ACCOMPANYING PAGE

ON A CLASS OF DOUBLY NONLINEAR EVOLUTION EQUATIONS*

PIERLUIGI COLLIf and AUGUSTO VISINTINZ

d
Abstract. The abstract equation AZ + Bu > f is considered for A and B nonlinear

maximal monotone operators in a Hilbert space H, with A bounded, B unbounded and
such that its domain D(B) is contained in a Banach space V' compactly embedded in H.

Existence results are proved for the related initial-value problem, requiring that either
A or B be the subdifferential of a convex and lower semicontinuous function, and assuming
suitable coerciveness conditions. Arguments are based on monotonicity and compactness
techniques.

Key words : nonlinear evolution equations, maximal monotone operators,
initial-value problems.

AMS (MOS) subject classifications : 35G25, 35K22, 39B70.
Abbreviated title : DOUBLY NONLINEAR EVOLUTION EQUATIONS

PLEASE SEND ANY CORRESPONDENCE TO THE FIRST AUTHOR
(see the address below)

* Work supported by M.P.I. (fondi per la ricerca scientifica) and by I.A.N. of C.N.R.
Pavia, Italy.

1 Dipartimento di Matematica, Universita di Pavia, Strada Nuova, 65, 27100 PAVIA,
Italy.

I Dipartimento di Matematica dell’ Universita, 38050 POVO (Trento), Italy and Istituto
di Analisi Numerica del C.N.R., PAVIA, Italy.



ON A CLASS OF DOUBLY NONLINEAR
EVOLUTION EQUATIONS

P. Colli A. Visintin

Dipartimento di Matematica Dip. di Matematica dell’Universita
Universita di Pavia 38050 Povo (TN), Italy
Strada Nuova, 65 and Istituto di Analisi Numerica

27100 Pavia, Italy del C.N.R., Pavia, Italy

1. Introduction.

In this paper we study the equation

d
(1.1) Ad—;‘ +Bu>sf indH,

where H is a Hilbert space, A and B are maximal monotone (multival-
ued) operators in H, with A bounded and B unbounded, and f is a
datum. Obviously equations of this type are meant for applications to nonlin-
ear partial differential equations, more precisely possibly degenerate parabolic
equations. So, although in the next sections we shall deal with equation (1.1)
in abstract form, here we will illustrate our results on an example in Sobolev
spaces.

Let © be a bounded domain of R™ (M > 1) and let «, 8 be two
maximal monotone graphs of RY x RY (N >1) and of RM*N x RM*N,

respectively. Given a function f : Q :=0x]0,T[— RY, we look for a



function u : @ — RY such that

ou
(1.2) o (a) — div (6(Vu)) > f
in the sense of distributions, and satisfying suitable initial and boundary
conditions. More precisely, (1.2) must be understood as equivalent to the
system

(1.3) wH+v=f weE « (%), v € —div (8(Vu)) in D'(Q).

We can prove existence of a solution of the corresponding initial-boundary
value problem, uniqueness being an open question if both a and (3 are
nonlinear.

First we require that a be coercive and with linear growth at infinity,
and 3 the subdifferential of a proper, convex lower semicontinuous function

¥ : RM*N — R such that for some a >0, b € R,
Y(v) > alv]* —b Vo e RN,

This setting corresponds to a nonlinear relaxation dynamics for a potential
system. Here one can consider an approximate equation (depending on a

parameter ¢ > 0) and multiply it by % ; this yields the estimate
(1.4) w. is uniformly bounded in H'(0,T; L*(Q)Y) N L>(0,T; H*(Q)N).

Hence, possibly extracting a subsequence, u. weakly star converges to some
u in that space. By means of a standard monotonicity and compactness

procedure, one can then show that
(1.5) Vo= — 11{1(1) div (B.(Vu.)) € — div (8(Vu)) in D'(Q).

Finally, as (3 1is cyclically monotone (being a subdifferential [9]), by using
(1.2) and (1.4), one can prove that

(1.6) w = lii%ag (%) € a (%) in D'(Q).



