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ENERGY NORM A POSTERIORI ERROR ESTIMATES FOR
MIXED FINITE ELEMENT METHODS

CARLO LOVADINA AND ROLF STENBERG

ABSTRACT. The paper deals with the a-posteriori error analysis of mixed finite
element methods for second order elliptic equations. It is shown that a reliable
and efficient error estimator can be constructed using a postprocessed solution
of the method. The analysis is performed in two different ways; under a
saturation assumption and using a Helmholtz decomposition for vector fields.

1. INTRODUCTION

We consider the mixed finite element approximation of second order elliptic
equations with the Poisson problem as a model:

(1.1) —Au=f in QCR",
(1.2) u=0 on 0.
The problem is written as the system

(1.3) oc—Vu=0,
(1.4) dive + f =0,

which is approximated with the

Mixed method. Find (o, up) € Sy, x Vi, C H(div:Q) x L?(2) such that
(1.5) (oh,7)+ (divr,up) =0 V1 €Sy,

(1.6) (divep,v)+ (f,v) =0 Yv e V.

In the method the polynomial used for approximating the flux o is of higher degree

than that used for the displacement u, which is counterintuitive in view of (1.3).
As a consequence, the mixed method has to be carefully designed in order to satisfy
the Babuska-Brezzi conditions, c.f. e.g. [8]. There are two ways of posing these
conditions, both yielding the same a priori estimates. The more common one is
to use the H (div:Q) norm for the flux and the L?(Q2) norm for the displacement.
The other one is to use so called mesh dependent norms [3] which are close to the
energy norm of the continuous problem.

The a posteriori error analysis of mixed methods has been performed in [1],
[10] and [5]. In [10] the estimate is for the H(div : Q)-norm. This is in a way
unsatisfactory since the ”div” part of the norm is trivially computable and also
may dominate the error, see Remark 3.4 below. In [5] an estimate for the L?-norm
of the flux is derived but it is, however, not optimal. The reason for this is that the
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estimator includes the element residual in the constitutive relation (1.3). As the
polynomial degree of approximation for the displacement is lower than that for the
flux, it is clear that this residual is large.

The purpose of this paper is to point out a simple remedy to this. Since the
work of Arnold and Brezzi [2] it is known that the mixed finite element solution
can be locally postprocessed in order to obtain an improved displacement. Later
other postprocessing has been proposed [6, 9, 7, 17, 16]. On each element the
postprocessed displacement is of one degree higher than the flux, which is in ac-
cordance with (1.3). Hence, it is natural to use it in the a posteriori estimate. In
this paper, we will focus on the postprocessing introduced in [17, 16]. In Section 2
we develop an a-priori error analysis by recognizing that the postprocessed output
can be viewed as the direct solution of a suitable modified method. In Section 3
we introduce our estimator based on the postprocessed solution, and we prove its
efficiency and reliability.

Throughout the paper we will use standard notations for Sobolev norms and
seminorms. Moreover, we will denote with C and C; (i = 1,2, ...) generic constants
independent of the mesh parameter h, which may take different values in different
occurrences.

2. A-PRIORI ESTIMATES AND POSTPROCESSING

In this section we will consider the mixed methods, their postprocessing and error
analysis. We will also give the stability and error analysis by treating the method
and the postprocessing as one method. This will be useful for the a posteriori
analysis.

We will use standard notation used in connection with (mixed) FE methods.
By Cj, we denote the finite element regular partitioning and by I'j, the collection
of edges or faces of Cj. The subspaces (o,un) € Sy x V,, € H(div:Q) x L*(Q)
are piecewise polynomial spaces defined on Cp. In this paper we will consider the
following families of elements. (The results are, however, easily applicable for other
families as well.)

e RTN elements — the triangular elements of Raviart-Thomas [15] and their
tetrahedral counterparts of Nedelec [14];

e BDM elements — the triangular elements of Brezzi-Douglas-Marini [9] and
their tetrahedral counterparts of Brezzi-Douglas-Duran-Fortin [7].

