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Abstract We consider the free vibration problem of thin shells of tation of constant
type of geometry, focusing on the asymptotic behaviour efltwest eigenfrequency, as
the thickness tends to zero. Numerical experiments are gtadpising two discretization
methods, collocation and finite elements, each correspgridia different shell model. Our
results are in agreement with theoretical results obtaiisét interpolation theory and cited
in literature.
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Introduction

In this paper we study the free vibration problem of thin Ehef revolution of constant

type of geometry, focusing on the asymptotic behaviour efltwest eigenfrequency, as
the thickness tends to zero. By constant type of geometry wannthat the sign of the
Gaussian curvature (see [14], for instance) does not chamgessociation with the lowest
eigenfrequency, we also investigate on the behaviour oédataresting quantities, namely,
the ratio of bending strain energy over the total energy,thadvave number.
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In the well-established asymptotic analysis, shell prolsdleean be divided in two cat-
egories:inhibited pure bendinghells ornon-inhibited pure bendinghells (see [18] and
[19], for example). For the case corresponding teoa-inhibited pure bending shethe
asymptotic behaviour of the lowest eigenfrequency is Wwetwn (cf. [20]). On the con-
trary, inhibited pure bendinghells exhibit a wide variety of different situations, whicave
been recently studied in [2,5]. Here we are concerned widmpkd support only, which
induces this latter more complex situation.

The plan of the paper is as follows. In Section 1 we formullageshell eigenvalue prob-
lem to be studied. Both the test problems and the prior thieateesults are given there. In
Section 2 we describe our two discretization procedureghNamodel with the finite ele-
ment method (FEM) and Kirchhoff-Love model with the collGoa model. The obtained
numerical results are summarized in Section 3. For bothretizations we get excellent
agreement with theoretical predictions. We remark tha, tduthe particular shell geome-
tries and boundary conditions we consider, the computaltiproblems to be solved are
essentiallyone-dimensionalTherefore, numerical locking can be efficiently alleviatey
using high-order methods and sufficiently fine meshes. Nitdemt that different situations
require the approximation d¥vo-dimensionaPDE problems, for which numerical locking
phenomena represent a crucial issue. Conclusions are dna$ection 3.3. Also, in the
Appendix 4 we examine a well-known challenging problem —dbecalledmonster shell
(see [12]) — in the eigenvalue setting.

1 Problem presentation

We consider two different 2D shell models: the Naghdi or Regs-Mindlin model and the
Kirchhoff-Love model. The two models under consideratiom asymptotically equivalent
and can be presented in a unified way.

In essence, assuming a time harmonic displacement fielfhe@ibration problem for
a general shell of thicknesseads to the followingigenvalugroblem

Find u; anday € R such that
tAmUt —|—t3AbUt = O.}ZM (t)ut (1)

+ boundary conditions.

Above, u; represents the shell displacement field, whiig represents the square of
the eigenfrequency. The differential operatdggand A, account for membrane (or mem-
brane/shear) and bending potential energies, respgctinel arendependent of.tFinally,
M(t) is the inertia operator, which in this case can be split inteogumM (t) = tM' 4-t3M",
with M' and M" independent of.tWe remark that the well-known Kirchhoff-Love and
Naghdi models fall into this framework.

In what follows, it will be useful to consider also the vaiwaal formulation of prob-
lem (1). Accordingly, we introduce the spa¢eof admissible displacements, and we con-
sider the problem

Find(ut, w?) € V x R such that
(2
tam(ug, V) +t3ap (U, v) = WP (u,v) Wev,



wheream(-,-), ap(-,-) andmt(-,-) are the bilinear forms associated with the operafoks
A, andM(t), respectively. Obviously, the spa¥eand the three bilinear forms depend on
the chosen shell model (see for instance [12]).

Remark 1In this paper we are interested in temallesteigenvalue of problem (2), still
denoted bya?, and in particular we focus on the asymptotic behaviour ef fimction
t — P, ast — 0.

1.1 Physical test problems

We consider a set of shells of revolution, whose midsurfasesdefined as follows. Let
| = [a,B] C R be a bounded closed interval, and fék) : | — R* be a regular function.
The shell midsurface is parametrised by means of the mapping

@ :1x[02m — R3
O(x1,%2) = (X1, f(x1) sinxg, f(x1) cosxp) .

