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Bounded Hilbert complexes
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Bounded Hilbert complexes

O!VOE%vl—l —1!vn!o

Examples:
The de Rham complex ( R3):

ovHY 9 Hoeur, & Hdiv; W12 wo
Spaces with vanishing trace:

o1 H?! gy curl; g div; diy |2 10
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Closed Hilbert complexes

orvo Jy y1 9 a5y ynro

Assumptions: VK WK where W;d is a closed Hilbert
complex, with associated domain complex V;d .
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Closed Hilbert complexes

orvo Jy y1 9 a5y ynro

Assumptions: VK WK where W;d is a closed Hilbert
complex, with associated domain complex V;d .
Hodge decomposition:

vk zk zk? g yk 1 gk gk?
The Poincaré inequality
kvk cpkdkvk: v 2 ZK?:

follows from Banach’s bounded inverse theorem. Here,
k k k kw.
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Abstract Hodge Laplacian

The abstract Hodge Laplacian (corresponds to a mixed
formulation of dd ddu ¥F)
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Abstract Hodge Laplacian

The abstract Hodge Laplacian (corresponds to a mixed
formulation of dd d du f): Find
cu;p 2Vvk 1 vk HKgatisfying

h ; i hd ;ui O; 2 vk 1.
hd ;vi hdu;dvi hv;pi hf;vi; v2Vk;
hu;qi  O; q 2 H:

Here h ; 1 denotes the W inner products. This problem is
well-posed, thanks to the Poincaré inequality.
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Approximation of Hilbert complexes

Consider a commuting diagram of the form

orvo 3 vt 9§ Fvrro
2 2 2
3 5 3
Yyh Vn Y n
orve 3 vt 3 Svhro

where the “discrete space” Vr'f VK, and the operators r'f are

projections.
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Approximation of Hilbert complexes

Consider a commuting diagram of the form

orvo 3 vt 9§ Fvrro
2 2 2
3 5 3
Yyh Vn Y n
orve 3 vt 3 Svhro

where the “discrete space” Vr'f VK, and the operators r'f are
projections.

Assumption: The operators 1 are uniformly bounded (wrt.
h)inL V .

As a result the discrete Poincaré inequality holds, and the
discrete Hodge Laplace problem is stable.
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Discrete Poincaré inequalities
The discrete Poincaré inequality:

kvk ckdvk v 2Z7 Vg (1)

(1) & 9 cochain projections f g uniformly bounded in L V
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Discrete Poincaré inequalities
The discrete Poincaré inequality:

kvk ckdvk v 2Z7 Vg (1)

(1) & 9 cochain projections f g uniformly bounded in L V

Strengthened discrete Poincaré inequality:
kvk ckvk ckdvky o 2)

forall v;0 227 Z7withdV dv.
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Discrete Poincaré inequalities
The discrete Poincaré inequality:

kvk ckdvk v 2Z7 Vg (1)

(1) & 9 cochain projections f g uniformly bounded in L V
Strengthened discrete Poincaré inequality:

kvk ckvk ckdvky o 2)

forall v;0 227 Z7withdV dv.

(2) & 9 coch. proj. f ng with P, n uniformly bounded in L W

Here Py, is the orthogonal projecion onto ZEW. The
importance of (2) is that it is equivalent to operator
convergence (and therefore eigenvalue convergence).
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Finite element exterior calculus

vk H K and Wk L2 K where R", and the
operator d is the exterior derivative.

The discrete spaces V,‘f are ether of the form Vrlf P XTh
orvf P, KTy
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Finite element exterior calculus

vk H kK and Wk L2 K where R", and the
operator d is the exterior derivative.

