Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems

Analysis of the Discrete Maximum Principle in
the Mimetic Finite Difference Method for Elliptic
Problems

Daniil Svyatskiy

Konstantin Lipnikov,
(Los Alamos National Laboratory, USA)

Gianmarco Manzini
(Pavia, Italy)

Pavia, Italy, July 1st, 2010 “Los Alames

g



Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Motivation

Problem Formulation

Diffusion equation
—divKgradc=f in QcCR?
@ K(x) - diffusion tensor, such that

a1(£,€) < (K& &) < an(é,8)  VE,xER% aq,a2 >0

@ c(x) - unknown scalar function;
@ f(x) - source function;
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems

Motivation

Maximum principle

Lc=—divKgradc = f in Q

First Hopf lemma (1927)

Iff(x) > 0 in Q then there is no local minima in Q,
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Motivation

Maximum principle

Lc=—divKgradc = f in Q

First Hopf lemma (1927)

Iff(x) > 0 in Q then there is no local minima in Q,

)

Special case (monotonicity):
if f(x) > 0inQ and c(x) > 0 on 992 then c¢(x) > 0 in Q.
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Motivation

Maximum principle

Lc=—divKgradc = f in Q

Dicrete case: A"C" = F7"

First Hopf lemma (1927)

Iff(x) > 0 in Q then there is no local minima in Q,

Discrete case: If F" < 0 = max ch < max ch
o

I]‘F’7>O:>m|nCh>r%nCh

Special case (monotonicity):
if f(x) > 0inQ and c(x) > 0 on 992 then c¢(x) > 0 in Q.
Discrete case: c>0=C">0
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Motivation

Violation of the discrete maximum principle
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Motivation

Violation of the discrete maximum principle

Minimum of numerical solution

—6.203e — 03
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Mimetic Finite Difference method

Mixed discretization of diffusion equation

u = —Kgrade Darcy’s law
divu = f Mass conservation law

Weak formulation

K- 'uv - cdivv  + / cv-n = 0 v € H(div,Q)
Q Blel
7 divug = / fq g e Lx(Q)
Q Q

Discretization
/K—1 u'v? = UTMp V /Pchqh: CTMpoQT

/ c"v.n=C"Myp V @
oP
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Mimetic Finite Difference method

Static Condensation

- /cdivv + /cv‘n = 0
P P

/divuq = /fq + B.C.

P P

Algebraic form

Weak form

MP,UUP - IBPCP + (CPC)\’P = 0

BUr = Fp +B.C. and flux continuity condition



Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems

Mimetic Finite Difference method

Static Condensation

- /cdivv + /cv‘n = 0
P P

/divuq = /fq + B.C.

P P

Algebraic form

Weak form

Mp,Up - BpCp + CpCrp = O
BUr = Fp +B.C. and flux continuity condition
|es] =1
|ez] €]
where Bp = . and Cp = . L |
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Mimetic Finite Difference method

Static Condensation

Algebraic form

Mp,Up - BpCp + CpCrp = O
BUs = Fp +B.C. and flux continuity condition

U
SpCyp+ CpUp = Gp

where W = M1
Sp=C <W - (IB%TWIB%)_1WIB%IBBTW> ¢’ Gp=(B"WB) 'CWBF
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Mimetic Finite Difference method

Static Condensation

Algebraic form

Mp,Up - BpCp + CpCrp = O
BUs = Fp +B.C. and flux continuity condition

U
SpCyp+ CpUp = Gp

where W = M~!
Sp=C (W - (BTWB)*‘WBBTV\V) ¢’ Gp=(B"WB) 'CWBF

S= 3 NeSpNE G= > NeGeNE &

,/\j
PcQ, PeQ, +LosAlamos



Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems

Mimetic Finite Difference method

Static Condensation

Algebraic form

Mp,Up - BpCp + CpCrp = O
BUs = Fp +B.C. and flux continuity condition

U
SpCyp+ CpUp = Gp

where W = M1
Sp=C <W - (BTWB)—‘WBBTW> ¢’ Gp=(B"WB) 'CWBF

. &
SC, =G J Lok Ames




Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems

Mimetic Finite Difference method

Mass Matrix and its inverse

R,‘j = / X;ds N,‘j = (Kgradx,-)-nej
e

|

G'N=0 D'R=0
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Mimetic Finite Difference method

