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B-splines on the reference domain [0, 1]

Let n, p be nonnegative integers.

Knot vector: Ξ := {0 = ξ1 6 ξ2 6 · · · 6 ξn+p+1 = 1}

Knot vector without repetitions: {ζ1, . . . , ζm}.

Multiplicities of knots: {r1, . . . , rm},

Regularities: k = {k1, . . . , km},
ki := p − ri + 1

B-spline basis functions: {B1, . . . , Bn}

S
p
k = span{B1, . . . , Bn} piecewise polynomials of degree p with

continuous derivatives up to the order ki − 1 at knot ζi.

S
p
k = S

p
k with k1 = · · · = km = k.
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B-Splines on the reference domain Ω̂ = [0, 1]2

For d = 1, 2, pd, nd nonnegative integers.

Knot vector: Ξd = {0 = ξ1,d 6 ξ2,d 6 . . . 6 ξnd+pd+1,d = 1},
knot vector (without repetitions) {ζ1,d, . . . , ζmd,d},
multiplicities {r1,d, . . . , rmd,d},
regularities kd = {k1,d, . . . , kmd,d};
{Bid,d} B-spline basis functions.

Mesh: Qh = {Qij = (ζi,1, ζi+1,1)× (ζj,2, ζj+1,2)}
m1−1,m2−1
i=1, j=1 ;

B-spline basis functions: Bij := Bi,1 ⊗ Bj,2,

S
p1,p2
k1,k2
≡ S

p1,p2
k1,k2

(Qh) := S
p1
k1
⊗ S

p2
k2

= span{Bij}
n1, n2
i=1,j=1.

S
p1,p2
k1,k2

= S
p1,p2
k1,k2

with k1,d = · · · = kmd,d = kd, d = 1, 2.
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NURBS in Ω ⊂ R2

Parametric domain Ω̂:

Weighting function: w :=
∑n1,n2

i=1,j=1 wijBij, with wij > 1;

NURBS basis functions: Rij =
wijBij

w
;

NURBS space: Np1,p2
k1,k2
≡ N

p1,p2
k1,k2

(Qh, w) := span{Rij}
n1,n2
i=1, j=1.

Physical domain Ω ⊂ R2:

Control points: Cij ∈ R2;

Geometrical map: F : Ω̂→ Ω, F =
∑n1,n2

i=1,j=1 CijRij;

Mesh in the physical domain: Kh = {F (Q) : Q ∈ Qh}.

NURBS space on Ω:
V

p1,p2
k1,k2
≡ V

p1,p2
k1,k2

(Qh, w, F ) := span{Rij ◦ F −1}
n1n2
i=1,j=1.
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Construction of the new projection operator

i
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Legendre polynomials

Definition (Legendre polynomial of degree i)

Li(x) =
1

i! 2i
di

dxi

(
(x2 − 1)i), i = 0, 1, . . .

Orthogonality property:
∫ 1

−1
Li(x)Lj(x) dx =

2
2i + 1

δij

Fourier-Legendre series: ∀ϕ ∈ L2(−1, 1),

ϕ(x) =
∞∑

i=0

ϕ̂iLi(x), where ϕ̂i =
2i + 1

2

∫ 1

−1
ϕ(x)Li(x) dx.

Orthogonal projection of order N ∈ N:

πN

( ∞∑
i=0

ϕ̂iLi(x)
)
=

N∑
i=0

ϕ̂iLi(x).
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(
(x2 − 1)i), i = 0, 1, . . .

Orthogonality property:
∫ 1

−1
Li(x)Lj(x) dx =

2
2i + 1

δij

Fourier-Legendre series: ∀ϕ ∈ L2(−1, 1),

ϕ(x) =
∞∑

i=0

ϕ̂iLi(x), where ϕ̂i =
2i + 1

2

∫ 1

−1
ϕ(x)Li(x) dx.

Orthogonal projection of order N ∈ N:

πN

( ∞∑
i=0

ϕ̂iLi(x)
)
=

N∑
i=0

ϕ̂iLi(x).
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Primitives of Legendre polynomials

Definition
Given a nonnegative integer n, we define the n-th primitive of Li,
Ψi,n, in a recursive way,

Ψi,0(x) = Li(x), Ψi,n(x) =
∫ x

−1
Ψi,n−1(ξ) dξ, n = 1, 2, . . .

Orthogonality property∫ 1

−1

Ψi,n(x)Ψj,n(x)
(1 − x2)n dx =

2
2i + 1

(i − n)!
(i + n)!

