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IgA: IsogeometricAnalysis

a new method for the analysis of problems governed by PDE:

[Cottrell-Hughes-Bazile vs, CMAME, 2005]

® geometrically exact: exact representation of common
engineering shapes at any level of discretization
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IgA: IsogeometricAnalysis

a new method for the analysis of problems governed by PDE:

® geometrically exact: exact representation of common
engineering shapes at any level of discretization

) simplied mesh re nement by eliminating the need for
communication with the CAD geometry

® [soparametric approach “the solution space for dependent
variables is represented in terms of the same functions which
represent the geometry”
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IsogeometricAnalysis basedon NURBS

® several ef cient possibilities of re nement:
o h renement (knot-insertion/knot-re nement)
o p renement (degree-elevation/degree-raising)
s k renement (suitable combinations of the previous)
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IsogeometricAnalysis basedon NURBS

® several ef cient possibilities of re nement:
o h renement (knot-insertion/knot-re nement)
o p renement (degree-elevation/degree-raising)
s k renement (suitable combinations of the previous)

#® additional global smoothness is regarded as bene cial
# easy treatment of smooth “elements”

® easy treatment regions with sharp variations
® existence of ef cient and stable algorithms for evaluation
and representation

® “In a sense, Isogeometric Analysis [pased on NURBS] is @ superset of FEA”
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Remarks

® NURBS possess nice properties of B-splines and allow
exact description of the geometry for a large set of objects
of practical interest
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Goal

® NURBS possess nice properties of B-splines and allow
exact description of the geometry for a large set of objects
of practical interest

® NURBS present signi cant drawbacks:
# geometric
o analytic (derivatives/integrals)

» NURBS are not a requisite ingredient in Isogeometric analysis

® Generalized B-splines: well established alternatives to
NURBS behaving as B-splines from the analytic point of
view

(problem-dependent) generalized B-splines as an alternative in IgA

structural analysis and uid analysis
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® Remind on B-splines
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# Mmain properties
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Outline

® Remind on B-splines
» de nition
# Mmain properties

® Alternatives to the NURBS (rational) model: why ?

® The alternative: Generalized B-splines
o de nition
# Mmain properties

#® Applications in IgA
o structural analysis
o advection-diffusion
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B-splines

® B-spline functions/curves/surfaces are NOT special
piecewise polynomial (p.p.) functions/curves/surfaces
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B-splines

B-spline functions/curves/surfaces are NOT special
piecewise polynomial (p.p.) functions/curves/surfaces

B-splines are a special form to represent any p.p.
function/curve/surface

Why are B-splines so popular?
they are the best way to represent p.p. both from the
geometric and computational point of view

there exist ef cient and stable algorithms for their
evaluation/manipulation
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CAD) B-splines

Givenasetofknots =f 1 > n+p+1 0
where usually
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Givenasetofknots =f 1 > n+p+1 0
where usually

1= = p+1 < < n+1 = = n+p+l

B-spline basis funcfions are de ned recursively

3 20 )
1 i+ ; .
Bi(;)(t) = 3 i+22 iil T2 i i)
: 0 elsewhere
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1= = p+1 < < n+1 = = n+p+l

B-spline basis funcfions are de ned recursively

3 20 )
Bi(;l) (t) = § i+i2+2 iil T2 i i)
: 0 elsewhere
1 i+1+ p 1 D1y
BI(,p)(t) i+p IB(p )(t)+ |+1+1|0IO I+1 BI(E]‘ )(t)’ P °

I-th B-spline, of degree p, with knots
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CAD) B-splines P : degree

Givenasetofknots :=f 1 > n+p+10
where usually

1= = p+1 < < n+l = = n+p+l

B-spline basis funcfions are de ned recursively

3L 2lm)
1 i+ : .
Bi(;)(t)::§ i+22 iil T2 i i)
: 0 elsewhere
Integral relation
M _ Kt ( Dakp R0 Da(p 1) M 1
Bi; (t) S | i; Bi; (S)dS 1 i+1 Bi+1; (S)dS, i, T Rya B(p)(s)ds
1 i;

I-th B-spline, of degree p, with knots

Beyond NURBS: Non-Standard CAGD Tools in Isogeometric Analysis — p.7/33



CAD) B-splines P : degree

Givenasetofknots =f 1 > n+p+1 0
where usually

1= = p+1 < < n+1 = = n+p+l

B-spline basis funcfions are de ned recursively

3 L 2l
B 0= s 2L )
: 0 elsewhere
( ) . ( 1) i+1+ t ( 1)
Bi;p (t) = i+p i B i (t) + i+1+lp ; i+1 Hl?l (t) p 2
1p:zls 4 5 % 1 ‘zp:324 5 6 % 1 2 3p4:3 6
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CAD) B-splines P : degree

Givenasetofknots =f 1 > n+p+1 0
where usually

1= = p+1 < < n+1 = = n+p+l

B-spline basis funcfions are de ned recursively

3 20 )
Bi(;l) (t) ::§ i+i2+2 iil T2 i i)
: 0 elsewhere
1 i +1+ t 1
BP ()= Bl Y+ e Lg® D) p 2
p=1 é 5: 2
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B-splines: properties...

