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Outline

1 Low- and high-order formulation of the method:

- meshes;

- degrees of freedom;

- local consistency and stability conditions;
- approximation of the source term.

2. A convergence result in a discrete H-like norm.

3. Numerical experiments.

4. Conclusions (and possible developments).
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The linear diffusion problem

o Differential formulation:

—div(KVu) =f in Q,
u=g onTr,

e Variational formulation:

Find u € Hg(Q) such that:

/KVU~VV dv :/fvdv W e H3(Q),
Q Q
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Scheme construction in five steps
Steps 1 and 2

1. We decompose 2 into a mesh ;, of polygons (2-D) or polyhedrons
(3-D);

- admissible meshes may contain non-convex cells and “singular”
(AMR) cells;

- we need some regularity assumptions to avoid pathological cases
and perform the convergence analysis;

2. degrees of freedom : V;

u,v eHy(Q)NC°Q) —  up,Vh €V
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Scheme construction in five steps
Steps 3 and 4

3. bilinear form : An(-,-) : Vo x Vh = R
An (Un, vn) x/KVu-Vv dv,
Q

it is built by “mimicking” a fundamental relation of calculus
(integration by parts);

4. linear functional : (f,-)h " Vh— R

fvh /fvdV.
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MFD construction in five steps
Step 5

5. The variational formulation

Find u € H3(Q) such that:
/ KVu-vvdV = / fvdv W e H3(Q),
Q Q
becomes the “mimetic variational” formulation:

Find up € Vj g4 such that:

Ah(uh,vh) — (f,Vh)h Yvh € Vh,O-
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Notation and main reference

e We use the parameters:

- m > 1, degrees of the polynomials that we use to state the
consistency condition;

- d = 2,3 spatial dimensions;

e We will distinguish between

e low-order method ym=1,d =2,3,
—Brezzi, Buffa, Lipnikov, M2AN, 2009;

e high-order method ,m >1,d = 2,
—Beirao da Veiga, Lipnikov, M., in progress.
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1. Meshes: basic assumptions

e There exists a conforming sub-decomposition S, of 4, in triangles (2-D) or
tetrahedrons (3-D) such that

1. for any polygonal cell P € Qy, the restriction Sy, p is formed by a uniformly
bounded number of simplexes T;

2. the simplexes T € &, are shape-regular (Ciarlet);

3. Convergence analysis of high-order setting is more restrictive: 1. and 2.
must hold but

- any polygonal cell P € Q, is star-shaped with respect to an internal
point Xp;

- Shp is given by connecting Xp to the cell vertices.

e We do not need to build S, in practice!
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Meshes: 2-D examples

Examples: convex and non-convex polygonal cells




Meshes: 2-D examples

Examples: randomized quads and Adaptive Mesh Refinements (AMR)
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Meshes: 3-D examples

P
Examples: prismatic and polyhedral cells
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Meshes: 3-D examples
Examples: hexahedrons and AMR
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2. Degrees of freedom

A discrete scalar field vy, in Vj is given by: m=1
e low-order setting(m=1,d =2, 3):
- one real number per mesh vertex v;
m=3

e high-order setting (m > 1, d = 2):

- one real number per mesh vertex v;

- (m — 1) real numbers per mesh face f;

- m(m — 1)/2 real numbers per mesh cell P;
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3. Construction of Ap(up, V)

o An(un,vn) must be

e symmetric , bounded and semi-positive ;

e |ocally defined through an assembly process (like FEM):

An (Un,vh) = ZAh,P(Uh,P,Vh,P)
P

where Unp = Unjp, Vh.p = Vhp;

e Any A p(Unp,Vhp) must be a local approximation

VP e Qy Ah,p(uh,p,vhyp) = / KVu-VvdVv.
P
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Towards a local consistency condition

The low-order setting, m=1,d = 2,3
Let K be constant on P.

1. We integrate by parts on every mesh cell P.

If u is a linear polynomial on P:

/KVu~Vv dv :—/div(KVu)vdV+/ KVu-np vds;
P P P

equal to zero!