®)

Refer to Figure 1 for a pictorial view of the curvilinear cdoratesx; andx, adopted for
this description.

In what follows we will refer to the following kinds of sheltsf revolution, grouped in
terms of Gaussian curvature (see for instance [14]), whiskeicall the fundamental types
of mid-surface geometry. All the shells are assumed to beta at the boundary.

1 — Parabolic [Zero Gaussian curvature shelld)e have

f’(x)) =0, Vxel (4)
2 — Elliptic [Positive Gaussian curvature shell3)Ve have

f"(x1) <0, Vx €l (5)
3 — Hyperbolic [Negative Gaussian curvature shelléle have

f//(Xl) >0, VX el (6)

1.2 Theoretical results

We now present some theoretical results on the asymptdigvieur of the shell eigenvalue
problem (2) for the three types of geometry presented abboyarticular, we are interested
in the three functions:

t»—>(,q2;
t3a, (U, u t2a, (U, U
t— R(t,U) = — ap (U, Ur) =5 ap (U, Ur) ; @)
t3ap (U, Ut) +tam(ug, Uy)  t2ap(Ug, Ug) +am(ut, Uy)
t— K.

We recall thawy? represents the smallest eigenvalue, and the correspoeigiegfrequency
is wx. We note thaiR(t,u;) represents the ratio of bending strain energy over totalrstr
energy, associated witil? and a corresponding eigenvectgr Finally, K; denotes the wave



number associated with the smallest eigenvalue. Sinceevady interested in shells of full
revolution,K; is always integer valued, that is;s— K; : R — NU{0}.

We now need to introduce the following notation concerntmglhehaviour of the func-
tiont — wf. When we write

W~t"  aeR, (8)
we mean that
C e OF of
Ve>0 tI_|>r(1)r1+t0175:0 and t_>o+t“+€:+°°‘ 9

Remark 2w ~ t% essentially means thaf is the best power of which asymptotically
fits wf. In some sense, we are measuring the behavioupdfy using the scale of the real
power functions. We also notice thaf ~ t® does noimply that af behavesexactlylike
t%. For instance, we hawa? ~ t% for w? = —t%logt, in accordance with (8)—(9).

For fully clamped shells of revolution, the following remutan be established applying
the results of [5, 6]; the proof can be found in [2].

1 — Parabolic [Zero Gaussian curvature shelld)e have:

1

2 . ;

~t lim R(t,u) = = . 10

oy o im Rt u) =5 (10)
Therefore, the first eigenfrequenay behaves like!/2 in the sense of Remark 2, and
the bending energy associated to the first vibration modppsoximatively half of the
total energy, for “small't.

2 — Elliptic [Positive Gaussian curvature shells].

2 .0 . :
~t : lim R(t,u;) =0. 11
o . (t,ur) (11)

Therefore, the first eigenfrequenay behaves like a constant in the sense of Remark 2,
and the bending energy associated to the first vibration risodegligible with respect
to the total energy, for “smallf.

3 — Hyperbolic [Negative Gaussian curvature shells].

1
2 12/3 . ; _ =
o ~t ; tIme R(t,ut) (12)

3
Therefore, the first eigenfrequenay behaves liké/3 in the sense of Remark 2, and
the bending energy associated to the first vibration modegsimatively one third of
the total energy, for “smallt.

For the mapg — Ky, the only theoretical proof is for the parabolic case (sge K& ~

t~1. For the other cases, the rates are deduced numericallydtwmesults, as shown in
Section 3.3.

2 Problem discretizations

In this section we present the two discretization proceslwmesuse for the shell analyses. The
first scheme is a classical finite element method, while therstone employs a collocation
strategy. Although both the methods are based on a 2D shellmihe structure of shells
of revolution allows a further dimension reduction. Acdogly, the actual computations
will be performed on the basis of the discretization of theegpondindlD modelwhich is
addressed here below.



