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1. Parabolic variational inequalities

H : Hilbert space, norm | · |H, inner product (·, ·)H

φ : proper, l.s.c., convex, ≥ 0, on H, φ(0) = 0,

any level set {z ∈ H | φ(z)+|z|H ≤ r} is compact in H for ∀r ≥ 0

K(t) : 0 ≤ t ≤ T , ̸= ∅, closed convex subset of H, K(t) = K(t) ∩ D(φ),

φt(z) := φ(z) + IK(t)(z), ∀z ∈ H,

Strong Class (KS) (cf.K.[7], Yamada[10])

(KS) :=


{K(t)}

∣∣∣∣∣∣∣∣∣∣∣∣

∃α(·) ∈ W1,2(0, T ), ∃β(·) ∈ W1,1(0, T ) such that

∀s, t ∈ [0, T ], ∀z ∈ K(s) ∩ D(φ),∃z̃ ∈ K(t);

|z̃ − z|H ≤ |α(t) − α(s)|(1 + φ(z)
1
2),

|φ(z̃) − φ(z)| ≤ |β(t) − β(s)|(1 + φ(z))


For {K(t)} ∈ (KS), f ∈ L2(0, T ;H) and u0 ∈ K(0) ∩ D(φ),

(E) u′(t) + ∂φt(u(t)) ∋ f(t), u(0) = u0,

has a unique (strong) solution u in W1,2(0, T ;H) such that

u(t) ∈ K(t), φ(u(·)) is absolutely continuous on [0, T ].



Let us consider (E) for a more general class of {K(t)} such as

t → K(t) is continuous.

Weak Class (KW ) (A model case)

(KW ) :=


{K(t)}

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∃{Kn(t)} ∈ (KS), n = 1,2, · · · , such that

∀ε ∈ (0,1],∃Aε ∈ BL(H), Aε = A∗
ε, |Aε| ≤ ε, ∃nε;

(I + Aε)Kn(t) ⊂ K(t), (I + Aε)K(t) ⊂ Kn(t),

∀t ∈ [0, T ], ∀n ≥ nε

φ((I + Aε)v) ≤ (1 + Cε)φ(v), ∀v ∈ D(φ).


Example (Basic idea).

Ω ⊂ RN , bounded, smooth Γ := ∂Ω, Q := Ω × (0, T )

H := L2(Ω), V := H1(Ω), Aεz = −εz

φ(z) :=


1

2

∫
Ω
|∇z(x)|2dx, for z ∈ V,

∞, otherwise.

Given a cotinuous function ψ(x, t) on Q, we put

K(t) := {z ∈ H | z(x) ≤ ψ(x, t) for a.e. x ∈ Ω}, ∀t ∈ [0, T ].



If ψ ∈ W1,2(0, T ;V ), then {K(t)} ∈ (KS); in this case we can take

α(t) = β(t) = const.
∫ t

0
|ψ′(τ)|V dτ.

But, in general, {K(t)} ∈ (KW ). In fact, assuming that

0 < c∗ ≤ ψ ≤ c∗ < ∞ on Q,

take a sequence of smooth functions {ψn}, c∗ ≤ ψn ≤ c∗, on Q which

converges to ψ uniformly on Q, namely

∀ε > 0, ∃nε s.t. |ψn(x, t) − ψ(x, t)| ≤ εc∗, ∀(x, t) ∈ Q, ∀n ≥ nε.

Given η ∈ Kn(t) := {z ∈ H | z(·) ≤ ψn(·, t) a.e. on Ω}, we have:

(1 − ε)η(x) ≤ (1 − ε)ψn(x, t) ≤ (1 − ε)(ψ(x, t) + εc∗) ≤ ψ(x, t).

Hence

(I + Aε)Kn(t) ⊂ K(t) for all t ∈ [0, T ] and n ≥ nε.

Similarly,

(I + Aε)K(t) ⊂ Kn(t) for all t ∈ [0, T ] and n ≥ nε.

Since {Kn(t)} ∈ (KS), it follows that {K(t)} ∈ (KW ).



2. Weak solvability of (E)

Assume {K(t)} ∈ (KW ), f ∈ L2(0, T ;H), u0 ∈ K(0), and consider

(Ew)

∫ t

0
(η′(τ), u(τ) − η(τ))Hdτ +

∫ t

0
φ(u(τ))dτ +

1

2
|u(t) − η(t)|2H

≤
∫ t

0
φ(η(τ))dτ +

∫ t

0
(f(τ), u(τ) − η(τ))Hdτ +

1

2
|u0 − η(0)|2H ,

∀t ∈ [0, T ], ∀η ∈ K0,

K0 := {η ∈ W1,2(0, T ;H) | η(t) ∈ K(t), ∀t ∈ [0, T ], φ(η) ∈ L1(0, T )}

Theorem 1. Assume {K(t)} ∈ (KW ). Then:

(i) ∀f ∈ L2(0, T ;H), ∀u0 ∈ K(0), ∃1u ∈ C([0, T ];H) such that

u(0) = u0, u(t) ∈ K(t), ∀t ∈ [0, T ], φ(u) ∈ L1(0, T ),

and (Ew) holds.