Our other existence results require « to be linearly bounded and equal
to the subdifferential of a proper, convex lower semicontinuous function ¢ :
RY — R (without any coerciveness assumption), and 3 to be strongly
monotone and either Lipschitz continuous or equal to the subdifferential of
a proper, convex lower semicontinuous function v : RM*N — R. In this
setting the function ¢ can correspond to a dissipation potential. Also here
a convenient approximation is introduced, then the equation is differentiated

£

ou
in time and multiplied by = ; this yields the estimate

(1.7) u. is uniformly bounded in H'(0,7T; H*(Q)"),

which allows us to take the limit in the approximate equation without much
difficulty.

Equations of the form (1.1) occur in several physical models. For instance
in thermodynamics, denoting by wu the vector of generalized displacements
and by F that of generalized forces, from the second principle of thermo-

dynamics it follows that the so-called phenomenological laws are of the form
(1.8) F = Bu,

with B monotone and B0 = 0 [15]. In a neighbourhood of w = 0 one
can assume that B is linear; moreover, by Onsager relations, B is also
self-adjoint, hence cyclically monotone, that is B = 0v, with 1) convex
potential. We allow 1) to be nonquadratic. Now one can introduce the
assumption of normal dissipativity [17], requiring the existence of another

convex function ¢, named dissipation potential, such that

(1.9) A (%) = _F

Thus by (1.8) and (1.9) we have

du

(1.10) D (g) + 0v(u) 3 0.

More generally the presence of an exterior thermodynamic force —f would
yield a right hand side f.



It does not seem that equation (1.1) has yet been studied, unless one of
the operators is linear. In fact, the case with A linear (and self-adjoint) is
well known and has been first detailed by Brezis [9] (see also [4], [20], and
Chapter 3 of [10] for a review of the related literature), while equations with
B linear arise from heat control problems, e.g., and have been studied by

Duvaut and Lions [12,13]. Otherwise, the authors just know of an equation
0
of the form « (3_1;) + B(u) > f, coupled with a degenerate diffusion equa-

tion, studied by Blanchard, Damlamian and Guidouche [7]. More concern
has been devoted to equations of the form

(1.11) %(Au) + Bu = f in H,

still with A and B nonlinear and B unbounded in H. These have been
examined by Raviart [19], Grange and Mignot [16], Bamberger [2], Benilan
[5], Barbu [3], Di Benedetto and Showalter [11], and by Bernis [6], as well as
other authors. General partial differential equations of this form have been
also studied by Alt and Luckhaus [1], who actually considered a much more
general setting for systems, and by Blanchard and Francfort [8].

The plan of this paper is as follows. In section 2 we give a precise
formulation of the abstract initial value problem for equation (1.1), state
the existence theorems and recall some preliminary results. Proofs are then
given in sections 3 and 4.

The authors are indebted to the referee, who pointed out some bibliog-

raphycal references.

2. Statement of results and preliminaries.

Let H be a real Hilbert space which we identify with its dual, and V a
reflexive Banach space dense and compactly embedded in H. Thus V C
H C V', where V' is the dual space of V. We denote by (-,-) either
the scalar product in H or the duality pairing between V' and V, and
by |-| the norm in H .

Let A and B be maximal monotone operators in H with domains



D(A) and D(B). Our existence results require at least one of the operators
B or A to be cyclically monotone, hence equal to the subdifferential of a
proper, convex and lower semicontinuous function (see [9, Thm. 2.5]). The
operator A is always supposed to be bounded in H, so that A~! is
surjective and D(A) = H (see [9, Thm. 2.3]), while B will be unbounded
and such that D(B) C V. Besides we assume some coerciveness for one of

the two operators. Here below we state the precise results.

