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Non-polynomial basis methods

>

Introduction

The partition of unity finite element method (PUFEM)
by Babuska and Melenk (1997).

Least squares method (LSM) by Monk and Wang
(1999).

Discontinuous enrichment method (DEM) by Farhat et
al. (2001).

Discontinuous Galerkin method (DGM) by Farhat et al.

(2003), Gittelson, Hiptmair and Perugia (2007).
Discontinuous Petrov-Galerkin method (DPGM) by
Demkowicz et al. (2009)

Non-polynomial FEM by Barnett and Betcke (2009)
The ultra-weak variational formulation (UWVF) by
Després (1994), Cessenat and Després (1998).
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UWVF A 3D plane wave
basis for elastic
wave problems
Luostari,

Huttunen &
Monk

» Special form of the DGM, Huttunen, Malinen and Monk
(2006), Gabard (2007)

» Originally plane wave basis functions, (in 2D Bessel
basis possible choice)

Introduction

Uses FE meshes

Number of basis functions can vary from element to
element

Matrices resulting in the UWVF are sparse
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Navier problem

Navier equation base for slastie

wave problems
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Let Q be a computational domain with the boundary ' = 9Q
and let Q consists of non-overlapping elements, i.e.

Q = U, Q where N is the number of elements. For each
Qy the Navier equation is Navier problem

pAu+ A+ @)V(V-u) +w?pu=0 in Q (1)

where w is the angular frequency of the field, u is the
time-harmonic displacement vector, A and p are the Lamé
constants and p is the density of the medium.
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Navier problem

Lamé constants and wave speeds basi for clasic.

wave problems
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The Lamé constants can be expressed as Monk

E Ev

M=oy AT arna-2) 2)

Navier problem
where E is the Young's modulus and v is the Poisson ratio.
The wave speeds for the P-wave and S-wave are,

A+2
cp = |22 cszﬁ. 3)
P P
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Derivation of the UWVF

Traction operator basi for clasic.

wave problems

Luostari,

Traction operator T(™(u) maps local displacements to local Huttunen &
tractions on any closed surface S and it is defined as Monk

T (W) = 2’“2: +AnV -u+pun XV x u. (4)

Derivation of the

where n is an outward unit normal to the surface S. UWVF
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Derivation of the UWVF

Traction operator basi for clasic.

wave problems

Luostari,

Traction operator T(™(u) maps local displacements to local Huttunen &
tractions on any closed surface S and it is defined as Monk

TM(u) = 2/12 +AnV-u+pun x V xu. (4)

Derivation of the

where n is an outward unit normal to the surface S. In UWVF
addition, the complex conjugate of the traction operator T is

TO)(u) = 2,u,g +AnV - u+7anxVxu (5)

TO(@).

and T(" (u)
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Derivation of the UWVF

Faces and exterior boundary basi for clasic.

wave problems

Let Q4 and Q; be neighboring elements and share a common .
uostari,
face. The interface between Q4 and €); is denoted by >, .. Huttunen &
. Pl Monk
Therefore on 3, ; the following conditions hold

ulg, = ulg; (6)
T ulg,) = ~T"%(ulg) (7)

Derivation of the
UWVF

where n|g, is an outward normal to Q4 and similarly n\Qj to
Q; (note that n[g, = —nlg;).
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Faces and exterior boundary

Let Q4 and Q; be neighboring elements and share a common
face. The interface between Q4 and €); is denoted by >, ..
Therefore on 3, ; the following conditions hold

ulg, = ulg; (6)
T ulg,) = ~T"%(ulg) (7)

where n|g, is an outward normal to Q4 and similarly n\Qj to
Q; (note that n|g, = —n|g;). On the exterior boundary I' we
have

T™W(u) —iou= Q(-T™(u) —icu)+g onT (8)

where g is the source term, Q specifies the boundary
conditions and o is a coupling parameter (flux parameter).