2.1 Dimensional reduction by Fourier series decouplingegfashdent variables

In order to deal with a one-dimensional problem instead thiéim a bi-dimensional one, it
proves efficient to adopt the following Fourier series exgiam of displacements and rota-
tions with respect to the circumferential coordinateWe are then interested in a solution
of the following form:

Displ. component Naghdi model Kirchhoff-Love model

u(x1, X2) Tken U™ (xq) cos(Kxp) Tken U™ (x¢) cos(Kxp)
V(x1,%2) ke V) (x1) sin(Kxz) ke V) (xa) sin(Kxp) s
W(X1,X2) T ken W) (x1) cos(Kxp) Y ken W) (x1) cos(Kxp) "
0(x1,%2) Tken 00 (xq) cos(Kxz)

P(x1,%2) Tken Y (xa) sin(Kxp)

which decouples the displacement field in the two coordidagztions. The above Fourier
expansions lead to a (theoretically infinite) series of Sofusets, in terms of harmonic
amplitudes

ut (xq) = [ v w0 oK)y KT (Naghdi) 14
u®) (xq) = ) v W™ (Kirchhoff-Love)

which are function of the longitudinal coordinatgand are characterized by the harmonic
numberK. Each of these solutions can be found by solving a one diropakeigenvalue
problem associated to the parameger

2.2 Discretization procedures
2.2.1 Naghdi model with the finite element method

Let the shell midsurface be described by the mpaptroduced in (3). In the sequel we will
need the following geometrical quantities.

a=[1+(f)3f2,

1 1
11 _ 22 _ 12 _ .21
a 17 ()2 a T2 a‘=a"=0,
—f'f f2
b1 = boo=—, bio=byp1=0
u=—jz - b=z, b=bn=0, (15)
f”f’fz _f/f3 !
ri— L= r2=ri=
11 a0 22 a o r=la=Tg

For the sake of notational simplicity, the dependence ahallquantities on the coordinate
X1 is omitted. We also notice thatrepresents the determinant of the metric tensor for the



6

surface by is the curvature tensor arig; are the Christoffel symbols. Finally, we recall
that

b? = a%tby; . (16)

A description of the Naghdi model can be found in [12]. A mdfature of the model
is that the shell displacements are described by means ofiiteuface displacements and
the fiber rotations. As a consequence, the unknowin Section 1 here becomes the five-
component function

U = [Uth,VVt,e[./l’U[]T GVN )

whereVN is a suitable space of admissible functions. Since finitmehds will be used, we
directly present the variational formulation of the modgliations for theone-dimensional
problems ensuing from the decoupling procedure at the hagjrof Section 2.1. The bend-
ing, membrane, shear and mass bilinear forms foKttle harmonic number are respectively
given by

N m (P R
a.E)K>(u7u) = E/ Ccréu X((,KT)(U) X((SIZ)(U) \/adxl )

/ Corsp V<(Ir V5IJ 0) vadx ,

17)
/ Dos Py (u) p§ (0) vadx ,
B t3 R
mi(u,0) = n/ (U0 W+ wit) + (80 + ] vadx
Ja
for all u = [u,v,w, 8, |7 € [H&(1)]° and variationgl = [, V,W, 8, §]T e [HE(1)]°.
The bending, membrane and shear strains are respectielgdias
Kluy=6' -0 —rEy+b(V —fAu—riv—b bt
X1 (U) = 11 11y +bi( 21U— 51V — baaw) + 1V11 ;
X5 (U) = K — 58 — R + by(—Ku— Mbu— v —baw) + b3y
1 1
Xis (u) = E(—KQ +) — 50— 5w+ *bl(—KU— Ii5U — 5V —byaw)
+3 bz(\/ I3U— AV —boyw) + 5 b%Vil) +5 b1V22 X21 ( ) s
1};)(u) =Uu —Au—Tav—bpw, (18)

V) (U) = Kv— Fhu— M2v—boow ,

1
W3 (U) = 5 (~Ku+V) = Fhu— v —biaw = 3 (u)
i (u) =W +biu+bdv

o) (U) = —Kw+ blu+bdv— .

Furthermore, the fourth order tensGrand the second order tensbrare given by
Cj_]_]_]_: l,C2222: l,C]_j_zz: 2V,C1212: (l, V),Czj_z]_: (l* V), otherwiseCmg,J =0and
D11 =Dy = %(1, V), otherwiseDg; = 0.



Therefore, the variational formulation of the one-dimensil eigenvalue problem, as-
sociated to the harmonic numbé€r takes the form

Findu®) = [u®), v W) gK) KT ¢ [HE(1)]® andw™ € R such that
19)
B2y (0, 0+t (all (U, @) +a8 (10, 8)) = (@™)2m ), 0),

for every test functiorl = [GK), ¥K) w(K) 8K @KNT ¢ [H(1)]5. Note that, for notation
convenience, here and in the sequel the dependence of titeosal®) on the thickness
parametet is omitted.