Accordingly, given an integer k > 1, we define:

(2.1) SN — {71 e H(div:Q) | 7|k € [Po_1(K)]" ® xPy_1(K) VK € Cy }
(2.2) SPPM — 0 e H(div:Q) | T|x € [Pe(K)|" VK € Ch, }

(2.3) VETN — yBPM — (4 ¢ L2(Q) | v|k € Pe_1(K) VK €Ch },

where P,_1(K) denotes the homogeneous polynomials of degree k — 1. For quadri-
lateral and hexahedral meshes there exist a wide choice of different alternatives, c.f.
[8].

By defining the following bilinear form
(2.4) B(p, w;T,v) = (¢, 7) + (divT,w) + (dive, v)

the mixed method can compactly be defined as:
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Find (o}, un) € S, x V}, such that
(2.5) B(op,up;m,0)+ (f,v) =0  V(r,v) € Sp X Vj.

For the displacement and the flux we will use the following norms:

(2.6) lolin =D IVelsx + D hp' 115 e
KecCy, Eely
and
(2.7) 17168 = 715+ > helr-nl 6
FEel'y,

where n is the unit normal to £ € T', and [v] is the jump in v along interior
edges/faces and v on edges/faces on 9. By an element by element partial integra-
tion we have

(28) ‘(diVT,U)‘ < ||T||O,h||U||1,h V(T,?)) e S, x V.
In the FE subspace the norm for the flux is equivalent to the L? norm:
(2.9) Cllrllo.n < lITllo < [I7llo.n V7 € Sh.

Hence, it also holds
(2.10) |(divT,v)| < ClTllollvl1,n V(7,v) € Sp x V.
With this choice of norms the Babuska-Brezzi stability condition is the following.

Lemma 2.1. There is a positive constant C such that

(2.11) sup {4V TV

> Clvli,n Yv €V,
res,  ITllo

Proof. We first point out that since VTN = V,BPM and SFTN < §PBPM the
result for BDM is a consequence of that for RTN. Therefore, we focus on the RTN
family, first recalling that the local degrees of freedom for the flux variable are the
following:

(2.12) (T-m,2)p Vz € Py_1(E), E C 0K,
(2.13) (1,2)K Vz € [Pu_o( K™

Above and in the rest of the paper, we use the notation (-, )x and (-, )g for the
L? inner product on the element K and on the edge/face E, respectively.
Hence, given v € V}, we can define 7 € S}, by

(2.14) (T -m,2)p =hz' ([V],2)E Vz € Py_1(E), E €Ty,
(2.15) (1.2)k = —(Vu,2)k  Vz € [Py_o(K)]", K €y,
Noting that Vv g € [Pr_o(K)]", [v]|g € Pr—1(E), from (2.14)-(2.15) we obtain

(2.16) (7-n,[vDe = hg' 1] &
(2.17) (1, Vo) = —||Vv

It follows that (cf. also (2.6))

10,5
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(2.18) (divr,v) = — Z (1, Vo) + Z (m-n,[v])e

Kecy, Eely
= > Vollsx+ > hp' Iz = lIvli s
KeCy, Eely,

Using scaling arguments (2.14)—(2.15) imply

(2.19) ITllon < Cllv]l1,n-

The assertion now follows from (2.18) and (2.19). O
From this stability estimate, the following full stability result holds.

Lemma 2.2. There is a positive constant C such that

(2.20) ap  BlewiTu)

> C(llello+ llwllin) Ve, w) € Spx Vi,
(r)esuxvi ITllo + l[ollLn ( )

In our analysis we will exploit the interpolation operator Ry : H(div: ) N
[L*(2)]™ — Sh, with s > 2, such that

(2.21) (div (T — Ryp7),v) =0 Yo eV,

which can be constructed by using the degrees of freedom for Sy, cf. [15, 14, 9, 7].
In addition, we will use the equilibrium property

(2.22) div Sy C V.
When denoting by Py : L?(Q2) — V}, the L2-projection, this implies that
(2.23) (divr,u — Ppu) =0 V1 € S}

The projection and interpolation operators satisfy the following commuting prop-
erty:

(224) div Rh = PhdiV .
Theorem 2.3. There is a positive constant C such that
(2.25) o = anllo+ [|Pav — unllin < Cllo — Ryollo.

