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Abstract

We prove optimal error estimates in L? for a nonconforming finite element for
Reissner-Mindlin plates recently introduced in [13]. Moreover, we present numerical
experiments using this element and other two nonconforming elements analyzed in

8].
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Introduction

In recent times there has been a considerable interest in the extension of Dis-
continuous Galerkin methods to the treatment of elliptic problems for various
applications (see, for instance, [3] and the references therein). One of the rea-
son of this increasing popularity is probably the fact that the DG machinery
often implies a different approach to the problem, that can sometimes lead, in
the end, to new conforming or nonconforming finite elements that would have
been more difficult to discover starting with the classical approach. This is
surely the case, for instance, of the extension of the Crouzeix-Raviart element
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for Stokes problem or nearly incompressible elasticity problems (see [12]), or
the higher order Arnold-Falk elements for Reissner-Mindlin plates (see [4]).
The latter paper indicated the basic ingredients for constructing locking-free
DG-based finite elements for Reissner-Mindlin plates, that led to the intro-
duction of simple elements of nonconforming type in [8] and [13]. More pre-
cisely, the elements of [8] use piecewise linear nonconforming approximation
(Crouzeix-Raviart) for both rotations and transversal displacement, with the
addition of various types of bubble-functions. In [13] Lovadina proved that the
introduction of the bubbles is not needed, and proved optimal estimates, in
the broken H'! norm, with respect to h and to the regularity of the quantities
involved.

The aim of the present paper is twofold. On one hand, we prove optimal
estimates in L2, for both rotations and displacement, for the nonconforming
Py element of [13]. On the other hand, we collect numerical examples to analyze
and compare the practical behavior of the elements of [8] and [13].

The paper is organized as follows. In Section 1 we recall the Reissner-Mindlin
equations and regularity results, while in Section 2 we briefly recall the ele-
ments of [8] and [13]. In Section 3 we prove optimal O(h?) L? error estimates,
for both rotations and displacement, for the element of [13]. Section 4 is de-
voted to numerical results.

Throughout the paper we will use standard notations for Sobolev spaces and
norms (cf. [7] and [11], for instance); C' will denote a generic constant, which
may differ in different occurrences, possibly dependent on the plate geome-
try and the elastic coefficients, but independent of the meshsize h and the
thickness parameter t.

1 The Reissner-Mindlin problem

The Reissner-Mindlin equations for a clamped plate with regular and bounded
midplane ) require to find (8, w,~y) such that

_divCe®) -y =0  inQ (1)
—divy =g in ), (2)
v =" (Vw—0) in €, (3)
0=0,w=0 on 0. (4)

In (1)-(3), C is the tensor of bending moduli, @ represents the rotations,
w the transversal displacement, ~ the scaled shear stresses and g a given
transversal load. Moreover, € is the usual symmetric gradient operator, A is



the shear modulus (incorporating also the shear correction factor), and ¢ is
the thickness. For simplicity of exposition, we shall assume that both C and A
are constant in €2, but the results remain valid in the more general case when
C and A are smooth functions. We shall need the following regularity result
(see, e.g., [5] and [9]).

Proposition 1 Suppose that Q is convexr and g € L*(Y). Let (0,w,~) be the
solution of (1)—(4). Then the following estimate holds

10112 + llwllo + [yl @iv) + vl < Cllgllo, ()

where
Y Fraiy = Y116+ 1] div ]2,
O

The classical variational formulation of problem (1)—(4) is
Find (8, w,~) € H{(Q) x Hy(Q) x L*(Q) :

a(@,m) + (Vv —mn,7) = (9,v) (n,v) € Hy(Q) x Hy(Q),
(Vw—0,7) = X\ (y,7) =0 T € L*(Q),

where (-, -) is the inner-product in L*() (or in L*(Q)), and

a(0,n) = /Q Ce(8) : e(n) da. (7)