The finite-element method used is based ongtextension of FEM [22]. Let%, be a
subdivision ofl, h being the mesh-size. We s&t C [H(1)]° as the space of globally con-
tinuous functions, which are piecewise polynomials of degat mosp. Then the discrete
problem reads

Finduﬂq = [uf]K),vf]m, LK), GPSK), tpr(,K)]T €S andoq("ﬁ) € R such that

(20)

(K)

33 0, an) +t (W an) +a8 W an)) = ()2 m () an)

for every discrete test functiof, = [GﬁK),\“/ﬁK)7v“\/f1K>, é,gm., Ll/,gK)}T € S, In the construction

of §, the basis functions are divided into nodal and bubble fonsti The node functions
are the standard hat-functions

1+¢
= (21)
and the bubble function (&) = ¢i-1(&), i = 3,4,...,p+ 1 are defined in terms of the
Legendre polynomialB;_

i 3
¢j(f):g/%ﬁlﬂ,l(t)dt, i=23.. 22)

2.2.2 The Kirchhoff-Love model with the collocation method

In this section we provide a brief outline of the one-dimensi strong form of the problem
under consideration, in the framework of the Kirchhoff-edwpothesis, and its discretiza-
tion by a collocation method. Without going into too muchaileft is worth recalling that
in this hypothesis transverse shearing strain componeatsesio. Essentially, this implies
rotations to become dependent on midsurface displacemnith are the only dependent
variables. Equilibrium equations reduce to three. Theyasgnt translation dynamic equi-
librium along meridional, circumferential and transvedsection, respectively. For more
details on the present model, the reader is referred to 713, 1
Searching for a solution of the type (cf. (2%)

u®) (xg) = [u®) (xg), v (xq) , Wt (xq)]



the formulation amounts to a set of three linear differémttpations for the displacements
Fourier amplitudes, plus mixed boundary conditions agsigatx; = a andx; = 3. Assum-
ing to have clamped boundaries, the following dynamic dguilm statement holds:

Findu(® andwt(K) € R such that, for any natural numbiér

2

tAR UK +B3AN(K) = (cq(K)) M(t)u®) vxg €1 23)
du®)

u® =0 20 forw = a,p

(9X1

It is recalled that the dependence of the solutidfy on the thickness parameteis not
explicited for notation convenience. The bending and menmxbroperators\ﬁ'p andAf)K>,
appearing in (23), take into account the three equationgjoflierium which constitute
the boundary value problem at hand, for the harmonic angaguof displacement. The
derivation and the explicit form of the operatdrg) andAt()K> is omitted for brevity, but can
be found following for instance the lines in References 1231].

We now present the adopted discretization strategy for suetodel, based on a La-
grange collocation method [8].

The basic steps of this procedure can be shortly summargzéaiaws:

- Discretization of the one-dimensional domaimto a finite set ofquadrature points

{x1j }i=1....n, such thak;; = a andx;ny = .

Discretization of the equilibrium operato«ét<> andAf)K> through Lagrange interpolants,

assuming the solution is a polynomial of degtde-1).

- Collocation of governing equations and boundary condgi(23) at internal and bound-
ary quadrature points, respectively.

- Solution of the ensuing discrete (eigenvalue) problem.

- Reconstruction of approximate solution through Lagrainggrpolation rule.

For further details on the proposed collocation solutiohesce, the Reader is referred,
amongst other, to References [1,10].

Defining i*) = u®)(xy), i = 1,...,N, one is finally left with the following discrete
generalized eigenvalue problem:

Find Gi(K) andQ<K) € R such that, for any natural numbiér
~ ~ 2 .
A+ A = [@" Moa') fori=2,..,N-1 (24)
ou
=0, = —=0 fori=1,N
an_

The discretized operatoﬂx.(ﬁ), A,f)K) andM(t) may be constructed applying the basic steps
listed above. For a detailed derivation, see for instanderBeces [1, 3].