The discrete spaces V< are ether of the form V¢ P, * Ty,
orvf P, KTy

They form a complex if they are composed as follows:

8 9 8 9
§Pr1k1T§ §Pr1kT§
or —(i or
% k 1 § - k §
Pr 1 T~ Pr T -
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Degrees of freedom

An elementu 2 P, K T, is uniquely determined by
z

. imf k £ . .
ftrfu’\v, V2P,  dimf dim f.;f2 Th:

Anelementu 2 P, K Ty, is uniquely determined by
Z

treU™NV, V2P i gimf 1 9P KFF2 T4
f
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Degrees of freedom

An elementu 2 P, K T, is uniquely determined by
z

ftrfu’\v; V2P,  dimf dmf kK¢ -F2 T4,

Anelementu 2 P, K Ty, is uniquely determined by
Z

treU™NV, V2P i gimf 1 9P KFF2 T4
f

To simplify the notation we let P K T\, be a family of
spaces either of the form P, X T, orP, K T, .
Furthermore, the test space associated the face f 2 Tp is
simply denoted P? f;k . Hence, an elementu 2P K Ty is
uniquely deztermined by

trg U™ Vv; v2P ' f.k;f2 Th:
f
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The canonical projection

The canonical projections, Ir'j onto P X Ty, are determined
by these degrees of freedom. More precisely,
z
ftrf u Ifu ~v 0 v2P Fk;fF2 Th:
These projections are well defined, and they commute with d
in the situations where the spaces P X T, make up a
complex.
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The canonical projection

The canonical projections, Ir'j onto P X Ty, are determined
by these degrees of freedom. More precisely,
z

treu Ifu ~v 0, v2P Fk;f2 Th:
f

These projections are well defined, and they commute with d

in the situations where the spaces P X T, make up a
complex.

In fact, the latter property follows from two key properties on
the test spaces P? f;k :

) v2P f;k 1 Ddv2P’fk

i) v2P'f;k 1 andg2 gimf 1 F D trgv 2P’ g;k
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The canonical projection

The projections flr'ﬁg commutes as a result of Stokes
theorem. Forv 2 P% f;k 1

Z Z
X tdu~v du”v
f z z
1K1 u~ndv unv
Al %
1%t funrdv Ku~v
Z
1=dlr'ﬁu’\v
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The canonical projection

The projections flr'ﬁg commutes as a result of Stokes
theorem. Forv 2 P% f;k 1

Z Z
X tdu~v du”v

f Z y

1 k1 u~ndv unv
zf 2

1%t funrdv Ku~v

7 f
diku~v

£ 9

So the canonical projections commute with the exterior
derivative, but they are not bounded on H K, since they
require traces on all subcomplexes of Th,.
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Alternative projections

@ projection based interpolation (Demkowicz, D-Bu [a,1...)
(require traces, but behaves well with respect polynomial
degree)
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Alternative projections

@ projection based interpolation (Demkowicz, D-Bu [a,1...)
(require traces, but behaves well with respect polynomial
degree)

@ smoothed projections (Schdberl, Christiansen, A-F-W,..)
(do not require traces, but seem to require bounded
polynomial degree)
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The Clément operator
Foreachf 2 Tph let

LC
£ fTjT2TH; F2 T g:
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The Clément operator
Foreachf 2 Tph let

LC
f fTjT2TH; f2 T @
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The Clément operator

The classical Clément operator (Clément 1975) is of the form

Kk O pk O I
Rz k ¥ L2k ¢ S A
f2 Th f2 T

Here the f-component of fu is just uj ., and P consist of
local L2 projections onto polynomial forms.
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The Clément operator

The classical Clément operator (Clément 1975) is of the form

Kk O pk O I
Rz k ¥ L2k ¢ S A
f2 Th f2 T

Here the f-component of fu is just uj ., and P consist of
local L2 projectionsl\cinto polynomial forms. Finally, for
U Urf2 7, 2 f2 1, P K £ welet

Z Z

Iﬁu’\v ug”™v;, v2P F;k; F2 Ty
f f
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The Clément operator

The classical Clément operator (Clément 1975) is of the form

Kk O pk O I
poLz ke L2k ¢ S A
f2 Th f2 T

Here the f-component of fu is just uj ., and P consist of
local L2 projectionsl\cinto polynomial forms. Finally, for
U Urf2 7, 2 f2 1, P K £ welet

Z Z

Iﬁu’\v ug”™v;, v2P F;k; F2 Ty
f f

This operator is L2 bounded. However, it is not a projection,
and it does not commute with the exterior derivative.
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A commuting projection of Clément type
The purpose of the rest of this talk is to construct a
commutiong projection of Clément type, which will be
bounded in H K.