2 Nonconforming elements

We now introduce nonconforming finite element approximations of problem
(1)—(4) using the approach detailed in [8]. Let then 7, be a regular decom-
position of Q into triangular elements 7' ([11]), and let us set H(7,) :=
[Trer, H(T). Following [4], we define suitable jump and average operators.
Let &, denote the set of all the edges in 7, and & the set of internal edges.
Let e be an internal edge of 7}, shared by two elements T and T, and let ¢
denote a function in H'(7), or a vector in H'(73), or a tensor in (H'(73,))%.
We define the average as usual:
" _
for=21% veeep (5)
For a scalar function ¢ € H'(7;,) we define its jump as

[l =¢'n" + 90" Vee &, 9)



while the jump of a vector ¢ € H'(7}) is given by
[l = (p*@n)s+ (¢~ @n7)s Vee &, (10)

where (¢p®n)g denotes the symmetric part of the tensor product, and n™ (resp.
n~) is the outward unit normal to 9Tt (resp. to 9T~). On the boundary edges
we define jumps of scalars as [¢] = ¢n, and jumps of vectors as [¢]| = (¢®n)sg,
where n is the outward unit normal to 9€2. We also define averages of vectors
and tensors as {¢p} = .

Following the ideas of [8], we now select finite element spaces ©; C H'(7}),
W, C HY(T;), and T, C L?(Q), with the property: VW, C I}, , where V,
denotes the gradient operator element by element. The discrete problem is
then

Find (Gh,wh,'yh) €0, xW, xTy,

an(On,mp) + (Vp, Vavn — Ramy) = (g,00) (0, 00) € Op x Wy, (11)
(Vhwh — Rhe;“Th) — /\_th(’)’h, Th) =0 Th € Fh.

Above, the bilinear form a(+,-) is defined by

a(O.m) = 3 [ C=(0) : c(n) dv+po(0.m). (12)

TeTy

where pg is a penalty term given by

pe(0,n) == Z fre 0] : [n]ds (le] := length of the edge e), (13)

ecéy |6| €

and k. is a positive constant having the same physical dimension as C (for
instance, for smooth C one could take k. as |C| evaluated at the midpoint of
e). Furthermore, Ry, : H!(7;,) — T, is a suitable ‘reduction’ operator, to be
defined case by case.

Remark 2.1 We point out that eliminating ~,, from system (11), our scheme
1s equivalent to the following problem involving only the rotations and the
vertical displacements:
Find (Hh,wh) €O, xW,:
an(On,my,) + MV yw, — Ry, Vi, — Rymy,) (14)
= (g,vp) V(n,,vn) € Op x Wi,



2.1 The “nonconforming bubble” element

This is the element presented and analyzed in [8], defined as follows. First, on
a generic triangle T' € 7}, we define:

B3°(T) := Span {x»} , (15)
where Y2 denotes the nonconforming bubble of P;, i.e., the polynomial of
degree 2 vanishing at the two Gauss points of each edge. In barycentric coor-
dinates this bubble has the expression (for instance),

X2 = 3(AT 4+ A+ A3) — 2. (16)
The scheme is then given by the following choices.

e The finite element spaces are

) = {n:my € (PUT) & BYO(T))", /e["] ds=0Vee &), (17)

Wi = {v: ur € PI(T) @ BY(T), /[U] ds=0Ve € &}, (18)
I, = {‘r T € Py(T) & VBéVC(T)}. (19)

e The reduction operator Ry, : H(7;) — T'j, is defined locally by:

/T(n—Rhn)dxzo vT €T, ne€H(Ty), (20)

/ div(n — Ryn)dz =0 YT €T, neH(T). (21)
T

2.2 The “conforming bubble” element

This element is also mentioned in [8], and it differs from the previous one only
for the choice of the type of bubble. Define, on a generic triangle T € 7:

Bs(T') := Span{bs}, (22)

where b3 denotes the standard cubic bubble. In barycentric coordinates its
expression is, for instance,

bg = 27)\1)\2)\3. (23)

This scheme is characterized by the following choices.

e The finite element spaces are



)= {n:my € (PUT) @ By(T)), /e["] ds=0Ve € &}, (24)
Wi = {v: vz € P(T) @ By(T), /[v] ds =0 Ve € &), (25)
Ty ={r: 77 € B(I)* @ VBs(T)}. (26)

e The reduction operator Ry, : H'(7,) — T, is the same defined in (20)-(21).