Proof. By Lemma 2.2 there is a pair (7,v) € S), X V, with ||7|lo + [|[v]j1.n < C,
such that

(2.26) lon — Rpollo + [|lun — Prullin < Blon, — Ryo, up — Pru; T,v).
Next, (2.21), (2.23) and (2.24) give
B(on — Ryo,up — Pou;T,0)
(2.27) = (op — Rpo,7) + (divr,up — Pru) + (div (o, — Rpo),v)
= (0 = Ruo,7) < |lo — Ryollo|Tllo < Cllo — Ruoo.
The assertion then follows from the triangle inequality. (I

This gives (assuming full regularity):

(2.28) lo—onllo+ | Pou—upllin < Ch*Ho|pyr for BDM,

(229) ||O' — O'hH() + ||Phu — uh||17h < C’hk|0'|]€ for RTN.
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We note that these estimates contain a superconvergence result for || Ppu — up||1 5.
This, together with the fact that o is a good approximation of Vu, implies that
an improved approximation for the displacement can be constructed by local post-
processing. Below we will consider the method introduced in [17, 16]. The postpro-
cessed displacement is sought in a FE space V;* D V},. For our choices, the spaces
are

(2.30) ViBPM — 4 € L2(Q) | v|k € Pei1(K) VK €C },
(2.31) VBTN — L9 € L2(Q) | v|kx € Po(K) VK €Cp }.

Postprocessing method. Find uj € V¥ such that

(2.32) Pruj, = up
and
(2.33) (Vuy,Vo)g = (op, Vo)k Yo € (I — Pp)V)|k.

The error analysis of this postprocessing is done in [17, 16]. Here we proceed in
a slightly different way by considering the method and the postprocessing as one
method. To this end we define the bilinear form

(2.34) Bn(p,w™;T,0") =(p,7) + (divr,w*) + (div e, v*)
+ ) (V' =@, V(I = Py)v*)k.
Kecy,

Then we have the following equivalence to the original problem.
Lemma 2.4. Let (o, u;) € S, x Vi be the solution to the problem
(2.35) Br(op,up; m,0") + (Prf,v*) =0 V(r,v*) € Sy x Vi,

and set up, = Ppuj € Vi, Then (op,up) € Sp x Vi, coincides with the solution
of (1.5)—(1.6). Conversely, let (on,un) € Sp x Vi, be the solution of (1.5)-(1.6),
and let uj € V;© be the postprocessed displacement defined by (2.32)—(2.33). Then
(on,u}) € Sy x Vi is the solution to (2.35).

Proof. Testing by (7,0) € S}, x V¥ in (2.35) gives

(2.36) (oh,7)+ (divr,u;) =0 V1 e Sy
The equilibrium property (2.22) implies

(2.37) (divr,u)) = (divT,up).

Hence, (1.5) is satisfied. Next, for a generic v* € V" set v = Ppv* € V3 and
observe that V3, = P, (V}*). Testing in (2.35) with (0, v), and using the fact that
(Pnf,v) = (f,v), we obtain

(2.38) (diveop,v)+ (f,v) =0 Vv eV,

i.e. the equation (1.6). Conversely, let (o, up) € Sy X V}, be the solution of (1.5)—
(1.6), and let u} € V;* be defined by (2.32)-(2.33). Splitting a generic v* € V;* as
v* = Ppv* + (I — Pp)v* we have
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(2.39)
B (o, up; m,0") = Br(op,uf; 7, Phv™) + Br(op,uf; 0, (I — Pp)v™)

= (on, 7)+ (divr,up) + (dives, Pow™) + Y (Vuj — 04, V(I = Py) P’k

KeCp
+(diven, (I = Po)v) + Y (Vuj, —on, V(I = Pu)(I — Py)v*)k
KeCp
= (on,7) + (divr,up) = (Buf, Pov™) = =(Puf,v")  V(T,v%) € Sp x Vi
Therefore, (o, u)) € Sy x Vj¥ solves (2.35). O

Next, we prove the stability. In the proof we will use the following norm equiv-
alence.

