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Bounded Hilbert complexes

0!V0 d0

-------------------------------------! V1 d1

-------------------------------------! �� � dn�1

-----------------------------------------------------------------------------------------! Vn! 0

Examples:
The de Rham complex (Ú � R3):

0!H1�Ú� grad
-------------------------------------------------------------------------------! H�curl;Ú� curl

-------------------------------------------------------------------! H�div;Ú� div
---------------------------------------------------! L2�Ú�! 0

Spaces with vanishing trace:

0! H̊1�Ú� grad
-------------------------------------------------------------------------------! H̊�curl;Ú� curl

-------------------------------------------------------------------! H̊�div;Ú� div
---------------------------------------------------! L2�Ú�! 0
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Closed Hilbert complexes

0!V0 d0

-------------------------------------! V1 d1

-------------------------------------! �� � dn�1

-----------------------------------------------------------------------------------------! Vn! 0

Assumptions: Vk � Wk, where �W;d� is a closed Hilbert
complex, with associated domain complex �V ;d�.

Hodge decomposition:

Vk � Zk � Zk? � d�Vk�1�� Hk � Zk?

The Poincaré inequality

kvk � cPkdkvk; v 2 Zk?;

follows from Banach’s bounded inverse theorem. Here,
k � k � k � kW .
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Abstract Hodge Laplacian

The abstract Hodge Laplacian (corresponds to a mixed
formulation of �dd� � d�d�u � f ):

Find
�� ;u;p� 2 Vk�1 � Vk � Hk satisfying

h�;�i � hd�;ui � 0; � 2 Vk�1;

hd�;vi � hdu;dvi � hv;pi � hf ;vi; v 2 Vk;
hu;qi � 0; q 2 Hk:

Here h�; �i denotes the W inner products. This problem is
well–posed, thanks to the Poincaré inequality.
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Approximation of Hilbert complexes

Consider a commuting diagram of the form

0!V0 d
-------------! V1 d

-------------! �� � d
-------------! Vn! 0??y�h ??y�h ??y�h

0!V0
h

d
-------------! V1

h
d
-------------! �� � d

-------------! Vnh ! 0

where the “discrete space” Vkh � Vk, and the operators �kh are
projections.

Assumption: The operators �h are uniformly bounded (wrt.
h) in L�V�.
As a result the discrete Poincaré inequality holds, and the
discrete Hodge Laplace problem is stable.
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Discrete Poincaré inequalities
The discrete Poincaré inequality:

kvk � ckdvk v 2 Z?h � Vh: (1)

(1) a 9 cochain projections f�hg uniformly bounded in L�V�

Strengthened discrete Poincaré inequality:

kvk � ckv̂k � ckdvk�V��0 (2)

for all �v; v̂� 2 Z?h � Z? with dv̂ � dv.

(2) a 9 coch. proj. f�hg with Ph�h uniformly bounded in L�W�

Here Ph is the orthogonal projecion onto Z?Wh . The
importance of (2) is that it is equivalent to operator
convergence (and therefore eigenvalue convergence).
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Finite element exterior calculus

Vk � HÓk�Ú� and Wk � L2Ók�Ú�, where Ú � Rn, and the
operator d is the exterior derivative.
The discrete spaces Vkh are ether of the form Vkh � PrÓk�Th�
or Vkh � P�r Ók�Th�.

They form a complex if they are composed as follows:8>>><>>>:
Pr�1Ók�1�T �

or

P�r�1Ók�1�T �

9>>>=>>>;
d
-------------!

8>>><>>>:
P�r�1Ók�T �

or

PrÓk�T �

9>>>=>>>;
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Degrees of freedom
An element u 2 PrÓk�Th� is uniquely determined byZ

f
trf u^ v; v 2 P�r�k�dimfÓdimf�k�f �; f 2 Ñ�Th�:

An element u 2 P�r Ók�Th� is uniquely determined byZ
f

trf u^ v; v 2 Pr�k�dimf�1Ódimf�k�f �; f 2 Ñ�Th�:

To simplify the notation we let PÓk�Th� be a family of
spaces either of the form PrÓk�Th� or P�r Ók�Th�.
Furthermore, the test space associated the face f 2 Ñ�Th� is
simply denoted P0�f ; k�. Hence, an element u 2 PÓk�Th� is
uniquely determined byZ

f
trf u^ v; v 2 P0�f ; k�; f 2 Ñ�Th�:
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The canonical projection

The canonical projections, Ikh onto PÓk�Th� are determined
by these degrees of freedom. More precisely,Z

f
trf �u� Ikhu�^ v � 0; v 2 P0�f ; k�; f 2 Ñ�Th�:

These projections are well defined, and they commute with d
in the situations where the spaces PÓk�Th� make up a
complex.

In fact, the latter property follows from two key properties on
the test spaces P0�f ; k�:

i) v 2 P0�f ; k� 1� =) dv 2 P0�f ; k�

ii) v 2 P0�f ; k� 1� and g 2 Ñdimf�1�f � =) trg v 2 P0�g; k�
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The canonical projection

The projections fIkhg commutes as a result of Stokes
theorem. For v 2 P0�f ; k� 1�Z

f
Ik�1
h du^ v �

Z
f
du^ v

� ��1�k�1
Z
f
u^ dv �

Z
@f
u^ v

� ��1�k�1
Z
f
Ikhu^ dv �

Z
@f
Ikhu^ v

�
Z
f
dIkhu^ v

So the canonical projections commute with the exterior
derivative, but they are not bounded on HÓk, since they
require traces on all subcomplexes of Th.
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Alternative projections

æ projection based interpolation (Demkowicz, D-Buffa, ...)
(require traces, but behaves well with respect polynomial
degree)

æ smoothed projections (Schöberl, Christiansen, A-F-W,..)
(do not require traces, but seem to require bounded
polynomial degree)
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The Clément operator
For each f 2 Ñ�Th� let

Úf �[
fT jT 2 Th; f 2 Ñ�T� g:

n � 2:
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The Clément operator

The classical Clément operator (Clément 1975) is of the form

�kh : L2Ók�Ú� Økh-------------------------------------!
O

f2Ñ�Th�
L2Ók�Úf � Pkh-----------------------------------! O

f2Ñ�Th�
PÓk�Úf � Ikh------------------------! PÓk�Th�

Here the f–component of Økhu is just ujÚf , and Pkh consist of
local L2 projections onto polynomial forms.