B-splines have minimum support

B-splines are a basis for piecewise polynomials

They are all non negative and form a partition of unity

Bi(;p) IS (at least) of class CP i at j: ; multiplicity of ;
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B-splines: properties...

B-splines have minimum support

B-splines are a basis for piecewise polynomials

They are all non negative and form a partition of unity

Bi(;p) IS (at least) of class CP i at j: ; multiplicity of ;
CAGD: knot insertion/knot re nement $ Isogeometric Analysis: h-re nement

CAGD: degree elevation/degree raising $ Isogeometric Analysis:

p-re nement
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B-splines: properties...

B-splines have minimum support

B-splines are a basis for piecewise polynomials

They are all non negative and form a partition of unity

Bi(;p) IS (at least) of class CP i at j: ; multiplicity of ;
CAGD: knot insertion/knot re nement $ Isogeometric Analysis: h-re nement

CAGD: degree elevation/degree raising $ Isogeometric Analysis:

p-re nement

MAIN DRAWBACK: conic sections cannot be reproduced
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N U R BS . Non Uniform Rational B-Splines

Given fBi(;p)(t); =1, g W:=fw; O0,1=1, g; weights

wiB P (t)

(p) —
R ()= Py  wi BP (1)
1= ¥

U

NURBS: projective transformation of B-splines
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N U R BS . Non Uniform Rational B-Splines

Given fBi(;p)(t); i = 1 g W:=fw O0;i=1 g weights

wiB P (t)
'y Wi B{P (1)

RP (1) = p

NURBS: projective transformation of B-splines
positivity
p. of unity
compact support
smoothness

reproduce conic sections
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N U R BS . Non Uniform Rational B-Splines

Given fBi(;p)(t); i = 1 g W:=fw O0;i=1 g weights

wiB P (t)
'y Wi B{P (1)

RIP (1) =

U

NURBS: projective transformation of B-splines
positivity
p. of unity
compact support
smoothness

reproduce conic sections
NURBS are an ef cient tool in IgA
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Drawbacks of the NURBS (rational) model

Geometry

rational curves require additional parameters (weights)
whose selection is often not clear

wiBP (t)
=W Bj(;p) (t)

RIP (1) = p
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Drawbacks of the NURBS (rational) model

Geometry

rational curves require additional parameters (weights)
whose selection is often not clear

parametrization of conic sections does not correspond to
natural arc-length parametrization: unevenly spaced
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Drawbacks of the NURBS (rational) model

Geometry

rational curves require additional parameters (weights)
whose selection is often not clear

parametrization of conic sections does not correspond to
natural arc-length parametrization: unevenly spaced
points

the rational model cannot encompass transcendental
curves: many of them (helix, cycloid, ...) are of interest in
applications
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Drawbacks of the NURBS (rational) model

Analysis

the derivative of a degree-p integral curve is of degree
p 1. the derivative of a degree-p rational curve is of
degree 2p...

d () fer. : — 4. _ (P 1) jn. i — 4.
a < Bi;p (t)1 | = 11 > =< Bi;p (t)1 | = 11 >
d _o® .02 1. _ 5
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Drawbacks of the NURBS (rational) model

Analysis

the derivative of a degree-p integral curve is of degree
p 1. the derivative of a degree-p rational curve is of
degree 2p...

d () fer. : — 4. _ (P 1) jn. i — 4.
a < Bi;p (t)1 | = 11 > =< Bi;p (t)1 | = 11 >
d _o® .02 1. _ 5

exact integration of rational curves is hard and may require (whenever possible)

involved non rational forms
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Drawbacks of the NURBS (rational) model

Analysis

the derivative of a degree-p integral curve is of degree
p 1. the derivative of a degree-p rational curve is of

degree 2p...
d _ oy i = 1 _ o p® Dy i = 1.
E<Bi; (1), i=1 >=<By “(t);)i=1 >
d _o® .02 1. _ 5
5 < Ri“w@;1=1 >=7

+

hard translation of structural properties of the continuous
model in the discrete formulation