2.2.3 Unified notation

Assembling the systems (19) and (24) and partitioning tlgeestes of freedom of the system
within boundaryor nodes(subscriptd) andinterior or bubbles(subscripd) ones, leads to
the classical form of the generalized eigenvalue problem

t <Kbb Kbd) 0 (Gb) <K)+t3 (Kbb Kbd) ) (Ub> o [QK)]Z <'V| bb(t) Mbd(t)> (Gb) )
Kab Kad/, \Ud KabKaa/p, \Ud Mab(t) Maa(t) ) \ Ud
(25)
or, in compact notation

2
(K +2ka®) = (@] moak (26)

which is to be solved for the couple{ﬂ(")@(m). We also notice thalt! (t) has the form
M (t) =t M for the Kirchhoff-Love model, and the forivi (t) =t M' +t3M" for the Naghdi
model. Furthermore, we have followed the convention wheta bending and shear parts

of the Naghdi model are presentmﬁﬁ().
Using this notation we can defif&t, u;) in approximate form as:

~ K)~ ~ K)~
R(t,6)) = 3t TK o _ t2[a)] Tk gk @
@] KW 43k FNam @mTKE 12k M)

3 Numerical tests

We illustrate the theoretical results of Section 1.2 onedéht types of shells of Section 1.1.
In Figure 2 we outline the cross sections of our main threedases and a fourth shell,
named “monster shell”, which will be considered later orhie dliscussion.

For every test geometry, with clamped kinematic constsaimé have computed the val-
ues of interestw?, R(t,ut), K, over a logarithmically distributed set of thicknesseseifv
experiment has been performed twice using the two disettéiizs described in Section 2.
The discretizations have been kept fixed over the set oftleisses:

— FEM. In every case 100 elements of constant width witk= 12 are used. When
clamped boundary conditions are imposed, the resultingrgdimed eigenvalue prob-
lem has 5995 degrees of freedom.

— Collocation. The results computed with the collocation method of Se@i@m® are ob-
tained by discretizing the domain with 129 quadrature nodésen clamped boundary
conditions are imposed, the resulting generalized eigeavaroblem has 387 degrees
of freedom.

The numerical experiments, compared with the related #teat predictions, have been
summarised in Table 1.
3.1 Numerical results on the functior— «w?

Our numerical results on the asymptotic behaviour of thetiont — «? are summa-
rized in Figure 3. The asymptotic behaviour of the shells@rad as measured with both
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Geometry Function Theoretical Prediction| Numerical Results| Comparison
Parabolic t— wp WP ~t Figure 3 Table 2
fx)=1 t— K K ~t— 3 Figure 6a

H=1 t— R(t,u) | lim_g+ Rt,u) =3 Figures 4a, 4b Table 3
Elliptic t— wp W ~t0 Figure 3 Table 2
f)=1-1x | t+— K Figure 6b

H =0.892668 | t— R(t,u;) | lim;_ o+ R(t,u;)=0 Figures 4c, 4d Table 3
Hyperbolic t— of Wf ~ 123 Figure 3 Table 2
f)=1+2x | t— K Figure 6c

H=0.892668 | t—— R(t,u;) | lim_q+ R(t,u) =3 Figures 4e, 4f Table 3

Material constants adopted for all simulations #&te: 2.069x 10! MPa,u = 0.3, A = 5/6 andp = 7868
Kg/m®. The shell geometry is defined in terms of a single parantéter0, so that the arc length over the
interval[—H,H] is 2.

In every experiment clamped boundary conditions have beensetpat both ends; = —H andx; = H
and gesult; computed for a set of 1601 thicknesses equaltedpm logarithmic scale covering the interval
[10°°,104].

Table 1: Guide to numerical experiments.

Geometry | Mean of relative error| STD of relative error| Correlation of values
Parabolic | 0.0022 0.0007 1.0000
Elliptic 0.0050 0.0015 1.0000
Hyperbolic | 0.0006 0.0009 1.0000

Here we take the FEM-result as the reference. Thus, theiveelatror is defined as ere |« —

WPreml/@lrewm- In the first column we have the mean over the entire span ofwelatrors per given ge-
ometry. In subsequent columns we have the standard devidtibe celative errors and finally the Pearson

correlation coefficient of the values af computed with the two methods.

Table 2: Comparison df— «?.

Geometry | Mean of relative error| STD of relative error| Correlation of values
Parabolic | 0.0093 0.0108 0.9952
Elliptic 0.3194 0.9533 0.9649
Hyperbolic | 0.0414 0.0406 0.9309

Here we take the FEM-result as the reference. Thus, thevelatror is defined as ert |Reoi(t,ut) —
Reem(t,ut)|/Reem(t, u). In the first column we have the mean over the entire span ofivelatrors per
given geometry. In subsequent columns we have the standaiatidevof the relative errors and finally the
Pearson correlation coefficient of the value@ff, u;) computed with the two methods.

