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B-Splines and NURBS

B-splines on the reference domain [0, 1]

Let n, p be nonnegative integers.
@ Knotvector: Z:={0=& < & < < &ypr1 = 1}
@ Knot vector without repetitions: {(1, ..., (i}
@ Multiplicities of knots: {rq, ..., 7m},
@ Regularities: k = {k1, ..., ku},
kl’ =p—ri+ 1
@ B-spline basis functions: {B1, ..., B,}

° Si = span{By, ..., B,} piecewise polynomials of degree p with
continuous derivatives up to the order k; — 1 at knot ¢;.

8k =8F withky = - =ky = k.
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B-Splines and NURBS

B-Splines on the reference domain Q = [0, 1)

Ford = 1,2, ps, n; nonnegative integers.

@ Knotvector: Zy = {0 = &4 < &pg < ... < &yipp1a = 11,
knot vector (without repetitions) {1 4, - - -, G, dls
multiplicities {r1 4, ..., 7y, 4}
regularities kg = (ki 4, ..., kn,a};

{B;, 4} B-spline basis functions.
@ Mesh: 9, ={Qy; = (Gi1, Giy11) X (G2s Gir1,2) ?21_,1}";21_1;
@ B-spline basis functions: B;; := B;1 @ B;»,
o 8112 = 81182 () =8 @8 = span{B;}1, ;.

it = S with ky g = - = kyya = kayd = 1,2.
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NURBS in Q C R?

Parametric domain Q:

@ Weighting function: w := Z?;’{lj.zl w;iBjj, with w;; > 1;
: . wiiBjj
@ NURBS basis functions: R;; = - ;
© NURBS space: N|\'i2 = Np1i2 (Q), w) = span{Ry}112 ;.

Physical domain Q c R2:
@ Control points: C;j € R2;

o Geometricalmap: F: Q — Q, F = Z;’;’ﬁzl CiiRij;
@ Mesh in the physical domain: X, = {F (Q): Q € 9Q,}.
@ NURBS space on Q:

P1:P2 _ A9P1:P2 . .. —1ymn2
Vkl,kz = Vkl‘kz(Qh,w, F):=span{R;o F }Z.:l,].zl.
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1
@ Orthogonality property: J1 Li(x)Lj(x) dx = ﬁélj

@ Fourier-Legendre series: V ¢ € L%(—1,1),

— . . 241!
0lx) = Y oiLi(x), where ¢ = 2= | o(Li{x)d
i=0 o




Polynomial approx in 1D

Legendre polynomials

Definition (Legendre polynomial of degree i)

1
. _ 2
@ Orthogonality property: J1 Li(x)Lj(x) dx = ﬁélj
@ Fourier-Legendre series: V ¢ € L%(—1,1),
= . 241!
0lx) = Y oiLi(x), where ¢ = 2= | o(Li{x)d
i=0 -

@ Orthogonal projection of order N € N:

TN (i (biLi(x)) = i @iLi(x).
i—0 i=0
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Primitives of Legendre polynomials

Definition
Given a nonnegative integer n, we define the n-th primitive of L;,
Y, u, in a recursive way,
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Primitives of Legendre polynomials

Definition
Given a nonnegative integer n, we define the n-th primitive of L;,
Y, u, in a recursive way,

W) = Lix), i) =J W i (E)dE, n=1,2,...
—1

@ Orthogonality property

r Win ()W) () i 2 (i—-n)l
1 (1T —x2)n C2i+1(i+n) "
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@ p, k nonnegative integers;

@ SP(A) set of polynomials of degree < p in A = (—1,1);
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(Fpjert) ™ (x) =m, ) (x), x € A,
(Rpye) D (—1) =uV(-1), t=0,1,...,k—1,
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The new projection operator

@ p, k nonnegative integers;

@ SP(A) set of polynomials of degree < p in A = (—1,1);
Ty HY(A) — SP(A) is defined as:
(Fpjert) ™ (x) =m, ) (x), x € A,
(Rpye) D (—1) =uV(-1), t=0,1,...,k—1,

o Ifulb(x) =32 oyLi(x), then

npku Zoq‘l’zk +Zu x+!1)

o lfp>2k—1, (m,w) V(1) =ul¥(1),¢=0,1,....k— 1.
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Spline approximation on the reference domain [0, 1]

@ p, k nonnegative integers, with 2k —1 < p;
e 0=0<O< - <u=1}, [=(CCGp),1<i<m—1;
@ T;: A — I; linear mapping.