A 3D plane wave
basis for elastic
wave problems
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Derivation of the
UWVF
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Derivation of the UWVF

A 3D plane wave
| som et ry I_e mma basis for elastic
wave problems
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It can be shown that Monk

Zk:/BQk o1 <_T("k)(uk) _ iauk) : (—T("k)(ek) _ iaek)

= E /85‘2 o1 (T(nk)(Uk) - iouk> . (T("k)(ek) — iaek> Bl o
k k
9)

where uy is the solution of the Navier equation (1) and ey is
the test function that satisfies the adjoint Navier's equation.
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Derivation of the UWVF

The UWVF basie or clastc.
wave problems
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Huttunen &

Using the “Isometry Lemma” and boundary conditions we Monk

obtain the UWVF as
Z / o X (=T (ef) — ioey) — Z Z / 071%'(T("k)(ek) —ioey)
PREEY Kk J Xk
Derivation of the

-3 / Qo Xy (T (ey) — ivey) = Y /a*lg-(ﬂ"k)(ek) ~ ivey) ovE
k Tk k Tk
(10)

where X = T(“k)(uk) — jouy on 0€.
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Derivation of the UWVF

Discretization e

wave problems
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The solution of the adjoint Navier equation is separated into
three components (Helmholtz decomposition): P-wave,
SH-wave and SV-wave. Therefore

Derivation of the
UWVF

ex = e p + ey sH + e sy (11)

which satisfy V x ep =0 and V:-esy =V -esy = 0.
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Derivation of the UWVF

Similarly, the approximation for X is

Pb

Xy ~ Z [Xf,é <7T("k)(ef’3) - iffef,z)]

=1
P

3 [ (-T e — o) |
=1

P

+ E [Xf\é (—T("")(ef"z) - iaef)ﬁ)} .

where
of, _ § Ak exp(iRpak,e - x) in Qi
K=Y 0 elsewhere

1 — .
sH_ | aiy exp(iRsHak,e - x) in Q
0 elsewhere

1 . .
esv _ ak’g X ak.e eXp(Il{s\/ak,g . X) mn Qk
kit elsewhere

where ay ; is the direction of propagation.

A 3D plane wave
basis for elastic
wave problems
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Derivation of the UWVF

Discrete UNVF

Find Xh,k S Vh,k; k= 1,2,....N such that

Z/ o Xk Yok — Z Z/ o X F(Vnk)
k7O Kk Xk
— Z/ Qo " Xh i - F(Vni) = Z/ o g F(Vni)
k Tk k YTk

for all Ypx € Vi, k=1,2,..., N where

k
Fm) =3 [y (T (el ) — ioef )|

=1

P

+> [y (TR — el

/=1

+Z [YH ( T (eY) — ’Uef\z{” .
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Derivation of the UWVF

A 3D plane wave

'\/l at rl ces basis for elastic

wave problems
The discrete UWVF can be written in a matrix form as

Luostari,
Huttunen &

(D — C)X = b = (I — D_lc)X = D_lb (13) Monk

where D is a sparse block diagonal matrix
D = diag(D*,D?,...,D*,...,D") so that

k k k
D D D
k [’,P,Z,m EH’P’Z"" kSV,P,Z,m Derivation of the
D" =| Dpsnem Dsvsem Dsvshem |- (14) WG
k k k
DP,sv,e,m DSH,sv,e,m st,sv,e,m

where, for example,

k
Dp st om =

/ ot (~TOW(ef ) — ivef ) - (~TOW(ef) — ivest).  (15)
o
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Derivation of the UWVF

A 3D plane wave

'\/l at rl ces basis for elastic

wave problems

Sparse matrix C consists of blocks C*¥ and C*¥. Matrix blocks C* are Hh;'t‘l’f,:;:&
on the diagonal and C*7 are on the off-diagonal of matrix C. Matrix Monk

block C¥ can be written as follows

k k k
B CP,P,E,m CSH,P,e,m CSV,P,e,m
_ k k k
"= CP,SH,E,m CSH,SH,Z,m CSV,SH,Z,m (16)
Ck ck ck
P,SV.t,m SH,SV t,m SV,SV.,4,m Derivation of the
UWVF

where, for example, CII;(’,SH,Z,m is of the form

k
Cp.sHt,m =

Qo (=T (e ) — ief ) - (TP (efh) — icef’t),  (17)

Mk

similarly others.
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A 3D plane wave

'\/l at rl ces basis for elastic

wave problems

Luostari,

The off-diagonal block matrix C*¥ is as follows H"tl\‘,:g:f; &

k.j
y C’f P.0,m CEH P.t,m Csv P.t,m
Jo_ J
= CP SH,¢,m CSH_,SH,Z,m Csv SH,t,m (18)
J
CP SV,,m CSH,SV,é,m Csv SV.,6,m
Derivation of the
where, for example, CP SH.,0,m is of the form UWVF

k.
CP,SH,Z,m -

[ o (Tt i) (Feotet) ioetl). (19
k.j

others can be derived in a similar manner.
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Numerical results