These operators will be of the form

k O pk O 1K
L I | H kK ¢ - P KTen AP KTy
f2 Th f2 Th

Here T¢., is the restriction of T to .
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A commuting projection of Clément type
The purpose of the rest of this talk is to construct a
commutiong projection of Clément type, which will be
bounded in H K.

These operators will be of the form

k O pk O 1K
L I | H kK ¢ - P KTen AP KTy
f2 Th f2 Th

Here T¢., is the restriction of T to .

The operator Pr'f will be defined locally and independently on
each domain ¢.
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A commuting projection of Clément type
The purpose of the rest of this talk is to construct a
commutiong projection of Clément type, which will be
bounded in H K.

These operators will be of the form

k O pk O 1k
L I | H K ¢ - P KTen AP KTy
f2 Th f2 Th

Here T¢., is the restriction of T to .

The operator Pr'f will be defined locally and independently on
each domain ¢. Soforug 2H X ¢ we define
Uf:h 2P K Tf;h by

kd ugn us k inf kd v uf k
v2P k Tf;h

subjectto hv;d i hug;d i; 2P K1 Tey:
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The mapping Us , U PEU ¢ can alternatively be
characterized by the system:

hugpid i hugid i 2P K1 Ty,
hdug.n;dvi  hdug;dvi; v2P K Tey

This can be seen as a Hodge Laplace problem, but where one
component of the solution, ¢, 2P k1 T¢.n , IS zero.
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The mapping Us , U PEU ¢ can alternatively be
characterized by the system:

hugpid i hugid i 2P K1 Ty,
hdug.n;dvi  hdug;dvi; v2P K Tey

This can be seen as a Hodge Laplace problem, but where one
component of the solution, ¢, 2P k1 T¢.n , IS zero.

As a consequence, a proper Poincaré inequality will imply H
stability, and this can be derived by scaling (for bounded
polynomial degree).
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It remains to construct the operator
IK: f2 1, P KTen TP KT, sothatitis H
bounded and it commutes with d.
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It remains to construct the operator

IK: f2 1, P KTen TP KT, sothatitis H
bounded and it commutes with d. Furthermore, Iﬁ should
have the property that if

ug Uj ,8Ff2 Th; whereUu2P K

then I,'fu U. This will ensure that the opererator

Kk k pk k; PR
h Ih Ph i IS a projection.
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It remains to construct the operator

IK: f2 1, P KTen TP KT, sothatitis H
bounded and it commutes with d. Furthermore, Iﬁ should
have the property that if

ug Uj ,8Ff2 Th; whereUu2P K

then I,'fu U. This will ensure that the opererator
rlf Iﬁ Pﬁ E is a projection.

P
The operator Iﬁ will be of the form Iﬁ f I'f‘_h, where

I'f‘_hu 2p k Ten s S'f‘_hu o tre I'f‘_hu 2P kf

Each operator l¢., will be of the form Ig, EK,_  SK. where

EK.:P Kf 1P KTy isthe harmonic extension.
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Harmonic extension
For 2P K defineEf, ugn 2P K Tep , where
Uf.h Solves
hugn;d i O; 2P K1 Tep;
hdug.n;dvi 0, v2P K Tey
tre Uep
Here, _
P k Tf;h fv2P k Tf;h j ter Og;

and all the L2-inner products are with respect to the domain
£. This extension operator commutes with d.
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Harmonic extension
For 2P K defineEf, ugn 2P K Tep , where
Uf.h Solves
hugn;d i O; 2P K1 Tep;
hdug.n;dvi 0, v2P K Tey
tre Uep
Here, _
P k Tf;h fv2P k Tf;h j ter Og;

and all the L2-inner products are with respect to the domain
£. This extension operator commutes with d.