The (local) projection operator n;‘k: H¥(I;) — 8 is defined as:

ﬁ;,ku o T = (Rpx(uoTy)).
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Spline approximation on the reference domain [0, 1]

@ p, k nonnegative integers, with 2k —1 < p;
e 0=0<O< - <u=1}, [=(CCGp),1<i<m—1;
@ T;: A — I; linear mapping.

The (local) projection operator ﬂ;‘k: H¥(I;) — 8 is defined as:

ﬁ;,ku o T = (Rpx(uoTy)).

The (global) projection operator T, : H*0,1) — SZ is defined as:

(ﬂp,ku)hi :n;,!k, i=0,....m—1

() () =ul®(g), 1<i<m 0<E<k—1.




Spline approx in 1D

Error estimate for 7t x

@ p, k nonnegative integers, 2k — 1 < p;
o{0=0G<-<ln=1} I'Z(Ci,CiH) hi = Ciy1— G
() € H3(I;) forsome0 <s <k =p—k+1.

Then, for{ =0, ...k,

¢ ¢
Hu( ) _ (T[p,ku)( )”imi)
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Error estimate for 7t x

@ p, k nonnegative integers, 2k —1 < p;
o 0=0<--<lu=1} I'Z(Ci,Ci+1) hi = Ciy1 — G,
K e H(I;) forsome0 <s<k=p—k+1.
Then, for{ =0,...,k,
H”(e) - (Tfp,k”)(z) Hiz(l,-)

iy 25+ (k= s)! (k — (k= )] 2
<(2> (K—i—s)!(KJr(k—(’,))!'u s 1

Consequently, foru € H°(I;), k< o<p+1,and{=0,...,k,
there exists a constant C independent of u, {, o, h;, p andk, s.t.

lu — Ty ettlige ) < Chi®Hp —k+ 1) Oulye,
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Error estimate for 7t x

@ p, k nonnegative integers, 2k —1 < p;
e 0=0<--<Cn=1} I'Z(Ci,Ci+1) hi = Civ1— G
K e H(I;) forsome0 <s<k=p—k+1.
Then, for{ =0,...,k,

(4 ¢
H”( ) — (ﬂp,k”)( )Hiz(l,-)

iy 25+ (k= s)! (k — (k= )] 2
<(2> (K—i—s)!(KJr(k—(’,))!'u s 1

Consequently, foru € H°(0,1), k<o <p+1,andl=0,...,k,
there exists a constant C independent of u, {, o, h, p andk, s.t.

Ju— 70, kil 0,1) < ChO (p —k + 1) Olulgo o.1).
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Error estimate for 71, ;. Some comments on the proof

@ k = 1: C. Schwab, p- and hp- Finite Element Methods. Theory
and applications in Solid and Fluid Mechanics, Oxford
University Press, Oxford, 1998.
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Error estimate for 71, ;. Some comments on the proof

@ k = 1: C. Schwab, p- and hp- Finite Element Methods. Theory
and applications in Solid and Fluid Mechanics, Oxford
University Press, Oxford, 1998.

e k>1:

Orthogonality of {W; ¢}¢>;
\
Error estimate for 71,
in certain weighted norms

4

Error estimate for 71,
in (unweighted) Sobolev seminorms  + scaling

4

local error estimate for 71,
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1
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ju— o pttlire.1) < ChOp —k+ 1) Olulyo o).
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ju— o pttlire.1) < ChOp —k+ 1) Olulyo o).

