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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Discretization: pointwise approach

Problem? Reduce the number of degrees of freedom (dof)
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Discretization: pointwise approach

Problem? Reduce the number of degrees of freedom (dof)

¢ =R = [¢] = [¢(:)]
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Differential operators become approximations
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Differential operators become approximations

Pointwise discrete gradient (G):

v
o1 (Vé)r R o VO on
o—0
(Vo)Lr = 25 (¢r — ¢L) (V)Lr ~ 7777
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Differential operators become approximations

Pointwise discrete gradient (G):

(Vo)Lr

oL (Vo)L Or oL Or
o——20
(Vo)Lr ~ 2 (¢r — ¢L) (V)Lr ~ 7777
Pointwise discrete curl (C):
uJT ur
I
VxV
v, - X —+vr vy, VR

i

B up uB 3
Vmeﬁ(vn—vL)-#ALy(uB—uT) VxV 277 TUDelft

Technische Universiteit Delft

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation



Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Differential operators become approximations

Pointwise discrete gradient (G):

\%
oL (Vo)L Or oL (Volzz Or
(Vo)Lr ~ 2 (¢r — ¢L) (V)Lr ~ 7777
Pointwise discrete curl (C):
ur ur
;
VxV
v, - >< —+ vg v, VR
;
B up uB 3
VxVa A;Ay[(vg —vp)Ay + (up — up)Az] ViV a7 IL?UQS!TE

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation



Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Discretization:

2
TUDelft

Technische Universiteit Delft

, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation
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The de Rham map

Discretization: geometric approach

Fundamental theorem of calculus

Kelvin-Stokes theorem

Gauss theorem
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Discretization: geometric approach

Fundamental theorem of calculus

Vi - ds = p(Qp) — ()

Q1 @

Kelvin-Stokes theorem

Gauss theorem
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Discrete representation of physical quantities

Discretization: pointwise approach
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The de Rham map

Discretization: geometric approach

Fundamental theorem of calculus

Ve ds = () — ()

Kelvin-Stokes theorem

/ (VxV)-idS = V.ds
02 o002

Gauss theorem

Ol

A
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Discrete representation of physical quantities Discretization: pointwise approach
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The de Rham map

Discretization: geometric approach

Fundamental theorem of calculus

Vi - ds = p(Qp) — ()

Q1 @

A
Kelvin-Stokes theorem

/ (VxV)-idS = V.ds
02 o002

Gauss theorem

Js

(V-V)dV = / V.ids
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Differential geometry: Generalized Stokes Theorem
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Differential geometry: Generalized Stokes Theorem

dw” = WP
Qk+1 HOk+1

With wk € AF, space of continuous differential k-forms.
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Differential geometry: Generalized Stokes Theorem

(dwk, Qk+l> — <wkyan+1>
With wk € AF, space of continuous differential k-forms.
k=0: / d¢® = ¢°(B) — ¢°(4) d:A° — A! (maps points to lines)
L
k=1: / dat = / at d:A' — A? (maps lines to surfaces)
S S

k=2: / dp? = 32 d: A% — A3 (maps surfaces to volumes)
v v
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Differential geometry: Generalized Stokes Theorem

/ dw” = / WP
Qk+1 HOk+1

<dwk,ﬂk+1> — (wk,89k+1>
With wk € A¥, space of continuous differential k-forms.

E=0: / d¢® = ¢°(B) — ¢°(A4) d:A° — Al (maps points to lines)
L

k=1: / da! = / at d:A' — A?  (maps lines to surfaces)
S S

k=2: / dp? = 32 d: A% — A% (maps surfaces to volumes)
%4 1A%

Constitutes an exact sequence (de Rham complex), since dd =0

Res AO 4 a1 4,42 4,434
v VX V-
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Chains and cochains and the de Rham map
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Chains and cochains and the de Rham map

Continuous Discrete

2, o1 2 .

5 T . i 1% * et g

§ Tesselation ! . Vg ? . &

o e C°
g Hel I I I
1 1

é az € A2 L) flec? a' € C!} b € C? w? e C? g

R /3’ S A‘ de Rham map g

A e’ O=R(@) a'=R(a') B =R(F) =R’ Z
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Chains and cochains and the de Rham map

Continuous Discrete

2, o1 2 .