Mass Matrix and its inverse

R,‘j = / X;ds N,‘j = (Kgradx,-)-nej
e

|

G'N=0 D'R=0

1 ~
Mp, = WM@RT +GUGT

A
~
* LosAlamos



Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems

Mimetic Finite Difference method

Mass Matrix and its inverse

R,‘j = / X;ds N,‘j = (Kgradx,-)-ne
€

il

G'N=0 D'R=0

’
Mp, = WRK 'RT + GUGT

1

‘P‘NK 'NT + DUDT

—1
MP,U = WP:“
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Mimetic Finite Difference method

Mass Matrix and its inverse

R,‘j = / X;ds N,‘j = (Kgradx,-)-ne
€

il

G'N=0 D'R=0

’
Mp, = —RK 'R” + GUGT

P
1
Mp! =Wp, = ‘P‘NK 'NT + DUD"
Can we choose a subfamily which provides a monotone

discretization?
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Algebraic monotonicity condition

Assumptions

A1. Matrix W p satisfies the geometric constraint:

Wjj’ej‘ +ZW,']'|9," >0 Vj: 1,...,m
i#
A2. Matrix Wp is a Z-matrix:

wj <O0fori#jwithij=1,...,n.
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Algebraic monotonicity condition

’
Wp, =Wy + Wy = WNK”NT +DUD”

If matrix Wp satisfies assumptions A1 and A2 then

Sp is a singular Z-matrix

I

S is non-singular Z-matrix

4

S is non-singular M-matrix

8>
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Algebraic monotonicity condition

Discrete Maximum Principle

Let Cp and C, be the mimetic-hybrid scalar solution that
approximates numerically ¢ under assumptions A1 and A2.

Theorem. If f(x) is a nonnegative(nonpositive) function in
and gp are nonnegative(nonpositive) functions on I'p then
Cp>0(<0)and Cy > 0(< 0) forany P € Qp.
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Algebraic monotonicity condition

Discrete Maximum Principle

Let Cp and C, be the mimetic-hybrid scalar solution that
approximates numerically ¢ under assumptions A1 and A2.

Theorem. If f(x) is a nonnegative(nonpositive) function in
and gp are nonnegative(nonpositive) functions on I'p then
Cp>0(<0)and Cy > 0(< 0) forany P € Qp.

Corollary. If f(x) = 0in Q and I'p = 99 then the values Cp and
C, are between maximum and minimum that are set from the
Dirichlet function gp on boundary I'p.

A
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Simplex cell

W = ‘;‘NKqNTJrDU]D)T U e R(n=d)x(n-0d)
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Simplicial, Quadrilateral and AMR meshes

Simplex cell

W = WNK—‘NT +Dub’  ueRr
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Simplex cell

1
W = |P‘NK 'NT+DuD”T  ueR

S=C (W - (BTWB)—1WBBTW) c’
1

WCNK 'NC since N'B=0
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Simplex cell

1
W = |P‘NK 'NT+DuD”T  ueR

S=C (W - (BTWB)—1WBBTW) c’
1

WCNK 'NC since N'B=0

A1. reduces to u > 0.

A2. reduces to n[Kng, < 0.
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Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

-

‘;’NK 'N'+DUD’  Ue R®?
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Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

.

/ W = WNK 'NT+DUDT

1100
ID)_<0011>

0 T
K =N Knej

U 6 RQXQ

R'D=0
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Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

W= NK- INT4DUDT  UeR?*?

|P|
2 1 1100
/4 /) oo11> R'D =0

K = nlKn,,

11 12
= (e )

W21 WZZ

; Kio1 11
U ——) -
W‘|P|<—1 1)*“”(1 1).'@
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Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

W= NK- INT4DUDT  UeR?*?

|P|
2 1 1100
/4 /) oo11> R'D =0

K = nlKn,,

W‘H W12
W = ( w2l oypy22 )

; Kio1 11
U ——) -
W‘|P|<—1 1)*“”(1 1).'@

P
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

(2/4 /1) W = ‘:.,’NK 'NT+DUDT U e R?*?