p—k+1

N = dim(8}) = 7

+ k  (uniform mesh)
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Tty 1 VErsus 7t. p+1
Ps P,

lu— 70, xtl201) < CIN — k)~ Pl .1

N =dim(s!) = P K1 4

7 (uniform mesh)

e Same degree, different mesh: N = dim(8) = dlm(S’;H)

N~

|u - T[p,1M|L2(01 § C
|M — T[P %M|L2(01 < CN™

+1) |M|HP+1 (0,1)

+1) 1] o1 0,1)
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Tty 1 VErsus 7t. p+1
Ps P,

lu— 70, xtl201) < CIN — k)~ Pl .1

N = dim(8}) = # +k (uniform mesh)

e Same degree, different mesh: N = dim(8) = dlm(S’;H)

|M — T[p,11/l|L2(0 1) < CN™ )|M|Hl”4rl (0,1)
<C

|u—ﬂp,%u|L2(01 N~

)|M|Hn+1(o,1)
o Different degree, same mesh: N = dim(s’i’) ~ dim(S;”*l)

‘M — ﬂp,1u|L2(01 XX CN™ )|u|Hlf’Jrl (0,1)

|1/l - T[ZP*LPL”LZ(O 1 § CN p|u|H2p 0 1)
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7,1 VErsus 7, 1, Analytic functions

@ u analytic in [0,1] = u analytic in g
Er ellipse with foci 0 and 1 and semiaxis sum R > 1/2
@ p=p(R) >0s.t B(x,p) C g, Vx € [0,1]

S S
@ |ulpso1) < Cﬁ<&> ggg;(lu(z)l
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7,1 VErsus 7, 1, Analytic functions

@ u analytic in [0,1] = u analytic in g
Er ellipse with foci 0 and 1 and semiaxis sum R > 1/2
@ p=p(R) >0s.t B(x,p) C g, Vx € [0,1]

S S
@ |ulpso1) < Cﬁ<&> ggg;(lu(z)l

p+1
U — Tyl < CN™ ”H max |u(z
| patllr2(01) < z€8R| (2)]

|u —Top—1ptllr2(01) < CN™ 7.2 ( ) max [u(z)]

zEER

N-C), /2 (%)2” i
N—(p+1) \/ﬁ(ml)p S <p€>




Spline approx in 2D

(0,112

Spline approximation on the reference domain Q=

o p= (phpZ); k= (klakZ)J 2kd —1 < Pa, d= 152;
® Q;i =1 xJi = (G, Civ1,1) X (G2, Gy12) € Dy,
o Hfvk2(Qy) = HA (I;, H*(];))
@ SPP2(Qy) ={u: Qj — Rt u(-y) € M1(L), ulx,-) € 82(J;)}.
The (local) projection operatorﬂ] : Hake (Qy) — 8P172(Qy) s
ﬂzk*nlkl ®7Tp2k2




Spline approx in 2D

Spline approximation on the reference domain Q =[0,12

@ p=(p1,p2), k= (ki,k2), 2k; —1 <py,d=1,2;
® Q;i =1 xJi = (G, Civ1,1) X (G2, Gy12) € Dy,
o Hfvk2(Qy) = HA (I;, H*(];))

® SPr2(Qy) ={u: Qy — R : u(-,y) € 8M1(L), ulx,-) € 872(J;)}.

The (local) projection operator ﬂZ!k: Hbvk(Qg) — 8P1P2(Qy) is:
i
ﬂpk i o1 1 ®7Tp2k2

The (global) projection operator T1,,.: H 12 Q) — 852",’522 (Qy) is

(Myx0)lo; = (”Z,kv),VQij € Q.