Table 3: Comparison df— R(t, ut).
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FEM for the Naghdi model

t Parabolic Slopes Elliptic Slopes Hyperbolic Slopes

102 || 677910.312090 12644780.768739 2830744.389133

0.923084 0.129441 0.662881
1073 80926.028056 9385781.033894 615205.013613

0.970509 0.134224 0.663892
1074 8661.366553 6890428.388354 133391.316884

0.992194 0.081613 0.664894
105 881.846095 5709958.633337 28855.815479

0.997083 0.046465 0.665810
106 88.778823 5130597.313294 6229.084873

Here we give the eigenvalues at specified thickness obtaiitbdhe FEM method for the Naghdi model.
This is to help confirm the expected slopes in Figure 3. ltéacthat in the parabolic cas tends to be-t,
while in the hyperbolic one- t%3. In the elliptic case we note thaf tends to be- t°, but this asymptotic
behaviour seems to be reached much slower than in the otheates.c

Table 4: Slopes df— .

Collocation for the Kirchhoff-Love model

t Parabolic Slopes Elliptic Slopes Hyperbolic Slopes

102 || 680852.474764 12652595.683286 2835603.432502

0.924289 0.132261 0.663322
103 81052.006234 9330786.239216 615635.801490

0.970414 0.134299 0.664259
1074 8676.610236 6848880.880890 133372.127086

0.991954 0.081299 0.664924
1075 883.885906 5679633.694851 28849.698698

0.996971 0.045936 0.665823
10°© 89.007124 5109567.917717 6227.571443

Here we give the eigenvalues at specified thickness obtawtbdhe collocation method for the Kirchhoff-
Love model. This is to help confirm the expected slopes in [igunt is clear that in the parabolic casg
tends to be- t, while in the hyperbolic one- t2/3. In the elliptic case we note thaf? tends to be- t°, but
this asymptotic behaviour seems to be reached much slowertliae other two cases.

Table 5: Slopes df — «?.

approaches is in agreement with the theory (cf. (10)-(18)prder to better appreciate the
agreement, in Tables 4-5 we plot the progressive interplsibpes

M , i=23,..,5,
@ |i—10i-1

a; =log

which represent a numerical estimate of the expoaenthe interva[10-'-1,10'], see (9).
The valuesy; clearly converge, for both models, to the theoretarahown in Table 1.

Finally, the statistical comparison of the two result sets be found in Table 2. The
Pearson correlation coefficient, ranging fremi to +1, reflects the degree of linear rela-
tionship between two variables; a correlation of +1 inddsad perfect positive linear rela-
tionship.
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3.2 Numerical results on the function— R(t, ut)

As stated in Section 1.2, we are interested in plotting tlyenasotic behavior of the fun-
damental frequency as the thicknésgnds to zero as well as the raft,u;) (cf. (7)),
which represents the non dimensional proportion betweastielbending and total poten-
tial strain energy associated to the fundamental eigennititke statistical comparison of
the two result sets can be found in Table 3.

The asymptotic behavior di(t,u;) as measured with both approaches follows the the-
oretical predictions as— 0. For relatively thick elliptic shells the difference bewvethe
two methods is greatest. Here one should note that this ®actine full membrane region
whereR(t, w) is practically zero.

The curious banding profiles bf— R(t,u;) are clear in Figures 4 (and 8 also). Each
band corresponds to a given valuekef

In Figure 5 we report two-dimensional plots of the localodietween bending energy
and total strain energy density for each considered typehefl sttt = 10-3. Note that
presence of bending dominated regions is usually indieathpossible numerical locking.
Due to our one-dimensional approach, our numerical resatgiot be used to investigate
directly this phenomenon, which is beyond the aims of thegmepaper.

3.3 Numerical results on the function— K;

As one would expect, finding the correct valuggfis less challenging than getting the
right. Since there is hardly any difference at all between¥o sets, we are content to show
the results for FEM only in Figure 6. For the same reason, atgssital comparison between
the two models is presented.

Note that the missing values of the elliptic plot simply icatie the constant value af
with K; = 0. Our numerical tests suggest that it holds

Ki ~ =1 for the parabolic case;
K ~t8 for the elliptic case; (28)
Kt ~ t=3 for the hyperbolic case.