De Rham diagram in electromagnetism: [Buffa, Sangalli, Vazquez , CMAME
2010]
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Drawbacks of the NURBS (rational) model

Analysis

the derivative of a degree-p integral curve is of degree
p 1. the derivative of a degree-p rational curve is of
degree 2p...

d () fer. : — 4. _ (P 1) jn. i — 4.
a < Bi;p (t)1 | = 11 > =< Bi;p (t)1 | = 11 >
d _o® .02 1. _ 5

B-splines: better for Analysis
NURBS: better (but not optimal) for Geometry
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Alter nativesto the rational model
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Alter nativesto the rational model

rational model: Pp! B-splines! NURBS

alternative: P, =< 1;t;:::;tP %P L;tP >
H
Pp¥ =< Lt it Zu(t); v(t) >
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rational model: Pp! B-splines! NURBS
alternative: P, =< 1;t;:::;tP %P L;tP >
#

Pp¥ =< Lt it Zu(t); v(t) >

select proper IPy":
good approximation properties
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Alter nativesto the rational model

rational model: Pp! B-splines! NURBS
alternative: P, =< 1;t;:::;tP %P L;tP >
#

Pp¥ =< Lt it Zu(t); v(t) >

select proper IPy":
good approximation properties
exactly represent salient pro les

PpY = < LititP 2-cos! t:sin! t >

PpY = < LitiintP 2-cosh! t: sinh! t >

conic sections, helix, cycloid ...
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Alter nativesto the rational model

rational model:

Pp! B-splines! NURBS

alternative: P, =< 1;t;:::;tP %P L;tP >

Pp¥ =< Lt it Zu(t); v(t) >

select prope

uv .
PV

good approximation properties
exactly represent salient pro les

uv .
PUv =

u,v  —
PUv =

conic sections

< 1:t::::tP %2cosl tsin! t >= TRIG

< 1:t::::tP 2:cosh! t:sinh! t >= HYP

, helix, cycloid ...
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Alter nativesto the rational model

rational model: Pp! B-splines! NURBS

alternative: P, =< 1;t;:::;tP %P L;tP >
H
Pp¥ =< Lt it Zu(t); v(t) >

select proper IPy":
good approximation properties
describe sharp variations
PyY = <Lttt Zefe >

PpY = <Lttt 5 (1 b))t >
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Alter nativesto the rational model

rational model: Pp! B-splines! NURBS
alternative: P, =< 1;t;:::;tP %P L;tP >
#

Pp¥ =< Lt it Zu(t); v(t) >

select proper IPy":
good approximation properties
describe sharp variations
PyY = < Lt:tP Zele '>= EXP = (HYP)
PyY = <Lit:ntP %4 (1 t);t >=VDP
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Alter nativesto the rational model

rational model: Pp! B-splines! NURBS
alternative: P, =< 1;t;:::;tP %P L;tP >
o
Pp¥ =< Lt it Zu(t); v(t) >
select proper IPy":

d

— <Ltttk Zetetts = <ttt 3efte TS
dt
d , | . |
— < L:t:i:tP “rcoslttsinlt> = < Lt iii:tP °icos!tisin!t >
dt
d
T < Lot 2@ o't > = <Lttt 3@ oo Lt s
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Alter nativesto the rational model

rational model: Pp! B-splines! NURBS
alternative: P, =< 1;t;:::;tP %P L;tP >
o
Pp¥ =< Lt it Zu(t); v(t) >
select proper IPy":

d

— <Ltttk Zetetts = <ttt 3efte TS
dt
d , | . |
— < L:t:i:tP “rcoslttsinlt> = < Lt iii:tP °icos!tisin!t >
dt
d
T < Lot 2@ o't > = <Lttt 3@ oo Lt s

construct spline spaces with sections in IP5™ with
suitable bases for them (analogous to B-splines)
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GeneralizedB-splines

=fi1 2 nepl funlimng < ui(IO 1);vi(IO Y > Tchebychev
V-(p 1)(t) ]
2 oo, 5 ft20i i)
@ o= u® Y
B (1) = E 0 i) O Ft2[i+1; i+2)
ui+1 I+1)
' 0 elsewhere
R; 1 1 R; 1 1
Bi(;p); (t) = 1 i(;p; )Bi(;p; )(S)ds 1 i(fl;); I'D’i(fl;); (s)ds
0 =g 1
o 71 BP. (9)ds
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GeneralizedB-splines