= . . . O
% T « . . i o &:’r
g Tesselation LI vl &

o e C° o2 e C? o e C?
gz e I I I
1 1

g o N R fec®  dect Rec?  wtec? &
R /3’ € A‘ de Rham map g
a w? € A? O=R(@) a'=R(a') B =R(F) =R’ Z
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The de Rham map

Exact differential operators
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

Wkt = da®

R(WFH) = R(da®)
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

wk+1 _ dak:

R(wFT1) = R(da®)

= / daF
oktt
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

wk+1 — dak

R(wFT1) = R(da®)

- VUHI do
|
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Exact differential operators

wk+1 — dak

R(wFT1) = R(da®)

e
doktt
i
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

wk+1 — dak

R(wFT1) = R(da®)

/ da®
okt
aoktl
i
1) / o
ok

i

R(wFT1) = 6R(aF)
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

wk+1 — dak

R(wFT1) = R(da®)

/ da®
okt
aoktl
i
1) / o
ok

R(wFT1) = 6R(aF)
= Rd =R
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

wk+1 — dak

R(wFT1) = R(da®)

/ da®
okt
aoktl
i
1) / o
ok

R(wFT1) = 6R(aF)
= Rd =R
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Discrete representation of physical quantities Discretization: pointwise approach

Discretization: geometric approach
The de Rham map

Exact differential operators

Vs w1 Ve w9 (4

Y1 v P3 U3 Y5
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Discrete representation of physical quantities

Exact differential operators

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Vs w1 Ve w9 (4
Y1 v @3 U3 Ps

Gradient v! = dg0® — vl =60

U1 -1 0
v2 0 -1
v3 0 0
V4 = 0 0
U5 —1 1
Ve 0 0
v7 0 0

Artur Palha, Jasper Kreeft and Marc Gerritsma

1 0 0 0 h
0 1 o0 o0 f2
-1 0 1 o0 I3
0 -1 o0 1 fa
0 0 0 o0 f5
-1 1 o0 o0 ;fj
1 0 11 fs

Higher-order cochain interpolation
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Discrete representation of physical quantities

Exact differential operators

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Vs w1 Ve w9 (4
Y1 V1 ¥3 U3 Y5
Curl w? = dv! = w? = !

v1
v2
w ] [1 -1 0 0o —-1 1 o0]|™
wr | |0 0 1 -1 o0 -1 1 |[|™
U5
vg
v
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Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

Us w1 JVe w2 v7

Y1 v P3 U3 Y5

dd=0—060=0

-1 0 1 0 0 0
0 -1 0 1 0 0

1 -1 0 0 -1 1 0 0 0 -0 1o

o 0o 1 -1 0o -1 1% 0 0 —1 0 1}=0
-1 1 0 0 0 0
0 0 -1 1 0 0
0o 0 1 0 -1 1 F

TUDelft

Technische Universiteit Delft

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation



Discrete representation of physical quantities Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

Discrete exact complex
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

Problem? Given a cochain, get a piecewise smooth reconstruction
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

Problem? Given a cochain, get a piecewise smooth reconstruction

T:CF— AF
I(a") =) aief(x), ef(x) e Al C AP
Such that: ‘

RoZI=1, ZoR=1+0O(") and dZ =176

nnnnnnnnnnnnnnnnnnnn

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation



The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

RoI=1
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

RoI=1

RoZ(a*) =R[I(a")]
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

RoI=1
R o I(a*) = R[Z(a")]
= R[Z a; e (z)]
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

dZ =74
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin
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Cochain reconstruction: the Whitney map, 7
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

dZ =176
dZ(a*) = T6(a¥)

dZa];C IZ i
j J

Zajde 22[5]”% k+1
J
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

dZ =176
dZ(a*) = T6(a¥)

dZa] ;“ IZ i
J
Zajde 22[5]”% k+1
Zajdej = Zajz ZJ f“
J J (
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The Whitney map

Reconstruction of physical quantities Edge basis functions

Finite volumes and Galerkin

Cochain reconstruction: the Whitney map, 7

dZ =74

dI(ak) = 76(a")

Zajde
Z ajdej
J

:>d6

IZ ij Qg
ZZ[«%% o

_ i 1
_E:GJE: lij€i
j i

Z[é]u k+1
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Exact de Rham complex
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Reconstruction of physical quantities

The Whitney map
Edge basis functions
Finite volumes and Galerkin

Exact de Rham complex

Polynomial exact complex

Artur Palha, Jasper Kreeft and Marc Gerritsma
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Nodal quantities: Lagrange interpolants
hy (z5) = 0y

ij=1,...,p+1
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Nodal quantities: p=1

