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Continuous elements on pyramids

® Woachspress 1975. General polyhedral elements
with 3-vertices. Generalises to pyramids.

® Bedrosian 1992. First and second order pyramidal
elements.

® Macro-element based approaches. Wieners 1997 ...

® Sherwin 1997; Chatzi 2000. Attempts at high
order.

® Bergot, Cohen, Durufle, 2010. Includes survey.
“Optimal” high order elements.




Conforming pyramidal elements for the
de Rham complex
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Theorem: There is no (high order) conforming pyramidal
continuous finite element whose approximation space

consists purely of polynomials. Bedrossian 92,Wieners
97,Warren 02.

A
xzZ(l—x—2z)(L—y — z)

u(x,y,z)= T
(0,0,1)
u(x,0,z) =
xz(1 — x — 2)

p(x,y,z) =xz(l=x—2z)(1 -y — 2)
(r(x,z)+ ys(x,y,2))

Y
’
]
I
I
L]
,,,,,

p(x,0,z) =xz(1 —x —z)(1 — 2)r(x, z)

= u(x,0,z) = xz(1 — x — z)
1
l1—~Zz

= r(x,z) =




Quadrature intuition

® “Our basic objective is to give sufficient
conditions on the quadrature scheme which
ensure that the effect of the numerical
integration does not decrease [the] order of
convergence”, Ciarlet 1978.

® Rule of thumb:




Quadrature on pyramids
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® Conical product formulae (Stroud, 72).

® Duffy transform + Gauss Legendre / Jacobi.

® |3 evaluations.




Conical product formulae

® kth degree formula is exact for polynomials
of degree 2k on the pyramid.

® Exact for products of any pair of kth order

(Nigam-Phillips) pyramidal shape functions

from each family of elements, including the
rational functions.

® Numerical evidence that they perform well
for continuous elements (Bergot et al,

2010).




As much of the relevant bits of the classical framework for analysing
the effects of quadrature on finite elements as will fit onto one slide.

Example problem:
Find u € H}(Q) such that a(u, v) := 2 AVQ;udjv = f(v) Vv € H3 (Q).

Th is a tesselation for a domain, €2. For a given order, k, Vj  is assembled using
k™ order elements on each K ¢ 777.. Write Sp () = 2 ket Skik(-) where Sk (+)
are per-element quadrature rules. Discrete problem:

Find up, € Vh,k such that ah(u, V) = 5, (ZU A’f@;uﬁjv) = f(Vh) Vv, € Vh,k-

First Strang Lemma:

' a\Vp, Wh) — aplVh, Wh
HU_UhH1§ C inf HU—VhH1—|— sup ‘ ( ) ( )|
Vh& Vi Wh € Vh k HWhH1

Write Ex.x(-) = Skk(-) — [+ For all p € P?*, Ex k(p) = 0. Apply Bramble
Hilbert Lemma and scaling argument to obtain local estimate:

\Ek;K[Aij@;Wé?jv]] S CthAHk,oo,KHVHk,K‘W‘l,K \V/V, W & Vh,k

Sum over all elements. Assume an O(h*) best approximation estimate and bounded
interpolation operator, I : HY(Q) — Vj, .

lu—unlls < CH* (Julksa + [[Allk ookl ullkt1)



VWhat goes wrong on pyramids...

® Consistency error is controlled using local error estimates:
Ei k[AY 0w V]| < Ch¥[|Allk oo,k | V][ kI W]1,K

® Zeros in the denominator of the rational functions at the tip
of the pyramid mean that we can’t take high derivatives.

® Continuous element shape function associated with vertex
o . Xy
(L1,0)is v(x,y,z) = .
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Rational functions can’t be ighored

Temptation: Apply local error estimate to polynomials
on each element.

But ... rational functions are essential to interpolation

...and interpolation is essential to controlling the
consistency error.

VhEVh,k WhEthk HWhH]-

a(vh, wh) — an(vh, wh>|>

|u— uplls < C inf <Huvh|1+ sup

< C inf (HU —vplls + ) !AHk,oo,K!Vth,K>

KeTy

< C <||u — Mu||; + h* Z HA||k,oo,K|nU|k,K>

KeTh
< Ch* (ulks1 + Al kool ull k+1)

vhE Vi k




A new family of elements

® Smaller than the original Nigam-P. elements.
® Same approximation properties.

® Approximation space for continuous
element is the same as Bergot et al optimal
element (and Zaglmayr)

® Much more concise definition




New approximation spaces
R(O)(Koo) _ Q[k K]
R (Koe) = (QUR QU {0)) @ (V- w e Q)

k—1,k—1 k—1,k k,k—1
R (Koe) = (10} x {0} x QYY) @ {V x wwe (QU < QT < {0} }
k—1,k—1
RO (Ko) = QUM

. abl c
Q/[!’]:span{xy( + 2) a+c§/andb+c§m}

® Approximation spaces
defined on infinite
pyramid, Keo, in terms
b of k-weighted

O K = K )
polynomials

o* : R(K) = R (K)
® Approximation spaces
on finite pyramid, K,

defined as pre-image of
K« under pullback

mappings

(0,0,0)

(1,0,0)



Resolution

® Observation: On the reference pyramid, the components of
each k* order approximation live in spaces spanned by “rational
monomials™:

er(X, v, 2) i=xyP(1—2)"%" r<kandab<r+1

® Regularity increases with r.
e € HTY(K) Va, b

Ey k[AY0i€a6rO5v]| < Ch||All s ook ll€llr k| W 1k

® Can let the components of the tensor A’ be element-wise
polynomial. Quadrature is still exact:

Ex k(AYO;e.p0iw) =0 VAY € P77 w € Vi (K)

® Can reapply Bramble Hilbert Lemma and scaling argument to
get “missing” h*". So consistency error is O(hX).



Summary

There exist high order conforming pyramidal finite elements
for the de Rham complex that satisfy a commuting diagram
property.

Using Stroud’s kth degree conical product rules to assemble
the stiffness matrix for methods using kth degree pyramidal
elements will not decrease the order of convergence.

On face value, not a surprising result: consistent with the rule
of thumb.

Justification of the result is maybe a little surprising.

Nigam and Phillips. Numerical integration for high order
pbyramidal finite elements. arXiv:1003.0495v|