Lemma 2.5. There are positive constants Cy and Csy, such that
(2.40) [w*lli,n < [[Ppw*|l1n + (1 = Po)w*[l1n < Callw*([1,n

and

) 1/2
(241)  Cillwlln < [P un+ (D2 IV = Pw'l3x) " < Callw*llun,
Kecy,

for every w* € V;*.

Proof. We first prove (2.40). The estimate

[w*lln < [[Paw™{lin + (T = Pa)w® (1,5
follows immediately from the triangle inequality. To continue, we notice that

(2.42) [Prw*|ln + (I = Pa)w"[[1,n < 2[|Phw®

I ([T P

We now fix an interior edge/face F, and we consider the elements K; and K5 such
that F = K1 N K3. A scaling argument shows that

2 2
(243) W5 1P’ T3 2+ D IVPaw I3 i, < C (5 I TR 4+ Y 190 3 i, ).

i=1 i=1

If E C K is an edge/face lying in 01, a similar argument gives

@41) B P R+ VP < O (g B + V03 )
The estimate
(2.45) [ Prw™ |10 + [[(I = Pr)w*[[1,n < Cof|w*[[1,n

easily follows from (2.42)—(2.44) (cf. also (2.6)). Hence, (2.40) is proved.
To prove (2.41) we first notice that (2.45) implies

1/2
(246)  [Pawlln+ (D IV = Pwt B k) < Callw .
KeCy,

Next, scaling arguments lead to
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2
(247) A WG e + D IIVwE k., < C(hilll[[Phw*]]llﬁ,E

i=1

2
+ 3 (IR I3, + IV = Powl3 ),

=1

for an interior edge/face E, and to

(2.48) hi ™[I 6 + IV x < C<hl_?1||Phw*”g,E

+ IV Py | + IV = Py 3 ),

for a boundary edge/face E. The estimate
* % Lo )12
Oyl < 1 Pww o+ (32 IV = Py 3.« )
KeCy,

is a consequence of (2.47)—(2.48). The proof is complete. O

Lemma 2.6. There is a positive constant constant C such that

B *, *
(249) sup h((P,U) T,V )

i = Cllello+ llwllie) Ve, w") € Spx V.
(romyesnxvy [Tllo + v [1n ( )

Proof. Let (@, w*) € 8, x V;* be arbitrary. By choosing v* = v € V}, and using the
equilibrium condition (2.22) we then get

(250) Bh(‘P,w*;Tav) P ) + (le Taw*) + (le L,O,U)

= (o,
= (p,7) + (divr, P,w*) + (div e, v)

= B((P,P]—LU)*;T,'U),
Hence, the stability of Lemma 2.2 implies that we can choose (7,v) such that
(2.51) Bu(p,w*m,v) = (lleellg + [ Paw (17 1)

and

(2.52) Il + vl < Cr(llello + [1Paw™[1.n)-
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Next, (2.10) and Schwarz inequality give
(2.53) B (o, w*;0,(I — Pp)w")
= (divee, (I = P)w*) + > (Vu* = ¢, V(I = Pw")k

Kecy,
> —Collellol(I = P)w|lin+ > (Vw*, V(I = Py)w*)k
KeCy,
= —Csllplloll(T = Po)w* [l + Y (VPuw™, V(I = Py)w*)k
KecCy,
+ DIV = Pow’|[ &

KeCy,
> —(Calleello + [[Phw™[[1,0) 11 = Pr)w™||1n

+ 3 IVU = Pu)w’|[f g

KeCy,

We now notice that (I — Py, )w* is L?>~orthogonal to the piecewise constant functions;
therefore, a scaling argument shows that

