu+Rpdiu=Y xiu+RKu=u+Ku on

But: Ry is of order —2 only ! We want —oo |
Therefore: k star-shaped partitions of unity. - .
WDt = B8D =1,k

!

Definition

oo =2 + AR + 40 AR +o 4 /D /IR

fo=aN...a.

Observation: If xp is such that there exists a j for which all of the functions x,(f)

i=1,...,mY, are constant in a neighborhood of xo, then &, is of order —eo near xo.
Lemma: There exists a finite number k of star-shaped partitions of unity of 2 such
that for every xo € R9 the above property holds.
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Regularity of dv = u

Corollary 1

For any s € R we have:
@ ueH(QUAY), u=d_jv,any ve H(QA"), teR

— JweH T QAT u=d_w

IWllgst1(q) < C (lull s + Vi) -

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010 25/36



Regularity of dv = u

Corollary 1

For any s € R we have:
@ ueH(QUAY), u=d_jv,any ve H(QA"), teR

— JweH T QAT u=d_w
IWllgst1(q) < C (lull s + Vi) -

Proof: v=d 2R 1v+Redp_1v—RKRy_1v

=

u=dap 1v=dp_1 (%gufﬁgq V) = dpqw
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Regularity of dv = u

Corollary 1

For any s € R we have:
@ ueH(QUAY), u=d_jv,any ve H(QA"), teR

— JweH T QAT u=d_w

IWllgst1(q) < C (lull s + Vi) -

() ue H3(Q,AY), u=dy_yv,any v e H(QAT), teR

— IweH T QAT u=d_w

Wl gst1mey < C (Ul pe(ray + 1V e(wa)) -

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010 25/36



Regularity of the kernel

For any s € R we have:
(@ ueH(QUA),du=0inQ = u=d_Ru+Ku inQ

Rou e HHY(Q AT, Rue c(QN)
®) ueH(QUAY), du=0inR! = u=d_Tu+Lu inRY

Toue HT(Q,AY),  gue Co(Q,AY)

4

Corollary 3, Regularity of cohnomology spaces

ker(dy ) /im(dp_

) /im(dp-1

HS(Q.AL) Hs+1 (Q’/\l—W))

ker ( dy

FIS(Q,N) Hs+1 (A )

are of finite dimension independent of s and
can be represented by C™ functions.

v
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Some applications in vector analysis
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Gradient in negative Sobolev spaces

Question: ¢ € H'(Q), grad¢ € H'(Q) = ¢ € L3(Q)

19llo < C(llgrad¢|| 4 +[|¢[] +)
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Gradient in negative Sobolev spaces

Question: ¢ € H'(Q), grad¢ € H'(Q) = ¢ € L3(Q)

19llo < C(llgrad¢|| 4 +[|¢[] +)

Application:
Proof: Lions ca. 1958 (2 smooth), Ne¢as 1967 (2 Lipschitz), Nitsche 1981
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Gradient in negative Sobolev spaces

Question: ¢ € H'(Q), grad¢ € H'(Q) = ¢ € L3(Q)

19llo < C(llgrad¢|| 4 +[|¢[] +)

Application:
Proof: Lions ca. 1958 (2 smooth), Ne¢as 1967 (2 Lipschitz), Nitsche 1981
0 € H(Q), grad ¢ € H5(Q) = ¢ € HST'(Q) Vs, t € R
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Curl with Dirichlet conditions

Question: €2 simply connected Lipschitz,
ue H(Q),divu=0=3ve H(Q):u=curlv

Ivllz < Cllully

Application:
Proof: Ciarlet jr. & Ciarlet 2005

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010



Curl with Dirichlet conditions
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Curl with Dirichlet conditions

Question: €2 simply connected Lipschitz,
ue H(Q),divu=0=3ve H(Q):u=curlv

vl < C lull;
Application:
Proof: Ciarlet jr. & Ciarlet 2005

Question: What if 2 is not simply connected?
ue H(Q),divu=0

= IV EHZ(Q),04,....0: u=curlv+ Y2, ash;
Regularity of the cohomology forms h;? h; € C*(Q)
Application:
Proof: New
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Curl with Dirichlet conditions

Question: 2 simply connected Lipschitz,
ue H)(Q), divu=0=3ve H(Q): u=curlv

[vlly < Cllully
Application:
Proof: Ciarlet jr. & Ciarlet 2005

Question: What if 2 is not simply connected?
ue H(Q),divu=0

— v e H3(Q),04...., 0 u=curlv+ Y, o;h
Regularity of the cohomology forms h;? h; € C*(Q)
Application:
Proof: New

There exists finite-dimensional /% , C C*(,A") such that

H5(div0,Q) = curl Hy ' (Q) @ g, VseR
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Divergence with Dirichlet conditions

Question: u € L?(Q), [qu=0, = Jv e H}(Q) :u=divv

Ivlly < Cllully

Application:
Proof: Old
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Divergence with Dirichlet conditions
Question: u € L?(Q), [qu=0, = Jv e H}(Q) :u=divv

Ivlly < Cllully

Application:
Proof: Old

Question: m> 0,1 < p < oo,
ue WgP(Q), fqu=0,= Ive W P(Q) : u=divv

IVl < Cllully
Application:

Proof: Bogovskii 1979, book by G.P. Galdi 1994,
but still conjectured in 2002...
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Divergence in polynomial spaces, L% - H~' estimate