2. we introduce a numerical integration rule for each face f = (V/,v”) that is
exact for linear polynomials:

2

trapezoidal rule
(ford = 2)

Z KVu-nep s /VdS ~ Z KVu-np|f| M

feop > /1 fcop
constant
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The local consistency condition
The low-order setting, m=1,d = 2,3

HENCE,

V(Xvr) 4V (Xy)

VP € Qp : /KVu VvdV &~ Y KVu-nplf 5

feopP
for any linear polynomial u and v enough regular.
THUS, WE REQUIRE THAT:

o the degrees of freedom approximate the vertex values:
Vhiy 1= Wy & v (Xy);

e for every linear polynomial u and every discrete field v,, € V, the
bilinear form (for d = 2) satisfies

An p Vh7 Z KVu- nPf Vv’ +Vv”)~
feoP
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Towards a local consistency condition
The high-order setting,m > 1,d =2

Let K be constant on P and integrate by parts on cell P:

/KVu~Vv dv :—/div(KVu) v dVv +Z/ KVu-np; v ds.
P P N—— foN—_——

feof
not zero! not constant!

If u is a polynomial of degree m on P:

e div(KVu) is a polynomial of degree m — 2;

e KVu-np;is a polynomial of degree m — 1;
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Divergence term
Internal degrees of freedom, m > 1,d =2

1. We use the moments of v to express the integral over P:
if
div(KVu) = agl + a1x + azy +... € Pp_2(P)

then

/div(KVu)vdV:ao/1vdV+a1/xvdV+a2/yvdV+...
P P P P

Vp0 Up.1.x Vp1y

= a0\7p70 + a1\7P,l,x + aZ\AIP,Ly +..

This choice suggests us to define

- m(m —1)/2 internal degrees of freedom ~ Vp o, Vp 1x, Vp 1y, ...
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Boundary term

Nodal degrees of freedom,m > 1,d =2

2. We use a Gauss-Lobatto formula with m + 1 nodes and weights
{(Xt,q,Wsq)} on every (2D) face f € 0P for:

m+1

/KVu~np,fv dV & ) " Wi qKVU(X1q) Np sV (Xrgq)-
f
q=0

This choice suggests us to define:

- one degree of freedom per vertex,
Vio = Vv & V(Xw), Vimg1 = Vyr &2 V(X )

- (m — 1) nodal degrees of freedom per face of P,
Vig A V(Xiq) forqg=1,2,...m—1.
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The local consistency condition
The high-order setting,m > 1,d =2

RECALL THAT:

An (Un,vn) = Z Anp (Unp,Vhp).
P

WE REQUIRE:

1. local consistency: for every u € P(P) (m > 1) and every discrete field
Vhp € Vi there holds:

m(m—-1)/ m-+1
Ahp(Vhp, = Z a]VpJ+ZZWquVU qu ‘NpfViq.
feoP q=0
divergence boundary
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The spectral stability condition

For both low and high-order methods we require:

2. spectral stability, there exists two positive constants o, and o* such that
for every vy p € V;, p there holds:

oulVhplnp < Anp(Vhe, Vhpe) < o*|IVhpllfnp;

where the mesh-dependent norm || - [[1,n,p mimics |- [, p.
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Algebraic consistency condition: MN = R

Let M be a symmetric and semi-positive definite  matrix such that

.
An,p (Unp,Vhp) = Vp pMUp p.

e Foru e {x,y,x?xy,y?,...} forany vy p
- we write

' ("dofs” of u);

Anp(Vhp,u') =vipMN, where Ny = (u)
- we impose the local consistency condition:
Ah,p(ul ,Vh) = go0 = VrT,P Ry

- we obtain by comparison:

MNy =Ry
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A family of schemes

e Using N =[Ng,Nz,...], R=[R1,R2,...], we have: MN =R
with

(RTN); = /PKVui~Vuj dv  whereu,u; € {x,y,...}.

e M (symmetric and semi-positive definite) is given by

M=R(R'N)'RT + M with  SMN =0,
~~
MN=R! stability!

where 6M is a symmetric matrix of parameters

e A one-parameter () choice for 6M is given by:

oM = (1= N(NTN)"*NT).