A1l and A2 reduce to

o<pu(3) =)

Re:< ]K;ﬁ — K2
_‘K21‘ K22

)
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

1
W= WNK 'NT4DUDT U e R®*2

A1l and A2 reduce to
(% /“
ozim(5) <% ()

]K"—( Kf —KS I)
—IK3| K3

Necessary monotonicity condition:

Jf@(g)zo A

A
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

1
W = WNK 'NT4DUDT U e R2X?

(3)
(2/)4)( p O/ A1 and A2 reduce to
(D
° B ogmw(%‘)gﬁ@(a)

4) ’
I. Aavatsmark et al (2008) for MPFA method =0 ( K?1 |K | )
- 9
a; =aNe, a = fNg, _|K | Koo

Necessary monotonicity condition:
< i g ) |:3| (3132) K(a1a2) y y

lc| < min(a, b) K’ < “ ) >0 A

15} A
“LosAlamos



Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

2)
(/4 /1) W = ‘;’NK INT+DUDT U e R?¥?

Monotone MFD method:
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Simplicial, Quadrilateral and AMR meshes

Quadrilateral cells

W = |1P’NK 'NT4DUDT U eR?*?
(2) )
Monotone MFD method:

1 ~

U=—K
P
Standard MFD method:
tr(K)
U= I
1P
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Simplicial, Quadrilateral and AMR meshes

Numerical test

Y-Axis

—divK gradc =0

. 100 0
K—( 0 1)

¢ =0 on outer boundary

¢ =2 oninternal boundary

A
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Simplicial, Quadrilateral and AMR meshes

Numerical test

By ~divK gradc = 0
100 0
X-Axis ) K= < 0 1 >
0 = 60°
! : ¢ =0 on outer boundary
—ﬁ-‘b .
. AR = % c¢=2 oninternal boundary
! X-Axis " @

A
~
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems
Simplicial, Quadrilateral and AMR meshes

Numerical test

—divK gradc =0
Z
I w_ (100 0
- 0 1
‘ s | ¢ =0 on outer boundary
_ ) .
1 0 =60 , ¢ =2 oninternal boundary
- Original MFD Monotone MFD
A . — 0 min(Cp) max(Cp) min(Cp) max(Cp)
) 90 | —5.98610° 3 1.711 6.98910~ 1.715
= ) 80 | —5.5711072 1.712 7.71810~7 1.716
=t - 70 | —3.666103 1.711 1.1651078 1.716
, = : 60 | —1.1341073 1.710 2.396106 1.715

X-Axis
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Simplicial, Quadrilateral and AMR meshes

Numerical test

—divKgradc =0
Z
g g (100 0
, , N 0o 1
" s c=0 on outer boundary
- o
1 0 =60 , ¢ =2 oninternal boundary
'’ | Original MFD | Monotone MFD
. — 0 | #Neg % | _min(Cp) max(Cp)
% 90 | 53036 29.2 | 6.98910~ 1.715
= ) 80 | 52338 28.8 | 7.71810~7  1.716
y-—- - 70 | 50386 27.8 | 1.16510~° 1.716
y = : 60 | 46726 257 | 2.396107° 1.715
’ X-Axis ‘ " @

g
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Simplicial, Quadrilateral and AMR meshes

AMR cell

D [ C 1

3) W= SNK'N'+DUD" UeR>?
)| — Pl
— @
w| ke 0O AB
(5) K_< X ) r=-"—
K \ 5 0 kK AD

A
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Analysis of the Discrete Maximum Principle in the Mimetic Finite Difference Method for Elliptic Problems

Simplicial, Quadrilateral and AMR meshes

AMR cell

1
W= —NK'N"+DUD’ UeR®3

— P
D [ C 1P
3)
@ ke O AB
—{ @) —( ™ S
E K (o ky> "= 4D
() |—
(5)
A \ B Uy U2 Uigs

U= | U2 U Uo3
Uiz U2z U3z

A
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Simplicial, Quadrilateral and AMR meshes

AMR cell

D [ C
3 1
@— W= —NK 'N'+DUD’” UeR®®
|P
—(4)
E
(5) o
(ke O _ AB
A | B K—( 0 ky) r_E
11 22 33 55 U1 Uto U13
U=| vz ux up
Wis = Wos Wia = Woy Uiz U Uqq

A
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Simplicial, Quadrilateral and AMR meshes