Question: K reference element, p e N,
uePP(K),= 3JveRTP(K) :u=divv

llvllo < Cllull_y, C independent of p
Application: Uniform hp-efficiency of residual-based error estimator

Proof: Braess, Pillwein, Schdberl 2009 for rectangles K
For simplex K, general polyhedral K: New
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Divergence in polynomial spaces, L% - H~' estimate

Question: K reference element, p e N,
uePP(K),= 3JveRTP(K) :u=divv

llvllo < Cllull_y, C independent of p
Application: Uniform hp-efficiency of residual-based error estimator
Proof: Braess, Pillwein, Schdberl 2009 for rectangles K

For simplex K, general polyhedral K: New

v=R"u — ||V||s+1 < C(s) ||u||s VscR
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Curl in polynomial spaces

Question: K simplex, p € N, WP(K) edge elements of degree p, 0 < r < 1
z € H'(K), curlz € curl WP(K)
= JveWP(K): curlz=curlv
zZ=v-+grad¢

ol < Cllzl, C independent of p

Application:
Proof: New [BCDDH]
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Curl in polynomial spaces

Question: K simplex, p € N, WP(K) edge elements of degree p, 0 < r < 1
z € H'(K), curlz € curl WP(K)
= JveWP(K): curlz=curlv
zZ=v-+grad¢

ol < Cllzl, C independent of p
Application:
Proof: New [BCDDH] :

Releurlz + gradR%?z
= v + grad ¢

z
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Projection-based interpolation [Demkowicz et al]

From [Demkowicz08; Theorem 5.3]
There exist densely defined projection operators in the commuting diagram

grad

HIQ) 22 Ho(eur,Q) &% Ho(div,Q) 12(Q)

[ |7 |7 |7
0 __ grad 1 curl o div 3
Vp =W, — =Qp -— Vp =V, — V =Y

Lagrange Nedelec Raviart-Thomas dlscont.

div
—_—

Approximation properties [Demkowicz-Buffa]:
Ju—mpull,; < Clog?pp"™"|lullyr, r>3
||U* 7'E1U||H (curl) =C lonpir HUHH'(CUH) > %

Ju=m5ul| gy < Clogp P~ |[ull gy - r >0

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010 33/36



Proof of discrete compactness

Nedelec’s trick + regularized Poincaré operator give (DCP):

Let u € (35)* C VX and let z € V¥ be defined by
dz=du and ze(3*

du—miz) =dnj(u—2z) =n5'd(u—z)=0

Then

u

k k
= u-myz€3, L, {z
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Proof of discrete compactness

Nedelec’s trick + regularized Poincaré operator give (DCP):

Let u € (35)* C VX and let z € V¥ be defined by

dz=du and ze(3*

Then
du—miz) =dnj(u—2z) =n5'd(u—z)=0
= u—n§z€3;§ Ly {Z
—
lu—z|| <|lu—z—(u—m2)|| = ||z 52|

On each element:  z=dRz+Rdz=d¢ +Rdu —
Iz — =52l = l|d(¢ — 5~ '9)| < Cp |9 ll1-r < Cp"||2lls
for some r > 0. Also holds globally.
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Proof of discrete compactness

Nedelec’s trick + regularized Poincaré operator give (DCP):

Let u € (35)* C VX and let z € V¥ be defined by

dz=du and ze(3*

Then
du—miz) =dnj(u—2z) =n5'd(u—z)=0
= u—ngze3g Ly {Z
—
lu—z|| <|lu—z—(u—m2)|| = ||z 52|

On each element:  z=dRz+Rdz=d¢ +Rdu —
|1z —m5z] = [|d(¢ — =5~ @)l < Cp "[|9]l1+r < Cp "Iz

for some r > 0. Also holds globally.
If u varies in a bounded set of V, z varies in a bounded set of
VN (3% ¢ H", which is compactly embedded in L2.
Since ||u—z|| = O(p™"), u also remains in a compact subset of L.
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An open problem

Proposition (pulL2p)
For the p version edge elements, there exist cochain projections

o wk = V;;

whose L2 operator norm is uniformly bounded in p

The corresponding result (huL2p) for the h version is true: Construction by
SCHOBERL-CHRISTIANSEN-ARNOLD-FALK-WINTHER [AFW10]
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An open problem

Proposition (pulL2p)

For the p version edge elements, there exist cochain projections
o wk = V;;

whose L2 operator norm is uniformly bounded in p

The corresponding result (huL2p) for the h version is true: Construction by
SCHOBERL-CHRISTIANSEN-ARNOLD-FALK-WINTHER [AFW10]

Conjecture (M. C. 2010)
Proposition (pulL2p) is not true

One can get away with less:

In [BCDDO6], discrete compactness (for 2D rectangles) was proved based
on a O(,/p) estimate for the L% norm of a certain (uniformly
H(curl)-bounded) projector.

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010 35/36



Thank you for your attention!

Martin Costabel (Rennes) Poincaré & p version FEM for Maxwell Pavia, 29/06/2010 36 /36



	Introduction
	References
	The Maxwell eigenvalue problem
	Projection-based interpolation

	Regularized Poincaré and Bogovskiı integral operators
	Definition
	Support properties
	Results

	Applications
	Some puzzles from vector analysis
	Projection-based interpolation
	Conjecture