First we suppose B to be cyclically monotone and A coercive and with

linear growth in H . Namely we assume that

(1) 3C, >0 :VYue H, VEe Au (& u) > Cy (Ju*—1),
(i7) 30, >0 : YucH VEeAu  |€] < Co(ju|+1),
(4i7) B is the subdifferential of a proper, convex and lower

semicontinuous function ¢ : H —]— 00, +00],

(iv) D) CV and there exist C3,Cy >0, p1,p2 >0 such that
P(u) > Cs|lullff — Cy (Ju] + 1) VuelV,

(v) f € L*0,T; H),

(vi) uy € D(v).

Theorem 2.1. Under the assumptions (i)-(vi), there exists a triple wu €
HY0,T; H)NL>(0,T;V), w,ve€ L*(0,T;H), such that for a.e. t€]0,T]|

(2.1) w(t) +o(t) = f(t),
(2.2) w(t) € Au'(t),

(2.3) v(t) € Bu(t),



d
where u = d_QZ’ and

(2.4) u(0) = wo.

Remark 2.1. Assumptions (i)-(ii) restrict the behaviour of A at infinity,

but allow for the presence of horizontal segments in this graph.

Our second existence theorem deals with the case where A is cyclically
monotone. Now we do not require any coerciveness on A, but suppose B
to be strongly monotone and Lipschitz continuous in V. Namely we assume

that

(vii) A is the subdifferential of a proper, convex and lower
semicontinuous function ¢ : H —]—00,4+00], and

A is bounded in H (i.e. maps bounded sets into bounded sets),

(viid) B : V. — V' is Lipschitz continuous, i.e.
HC5>O : Vul,ugev HBul—BuQHv/ SC{, Hul—UQHV,
(ix) B is strongly monotone, i.e.

3 Cﬁ >0 : Vul,ug c Vv (Bu1 — Bu2,u1 — UQ) 2 Cﬁ Hu1 — UQH%/,

(z) f e H'Y(0,T; V),
(.I‘Z) ug €V,
(wii) f(0) = Bug € D(¢"),

*

where ¢* is the convex conjugate of ¢ (defined in the next proposition
2.4).

Remark 2.2. It is easy to see (cf., e.g., [18, pp. 171-173]) that by (viii) and
(ix) the restriction of the operator B to D(B) C V taking values in H



is maximal monotone in H and surjective: for any g € H the equation

Bu = g has one and only one solution u € V.

Theorem 2.2. Assume (vii)-(zii) hold. Then there exist u € H'(0,T;V)
and w e L>(0,T; HYN HY0,T; V") satisfying (2.4), (2.2) and

(2.5) w(t) + Bu(t) = f(¢) in V'

for a.e. t€]0,T].

Our third existence result is a variation of theorem 2.2, in which also B
is required to be cyclically monotone, but not necessarily Lipschitz continu-

ous.

Remark 2.3. Let B be as in assumption (iii) and let D(v) C V, so that
1 is proper, convex and lower semicontinuous also in V. Denote by B the
subdifferential of v restricted to V' and by D C V its domain. Obviously

B : D — V' is an extension of B and D(B) C D C D(¥).

Theorem 2.3. Assume that (vii), (iii) and (z) hold. Let D(¢)) C V and
let the operator B of remark 2.3 be strongly monotone in D in the sense of
assumption (ix). Besides let uy € D(B) and f(0) — By € D(p*), where
By is the element of Bug with minimal norm (cf. the mext proposition
2.2). Under these assumptions, there exists a triple w € HY(0,T;V), w €
L>*(0,T;H), v e L*(0,T; V'), satisfying (2.2) in H,both (2.1) and (2.3)
(with B replaced by B) in V' for a.e. t€)0,T[, and (2.4).

Remark 2.4 (cf. also remarks 2.2 and 2.3). By comparison in the corre-
sponding equations, it is straightforward to see that in theorem 2.2 (resp.
2.3) if f € L*(0,T;H), then Bu € L*(0,T;H) (resp. v € L*(0,T; H)),
and (2.5) (resp. (2.2) and (2.3)) holds in H for a.e. t €]0,T].