=fi1 2 nepl funlimng < ui(IO 1);vi(IO Y > Tchebychev
Vi(p 1)(t) o
Ev(p 1), | [ | 3 |+1)
i 1+1
(1) —_ U(E 1) t .
B;,”, ()= e _() Ft2[i+1; i+2)
E ui+1 I+1)
' 0 elsewhere
R; 1 1 R; 1 1
Bi(;p); (t) = 1 i(;p; )Bi(;p; )(S)ds 1 i(El;); I'D’i(fl;); (s)ds
0 =g 1
b 71 BP. (9)ds
B-splines _ _
Rt 1 1 Ry 1 1
BPm =35 P UBP Ysds ;P UBE P(s)ds
P .= o 1
! 1 B{P(s)ds
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GeneralizedB-splines: trigonometric

=f 1 2 n+p+1 0 : knots = f::;; ;g shape parameters

Ppv =< 1;t; 100t % cos( it);sin(! jt) >

i < min =( ; i
: ji 1 (J+l J)
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GeneralizedB-splines: trigonometric

=f 1 2 n+p+1 0 : knots = f::;; ;g shape parameters

Ppv =< 1;t; 100t % cos( it);sin(! jt) >
< mine =i )
Trigonometric case: p= 2
TRIG, = IP;Y :=< 1;coq! t);sin(! t) > isomorphic to IP,

Bernstein-like basis

I I 0:| C?!quadratic B-splines
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GeneralizedB-splines: trigonometric

=f 1 2 n+p+1 0 : knots = f::;; ;g shape parameters

Ppv =< 1;t; 100t % cos( it);sin(! jt) >
< mine =i )
Trigonometric case: p= 2
TRIG, = IP;Y :=< 1;coq! t);sin(! t) > isomorphic to IP,

Bernstein-like basis
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GeneralizedB-splines: exponential (hyperbolic)

=f 1 2 n+p+1 0 : knots = f::;; ;g shape parameters

PV =< Lt intP 5 e >
Exponential case: p= 3
EXP3;= Py =< 1;t;¢' ;e ''> isomorphic to IP3

Bernstein-like basis

I I 0:| C?cubic B-splines
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GeneralizedB-splines: exponential (hyperbolic)

=f 1 2 n+p+1 0 : knots = f::;; ;g shape parameters

PV =< Lt intP 5 e >
Exponential case: p= 3
EXP3;= Py =< 1;t;¢' ;e ''> isomorphic to IP3

Bernstein-like basis
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GeneralizedB-splines: exponential (hyperbolic)

=f 1 2 n+p+1 0 : knots = f::;; ;g shape parameters

PV =< Lt intP 5 e >
Exponential case: p= 3
EXP3;= Py =< 1;t;¢' ;e ''> isomorphic to IP3

Bernstein-like basis

11 1: COPlinear B-splines
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GeneralizedB-splines: variable degree

=11 2 n+p+1 0 : knots = f::;; ;g shape parameters
PpV =< LitpiitP (1 t) st > t2[0 1 Y p;
Variable Degree case: p = 3,

VDP3 = PV ;=< 1;t;(1 t)';t' > isomorphicto IP3

Bernstein-like basis

l =3:| VDP3=IP3 ) C? cubic B-splines
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GeneralizedB-splines: variable degree

=11 2 n+p+1 0 : knots = f::;; ;g shape parameters
PpV =< LitpiitP (1 t) st > t2[0 1 Y p;
Variable Degree case: p = 3,

VDP3 = PV ;=< 1;t;(1 t)';t' > isomorphicto IP3

Bernstein-like basis

for increasing degrees |! = 6| ) same computational cost
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GeneralizedB-splines: variable degree

=11 2 n+p+1 0 : knots = f::;; ;g shape parameters
PpV =< LitpiitP (1 t) st > t2[0 1 Y p;
Variable Degree case: p = 3,

VDP3 = PV ;=< 1;t;(1 t)';t' > isomorphicto IP3

Bernstein-like basis

11 C? linear B-splines
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GeneralizedB-splines: variable degree

=11 2 n+p+1 0 : knots = f::;; ;g shape parameters
PpV =< LitpiitP (1 t) st > t2[0 1 Y p;
Variable Degree case: p = 3,

VDP3 = PV ;=< 1;t;(1 t)';t' > isomorphicto IP3

Bernstein-like basis

low computational cost independent on the degrees
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GeneralizedB-splines: variable degree

=f 1 2 n+p+1 0 : knots = f::;; ;g shape parameters

PpV =< LitpiitP (1 t) st > t2[0 1 Y p;
Variable Degree case: p = 5,
VDPs = IPyY =< L;t;t%t3%(1 t)';t' > isomorphicto IPs

Bernstein-like basis

0.74
0.6
0.5
04
03
0.2
0.1

I 5:| VDPsisomorphic to C* quintic B-spllnes

AAAAAA
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GeneralizedB-splines: variable degree