Spline approx in 2D

Error estimate for TT,,

@ p1=p2=p;
@ ki, ky be nonnegative integers, 2k; —1 < p ford =1,2
k* - mln{kls kz}! k* - max{kls kz}:
® Qji = (Gi1, Giv1,1) X (G2, Gy12),
hij = max{Ci1,1 — Gi15 Gir12 — Gioks
@ v e H?(Qy) withky +kp <o <p+1
Then, for all integers 0 < £ < k., there exists a positive constant C,
independent of v, o, {, hyj, p, k1 and ky, such that,

o= Tpaolhe(,) < Oy (p =k + 1)~ Vol




Spline approx in 2D

Error estimate for TT,,

@ p1=p2=p;
@ ki, ky be nonnegative integers, 2k; —1 < p ford =1,2
ki = min{kq, kp}, k* = maxtky, kp};
@ Q; = (Gi1, Giv11) X (G2, Gy12)s
hij = max{Ci1,1 — Gi1, Gir12 — Gk
@ v e H?(Qj) withky +ky <o <p+1
Then, for all integers 0 < £ < k., there exists a positive constant C,
independent of v, o, {, h, p, k1 and k, such that,

[0 = Tpiolye @) < CH7 4 (p =k + D7 ol ).




NURBS approx in 2D

NURBS approximation in the physical domain Q) C R?

@ p=(p1,p2), k= (ki,k2), 2kg —1 < pa, d =1,2;

® Kij = F(Qj), Qij € Q,
The (local) projection operator for functions defined on Ki; is:
Ty HO(Kj) = Vi, o > ki + ks

m (w (vo F))

ij _
My (v)o F = ”
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NURBS approximation in the physical domain Q) C R?

@ p=(p1,p2), k= (ki,k2), 2kg —1 < pa, d =1,2;

® Kij = F(Qj), Qij € Q,
The (local) projection operator for functions defined on Ki; is:
Ty HO(Kj) = Vi, o > ki + ks

m (w(vo F))

i _p
My (v)o F = ”

The (global) projection operator for functions defined on Q) is
My: HO(Q) = V12, 0 > ki + ka,

My (v)lk, = ﬂi\é(ﬂKy) VKZ']' € Xy.

ij




NURBS approx in 2D

Error estimate for TTy

@ p1=p2=p;
@ ki, ky nonnegative integers, 2k; —1 < p ford =1,2
k. = min{kq, ko }, k* = max{ky, k> };

@ w and F fixed at the coarsest level of discretization;
@ K e Xy, hx = diamK;
@ ve HO(K) withky +ky <o <p+1;

Then for{ =0,...,k,, there exists a constant C = C(w, F),
independent of v, o, {, hk, p, k1 and k, such that

[0 — Ty (0)lge (k) < Ch®(p — k* + 1)~ Y)j0]| o (x-




NURBS approx in 2D

Error estimate for TTy

@ p1=p2=p;
@ ki, ky nonnegative integers, 2k; —1 < p ford =1,2
k. = min{kq, ko }, k* = max{ky, k> };

@ w and F fixed at the coarsest level of discretization;
@ K e Xy, hx = diamK;
@ ve HO(K) withky +ky <o <p+1;

Then for{ =0,...,k,, there exists a constant C = C(w, F),
independent of v, o, {, h, p, ki and k, such that

[0 — Ty (0)le () < Cho 4 (p —k* + 1)~ 7Y ||v||go ().




Concluding remarks

@ We have constructed new projection operators onto B-splines
and NURBS spaces and given error estimates in Sobolev
norms which are explicit in the three discretization
parameters: degree p, regularity k and mesh size h.
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Concluding remarks

@ We have constructed new projection operators onto B-splines
and NURBS spaces and given error estimates in Sobolev
norms which are explicit in the three discretization
parameters: degree p, regularity k and mesh size h.

@ We have showed superior approximation properties when
regularity is increased.

@ A restriction on the regularity must be imposed, namely
2k—1 < p.

@ The case of higher regularity, up to k = p remains open.



Thank you
for
your attention
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