Remark 2.5 (concerning uniqueness). It is not difficult to show that there
is at most one solution of problem (2.1)-(2.4), if at least one of A or B
is linear and self-adjoint in H, and moreover at least one of these operators
is strictly monotone (that is, for instance for A, (& — &, u; —ug) > 0 for

any uj,uy € D(A), uj; # ug, and for any & € Auy, & € Auy). Indeed it



suffices to multiply the difference of the equations (2.1) corresponding to wu,
and uy by wu;—wus if A islinear and self-adjoint, by ] —wu) in the other
case, and then to integrate in time. Since one of the operators is strictly

monotone, the conclusion easily follows.

Theorems 2.1-2.3 will be proved in the next sections. Here we list some
remarks and results which will be utilized later on. We refer to [9] and [14]

for their proofs and for additional related material.

Remark 2.6. Let A, B be maximal monotone operators in H : then
A and B induce on L?(0,T;H) two maximal monotone operators (still
denoted by A and B) defined by w € Av/, v € Bu if and only if (2.2) and
(2.3) hold for a.e. ¢ €]0,T].

Proposition 2.1. Let A be a maximal monotone operator in some Hilbert
space X and let {y,, z,} be such that z, € Ay, for any n €N, vy, —
Y, zn — z weakly in X, and lmsup (z,,y.)x < (2,¥)x as n — 0.

Then z € Ay and (Zp,Yn)x — (2,¥)x asS n — 0.

Proposition 2.2. Let B be a maximal monotone operator in H, and

denote by I the identity in H. For any € > 0 the resolvent of B
J. = (I+eB)™!
s a contraction defined on all H. Moreover the Yoshida approximation

1
B, (I—J.)

T €

is a monotone and Lipschitz continuous mapping defined on all H and has

the following properties:

(2.6) B.u € BJ.u Vue H, Ve>0,

(2.7) Vu e D(B) B.u — B%u as e\,0,

where B%u € Bu is such that |B%u|= min{|¢| : £ € Bu}.



Proposition 2.3. Let ¢ and B satisfy (iii). For any € > 0 and any
u € H, define

eu) 1= mip {5l =3+ 90}

z€eH
Then 1. is convex, Fréchet-differentiable in H and its subdifferential 0,

coincides with B.. Moreover

(2.8) belu) = %‘BEUP tp(Ju)  YueH Ve>o,
(2.9) Vue H Ye(u) / Y(u) as €\, 0.
Proposition 2.4. Let ¢ : H — ]| — oo,+00] be a proper, convexr and

lower semicontinuous function. The convex conjugate of ¢, defined for any
ze€ H by

¢"(2) = sup{(z,u) — d(u)},

ueH
is such that 9¢* = (0¢)~'. Moreover the following three conditions are

equivalent:
u € 0¢°(z), 2 € 0(u),  Pu)+¢"(2) = (z,u)

Proposition 2.5. Let ¢ be as in proposition 2.4. If v € H(0,T; H),
v e L*0,T;H) and v(t) € dp(u(t)) for a.e. t€)0,T[, then the function
t— @(u(t)) is absolutely continuous on [0,T], and for a.e. t €]0,T]|

(2.10) Cotu(t)) = (wa(t)  Ywe do(ult))

Proposition 2.6. Let ¢ : V —] —00,+00] be proper, conver and lower
semicontinuous . Then the function ® : L*(0,T;V) —]—o00,+00], defined
by
T
u(t))dt i u) € LY0,T),
o= | | oo i owerio.7)
400 elsewhere,

18 proper, convex lower semicontinuous and

0P(u) = {v e L*0,T; V') : v(t) € 0¢(u(t)) for a.e. t€)0,T[}.



Moreover let {u,, v,} be such that v, € 0¢(u,) for n € N, wu, — u
weakly in L*(0,T;V), v, —v weakly in L*(0,T;V’), and

limsup/o (vn(t),un(t))dtg/o (v(t),u(t))dt.

n—oo

Then v € 0®(u).