AMR cell

1
W= —NK'N"+DUD’ UeR®3

D [ C ~ 1P
3
2)—
—{ )
1) — 0 ky AD
(5)
A \ B Uir U2 Uyg
U= u u: u
Wi = Wa W33 = Wss UE U?z uf

Necessary monotonicity condition:

2 4% i

A
X “LosAlamos
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Simplicial, Quadrilateral and AMR meshes

AMR cell

D I C
3)
2)—
—{ @
E
(1) —
(5)
A \ B
Wi = Wap Wss = Wsg
Wis = Wos Wig = Woy

1
W = WNK_1NT+D[UID)T U e R3:3

0 ky AD

K, k K K
S e A

- _ ke _ ke
U_|P\ 5 ky i
K, K, k k
s A

Necessary monotonicity condition:

re <42 Aok atames
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Simplicial, Quadrilateral and AMR meshes

Numerical Test

Qs

Y2
Qz

Yl
Q1

0

—divK gradc = f

1000 0
K‘( 0o 1 )

|0, (x,y) € 21 UQs,
f(x,y) = { 1000 sin(rx) (x,y) € Q.
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Simplicial, Quadrilateral and AMR meshes

Numerical Test

Qs
Y2
Qz
Yl
Q1
0
0

—divK gradc = f

1000 0
K—( 0o 1 )

_ o (x,) € QU s,
f(x,y) = { 1000 sin(7x) (x,y) € Q.

c(x,y) = é(y) sin(mx)

A
~
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Simplicial, Quadrilateral and AMR meshes

Numerical Test

Q3
Y,
Q, —divK gradc = f
Y,
Q, /1000 0
o =(' 1)
0 1

B 07 (X7_y)€Q1UQ3:
f(x.y) = { 1000 sin(rx) (x,y) € Q2.

c(x, y) = ¢(y) sin(nx)

A
~
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Simplicial, Quadrilateral and AMR meshes

Numerical Test

—divK gradec = f

1000 0
(1)

B 07 (X’y) (S Q1 U 937
f(X,y) = { 1000 sl‘n(ﬂ—x) (X,y) € Q.

A
~
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Simplicial, Quadrilateral and AMR meshes

Numerical Test

—divK gradec = f

1000 0
(P )

07 (Xay)€Q1U937
1000 sin(mx) (x,y) € Q.

NN fx,y) = {

o013 NEEEEN  EEEEEE
EENEEEE  EEEEEEE

EERNENRNRERERE
T

O IEEEE NN EEEEEEEE
LU

IEENEEEEEEEEEEE
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Simplicial, Quadrilateral and AMR meshes

Numerical Test

—divK gradec = f

1000 0
(P )

B 07 ()(7 ,V) e Q1 U 933
f(x,y) = { 1000 sin(rx)  (x,y) € Q.

B Original MFD Monotone MFD
h min(Cp) max(Cp) min(Cp) max(Cp)
1/16 -6.203e-03 1.055e-01 2.879e-12 1.012e-01
I 1/32 -4.219e-03 1.013e-01 8.927e-16 1.013e-01
55 H 1/64 -1.418e-13 1.013e-01 2.172e-18 1.013e-01
I 1128 -7.573e-14 1.013e-01 7.343e-20 1.013e-01

, E 1/256 9.855e-21 1.013e-01 9.928e-21 1.013e-01
A
, Los Alamos
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Simplicial, Quadrilateral and AMR meshes

Numerical Test

—divK gradec = f

1000 0
K‘( 0o 1 )

_ /0, (X, ¥) € 21 UQs,
fx.y) = { 1000 sin(xx)  (x,y) € Q.

g St:mda‘ld MFD
= == Monotone MFD
9
£10°3
EEEEEE NN E
NN £
[=}
5
0.1013 8
:
5 1074
’ NN =

102 107!
Mesh step size

IEENEEEEEEEEEEE
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Simplicial, Quadrilateral and AMR meshes

Conclusions

@ We define a subfamily of MFD discretization which
provides a monotone discretization under the necessary
conditions on

e parallelogram meshes (2D)
e rectangular AMR meshes (2D)
o tilted parallelepiped meshes (3D)

@ Future work

e Extension to more general meshes
e Numerical optimization
o Relax the assumptions
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