Finally, for
u � �uf �f2Ñ�Th� 2N

f2Ñ�Th�PÓk�Úf � we letZ
f
Ikhu^ v �

Z
f
uf ^ v; v 2 P�f ; k�; f 2 Ñ�Th�:

This operator is L2 bounded. However, it is not a projection,
and it does not commute with the exterior derivative.
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A commuting projection of Clément type
The purpose of the rest of this talk is to construct a
commutiong projection of Clément type, which will be
bounded in HÓk.
These operators will be of the form

�kh : HÓk�Ú� Økh-------------------------------------!
O

f2Ñ�Th�
HÓk�Úf � Pkh-----------------------------------! O

f2Ñ�Th�
PÓk�Tf ;h� Ikh------------------------! PÓk�Th�

Here Tf ;h is the restriction of Th to Úf .

The operator Pkh will be defined locally and independently on
each domain Úf . So for uf 2 HÓk�Úf � we define
uf ;h 2 PÓk�Tf ;h� by

kd�uf ;h �uf �k � inf
v2PÓk�Tf ;h�kd�v �uf �k

subject to hv;d�i � huf ; d�i; � 2 PÓk�1�Tf ;h�:
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The mapping uf , uf ;h � �Pkhu�f can alternatively be
characterized by the system:

huf ;h; d�i � huf ; d�i; � 2 PÓk�1�Tf ;h�
hduf ;h; dvi � hduf ; dvi; v 2 PÓk�Tf ;h�

This can be seen as a Hodge Laplace problem, but where one
component of the solution, �f ;h 2 PÓk�1�Tf ;h�, is zero.

As a consequence, a proper Poincaré inequality will imply HÓ
stability, and this can be derived by scaling (for bounded
polynomial degree).
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It remains to construct the operator
Ikh :

N
f2Ñ�Th�PÓk�Tf ;h�! PÓk�Th� so that it is HÓ

bounded and it commutes with d.

Furthermore, Ikh should
have the property that if

uf � UjÚf 8f 2 Ñ�Th�; where U 2 PÓk�Ú�;
then Ikhu � U . This will ensure that the opererator
�kh � Ikh � Pkh � Økh is a projection.

The operator Ikh will be of the form Ikh �
P
f Ikf ;h, where

Ikf ;hu 2 P̊Ók�Tf ;h�; Skf ;hu :� trf Ikf ;hu 2 P̊Ók�f �
Each operator If ;h will be of the form If ;h � Ekf ;h � S

k
f ;h, where

Ekf ;h : P̊Ók�f �! P̊Ók�Tf ;h� is the harmonic extension.
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Harmonic extension
For � 2 P̊Ók�f � define Ekf ;h� � uf ;h 2 P̊Ók�Tf ;h�, where
uf ;h solves

huf ;h; d�i � 0; � 2 P̄Ók�1�Tf ;h�;
hduf ;h; dvi � 0; v 2 P̄Ók�Tf ;h�

trf uf ;h � �:

Here,
P̄Ók�Tf ;h� � fv 2 P̊Ók�Tf ;h� j trf v � 0g;

and all the L2–inner products are with respect to the domainÚf . This extension operator commutes with d.

Hence, it remains to define the operator

Skf ;h � trf Ikf ;h :
O

f2Ñ�Th�
PÓk�Tf ;h�! P̊Ók�f �
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The operators I0f ;h and S0
f ;h � trf I0f ;h

We inductively requireZ
f
S0
f ;hu^ v �

Z
f

trf �uf �
X
gÌf

I0g;hu�^ v; v 2 P0�f ;0�:

which implies thatZ
f

trf �I0hu�uf �^ v � 0; v 2 P0�f ;0�:

This ensures that �0
h is a projection.
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The operators Skf ;h � trf Ikf ;h
The operators Skf ;h are defined inductively byZ
f
Skf ;hu^ � �

Z
f

trf �dIk�1
h Rkfu� R

k�1
f duf �

X
gÌf

Ikg;hu�^ v;

for v 2 P0�f ; k�.

Here Rkf is a Poincaré operator of the form

�Rkfv�x �
Z 1

0
tk�1va�t�x�a�^�x � a�dt

where a � af 2 f .
We have the identity

v � dRkfv � R
k�1
f dv;

for all v 2 HÓk�Úg�, k � 1 with g � f .
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�kh is a projection

From the definition above we obtain thatZ
f

trf Ikhu^v �
Z
f

trf �dIk�1
h Rkfu�R

k�1
f duf �^v; v 2 P0�f ; k�:

By an inductive argument this will imply that �kh is a
projection.
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�kh is a cochain projection

To show that Ikh commutes with d we will use the fact thatZ
f
dIk�1
h du^ v � 0; v 2 P0�f ; k�: (3)

Here u 2 
gPÓk�2�Tg;h�.

This will imply thatZ
f
Ikhdu^ v �

Z
f
dIk�1
h Rkfdu^ v

�
Z
f
dIk�1
h �u� dRk�1

f u�^ v �
Z
f
dIk�1
h u; v 2 P0�f ; k�

Finally, the identity (3) can be established by induction on k.
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