(ii) Let ui, i = 1,2, be solutions of (Ew; fi, ui0). Then
1

2
|u1(t) − u2(t)|2H ≤

1

2
|u1(s) − u2(s)|2H +

∫ t

s
(f1 − f2, u1 − u2)Hdτ,

for all s, t ∈ [0, T ], s ≤ t.



Proof. (i) Take a sequence {Kn(t)} ∈ (KS) which approximates

{K(t)} as well as un0 ∈ Kn(0) ∩ D(φ) with un0 → u0 in H. Let un

be the strong solution of (E) for {Kn(t)}, f, un0.

Since (I + Aε)um(τ) ∈ Kn(τ) for large n, m,

(u′
n(τ), un(τ) − (I + Aε)um(τ))H + φ(un(τ))

≤ (I + Cε)φ(um(τ)) + (f(τ), un(τ) − (I + Aε)um(τ))H

(u′
m(τ), um(τ) − (I + Aε)un(τ))H + φ(um(τ))

≤ (1 + Cε)φ(un(τ)) + (f(τ), um(τ) − (I + Aε)un(τ))H

Add these inequalities and use Aε = A∗
ε to get

1

2

d

dτ
|un(τ) − um(τ)|2H −

d

dτ
(Aεun(τ), um(τ))H

≤ C′ε{φ(un(τ))+φ(um(τ))+ |un(τ)|2H + |um(τ)|2H + |f(τ)|2H +1}

Integrate this over [0, t] to obtain an inequality of the form

lim sup
n,m→∞

|un(t) − um(t)|2H ≤ C′′ε uniformly in t ∈ [0, T ]

We show that un → u in C([0, T ];H), and u is a weak solution.



3. Activation of bacteria with environmental constraint

H := L2(Ω)2, φ(w) :=
ν

2

2∑
i=1

|∇wi|2L2(Ω), ∀w = (w1, w2) ∈ H1(Ω)2,

ψi(·), i = 1,2, C2 on R, 0 < c∗ ≤ ψi ≤ c∗ < ∞,

K(θ) :=

w = (w1, w2) ∈ R2

∣∣∣∣∣∣∣
w1

ψ1(θ)
+

w2

ψ2(θ)
≤ 1,

wi ≥ 0, i = 1,2

 , ∀θ ∈ R,

K(θ(t)) = {w ∈ H | w(x) ∈ K(θ(x, t)) a.e. x ∈ Ω}, ∀θ ∈ C(Q), ∀t.

{
θt − κ∆θ + h(x, θ, w) = f in Q,

wt − ν∆w + ∂IK(θ)(w) ∋ g(w) in Q,

where

h(x, θ, w): C2 on Ω × R × R2,

h(·,0, w) = 0 on ∂Ω, ∀w ∈ R2;

g(·): Lip. cont. in R2.



Given θ0 ∈ H2(Ω)∩H1
0(Ω), w0 ∈ H1(Ω)2 with w0 ∈ K(θ0) a.e. on Ω,

and f ∈ L2(0, T ;L2(Ω)), find a solution {θ, w} of problem (1)-(4):

θt − κ∆θ + h(x, θ, w) = f(x, t) in Q, (1)

θ = 0 on ∂Ω × (0, T ), θ(·,0) = θ0 in Ω, (2)

w(t) := (w1(t), w2(t)) ∈ K(θ(t)), ∀t ∈ [0, T ], w(0) = w0, (3)∫ t

0

∫
Ω

η′ · (w − η)dxdτ +
2∑

i=1

∫ t

0

∫
Ω

ν∇wi · ∇(wi − ηi)dxdτ (4)

+
1

2
|w(t) − η(t)|2H ≤

∫ t

0

∫
Ω

g(w) · (w − η)dxdτ +
1

2
|w0 − η(0)|2H ,

∀t ∈ [0.T ], ∀η := (η1, η2) ∈ K0(θ),

Theorem 2. Problem (1)-(4) has a solution {θ, w} such that

θ ∈ W1,2(0, T ;H1
0(Ω)) ∩ L∞(0, T ;H2(Ω)) ⊂ C(Q),

w ∈ C([0, T ];H) ∩ L2(0, T ;H1(Ω)2)
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