Plane wave propagation in a unit cube basi for clasic.

wave problems
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The exact solution is of the form Monk

u = Ardexp(ikpx - d) + Axdsy exp(irsx - d)
+ Asdsy exp(iksx - d)

where the wave numbers are kp = w/cp, ks = w/cs, the
direction d ~ [-0.73 0.45 0.51], dsy = d*, umerical results
dsy = d* x d and the amplitudes A; = Ay = A3 =1. In
addition, Vxup =0and V-usy =V -usy =0. As a

boundary condition we choose @ = 0.
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Numerical results

A 3D plane wave
Fl ux pa ram eter basis for elastic
wave problems
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In numerical simulations we use an ad hoc choice for

coupling parameter (flux parameter) that is
o =wpR{cp}l (20)

where | is the unit matrix. Numerical results
More investigations of the optimal flux parameter will be
investigated in (near) future.
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Numerical results

A 3D plane wave
basis for elastic
wave problems
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Numerical results

Figure: The mesh. The maximum centroid-vertex distance
(element diameter) for element h = 0.4979. Number of tetrahedra
24, faces 60 and vertices 14.
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Numerical results

A 3D plane wave

Results for p-convergence basis o elastc

wave problems

K, =4.0551 and K = 8.0503
P s .
). Luostari,

o - 107" ——p,=0.25p Huttunen &
. ——Pp=(1/3)pg| Monk

—+-P,=05pg
10|+ pp=@pg
—e—Pp=Pg
g10°
8 10°
@
©
=
g
K] 10°
e .
107"

Numerical results

50 150 50 0O 150
Number of basis functions Number of basis functions

Figure: Results when kp = 4.0551, ksy = ksy = 8.0503 with
different ratios between pp/ps and mesh size is fixed.
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Numerical results

Coarsest and densest mesh e

wave problems
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Numerical results

-05 -05 -05 -05

Figure: The coarsest hpax = 0.7395 and densest meshes
hmax = 0.1269.
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Numerical results

A 3D plane wave

Results for h-convergence basis o elastc

wave problems

K, = 4.0551 and ng=8.0503

10 _ _ 10 — = Luostari,
—pp=10, pg=20 —Ppp=10, pg=20 Huttunen &

Monk

+pp=7, pS=21

Relative error (%)
=
(=}
max(cond(D k))

Numerical results

_, )
10 10°— =
10708 10702 10 0.8 10 0.2

mesh size h mesh size h

Figure: Results when kp = 4.0551, ksy = ksy = 8.0503 with
different ratios between pp/ps. Number of basis functions per
element blue line p;or = 50 and black line por = 49.
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Numerical results

Results for h-convergence

Kp, =4.0551 and Ks=78'0503

10° 10
—Pp=8, pg=21 —Pp=8, pg=21
——Ppp=10, pg=20
+pP:12, p5:19
~10'
g 2
5 o
£ =1
@ =
H g
:
[}
@ 10°
-1 2|
10 - = 10 = =
05 10°2 1005 1002
mesh size h mesh size h

Figure: Results when kp = 4.0551, ksy = ksy = 8.0503 with
different ratios between pp/ps. Number of basis functions per
element por = 50.
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Numerical results

Figure: The mesh when h,,,, = 0.4978.
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Numerical results

A 3D plane wave
basis for elastic
wave problems
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Table: Results when pp = 25 and ps = 50, mesh is fixed and wave Monk

number varies.

Kp Ks error (%) | max(cond(D¥))
4.0551 | 8.0503 0.0321 5.8143e8
5.0689 | 10.0629 | 0.1319 4.5035e7
6.0826 | 12.0755 | 0.4232 5.4503¢6 T
7.0964 | 14.0881 1.1347 9.2297e5
8.1102 | 16.1007 | 1.6142 2.0051e5
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A 3D plane wave
basis for elastic
wave problems
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» Preliminary results show that the UWVF can be applied i,
to the 3D elastic wave problems, Monk

» Work in progress,

» More investigations needed, especially,
finding optimal flux parameter,

optimal ratio between the basis functions,
problems including surface waves,
scattering,

HIFU,

etc.

Conclusions
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Thank you for your attention!
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