=11 2 n+p+1 0 : knots = f::;; ;g shape parameters
PpV =< LitpiitP (1 t) st > t2[0 1 Y p;
Variable Degree case: p = 5,
VDPs = IPyY =< L;t;t%t3%(1 t)';t' > isomorphicto IPs

Bernstein-like basis

11 C? cubic B-splines
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GeneralizedB-splines: variable degree

=11 2 n+p+1 0 : knots = f::;; ;g shape parameters

PpV =< LitpiitP (1 t) st > t2[0 1 Y p;

Variable Degree case: extension with different limit space
VDPs =:< L;t; (1 t)':t(x t) L@ ot %t > isomorph to IPs

Bernstein-like basis

ok

| = 5 VDP5 = IPs ) C?2 quintic B- spllnes




GeneralizedB-splines: variable degree

=11 2 n+p+1 0 : knots = f::;; ;g shape parameters

PpV =< LitpiitP (1 t) st > t2[0 1 Y p;

Variable Degree case: extension with different limit space
VDPs =:< L;t; (1 t)':t(x t) L@ ot %t > isomorph to IPs

Bernstein-like basis

11 | CYlinear B-splines
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GeneralizedB-splines: properties

fBP (;i=1 g

Analogous Properties of classical B-splines
positivity
partition of unity: p 2
compact support
smoothness
derivative
local linear independence
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GeneralizedB-splines: properties

fBi(;p); (t);i=1, g
Analogous Properties of classical B-splines
positivity
partition of unity: p 2
compact support
smoothness

derivative
local linear independence

shape properties f::;;!;:::0
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GeneralizedB-splines: properties

fBP (;i=1 g

Analogous Properties of classical B-splines
positivity

partition of unity: p 2

compact support \
smoothness

derivative os |
local linear independence i
shape properties f::;;!;:::0 os o o5 1 15 2 25

trig. and exp. parts can be mixed
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GeneralizedB-splinesbasedIgA

Generalized B-splines can replace B-splines (NURBS) in IgA

8 .
2 Lu=f; In

. U= on p Dirichlet

%ZQN; on N Neumann
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GeneralizedB-splinesbasedIgA

Generalized B-splines can replace B-splines (NURBS) in IgA

A mesh for a generalized B-spline patch is de ned by the product of knot vectors
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A mesh for a generalized B-spline patch is de ned by the product of knot vectors

Knot spans subdivide the domain into “elements”.
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GeneralizedB-splinesbasedIgA

Generalized B-splines can replace B-splines (NURBS) in IgA

A mesh for a generalized B-spline patch is de ned by the product of knot vectors
Knot spans subdivide the domain into “elements”.
The support of each basis function consists in a small number of “elements”

The number of elements in the support is the same as for classical algebraic
B-splines of the same degree and the same knot sequence.
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GeneralizedB-splinesbasedIgA

Generalized B-splines can replace B-splines (NURBS) in IgA

A mesh for a generalized B-spline patch is de ned by the product of knot vectors
Knot spans subdivide the domain into “elements”.
The support of each basis function consists in a small number of “elements”

The number of elements in the support is the same as for classical algebraic
B-splines of the same degree and the same knot sequence.

The control points associated with the basis functions de ne the geometry.
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GeneralizedB-splinesbasedIgA

Generalized B-splines can replace B-splines (NURBS) in IgA

A mesh for a generalized B-spline patch is de ned by the product of knot vectors
Knot spans subdivide the domain into “elements”.
The support of each basis function consists in a small number of “elements”

The number of elements in the support is the same as for classical algebraic
B-splines of the same degree and the same knot sequence.

The control points associated with the basis functions de ne the geometry.

The isoparametric concept is invoked. The coef cients of the basis functions are
the degrees-of-freedom, or control variables.
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GeneralizedB-splinesbasedIgA

Generalized B-splines can replace B-splines (NURBS) in IgA

A mesh for a generalized B-spline patch is de ned by the product of knot vectors
Knot spans subdivide the domain into “elements”.
The support of each basis function consists in a small number of “elements”

The number of elements in the support is the same as for classical algebraic
B-splines of the same degree and the same knot sequence.

The control points associated with the basis functions de ne the geometry.

The isoparametric concept is invoked. The coef cients of the basis functions are
the degrees-of-freedom, or control variables.