-10 -05 0.0 05 10 -10 -05 0.0 0.5 10

Reduce
S e

R

(@] = [p(=1), (1)]
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Reconstruction of physical quantities

Edge basis functions

The Whitney map
Edge basis functions
Finite volumes and Galerkin

Nodal quantities: p=2

-10 -05 0.0 05 10

Reduce
iscretize)

[@i] = [p(=1), ¢(0), p(1)]

20
10
0.5
-10 -05 0.0 0.5 10
Reconstruct
(Interpolate)

A
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Nodal quantities: p=4

-10 -05 0.0 05 10 -10 -05 0.0 0.5 10

Reduce

Reconstruct
iscretize)

(Interpolate)
z

(@] = [p(=1), (), (V)]
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Nodal quantities: p=6

-10 -05 0.0 05 10 -10 -05 0.0 0.5 10

Reduce

Reconstruct
iscretize)

(Interpolate)
z

(@] = [p(=1), (), (V)]
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Volume quantities: edge functions

Tj+1
/ e} (z) = &y

J

‘L d
Fx)=-> %hﬁﬂ(x)
n=1

ij=1,....p
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Volume quantities: p=0

20

1)

10

0.5

-10 -05 0.0 05 10 -10 -05 0.0 0.5 10

Reduce
S e

R

R,(‘,(',()ll.‘&bl'll(‘,(
(Histopolate)

A

[%:] = [#1, P2]
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Volume quantities: p=1

20
10
05
-10 -05 0.0 05 10 -10 -05 0.0 05 1.0
Reduce Reconstruct
5 z¢) (Histopolate)

R T

(@3] = [P1, P2, @3]
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Volume quantities: p=3

-10 -05 0.0 05 10 -10 -05 0.0 0.5 10

Reduce Reconstruct
5 z¢) (Histopolate)
R

A

[¢i] = [@1, (), Pl
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Edge basis functions

Volume quantities: p=6

-10 -05 0.0 05 10 -10 -05 0.0 0.5 10

Reduce Reconstruct
5 z¢) (Histopolate)
R

A

[¢i] = [@1, (), @7l
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Higher dimensions: (2D case)
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The Whitney map
Reconstruction of physical quantities Edge basis functions
Finite volumes and Galerkin

Higher dimensions: (2D case)

Nodal quantities:

e(z,y) ~ 3 (z,y) = Y pish (2)hE(y)
I

1-form quantities: \

Vo)~V (2,y) = Zm“ @)k (y)da

+Zijhf z)e? ™ (y)dy

Volume quantities:

o0 < w.
w(@,y) ~ (2, y) = Z%ﬁ 2)e? ! (y)dady i Y
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The Whitney map
Reconstruction of physical quantities Edge basis functions
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J
¢ => i), v =1 vl
i
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<d¢0 - 1)1, 631>

(d Z bie) — Z viel, €5)
<Z[ 1,k¢k:€ Z'Uz

ik

(I
o o

|
o
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» &g 0

<dz¢169 - szfz17 631> =0

(O _[Blidrel =Y viej.ej) =0
ik i

Y [Sldrlel €)= vilel ) =0
ik i
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qusz

(S e —
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Edge basis functions
Finite volumes and Galerkin

> [Olitrlel,e)) — Zv@-(e%, €e)) =0

ik

> [0l — vi | (€], €)) =0
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<d¢0 - 1)1, 631> =0
<dz¢¢eg — Zvieg, 6;) =0
<Z 1,k¢k:€ Z'Uz

ik

Z[‘ﬂzkﬂ%(ez ) 5;) - Zvi(e}, 6]1) =0

ik %

(Z[(S]iwk - Ui) (el,€)) =0

k
= Z[a]zk(bk —v; =0, Vi
k
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» Algebraic topology as a natural discrete analogue of
differential geometry.

» Geometrical reduction operator, R, produces exact differential
operators

» Reduction operator, R, Whitney map, W, and exterior
derivative, d, have nice commuting properties.

» Edge basis functions for finite elements yield finite volume like
discretizations .
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» Algebraic topology as a natural discrete analogue of
differential geometry.

» Geometrical reduction operator, R, produces exact differential
operators

» Reduction operator, R, Whitney map, W, and exterior
derivative, d, have nice commuting properties.

» Edge basis functions for finite elements yield finite volume like
discretizations .

J. Kreeft presentation on Higher-order discretization of Laplace
operator for application of this ideas.
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Thank you
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