Remark 2.7 ([9, Prop. 2.14]). Let A and ¢ satisfy (vii). Then A is
bounded if and only if

©*(u)

(2.11) m

— 400 as u € D(¢"), |ul— +oc.

3. Proof of Theorem 2.1.

First we regularize problem (2.1)-(2.4). To this aim we introduce a sequence

{f:} such that

(3.1) f- € C°%0,T; H) Ve>0,

(3.2) fe— f strongly in L*(0,T; H) as €\, 0,

and consider the following approximate problem

(3.3) eug(t) +we(t) + Beue(t) = fo(t)  Vie[0,T],
(3.4) w(t) € AuL(t) Vtelo,T],
(3.5) u:(0) = o,

where B, is defined as in proposition 2.2. Note that the operator I + A
is strongly monotone in H. Since (¢l + A)™' and B. are Lipschitz con-
tinuous in H , it is not difficult to see (using, for instance, the Contraction
Mapping Principle step by step in time) that, by (3.1), problem (3.3)-(3.5)
has a unique solution u. € C'([0,T]; H) satisfying (3.5) and

(3.6) u(t) = (eI + A)7H(fo(t) = Baue(t)) = 0 YVt e[0,T],



while w. € C°([0,T); H) is given by
(3.7) we(t) = fo(t) —eul(t) — Beue(t) Vtelo,T).

To derive a priori estimates, we take the scalar product of (3.3) with w.(?)
and integrate in time from 0 to any s €]0,7]. Using (iii) and proposition

2.3, we obtain
(3.8) 6/08 |ul () ]2dt + /Os(we(t),u;(t))dt + Y (uc(s)) =
= . (ug) + /Os(fe(t),u;(t))dt Vs e [0,T].

Using (3.4), (i) and (2.9), standard calculations lead to

c, [T 1
(3.9) 71/ ()Pt + e(u(s)) < P(ug) + C\T + 20, AT
0
In the sequel we shall denote by C,Cs, ... positive constants independent

of e. Note that, thanks to the Hahn-Banach Theorem,
dzy€H, 3cy e R : Yue H P(u) > (zg,u) + ¢y,

and that .
huﬂfszﬁwP+T/’quﬁ}
0

Then, from (vi), (3.2), (3.9), (2.8) and by the contraction property of .J.
(cf. proposition 2.2), it follows that

2(T +1)
Ch
2(T +1)
Ch

(3.10) Jue(D)* + Ll 720 rm < Cr — e (u(T)) <

<0+ 2] [ua(D)] + C.

Hence, by standard arguments and using again the fact that J. is a con-

traction on H, we infer that (see, e.g., [9, Appendice])
(3.11) lwellgrom.my + 1 Jvell oy < Co-
Owing to (iv), (2.8), (3.8) and (3.11), we deduce that

(3.12) 1ette | 0.7y < Chos



where the constant (¢ depends on Cj5, Cy, p1, po and Cy. Finally by
(ii), (3.4) and (3.11), we have

(3.13) el 2070y < V2Co (Cg + \/T)
and , using (3.11), (3.13) and (3.2), by comparison in (3.3) we obtain
(3.14) HBEU6HL2(0,T;H) < Cu.

By the a priori estimates (3.11)-(3.14), there exist v € H'Y(0,T;H) N
L>(0,T;V), w,ve L*0,T; H) and subsequences, still denoted by wu., w;,
such that

(3.15) Jou. — u, w, — w, B.u, — v weakly (star)
in the corresponding spaces, as ¢ goes to 0. Since (cf. proposition 2.2)
(3.16) u, — Jou. = eB.u, — 0 strongly

in L*(0,T;H) , by a standard compactness result due to Aubin (see, e.g.,
[18, p. 58]) from (3.11), (3.12) and (3.16) it follows that

(3.17) Ju, — u strongly in L*(0,T; H),

(3.18) wu. — u strongly in L?(0,T; H) and weakly in H'(0,7T; H)

as £ goesto 0. It remains to show that w, w, v satisfy (2.1)-(2.4). Taking
the scalar product of (3.3) with any z € H and integrating in time, we

obtain

(3.19) e(uc(t),z) + /0 (we(s) + Beue(s) — fe(s), 2)ds = e(ug, 2)
VzeH, Vte|0,T).