1/2
(2.54) I(I = Pr)w™[lin < Cs < Yo Iva - Ph)ﬂ)"ll%,x) :
KecCyp,
For ae > 0, we obtain from (2.53) and (2.54)
(2.55) B (e, w*;0, (I — Pp)w™)
1 * 2« .
> =5 (Callello + [ Pawlln)” = ST = Pa)w"[I7,
+ Y IVU = Pu)w’llf
KecCn
1 N 2
> —o—(Callello + [1Paw*[|1.n)

2a
aC? .
+(1-2F) X 196 - el
KeCy
Choosing a > 0 sufficiently small, we get
(2.56)
Bu(p,w*;0,(I = Pp)w") = Cy ( Y VU = Pu)wrll s = llells ”PhW*ih) :
KeCy,
Combining (2.51) and (2.56), with § > 0 to be chosen, we have
(2.57) Bp(p,w*;T,0+ (I — Pp)w")
> (1=6C) (lllg + I1Paw?|[5 ) +6Cs Y IV = Pa)w”|[§ -
Kecy,
Next, by (2.41) we have

(2.58) 1w |35 +6 D IV = Po)w*[5 = Csllw™ |13 -
KecCy,
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From (2.52) and (2.40) we have
I7llo + v+ (I = Pr)w|[1,n
(2.59) < |Illo + [[oll1,n + 811 = Pr)w™|[1,n
< Ci(llello + [1Paw™|[1,n) + 8l (1 = Pu)w |1,
< Co(llpllo + llw*[l1.n)-
Choosing 6 = 1/(2Cy), estimate (2.49) is proved by combining (2.57)—(2.59). O

Theorem 2.7. The following a priori error estimate holds

lo = onllo + lu = whllin < Cllo = Raollo + inf [lu—v*]1n).
h

Proof. From Lemma 2.6 it follows that there is (@, w*) € Sp, x V¥, with [|¢llo +
lw*|[1,n < C, such that

(260)  (low — Raorllo + luf — 07 |1) < Bulon — Ruor,uf, — v 0,0°).
Next, from the definition of By, and the equations (1.3)—(1.4) it follows that
(2.61) Bhn(o,u;p,w™) + (f,w*) = 0.

Hence it holds

(2.62) Bp(on — Ryo,uj, —v™;p,w")

= Bn(o — Rpo,u— v, w") + (f — Puf,w").

Writing out the right hand side we have
(2.63) Bp(oc — Rpo,u—v"50,w*) + (f — Prf,w")

= (o — Rpo,p)+ (dive,u —v*) + (div (60 — Rpo), w™)

+ 3 (V(w—v") = (0 — Ryo), V(I — P)w )k + (f — Puf.w").

KeCp

The commuting property (2.24) gives
(2.64) (div (o0 — Rpo),w*) = —(f — Ppf,w").
Hence, the third and the last term on the right hand side of (2.63) cancel. The
other terms are directly estimated

(2.65) (6 — Ruo,9) < |lo = Ruo|oll¢lo < Cllo — Ruollo,

(2.66) (dive,u —v") < Clleloflu — v*[l1n < Cllu = v™[l1n

and using (2.41)

(2.67) > (V(u—v*) = (o = Ryo), V(I — Py)w*)k
KecCp

< C(llu—=v"[l1n + llo = Ruoflo) [w*||1n
< C(llu=v"[l1n +llo — Ruolo)-
The assertion then follows by collecting the above estimate and using the triangle

inequality. 0

For our choices of spaces we obtain the estimates (with the assumption of a
sufficiently smooth solution).
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Corollary 2.8. There are positive constants C such that

268) Nl —aullo+llu—uilin < CH* s for BDM,

(2.69) lo—onllo+ [lu—uill1n < ChFlulkiq for RTN.
3. A-POSTERIORI ESTIMATES

We define the following local error indicators on the elements

(3.1) m,x = |Vuj, = onllox, n2,x = hllf — Pufllox,
and on the edges
(3.2) e = hg Iluidllo.e.