Mesh re nement strategies are developed from a combination of knot insertion
and order elevation techniques. ) h-re nement and p-re nement, and suitable
combinations of them.
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GeneralizedB-splinesbasedIgA

Generalized B-splines can replace B-splines (NURBS) in IgA

A mesh for a generalized B-spline patch is de ned by the product of knot vectors
Knot spans subdivide the domain into “elements”.
The support of each basis function consists in a small number of “elements”

The number of elements in the support is the same as for classical algebraic
B-splines of the same degree and the same knot sequence.

The control points associated with the basis functions de ne the geometry.

The isoparametric concept is invoked. The coef cients of the basis functions are
the degrees-of-freedom, or control variables.

Mesh re nement strategies are developed from a combination of knot insertion
and order elevation techniques. ) h-re nement and p-re nement, and suitable
combinations of them.

Arrays constructed from isoparametric generalized B-spline patches can be
assembled into global arrays in the same way as for isoparametric NURBS
patches and so as nite elements.
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GeneralizedB-splinesbasedIgA

Section spaces to be selected with a problem-dependent strategy

A mesh for a generalized B-spline patch is de ned by the product of knot vectors
Knot spans subdivide the domain into “elements”.
The support of each basis function consists in a small number of “elements”

The number of elements in the support is the same as for classical algebraic
B-splines of the same degree and the same knot sequence.

The control points associated with the basis functions de ne the geometry.

The isoparametric concept is invoked. The coef cients of the basis functions are
the degrees-of-freedom, or control variables.

Mesh re nement strategies are developed from a combination of knot insertion
and order elevation techniques. ) h-re nement and p-re nement, and suitable
combinations of them.

Arrays constructed from isoparametric generalized B-spline patches can be
assembled into global arrays in the same way as for isoparametric NURBS
patches and so as nite elements.
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EXAMPLE 1: linear elasticity - sheetwith hole

8

> div (u) = 0 n ; i=12

> LFJ)iZZ Oi; on p; i.= 1;2
iz g (un; = g; on N;i=12

a thin sheet under uniaxial uniform tension T x = Txex with a small hole (r = 1) in
the interior

The distribution should be <
altered only in the vicinity of the hole, (|
the stress maintains uniform values |
in the remainder of the domain

O

Pivv vl

I
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EXAMPLE 1: linear elasticity - sheetwith hole

8

> div (u) = 0 n ; i=12

> LFJ)iZZ Oi; on p; i.= 1;2
iz g (un; = g; on N;i=12

It is convenient to construct an
hypothetical circle with a radius equal

to the sheet width p

Due to the symmetry we can solve <
the problem in a quarter of the domain

FERERERN

I
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EXAMPLE 1: linear elasticity - sheetwith hole

8
> div (u) = 0 n ; i=12
U = pi; on p; =12

> P, |
iz g (un; = g; on N;i=12

The exact solution is applied as

Neumann boundary conditions

exact
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EXAMPLE 1: linear elasticity - sheetwith hole

8
> div (u) = 0 n ; i=12
S LFJ)|2: p|, on D,i—1,2

exact geometry requires
trigonometric gen. B-splines

< Licod(( =2)t);sin(( =2)t) >

B-splines
FEM
Trig. B-splines

a
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EXAMPLE 1: stresscomponent yy

Mesh 1 Mesh 16

BSPLINE, EXACT SOLUTION

TRIG GEN BSPLINE> EXACT SOLUTION
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EXAMPLE 1: Error estimation (displacement)

Degrees of freedom
Int | BSPLINE> | TRIG BSPLINE>
1 9 9
16 16
36 36
100 100
16 324 324
32 1156 1156 7
| -©—BSPLINE,
| _e_TRIG2 )
Int B-SPLINE> TRIG BSPLINE, | 10 > p 5 16 >
1 | 9.5681e 04 90.3629 e 04
2 | 3.4163e 04 3.0739e 04
8 | 85600e 05 6.0800 e 05
8 | 1.4587e 05 8.2590 e 06
16 | 1.8691e 06 9.7206 e 07
32 | 2.1135e 07 1.1196 e 07
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EXAMPLE 2: Advection-Diffusion 1D

(
"u%% pP=0; O<t<1
“b>0

u(0) = 0; uil) =1

Exact solution: et 1
| u(t) = —
o

Linear FEM produce approximations without oscillations if

the Péclet number bh

Pe = ? <1

requires, for x ed "; b, a proper choice of grid-size h;
if b=">> 1, hisverysmall) highcomputational cost

) need of stabilization methods: upwind schemes.