δij, i, j = n, n + 1, . . .
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The new projection operator

Definition
p, k nonnegative integers;

Sp(Λ) set of polynomials of degree 6 p in Λ = (−1, 1);

π̂p,k : Hk(Λ)→ Sp(Λ) is defined as:

(π̂p,ku)(k)(x) =πp−ku(k)(x), x ∈ Λ,

(π̂p,ku)(`)(−1) =u(`)(−1), ` = 0, 1, . . . , k − 1,

If u(k)(x) =
∑∞

i=0 αiLi(x), then

π̂p,ku(x) =
p−k∑
i=0

αiΨi,k(x) +
k−1∑
m=0

u(m)(−1)
(x + 1)m

m!

If p > 2k − 1, (π̂p,ku)(`)(1) = u(`)(1), ` = 0, 1, . . . , k − 1.
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Spline approximation on the reference domain [0, 1]

Definition
p, k nonnegative integers, with 2k − 1 6 p;

{0 = ζ1 < ζ2 < · · · < ζm = 1}, Ii = (ζi, ζi+1), 1 6 i 6 m − 1;

Ti : Λ→ Ii linear mapping.

The (local) projection operator πi
p,k : Hk(Ii)→ Sp is defined as:

πi
p,ku ◦ Ti =

(
π̂p,k(u ◦ Ti)

)
.

The (global) projection operator πp,k : Hk(0, 1)→ S
p
k is defined as:

(πp,ku)|Ii = π
i
p,k, i = 0, . . . , m − 1.

Remark

(πp,ku)(`)(ζi) = u(`)(ζi), 1 6 i 6 m, 0 6 ` 6 k − 1.
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Error estimate for πp,k

Theorem
p, k nonnegative integers, 2k − 1 6 p;

{0 = ζ1 < · · · < ζm = 1}, Ii = (ζi, ζi+1), hi = ζi+1 − ζi;

u(k) ∈ Hs(Ii) for some 0 6 s 6 κ = p − k + 1.

Then, for ` = 0, . . . , k,

‖u(`) − (πp,ku)(`)‖2
L2(Ii)

6
(hi

2

)2(s+k−`) (κ− s)!
(κ+ s)!

(κ− (k − `))!
(κ+ (k − `))!

|u(k)|2Hs(Ii)
.

Consequently, for u ∈ Hσ, k 6 σ 6 p + 1, and ` = 0, . . . , k, there
exists a constant C independent of u, `, σ, , p and k, s.t.

|u − πp,ku|H` 6 Cσ−`(p − k + 1)−(σ−`)|u|Hσ .
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Error estimate for πp,k: Some comments on the proof

k = 1: C. Schwab, p- and hp- Finite Element Methods. Theory
and applications in Solid and Fluid Mechanics, Oxford
University Press, Oxford, 1998.

k > 1:

Orthogonality of {Ψi,`}`>i
⇓

Error estimate for π̂p,k
in certain weighted norms

⇓
Error estimate for π̂p,k

in (unweighted) Sobolev seminorms + scaling︸ ︷︷ ︸
⇓

local error estimate for πp,k
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πp,1 versus πp̃, p̃+1
2

|u − πp,ku|H`(0,1) 6 Chσ−`(p − k + 1)−(σ−`)|u|Hσ(0,1).

N = dim(S
p
k) =

p − k + 1
h

+ k (uniform mesh)

Same degree, different mesh: N = dim(S
p
1) = dim(S

p
p+1

2
)

|u − πp,1u|L2(0,1) 6 CN−(p+1)|u|Hp+1(0,1)

|u − πp, p+1
2

u|L2(0,1) 6 CN−(p+1)|u|Hp+1(0,1)

Different degree, same mesh: N = dim(S
p
1) ≈ dim(S

2p−1
p )

|u − πp,1u|L2(0,1) 6 CN−(p+1)|u|Hp+1(0,1)

|u − π2p−1,pu|L2(0,1) 6 CN−2p|u|H2p(0,1)
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πp,1 versus π2p−1,p: Analytic functions

u analytic in [0, 1] =⇒ u analytic in ER

ER ellipse with foci 0 and 1 and semiaxis sum R > 1/2
ρ = ρ(R) > 0 s.t. B(x, ρ) ⊂ ER, ∀ x ∈ [0, 1]

|u|Hs(0,1) 6 C
√

s
( s
ρe

)s
max
z∈ER

|u(z)|

‖u − πp,1u‖L2(0,1) 6 CN−(p+1)
√

p + 1
(

p + 1
ρe

)p+1

max
z∈ER

|u(z)|

‖u − π2p−1,pu‖L2(0,1) 6 CN−2p√2p
(

2p
ρe

)2p

max
z∈ER

|u(z)|

N−(2p)√2p
(

2p
ρe

)2p

N−(p+1)
√

p + 1
(

p+1
ρe

)p+1 6 C
(

4h
ρe

)p−1
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ρe

)2p

max
z∈ER

|u(z)|

N−(2p)√2p
(

2p
ρe

)2p

N−(p+1)
√

p + 1
(

p+1
ρe

)p+1 6 C
(

4h
ρe

)p−1
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Spline approximation on the reference domain Ω̂ = [0, 1]2

Definition

p = (p1, p2), k = (k1, k2), 2kd − 1 6 pd, d = 1, 2;

Qij = Ii × Jj = (ζi,1, ζi+1,1)× (ζj,2, ζj+1,2) ∈ Qh,

Hk1,k2(Qij) = Hk1(Ii, Hk2(Jj))

Sp1,p2(Qij) = {u : Qij → R : u(·, y) ∈ Sp1(Ii), u(x, ·) ∈ Sp2(Jj)}.