Using these quantities, the global estimator is

(33) n=(> x+nde)+ D n%)1/2~

KeChn Eely,

The efficiency of the estimator is given by the following lower bounds, which
directly follow from (1.3) using the triangle inequality, and from (3.2) noting that
[u] = 0 on each edge E.

Theorem 3.1. It holds

mrx < [[V(u—up)lox + o —oullox,
(3.4) s )
ne = hg ' “|Tu—up]llo.z-

As far as the estimator reliability is concerned, below we will use two different

techniques.

3.1. Reliability via a saturation assumption. The first technique to prove the
upper bound is based on the following saturation assumption. We let Cj, /o be
the mesh obtained from Cj by refined each element into 2" (n = 2,3) elements.
For clarity all variables in the spaces defined on C; will be equipped with the
subscript h whereas h/2 will be used for those defined on Cj, /5. Accordingly, we let
(Oh)2, u,’;/z) € 8p/2 ¥ Vh*/2 be the solution to
(3.5)
Bhj2(0n2:Uh 2 Thy2s Viy2) + (Pryafivh0) =0 Y(Thy2,0h ) € Snyz X Vija.

As already done in [5], we make the following assumption for the solutions of

(2.35) and (3.5).

Saturation assumption. There exists a positive constant 0 < 1 such that
(3:6) o —anpllo+llu—ujlline < B(lo—onllo + [lu—ujllin)-
Since it holds

(3.7) lu = upllin < llu—=uhlline2

we also have

(3.8) lo —ansallo + llu—uj olline < B(lo = anllo + [lu—ujllnz)-

Using the triangle inequality we then get

* 1 * *
(3.9) HO‘ — O'hHQ + ||u — Uh||17h/2 < m (”Uh/? - U'h”o + ||Uh/2 — ’thHl,h/Q).
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By again using (3.7) we obtain

(3.10)  [lo = onllo + llu— uj

1 * *
1h < -3 (Ho'h/2 —onllo+ ||Uh/2 - Uh”l,h/?)'
We now prove the following result.

Theorem 3.2. Suppose that the saturation assumption (3.6) holds. Then there
exists a positive constant C such that

(3.11) o —onllo+[lu—upllin < Cn.
Proof. By (3.10) it is sufficient to prove the following bound
(3.12) lons2 = onllo+ llup 2 —uplline < Cn.
By Lemma 2.6 applied to the finer mesh Cj, /2, there is (Th/27v;;/2) € Shy2 X V;/z’
with [|75/2]l0 + [|v}, joll1,n/2 < €' such that
(3.13) (lon —ansallo + lup, —uj joll1.n/2)
< Byja(on — any2,uj, — UZ/Q; Th/z’UZm)-
Using the fact that
(314) (o-h/Q,Th/Q)+(diVTh/2"L[/7_L/2) =0
we have
Bh/2(0h —Oh/2, up — U;*L/g; Th/2, UZ/Q)
= (on — U'h/277'h/2) + (div Th/2vuz - UZ/Q) + (div (o, — U'h/Q)vUZ/Q)
(3.15) + > (V(uj —thye) = (@ = ony2), VI = Paj2)vh o)
KEC;l/g
= (o, Thy2) + (div Ty 2, up) + (div (0h — oh)2), V4 )2)
+ Y (Vuj, — 0w, V(I = Pyy2)v; o),
KeCy 2

We now notice that it holds (cf. (2.9))

(3.16) CllTnszllon < ITns2llo < lITws2llon V7h/2 € Shya-
Therefore, using (3.16) and (3.1)—(3.3), we obtain

(O, Thy2) + (div Th 9, up)

= Z (a'h — vu;,‘l’h/g)]{ + Z <Th/2 ‘n, [[UZ]DE

KeCp, Eel'y,
(317) < Y llon = Vailoxlrrsellox + D 7wz - nloslluillo.s
KecCy, Eely
<nllTns2llon < nCllThsello < Cn.
Similarly for the last term in (3.15) we get using (2.40)
(318) > (Vuj — 0w, V(I = Puja)vin)ie < Coll(I = Paya)vj ol ng
KEC}L/2