Stable but less accurate solution:
error O(h?) (linear FEM) ! O(h) with upwind stabilization
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EXAMPLE 2: Advection-Diffusion 1D

sharp variation ) suitable approximation spaces

EXP;=< Littel:e > >0
VDP3 =< 1;t; (1 t)';t' > | 3

for large ! VDP3; mimics EXP3: reduced computational
cost
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Inter polation:

f(t)=e 0¢ Y {2]0:1]

12

0.8

0.6

0.4r

0% © © © © b

0.2
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Inter polation:

f(t)=e 0¢ Y {2]0:1]

0.2
O.zm\_/e/_\
0 0.2 0.4

(-) C? IP; Bsplines
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Inter polation:

f(t)=e 0¢ Y {2]0:1]

0.2
O.zm\_/e/_\
0 0.2 0.4

(-) C? IP; Bsplines

) unable to describe
sharp variations/ high derivatives
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Inter polation: shape-pioperties

f(t)=e 0¢ Y t2]0:1]

0.2
O.Zm\_/?/_:\
0 0.2 0.4

(-) C? IP; Bsplines (-) VDP3 G-Bsplines:

) unable to describe < Lt;(1 t);t >;! =19
sharp variations/ high derivatives
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Inter polation: shape-pioperties

f(t)=e 0¢ Y t2]0:1]

(-) C? IP3 Bsplines (-) VDP3 G-Bsplines:

) unable to describe < Lt;(1 t);t >;! =19
sharp variations/ high derivatives

preserves the shape
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Inter polation: shape-pioperties

f(t)=e 0¢ Y t2]0:1]

0.2
O.:‘\_/i/_:\
0 0.2 0.4

(-) C? IP; Bsplines (-) EXP3; G-Bsplines:

) unable to describe
sharp variations/ high derivatives
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Inter polation: shape-pioperties

f(t)=e 0¢ Y t2]0:1]

0.2
O.Zm\_/?/_:\
0 0.2 0.4

(-) C? IP; Bsplines (-) EXP3; G-Bsplines:

) unable to describe | = 10°h
sharp variations/ high derivatives

$ given function
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

(-) Exact Solution

Beyond NURBS: Non-Standard CAGD Tools in Isogeometric Analysis — p.25/33



EXAMPLE 2: b="= 1

h=1=10) Pe=5

1
[
0.8 H
1
1
1
0.6 '
1
1
04l h 1
1
1 1
I
I !
\
0.2 1 \ LI B
’ B 1
. 'l \ ) 1 1
6] - . z D . ya . \ L . ! !
= - d ~ T . T A) T y T T
- ~ s ’ \\ ,I \ ' \ f
N’ ‘\ 1 “ ]
02 ! o
AN \ 1
) Vo
LI |
0.4 | LI} B
Vo
Y
\
1
0.6 B
Y
I I I I I I I I \
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(-) Exact Solution
--) IP; FEM
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

(-) Exact Solution

(--) IP1 FEM

(- P17 FEM upwind

(..) IP1 FEM Scharfetter-Gummel
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

v/\/\/\/\/\J
D e N A V4

(-) Exact Solution (<) BSPLINE, IgA
(--) IP1 FEM

(- P17 FEM upwind
(..) IP1 FEM Scharfetter-Gummel
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

(-) Exact Solution (-) BSPLINEg IgA
(--) IP1 FEM

(- P17 FEM upwind
(..) IP1 FEM Scharfetter-Gummel
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

(-) Exact Solution (-) BSPLINE, IgA
(--) Py FEM

(- P17 FEM upwind ,
(..) IP1 FEM Scharfetter-Gummel

accurate results

high degrees
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

)

(-) Exact Solution (-) BSPLINE, IgA
(--) Py FEM

(..) Py FEM Scharfetter-Gummel $ high comput. cost

accurate results
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

(-) Exact Solution () EXPs IgA:
--) IP; FEM

(- P17 FEM upwind

(..) IP1 FEM Scharfetter-Gummel

| = (b="h
$ exact solution
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

(-) Exact Solution () VDP3 IgA:
--) IP; FEM

(- P17 FEM upwind

(..) IP1 FEM Scharfetter-Gummel

| = F3(b=":h) = 10:13
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EXAMPLE 2: b="= 10 'h= 1=10) Pe=5

(-) Exact Solution () VDPs IgA:
--) IP; FEM

(- P17 FEM upwind

(..) IP1 FEM Scharfetter-Gummel

| = Fg(b=":h) = 11:66
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EXAMPLE 2: b="=1¢ |h= 1=20) Pe=5=2

0.8

0.6

0.4

0.2

e ——————————
————————

02}
1
04 {

0.6 [

0 0.2 0.4 0.6 0.8

(-) Exact Solution
(--) IP1 FEM
(-) IP; FEM with stabilization
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EXAMPLE 2: b="=1¢ |h= 1=20) Pe=5=2