The (local) projection operator Πij
p,k : Hk1,k2(Qij)→ Sp1,p2(Qij) is:

Π
ij
p,k = π

i
p1,k1
⊗ πj

p2,k2
.

The (global) projection operator Πp,k : Hk1,k2(Ω̂)→ S
p1,p2
k1,k2

(Qh) is:

(Πp,kv)|Qij = (Π
ij
p,kv),∀Qij ∈ Qh.
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Error estimate for Πp,k

Theorem
p1 = p2 = p;

k1, k2 be nonnegative integers, 2kd − 1 6 p for d = 1, 2
k∗ = min{k1, k2}, k∗ = max{k1, k2};

Qij = (ζi,1, ζi+1,1)× (ζj,2, ζj+1,2),
hij = max{ζi+1,1 − ζi,1, ζj+1,2 − ζj,2};

v ∈ Hσ(Qij) with k1 + k2 6 σ 6 p + 1.

Then, for all integers 0 6 ` 6 k∗, there exists a positive constant C,
independent of v, σ, `, hij, p, k1 and k2, such that,

|v − Πp,kv|H`(Qij)
6 Chij

σ−`(p − k∗ + 1)−(σ−`)|v|Hσ(Qij).
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Then, for all integers 0 6 ` 6 k∗, there exists a positive constant C,
independent of v, σ, `, h, p, k1 and k2, such that,

|v − Πp,kv|H`(Ω̂)
6 Chσ−`(p − k∗ + 1)−(σ−`)|v|Hσ(Ω̂)

.
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NURBS approximation in the physical domain Ω ⊂ R2

Definition

p = (p1, p2), k = (k1, k2), 2kd − 1 6 pd, d = 1, 2;

Kij = F (Qij), Qij ∈ Qh,

The (local) projection operator for functions defined on Kij is:

Π
ij
V : Hσ(Kij)→ V

p1,p2
k1,k2

, σ > k1 + k2

Π
ij
V(v) ◦ F =

Π
ij
p,k(w (v ◦ F ))

w
.

The (global) projection operator for functions defined on Ω is
ΠV : Hσ(Ω)→ V

p1,p2
k1,k2

, σ > k1 + k2,

ΠV(v)|Kij = Π
ij
V(v|Kij) ∀Kij ∈ Kh.
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Error estimate for ΠV

Theorem
p1 = p2 = p;

k1, k2 nonnegative integers, 2kd − 1 6 p for d = 1, 2
k∗ = min{k1, k2}, k∗ = max{k1, k2};

w and F fixed at the coarsest level of discretization;

K ∈ Kh, hK = diam K;

v ∈ Hσ(K) with k1 + k2 6 σ 6 p + 1;

Then for ` = 0, . . . , k∗, there exists a constant C = C(w, F ),
independent of v, σ, `, hK, p, k1 and k2 such that

|v − ΠV(v)|H`(K) 6 ChK
σ−`(p − k∗ + 1)−(σ−`)‖v‖Hσ(K).
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Error estimate for ΠV

Theorem
p1 = p2 = p;

k1, k2 nonnegative integers, 2kd − 1 6 p for d = 1, 2
k∗ = min{k1, k2}, k∗ = max{k1, k2};

w and F fixed at the coarsest level of discretization;

K ∈ Kh, hK = diam K;

v ∈ Hσ(K) with k1 + k2 6 σ 6 p + 1;

Then for ` = 0, . . . , k∗, there exists a constant C = C(w, F ),
independent of v, σ, `, h, p, k1 and k2 such that

|v − ΠV(v)|H`(Ω) 6 Chσ−`(p − k∗ + 1)−(σ−`)‖v‖Hσ(Ω).
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Concluding remarks

We have constructed new projection operators onto B-splines
and NURBS spaces and given error estimates in Sobolev
norms which are explicit in the three discretization
parameters: degree p, regularity k and mesh size h.

We have showed superior approximation properties when
regularity is increased.

A restriction on the regularity must be imposed, namely
2k − 1 6 p.

The case of higher regularity, up to k = p remains open.
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Thank you
for

your attention
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