< Cnllvgalling2 < Cn.
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When estimating the term (div (o, — 04/2), v,’;/z) in (3.15) we recall that
divep =—Pyf and divoy, =—FPyf,
and that Py, Py /o are L%-projection operators. Therefore, we have
(3.19)  (div(on — ons2),vh/0) = (Puj2f — Puf,vh)2)
= (Pujaf = fivhs2) + (f = Pufyvg )
= (Ppjaf = [svh)a = Prjavy o) + (f = Puf,vh 0 — Pavy )

Next, we use the following interpolation estimates, which are easily proved by
standard scaling arguments (cf. [5, Lemma 3.1]):

[v/2 = Puvp pollo,x < Chilvy jolinj2 ik, VK €Chp,

where

0 1215 o = D NV051ol1G s + D Bt 1105 o115, -
K;

E;
Here K; C K are the elements of Cj/, and E; are the edges of I'y /5 lying in the
interior of K. This gives

* * 1/2 *
(3.20) (f — Puf, Uhj2 — thh/Z) < C( Z h%(”f - th”%,l() ||Uh/2||1,h/2
KecCy,

<C( Y 1%l - Pufllis)? < Cn.
KecCy,

We also have

(Prjof — fivh2 = Prjavye) < Z If — Prnj2fl

0.k [V /2 = Pry2vy jollo,x

KeCyp /2
<C Z hic || f = Puy2fllo,x IV jallo,
KeCy 2
12, &
(3.21) <C( Y hllf = Pupaflls ) " lvg j2llinge
KEC}L/Q
1/2
<C( > hlf = Papaflis i)
KGCh/z
1/2
<C( Y Wilf=Pupaflox) "
KecCy

Since, by the properties of L2-projection operators, it holds
) PY

1f = Pujafllox <If = Pufllox VK €Chp,
from (3.21) we obtain

* * 1/2
(8:22)  (Pujaf = fyvije = Pajaviye) < C( Y Wil = Puflidx)"” < Cn.
Kecy,

By collecting the estimates (3.17)—(3.20) and (3.22), from (3.15) we get
(3.23) Byjo(on — ohy2,up — uZ/Q;Th/Q,v;;/Q) <Cn.

The assertion now follows from (3.13). O
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We have presented the above proof since this is rather general and can be used
for other problems as well. In [13] we use it for a plate bending method.

3.2. Reliability via a Helmholtz decomposition. Now, let us give another
proof of the estimator reliability, not relying on the saturation assumption.

Theorem 3.3. Suppose that Q C R? is a simply connected domain. Then there
exists a positive constant C such that

(3.24) llo = anllo + llu = upllin < Cn.
Proof. We use the techniques of [11] and [10]. We first notice that

(3.25) o —onllo= sup (o0 —0one)
N P

For a generic ¢ € L*(Q), we consider the L*-orthogonal Helmholtz decomposi-
tion (see, e.g. [12]):

(3.26) ¢ = Vi) + curlg, Y e HF(Q), qe HY(Q/R,
with

1/2
(3.27) lello = (117913 + lleurlql })

Therefore, from (3.25)—(3.27) we see that it holds

- - 1
(328) |lo—onlo< sup TV oo (g-oncurlg)

EHL(Q) [¥]1 qEH(Q)/R gl

Given ¢ € H}(Q), from (1.4) and (1.6) it follows that

(3.29) (div (o — o), Pat) = 0.

Hence, we have

(0 —0op, V) =— (div (o — o), ¥)
=—(div(o — on), ¥ — Ppy)

1/2
(3.30) <C(( Y Willdiv(e —on)lid k) "l
KecCy
1/
<o Wl - PslBa) el
KeCy,

As a consequence, we get (cf. (3.1))

(3.31)
sp TZI Y oS - puik) = o( X k)

YEH () [¥h KeCy KeCh
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To continue, let I;q be the Clément interpolant of ¢ in the space of continuous
piecewise linear functions (see [4], for instance) satisfying

B 1/2
(3.32) la = tnglh + (Y h5lla— Tnalldz) < Clah.
Eely

Noting that curl I,q € S}, and div curl I, = 0, from (1.3) and (1.5) we get

(3.33) (o0 — op,curllq) = 0.