Taking the limit as ¢ \, 0 and using (3.2), (3.15), (3.18), we have

(3.20) /t(w(s) +v(s) — f(s),2z)ds = 0 VzeH, Vtel0,T],



which is equivalent to (2.1). Thanks to remark 2.6, proposition 2.1 and (2.6),
to get (2.2) and (2.3) it suffices to prove that

(3.21) lir?\s(;lp/o (ws(t),u;(t))dtg/o (w(t),u'(t))dt,

322)  lmsup /O (B (t), Jouo(t))dt < /0 (w(#), u(t))dt.

Now (3.22) follows directly from (3.15) and (3.17). To show (3.21), we utilize
the equations (3.3) and (2.1) to infer that (see also proposition 2.5)

(3.23) A(mﬁ%%®ﬂt=—6A\%@Wﬁ—¢M%@D+

+mww+/kﬁ®wmmm

(3.24) A(Mﬂwwmﬁ=—wwaw+www+g<ﬂmwwMt
Hence, owing to (vi), (2.9), (3.2) and (3.18), (3.21) is equivalent to

(3.25) liminf ¢ (u.(T)) > W(u(t)).

e\.0

But this easily follows from the lower semicontinuity of 1 because of (2.8)
and (3.15).

4. Proofs of Theorems 2.2 and 2.3.

First we prove theorem 2.2.

Proof of theorem 2.2. In order to approximate problem (2.5), (2.2), (2.4),

we shall use the following simple result.

Remark 4.1. Let X and Y be two Banach spaces such that X C Y
with dense and continuous inclusion. Then for any y € Y there exists a

sequence {y. € X} such that

(4.1) Ye — Y strongly in Y as €\, 0,



4.2 lim £!/2 = 0.
( ) ;{%5 Hyst 0

Indeed, given a sequence {y.} such that y. € X forany >0 and verify-
ing (4.1), if {y.} does not satisfy (4.2) it is sufficient to select a subsequence
which has the desired property.

Lemma 4.1. Let B, uy and [ satisfy (viii)-(zii). Then there exist two

approzimating sequences {ui} and {f.} such that

(4.3) Bui € H Ve>0 (ie u, € D(B) in H),
ug, Jsug — U strongly in 'V

(4.4) as €\, 0,
B.u§ — Buy strongly in V'

(4.5) f- € C'([0,T); H), f-(0) = f(0) — Bug + B.u,

(4.6) fe — f strongly in H'(0,T; V') as €\, 0,

(4.7) lim &2 {|Bosg| + £l oy } = O

where J., B. are defined as in proposition 2.2.

Proof. Set by = Bug € V' and let {b§}, with b € H for any ¢ > 0,
be a sequence as in remark 4.1 (it exists since H is dense in V’). Setting

us = B7'by (cf. remark 2.2) and z. = J.u§, by proposition 2.2 we have

1
(4.8) Bz. = B.uy, —(2z. —ug) + Bz. =0.
€

Hence, since B is strongly monotone (cf. (ix)), u§ — wuy strongly in V

and
1
(4.9) g‘za —ug)* + Cé |2 — u%”%/ < = (b5 2 —ug) <

1 g € £
< %]zs—uo\Z + 5‘50‘2 Ve>0.
Therefore 2. — wug strongly in V. Using the Lipschitz continuity of B,
B.uf = Bz. — Buy stongly in V', and so (4.4) is proved. By (4.8) and

(4.9) we have

1
(4.10) elBaugl* = ~ |z —u§|> — 0 as €\, 0.
€



Taking now a sequence {g. € C°(0,T; H)} approximating f' € L*(0,T;V’)
in the sense of remark 4.1, it is easy to see that the sequence {f.} defined

for any € >0 by

¢
fe(t) :== f(0) — Bugy + By +/ g-(s)ds, te 0,7,
0

satisfies (4.5)-(4.7) (cf. (xii) and (4.10)).