Hence, it remains to define the operator

o

k k . S

Sfp  trelfy,: P KTen 1P KT
f2 Th
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0 0 0
The operators I¢., and Sg.,  tre gy,

We inductively require

Z Z x
sg. unv trg Uf Ig.hu ~v; v2PYf;0:
£ f gf
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The operators g, and S2.,

We inductively require
z VA <
0
fo;hu’\v ftrf Ufs
g f

which implies that
Z
tre 10U ug v
f

S§9% UNIVERSITY
4 oFosio

0

Ig;hu ~v: v2PYf:0:

0, v2P'f;0:
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0 0 0
The operators I¢., and Sg.,  tre gy,

We inductively require

Z Z x
sg. unv trg Uf Ig.hu ~v; v2PYf;0:
£ f gf

which implies that
z
trg Igu ug ~v 0O v2P f;0:
f

This ensures that ,? is a projection.
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The operators S&,,  tre I5,,

The operators S'f‘;h are defined inductively by

z y4 >

K A k 1pk k 1 k
Sf;hu 1:trf dlj "Rfu  Rg “dugf |

g:hY NV,
g f

forv2P? f;k .
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The operators S&,,  tre I5,,

The operators S'f‘;h are defined inductively by

z z <
SITEY . tre dif 'RKku RY dug Ig;hu v
g f
forv 2 P? f;k . Here R‘f‘ is a Poincaré operator of the form

Zy
REV 0tklvatxa’\x a dt

wherea af2F.

S§9% UNIVERSITY
J¥. orosio

19




k k
The operators Sg,,  tre l¢.,
The operators S?;h are defined inductively by
Z Z x
sk, un tre dif 'RKku RY dug Ig.hu v
; f ;
g f

forv 2 PY f;k . Here R‘f‘ is a Poincaré operator of the form

Zy
REV 0tklvatxa’\x a dt

wherea af2fF.
We have the identity

\Y dR']fv R'f‘ 1dv;
foralv2H K 4,k 1withg F.
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k - - -
n IS a projection

From the definition above we obtain that
Z Z

tre 1Kunv tre dif 'R¥u RK 'dug ~v; v2P! fik:
f f
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k - - -
n IS a projection

From the definition above we obtain that
Z Z

tre 1Kunv tre dif 'R¥u RK 'dug ~v; v2P! fik:
f f
K

By an inductive argument this will imply that | is a
projection.
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k - - . .
hisa cochain projection

To show that I'rf commutes with d we will use the fact that
Z
dif *du~rv 0; v2P fik:
f

Hereu2 4P X2 Typ .
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k - - . .
hisa cochain projection

To show that I'ﬁ commutes with d we will use the fact that
Z
dif *du~rv 0; v2P fik: (3)
f
Hereu2 4P X 2 T4 . This will imply that
Z Z
I<du ~ v fdlﬁ 'Rkdu~v
Z Z
dif *u drRK 'u ~v dif tu; v2Pfik
f f

f
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k - - . .
hisa cochain projection

To show that I'ﬁ commutes with d we will use the fact that
Z
dif *du~rv 0; v2P fik: (3)
f
Hereu2 4P X 2 T4 . This will imply that
Z Z
I<du ~ v fdlﬁ 'Rkdu~v
Z Z
dif *u drRK 'u ~v dif tu; v2Pfik
f f

f

Finally, the identity (3) can be established by induction on k.

S42% UNIVERSITY Centre of
%y /) OF OSLO Mathematics for
cations 21