Therefore, using (3.32), one has
(3.34)
(o — op,curlq) = (0 — oy, curl(qg — Iq))

:(Vu — oy, curl(qg — Ihq)) = —(O'h7 curl(q — Ihq))
=— Z (on — Vuj, ,curl(q — Inq)) . + Z (Vuj, , curl(q — Inq)) .

KeCp Kecy,
1/2
<C( > llow=Vuillx) lah+ Y- (Tui,curl(g — 1)) -
Kecy, KeCy,

Furthermore, an integration by parts and standard arguments and (3.32) give

Z (Vuj,, curl(q — Ihq))K = — Z (Vuy, - t,q — Inq)ox

KeCp KeC,
- Z ([Vug - tl.qa — Ing)e
Eel'y,
(3.35) e b
<(3 meltvui - aBs) (X h5lla - hallyz)
Eel'y, EeT),
-1 *7112 1/2
<c( 3 g IalRe) "l
EeTy,

From (3.34) and (3.35) we obtain (see (3.1) and (3.2))

(3.36)
(o0 — op,curlq) . 3 . 1/2
sup T < 0 3 Ml = Vaill+ Y il )
qeEHL(Q)/R lqh Kec, E€Ty,
1/2
:C( Somtrt Y, 77?;)
Kecy, Eely
Using (3.31) and (3.36) we deduce
2 2 2\ /2
(3.37) lo=aullo<C( > Rk +mde)+ Y )
Kecy, EcTy,

We now estimate the term ||u — uj||1,,. We first recall that

/
= ( STV —up)R g+ > hptliu - u’ﬁ]]II&E)1 :

KecCy, Eel'y

(3.38) [lu — ur]
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and we notice that (cf. (3.2))

(339) (Y h;zlﬂ[[u—um]HaE)l/Q (> hglll[[uiﬂllﬁ,E)l/2 (> 77?5)1/2~

Eely, EeTy, E€Ty,
We have
IV (u—ui) g, = (Vu— Vs, Viu—up)) o = (0 = Vg, V(u—up))
(3.40) = (o —on V(u—u)) + (on =V, V(u—u)) o

< (Ilo = ullou + o = Verillo.x ) IV (w = ;) lo.c.

by which we obtain

(3.41) IV(u—up)llo,x <llo—anllox + [lon — Vuylo,k-
Hence we infer

/2
342 (X IV@-u)Rx) <llo—oullo+ (X llow - VuilRx)

Kecy KeCy,
Using (3.37) and recalling (3.1), from (3.42) we get

343) (X IIV(ufu?fL)Hﬁ,K)l/2 <O ORx i+ Y ’7%)1/2'

Kecy, Kecy, Eel'y

1/2

Therefore, joining (3.39) and (3.43) we obtain

1/2
(3.44) lu=willn <C( > Rx+me)+ > )
KeCy Eely

From (3.37) and (3.44) we finally deduce (see (3.3))

1/2
(3.45) o —oullo+ llu—uillin < O X Oac+ndac) + 3 ) =
Kecy, Eely,

We end the paper by the following

Remark 3.4. On the estimate in the H (div:)-norm. In the paper we have repeat-
edly used the fact that by the equilibrium property (2.22) we have div (o — o) =
Py, f — f and hence ||div (6 —op)|lo = || f — Pnflo is & quantity that is directly com-
putable from the data to the problem. For the BDM spaces it furthermore holds
that for a general loading and a smooth solution it holds || f — Puf|lo = O(h*),
whereas || — o,|lo = O(RFT1), and hence this trivial component in the H (div:{2)
norm can dominate the whole estimate. O
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