Manzini, G. (I.M.A.T.I. - C.N.R.) Nodal Mimetic Finite Difference Methods 1 July 2010 Pavia 23/37



Connection with other schemes

e The low-order MFD method (m = 1)

e on triangles (and tetrahedra in 3-D) coincides with the linear Galerkin
finite element method (no free parameters);

e 0N squares is a one-parameter family of schemes including (noted
Cangiani-Russo):

- the bi-linear finite element method (Q1);
- the 5-point finite difference laplacian;
- the 9-point finite difference laplacian.

eForm>17?
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4. The linear functional (f, vp)n

The low-order case (m=1,d = 2, 3)
Recall that (f,vy), = [,fvdV.

e We assemble (f,vh)h from local contribution

(f,vn), = Z (f’vh)h,P'

P

e We approximate the forcing term by its average on P:

1 _
fm—/de::f;
Pl Je ?

e we use a first-order accurate integration formula based on vertex values:
{XV7 WP,V}

/fvdV xﬁ,/vdv ~ |PIfe > we v (xy).
P P

veoP
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4. The linear functional (f, vp)n

The low-order case (m=1,d = 2, 3)

e Recall that (f,vy), == >_p (f,vh), », Where

(f,vn), /fvdV and /fvdV PIfe > wewy

veoP

e Thus, for every cell P we define

(f,vh)h’P = |P|fp Z Wp Wy YWh € Wy

|P|fp=/fdv
P

wp v 1-st order integration weights.

veoP
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4. The linear functional (f, vp)n
The high-ordercase (m > 1,d = 2)

Recall that

(f.vn), = Z:(f,vh)hP where  (f,vy), /fvdv

P

e Direct extension from m = 1 would require a high order accurate

integration formula over P based on vertex values and moments of v.

e For m > 1 we consider the orthogonal projection of f onto the
polynomials of degree m — 2:

f =bgl + byx +b2y + ... € IPm_z(P)

e and use the moments of v to express the r.h.s. integral:

/fvdvzbo/lvdv+b1/xvdv+b2/yvdv+...
P P P P

Vp,0 Vp,1,x Vp,1y

=DboVpo+ b1Vp 1 x + bZOP,l,y t+..
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4. The linear functional (f, vp)n
The high-ordercase (m > 1,d = 2)

RECALL THAT
(f,vh), ==Y _ (f.vn), p Where (f,vy), /fvdv
P
THUS, FOR EVERY CELL P WE DEFINE
(f,vn), Zb,vj Wh € Wh.

(by) projection of f onto (m — 2)-degree poynomials

Vj moment degrees of freedom of v,
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A mesh-dependent norm

We consider the mesh-dependent norm

IVl =D Ivallfne

PeQy,
that mimics the |- |; , semi-norm;

o for the low-order method (m =1, d = 2,3), e = (V/,v”) being an edge,

Mnll3 np = IGRADR(VR) R p = he D Iver =
ecop

e for the high-order method (m > 1, d = 2), f = (v/,v”) being an edge (2D
face),

8Vhf
lEne = e 3 |5

[’moments”]

L2(f)

Manzini, G. (I.M.A.T.I. - C.N.R.) Nodal Mimetic Finite Difference Methods 1 July 2010 Pavia 29/37



Convergence results

o for the low-order method (m=1,d =2, 3):
lu" = unllsn < Ch([flgq +[ulyq + uloq )

(Brezzi, Buffa, Lipnikov, M2AN (2009)),

o for the high-order method (m > 1,d = 2):
Ju' = Up[l1,n < Ch™ Ulmiro:

