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k = 2 :

Z
V

dβ2 =

Z
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β2 d : Λ2 7→ Λ3 (maps surfaces to volumes)

Constitutes an exact sequence (de Rham complex), since dd = 0

R ↪→ Λ0 d−→
∇

Λ1 d−−→
∇×

Λ2 d−−→
∇·

Λ3 d−→ 0

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 6 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Chains and cochains and the de Rham map

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 7 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Chains and cochains and the de Rham map

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 7 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Chains and cochains and the de Rham map

R : Λk 7→ Ck∗

R(αk) =

[∫
σki ∈σk

αk

]
=
[
aki

]
= ak

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 7 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

R(ωk+1) = R(dαk)

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

R(ωk+1) = R(dαk)

=

"Z
σk+1

i

dαk

#

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

R(ωk+1) = R(dαk)

=

"Z
σk+1

i

dαk

#

=

"Z
∂σk+1

i

αk

#

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

R(ωk+1) = R(dαk)

=

"Z
σk+1

i

dαk

#

=

"Z
∂σk+1

i

αk

#

= δ

"Z
σk

i

αk

#

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

R(ωk+1) = R(dαk)

=

"Z
σk+1

i

dαk

#

=

"Z
∂σk+1

i

αk

#

= δ

"Z
σk

i

αk

#
R(ωk+1) = δR(αk)

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

R(ωk+1) = R(dαk)

=

"Z
σk+1

i

dαk

#

=

"Z
∂σk+1

i

αk

#

= δ

"Z
σk

i

αk

#
R(ωk+1) = δR(αk)

⇒Rd = δR

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

ωk+1 = dαk

R(ωk+1) = R(dαk)

=

"Z
σk+1

i

dαk

#

=

"Z
∂σk+1

i

αk

#

= δ

"Z
σk

i

αk

#
R(ωk+1) = δR(αk)

⇒Rd = δR
⇒ δδ = 0

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 8 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

Discretization: pointwise approach
Discretization: geometric approach
The de Rham map

Exact differential operators

Gradient ν1 = dφ0 → v1 = δf0

266666664

v1
v2
v3
v4
v5
v6
v7

377777775
=

266666664

−1 0 1 0 0 0
0 −1 0 1 0 0
0 0 −1 0 1 0
0 0 0 −1 0 1
−1 1 0 0 0 0
0 0 −1 1 0 0
0 0 1 0 −1 1

377777775

26666666664

f1
f2
f3
f4
f5
f6
f7
f8

37777777775
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–
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»
1 −1 0 0 −1 1 0
0 0 1 −1 0 −1 1

–
266666664

−1 0 1 0 0 0
0 −1 0 1 0 0
0 0 −1 0 1 0
0 0 0 −1 0 1
−1 1 0 0 0 0
0 0 −1 1 0 0
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Discrete exact complex

R // Λ0

R
��

d // Λ1

R
��

d // Λ2

R
��

d // Λ3

R
��

// 0

R // C0
∗

δ // C1
∗

δ // C2
∗

δ // C3
∗

// 0
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I : Ck∗ 7→ Λk

I(ak) =
∑
i

ai ε
k
i (x), εki (x) ∈ Λkp ⊂ Λk

Such that:

R ◦ I = 1, I ◦ R = 1+O(hp) and dI = Iδ
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dI = Iδ

dI(ak) = Iδ(ak)

d
∑
j

ajε
k
j = I

∑
j

[δ]ijaj∑
j

ajdεkj =
∑
i

∑
j

[δ]ijajεk+1
i∑

j

ajdεkj =
∑
j

aj
∑
i

[δ]ijεk+1
i

⇒ dεkj =
∑
i

[δ]ijεk+1
i
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Nodal quantities: Lagrange interpolants

hpi (xj) = δij

i, j = 1, . . . , p+ 1
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Volume quantities: edge functions∫ xj+1

xj

epi (x) = δij

epi (x) = −
i∑

n=1

d

dx
hp+1
n (x)

i, j = 1, . . . , p
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Higher dimensions: (2D case)
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ϕ(x, y) ≈ eϕp(x, y) =
X
ij

ϕijh
p
i (x)hpj (y)

1-form quantities:

~V (x, y) ≈ e~V p(x, y) =
X
ij

V
x
ije

p−1
i (x)hpj (y)dx

+
X
ij

V
y
ijh

p
i (x)ep−1

j (y)dy

Volume quantities:

ω(x, y) ≈ eωp(x, y) =
X
ij

ωije
p−1
i (x)ep−1

j (y)dxdy
ϕij ωij

V x
kl V y

mn

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 14 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

The Whitney map
Edge basis functions
Finite volumes and Galerkin

Higher dimensions: (2D case)

Nodal quantities:

ϕ(x, y) ≈ eϕp(x, y) =
X
ij

ϕijh
p
i (x)hpj (y)

1-form quantities:

~V (x, y) ≈ e~V p(x, y) =
X
ij

V
x
ije

p−1
i (x)hpj (y)dx

+
X
ij

V
y
ijh

p
i (x)ep−1

j (y)dy

Volume quantities:

ω(x, y) ≈ eωp(x, y) =
X
ij

ωije
p−1
i (x)ep−1

j (y)dxdy
ϕij ωij

V x
kl V y

mn

Artur Palha, Jasper Kreeft and Marc Gerritsma Higher-order cochain interpolation 14 / 18



Discrete representation of physical quantities
Reconstruction of physical quantities

Conclusions

The Whitney map
Edge basis functions
Finite volumes and Galerkin

Finite volumes and Galerkin

dφ0 = v1

〈dφ0, ε1j 〉 = 〈v1, ε1j 〉
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φiε
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1
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I Geometrical reduction operator, R, produces exact differential
operators

I Reduction operator, R, Whitney map, W, and exterior
derivative, d, have nice commuting properties.

I Edge basis functions for finite elements yield finite volume like
discretizations .

J. Kreeft presentation on Higher-order discretization of Laplace
operator for application of this ideas.
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