Therefore, the slope of the parabolic results is in agre¢miith the theory, see Table 1. We
also notice that in the elliptic cask; is probably growing slightly faster than exactly?/>
(cf. Remark 2). By careful inspection of Figure 6 one notites the value oK may well
remain constant over a range of thicknesses. In realitlthage in mode is not observable
because it always happens throught a double eigenvaluevtigm we use the term slope,
we mean the slope of bands.

Conclusions and Future Work

We note that it has been highly advantageous to approacpribliidem using two different
numerical discretizations. Our numerical results are icelignt agreement with the theo-
retical results, when available. In addition, we also griesting results in the areas where
the theory is still lacking. For the functidn— K, similar techniques that have been used
for the parabolic case (see [7]) could be used to cover therbygtic and elliptic cases also.
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However, we expect the elliptic shell to be the most subtieda analyse. Finally, the pos-
sible occurrence of numerical locking phenomena shoulddsplg investigated. Indeed,
there is no rigorous analysis for this feature and will beradsled in future work.
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4 Appendix — The “monster” shell

In this Appendix we consider the following particular prets

— "Monster” shell (Positive Gaussian curvature)Ve choose (see Section 1.1, and also

Figure 2(d))

a=0, B:H:%sin(ZH/S), f(x):,/g—xz 29)
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axis of revolution

meridian

Fig. 1: Shell of revolution geometry and curvilinear cooatas over midsurface

The monster shell is clampediat= 0 and free ak; = %sin(Zn/S). We consider also
this additional case because of its peculiar asymptotiediehr, as far as the corresponding
source problem is concerned (see [4]).

We have performed the same numerical experiments as atsaverathe monster shell.
The results are shown in Figures 7, 8 and 9. In this case thecatibn method was not
reliable for very small values dfand therefore only partial results are shown.

Some observations are immediate. The slope-of- wf is no longer easily recogniz-
able, as a fluctuating behaviour is exhibited. Nor the linalue oft — R(t,u;), if any, is
clearly deducible. One may guess thatlimR(t,u;) = 1, which is also compatible with
significant bending dominated regions for “small” but firtitécknesses (cf. Figure 5(d)).

Therefore, we may conclude that also for the vibration mobthis example illustrates
that our results are by no means exhaustive and a lot of wdtkibdheory and numerical
experiments remains to be done.
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(@)

R
—~

() (d)

Fig. 2: Cross sections of analyzed shells: (a) parabolindgt (e) elliptic cylinder (c) hyperbolic cylinder
(d) "monster” shell

(a) Collocation (b) FEM

Fig. 3:t — «w?; Symbols: — Parabolici — Elliptic, o — Hyperbolic.
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(a) Parabolic: Collocation (b) Parabolic: FEM
M’ 1 ot eV |
L — n L L
(c) Elliptic: Collocation (d) Elliptic: FEM

et} et

(e) Hyperbolic: Collocation (f) Hyperbolic: FEM

Fig. 4:t — R(t,ut)
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(a) Parabolic (b) Elliptic
09
08
07
08
= 05
- 04
E - 03
£ . 0z
- ~ 0
(c) Hyperbolic (d) Monster

Here we give the ratio between bending strain vs total seaergy density over the 2D -domdin1,1] x
[0, 1] (One half of the shell of revolution is unfolded onto the @gnThe red regions exhibit most bending.

Fig. 5: Plot of the ratio between bending strain vs totalistemergy densityt = 10-3.
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(a) Parabolic (b) Elliptic
10° T T T
107 3 -
J 1
10'F -
-Q_“_-
C
10 - ‘—5 ‘4 ‘—4 -2

(c) Hyperbolic

Fig. 6:t — K.

107

(a) Collocation

107 107 10° 10° 10 107 107

(b) FEM

Fig. 7:t — «w?; Monster shell.
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1 1 T T T
09 09f 1
06 0.68 1
05 05F 4
04 0.4 4
03 03[ 1
02 / 02 /
01 - 0.1 4
10° 10 10 107 10 10° 10 10 107 107
(a) Collocation (b) FEM
Fig. 8:t — R(t,ut); Monster shell.

10° 10°
10°F 2
10'F

10"

L] 9
L]
]
L
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10° . L
10° 10 10 10 10 10° 10 10 10 10

(a) Collocation (b) FEM

Fig. 9:t — K{; Monster shell.