Consider now the following approximation of problem (2.5), (2.2), (2.4):
find w. verifying (3.3) and (3.4) for any t € [0,7], and such that

(4.11) us(0) = ug,

where f. and wu] are given by lemma 4.1. As we have seen in section
3, this problem has one and only one solution, with w. and w. given by
(3.6) and (3.7). Since (eI + A)~! and B. are Lipschitz continuous and
fe, uc € CY([0,T); H), here we have the additional regularity

(4.12) u. € CVY([0,T); H), w,, Bou, € C¥Y([0,T]; H)

(cf., e.g., [9, Appendice]). Then, differentiating (3.3) with respect to t, we

obtain
(4.13) eul (t) + wl(t) + (Boue)'(t) = fi(t) for a.e. t €]0,T7,
and, writing (3.6) and (3.7) for ¢ =0, we have (see also (4.11) and (4.5))

(4.14) uz(0) = (eI +A)"(£(0) — Buo),

(4.15) w:(0) = f(0) — Bug — euL(0).

In order to deduce a priori estimates, we take the scalar product of (4.13)

with w.(f) and integrate in time, getting
t

(4.16) SO + (0 uile) + [ (B (s).uis)) ds <
0

< SHOF + [ 1E@Iie)lds vee.T



Since u. — Jou. = €B.u. and B.u. = BJ.u. (cf. proposition 2.2), note

that (see, e.g., [9, Appendice]) by (ix) we have

(4.17) A«&%ﬂw¢@Ms=

t
. 1
= /0 }Ll{% ﬁ{(Bgug(s + h) — Buc(s), Jouc(s + h) — Jous(s)) +

t
o hN\O

+ ¢|Bouc(s + h) — Bouc(s)]*}ds >

2

Jous(s+ h) — Joue(s)

I LT
B - B 2
| Pl £ = By }k:

:3K{@W¢%W$M+fua%ﬂ$ﬂds vie T

Besides, as u.(t) € A~ (w.(t)) = dp*(w.(t)) for a.e. t €]0,T[ by (vii), (3.4)
and proposition 2.4, with the help of proposition 2.5 we infer

d
(4.18) (wl(t),ul(t)) = pr e (we()) for a.e. t €]0,T7.

Then from (4.16)-(4.18) it follows that

(@19) S0P +¢ w0+ [ {CallTuy ()1} +2 (B ()} ds <

t
8 ! * / /
< SO + ¢ 0) + [ (Fe)uto)ds Ve 0.7]
0
Since w. = J.u. + eB.u. (cf. proposition 2.2), by (4.6) and (4.7) we have
t
(4.20) /mwmuwMS
0

3

< Gt [{ G0 @ + 5 1By @ fas ¥ee

(recall that we denote by C;’ s constants independent of ¢).
As ul(0) € 0p*(w.(0)) (cf. (vii), (3.4) and proposition 2.4), by (xii) and
(4.15) we obtain

(4:21) SO + " (wa(0)) <



6 *
< SO + @ (F(0) ~ Buo) + (u(0), w.(0) — £(0) + Bug) < Cs.
From (4.19)-(4.21) and (2.11) it follows that
(4.22) ' {Hule||00([o,T];H) + H(Béuf:‘)/HLQ(O,T;H)} + 1 (Jewe) | 2o vy +

+ ||we||co([o,T};H) < Cu,
then by (4.22) and (4.4) we have

(4.23) HjauaHHl(o,T;V) < Cis,

and by the Lipschitz continuity of B (cf. (viii))