(with L. Beirao da Veiga and K. Lipnikov, in progress)
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Numerical experiments
Meshes with randomized quadrilaterals

e Meshes:

e Exact solution: u(x,y) = (x - ez(x—l)) (y2 - e3(y—1))

o Diffusion tensor
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Results

Randomized quadrilaterals, || - ||1,» errors, constant K
m=2 m=3
n h Error Rate Error Rate
0 1922107 ' | 14161001 —— [745410%2 ——
1 9.7051072 | 2.44110~2 257 | 8.63210°% 3.15
2 48381072 |5.36610°° 2.18 | 1.53610°° 2.48
3 24671072 | 1.39910~% 1.99 | 1.73910% 3.23
4 12631072 | 3.52410~*% 206 | 2.22710° 3.07

h Error Rate Error Rate
1.92210°1 | 1.031102 —— | 45671073 ——
9.7051072 | 1.69010~2 2.65 | 2.67410~* 4.15
48381072 | 1.27310~* 3.71 | 1.33610°°> 4.30
24671072 | 8.27910°% 4.06 | 4586107 5.01
1.2631072 | 5545107 4.04 - -

A WDNPEF OIS
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Numerical experiments
Meshes with non-convex polygons

e Meshes:

INARAARNANNANNNNNAN
INAAAARNANNANNNNNAN
PRIRRIRRRRIRIRRRR R RRIR)
INRAAARAANNNANNNA AN
INRANARAARNNAARNRNNAN
INRAAARMARNNAARNRNNAN
INARARARNANNANNNNNAN
INARARARNANNANNNNNAN
PRIRRIRRRTRTRIR/RRIR RN RRIRIR)
INRAAARAANNNANNNA AN
INRANARAARNNAARNRNNAN
INRAAARAARNNAARNRNNAN
INARAARNANNANRNNNNAN
INARAARNANNANNNNNAN
JRIRIRIRRRTRIRIR/R R IR BB RRRIR)
diaanainaa
INRANARMANNAARNNNNAN

e Exact solution: u(x,y) = e~?™ sin(27x)

o Diffusion tensor

K — ( 10 ) and K(x,y) = ( x +_13(2y+y2 (x:()i)2 )
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Results

Non-convex polygons, || - ||1,n errors, constant K
m=2 m =3
n h Error Rate Error Rate
0 1.45810°1 2.858 == 1.007 ==
1 72891072 | 7.86710~! 1.86 | 2.81910°! 1.84
2 36441072 | 2.049107! 194 | 55971072 2.33
3 1.8221072 | 52891072 195 | 8.89710°3 265

m=4 m=>5

h Error Rate Error Rate
14581071 | 1943101 —— | 22821072 ——
7.2891072 | 1.27610°2 3.93 | 1.12810°° 4.34
3.6441072 | 7.07510~*% 4.17 | 4.40610~° 4.68
1.82210°2 | 3.95010°° 4.16 - -

WN - OIS
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Results

Non-convex polygons, || - ||1,n errors, non-constant K
m=2 m =3
n h Error Rate Error Rate
0 1.45810°1 3.007 —— |9.873100 ——
1 7.2891072 | 8.08110~! 1.89 | 2.76010°! 1.84
2 36441072 | 2071107! 196 | 5.621107? 2.29
3 1.8221072 | 53031072 197 | 9.08310°% 2.63

m=4 m=>5
h Error Rate Error Rate
1458101 | 2.05910Y —— [ 1.98810% ——

7.2891072 | 1.3671072 3.92 | 1.01610°% 4.29
3.6441072 | 7562104 4.18 | 3.924107° 4.69
1.8221072 | 4.21010°°> 4.17 - -

WN - OIS
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Conclusions

e We are developing a new family of nodal mimetic finite difference
methods such that:

(i) the low-order formulation, using vertex values to represent linear
polynomials, works in 2-D and 3-D;

(i) an high-order formulation, using nodal values and moments to
represent m-degree polynomials, works in 2-D.

e Possible developments:

(i) extension to 3-D;
(i) new formulations using moments also for face terms;
(iii) p-refinements;

iv) ...
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Errors versus number of degrees of freedom

Meshes with randomized quadrilaterals
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