0.8

0.6

0.4

0.2

e ——————————
————————

02}
1
04 {

0.6 [

0 0.2 0.4 0.6 0.8

(-) Exact Solution () VDPs IgA:
(--) IP1 FEM
(-) IP; FEM with stabilization

| = Fa(b=";h) = 4:88
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EXAMPLE 2: b="=1¢ |h= 1=20) Pe=5=2

0.8

0.6

0.4

0.2

e ——————————
————————

02}
1
04 {

0.6 [

0 0.2 0.4 0.6 0.8

(-) Exact Solution () VDPs IgA:
(--) IP1 FEM
(-) IP; FEM with stabilization

| = Fg(b=":h) = 6:85
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EXAMPLE 2: b="=1¢ |h= 1=20) Pe=5=2

0.8

0.6

0.4

0.2

e ——————————
————————

02}
1
04 {

0.6 [

0 0.2 0.4 0.6 0.8

(-) Exact Solution () VDPs IgA:
(--) IP1 FEM
(-) IP; FEM with stabilization

| = Fg(b=":h) = 6:85
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EXAMPLE 2: b="=1¢ |h= 1=20) Pe=5=2

1

0.8

0.6

0.4

0.2

e ——————————
————————

0.2

1
04 i

0.6 [

0 0.2 0.4 0.6 0.8 1

(-) Exact Solution () VDPs IgA:
(--) IP1 FEM
(-) IP; FEM with stabilization

I = Fg(b=";h) = 6:85
accurate results and

low computational cost
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EXAMPLE 2: Fa(b="h); Fs(b=":h) ?

How to select suitable ! for VDP IgA?
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EXAMPLE 2: Fa(b="h); Fs(b=":h) ?

How to select suitable ! for VDP IgA?

case p= 3.
on[i; i+1] t=( i)=hi

VDP3 =< L;t;(1 t) ;t' >
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EXAMPLE 2: Fa(b="h); Fs(b=":h) ?

How to select suitable ! for VDP IgA?

case p= 3.
on[i; i+1] t=( i)=hi

VDP3 =< L;t;(1 t) ;t' >

consider the Bernstein-like basis for EXP3 with the
parameter for exact solution hb="

< Lt e e 07 > = < Bo(t); Ba(t); Ba(t); Ba(t) >
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EXAMPLE 2: Fa(b="h); Fs(b=":h) ?

How to select suitable ! for VDP Ig

case p= 3.
on[i; i+1] t=( i)=hi

VDP3 =< L;t;(1 t) ;t' >

consider the Bernstein-like basis for EXP3 with the
parameter for exact solution hb="

< Lt e e 07 > = < Bo(t); Ba(t); Ba(t); Ba(t) >
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EXAMPLE 2: Fa(b="h); Fs(b=":h) ?

How to select suitable ! for VDP Ig’

case p= 3.
on[i; i+1] t=( i)=hi

VDP3 =< L;t;(1 t) ;t' >

consider the Bernstein-like basis for EXP3 with the
parameter for exact solution hb="

< Lt €™ e T > = < Bo(t); Ba(t); Ba(t); Ba(t) >
Find ! such that R

Integral condition: 01 (t' Ba(t)dt=0

Differential condition: D (t' )ji=x = D (B3(t))ji=1
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EXAMPLE 3: Advection-Diffusion 2D

g "4u+b ru=0; In
. b= (cos();sin( NT =45
: --:106; L = 1 u=20
u=20
pe ;= XKL = 108) u=20
advection dominates and

diffusion is important

In a very small layers: u=1
boundary and internal

layers

In the examples: SUPG stabilization
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BSPLINE 1> VDPs IGA

20 20-grid 20 20-grid
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BSPLINE 1> VDPs IGA

20 20-grid 20 20-grid
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BSPLINE 1> VDPs IGA

20 20-grid 30 30-grid
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BSPLINE 1> VDPs IGA

20 20-grid 40 40-grid
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Conclusion

NURBS are a powerful tool in Isogeometric analysis due
to their ability to exactly represent pro les of interest in
applications and to the wealth of ef cient algorithms for

their manipulation
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NURBS are not a requisite ingredient in Isogeometric analysis
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Conclusion

NURBS are a powerful tool in Isogeometric analysis due
to their ability to exactly represent pro les of interest in
applications and to the wealth of ef cient algorithms for
their manipulation

NURBS are not a requisite ingredient in Isogeometric analysis

Generalized (trigonometric/exponential/variable degree)
B-splines could offer a possible problem-dependent
alternative to the rational model
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compatible in IgA.

evaluation algorithms are not yet completely well
established for Generalized B-splines
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