T—h 2

2 . Cs 2
(4.24) H(Béuf:‘)/HL?(O,T;V’) < }1}{% ; 2 [Jeue(s + h) — Jue(s)[|y dt <

< (C5C14)°.
Finally by comparison in (3.3) we get
(4.25) | Beu- — fe”cO([o,T};H) < Cug -
Owing to (4.22)-(4.25), (4.6) we have that, possibly extracting subsequences,

(4.26) Jou, — u weakly in H'(0,T;V),
(4.27) w, — w weakly star in L>(0,7; H),

(428) Bou. —fe - v—f weakly star in LOO(O, T; H) N HI(O,T; V/)

By using (4.26)-(4.28) and standard compactness results including Aubin’s
Lemma (see, e.g., [18, p. 58]), we deduce that

(4.29) Jou, — u strongly in C°([0,T]; H),

(4.30) Bau,—f. - v—f strongly in L*(0,T; V"),
and by (3.16), (4.6), (4.7) and (4.25),

(4.31) Ue — U strongly in C°([0,7]; H),



(4.32) Boau. — v strongly in L*(0,7T;V").

Recalling now the proof of theorem 2.1, here the passage to the limit is

straightforward, once we have shown that
(4.33) v(t) = Bu(t) for a.e. t €]0,T]

and that (3.21) holds. But (4.33) follows from (3.22) (consequence of (4.26)
and (4.32)) and from the Lipschitz continuity of B (see, e.g., [18, p. 161]).
Besides, using (3.3) and (3.16), we have

(4.34) liIilfélp/o (we(t),ul(t))dt =

:_@gﬂl{mam%w&%w—ﬂwmwmms

e\0

< —liminf {/0 (Boua(t) — f-(t), (Jous)' (£)) dt — %|Bsuf)|2+

T

i e (fe(t), (Bau.) (t)) dt} .
Then, by (4.6), (4.7), (4.22), (4.26) and (4.32), we deduce that

+ 5B - [

(4.35)  limsup /O (. (), . (£))dt < — /0 (Bu(t) — f(£), w/(1))dt,

e\0
that is (3.21), since w = f — Bu a.e. in ]0,T] by (2.5).

Proof of theorem 2.3. This follows in parts the previous one, hence we
shall just point out the main differences.
As wug € D(B), in (4.11) we take uf =uo and

¢
fe(t) == f(0) — By + B.ug +/ g-(8)ds, te|0,T],
0

for any € > 0, where g. € CY([0,T]; H) approximates f' € L*(0,T;V")
in the sense of remark 4.1. Since B is strongly monotone, by (2.7) we
have that (4.3)-(4.7) still hold with Bug replaced by BYuy. The estimates
(4.22), (4.23) and (4.25) (but not (4.24)) are deduced in the same way as
before. Hence we still have (4.26), (4.27), (4.29), (4.31) and

(4.36) B.u. — v weakly star in L>°(0,T; V"),



(4.37) Bou.—f. > v—f weakly star in L>(0,7T; H).
In the passage to the limit,
(4.38) v(t) € Bu(t)  for ae. t€]0,T]

is a consequence of proposition 2.6, and of the fact that

T
(4.39) limsup/ (Beue(t), Jeus(t))dt =
e\.0 0

= hr?\s(;lp/o (Bsus(t> - fs(t)7J6u€(t)>dt + ?{%/0 (fs(t>7J5us(t>)dt <

gl<mmuth

by (4.37), (4.29), (4.6) and (4.26). In order to obtain (3.21), note that (iii),
propositions 2.2, 2.3 and 2.5 yield

liminf/o (Beue(t) — fo(t),ul(t))dt =

e\0

=m§ﬁ{wé%@»—me>—§&mF+§&%@W—

—1A<ﬂmxk%ﬂw+43wyu»w}

Then, using the lower semicontinuity of v, (4.29), (4.6), (4.7) and (4.22),
we have

(4.40)
mmmA<&%w—ﬂwmwmﬁzwwﬂwwwm—A<ﬂmwwMt

e\0

and we can conclude as in the proof of theorem 3.1.
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