2.8 The PN¢ — PNC — Py element

This element has been introduced and analyzed in [13], and is characterized
by the following choices.

e The finite element spaces are

0, = {n:ng e (P(T))?, /J”] ds=0 Vee&), (27)
Wy, = {v s € P(T), /[v] ds=0 Vee Eh}, (28)
Ty ={r: 71 € (R(T))}, (29)

e R, is simply the L2-projection operator onto the piecewise constant func-
tions (see (20)).

3 L2-estimates for the PN¢ — PNC — P element

In this section we shall derive optimal error estimates in L? for rotations and
deflections, when the PN¢ — PNY — Py element is considered. Since in this
case the reduction operator is just the L?-projection onto I';, problem (11)
simplifies in:

Find (Hh,wh,'yh) € O, x W, xT}y,
ah(eha nh) + (’Yhu thh - nh) = (g,'Uh) (n}w Uh) S @h X Wh7 (30>

(Vhwh — Hh,’Th> — )\712?2(’7}” Th) =0 Th € Fh,

where ©,, W), and T';, are given in Section 2.3. It has been proved in [13] that,
when () is a convex polygon, it holds

10 = Onllin + llw = willon + |1y = valle + 1y = villo < Chllgllo. (31)



Above, || - ||1., denotes the H'-broken norm and || - ||r is the norm given by
[I7]e = (]2, + [l divr|2,) "2, (32)

To derive our L? estimates we shall use duality arguments. Let then (¢, 2, p)
be the solution of the dual problem:

—divCe(p) —p=6 -0, in €, (33)
—divp =w —wy, in €, (34)
Vz—gp—-\"p=0 in Q, (35)
p=0,2=0 on 01, (36)

for which we have the estimate
llellz +[12ll2 + (|l i) + tlplls < C (1[0 = Onllo + [[w —wallo) - (37)
Theorem 3.1 It holds
10 = Onllo + |lw — wallo < CH*. (38)

Proof. Multiplying equations (1)—(3) by n,, € Oy, v, € Wy, T, € T', and
integrating by parts we obtain

{ an(0,m,) + (7, Vivy — ny,) = (9, v) + co(0,m;) + cw (v, vn),
(39)

(Vw - 07 Th) — A7 t2<77Th> = Oa

where cg(0,1n);,) and ¢y (v, vy) are given by

o(6,m,) : Z/ Ce(O)n- nhds—Z/{Ce m]ds,  (40)

TeT, e€e€y
wrn)i= 5 [ yonods= 3 [{9) - wd (41)
TeTy, e€ly,

Subtracting (30) from (39) we obtain the error equations

{ an(0 — 0,1, + (¥ — v, Vivn —my,) = co(0,m;,) + cw (v, vn) "
42

(Vi(w —wn) = (0= 04),71) = A (v = ;. 71) = 0.

Choose now m;, = ¢; as the P, conforming interpolant of ¢, vy, = 2; as the
Py conforming interpolant of z, and 7, = p; as a suitable interpolant of p (to



be defined later). From (42) we get

an(@ —On,07) + (v =¥ Vzr— ;) =0
(43)

(Vh(w —wp) — (0 — Oh), PI) — ATy =Y, pr) = 0.
Testing the dual problem (33)—(36) with 6 — 8, w — wy, and v — 7, we have

an(0 = 01, 0) + (Vi(w — wp) — (6 = 6,),p) =10 — O[3 + ||w — whl[3
+ co(p, 0 — 61) + cw(p,w — wy)
(Y = V2 =) = A (v =¥, p) = 0.
(44)
Adding the two equations in (44) and using (43), we infer
an(0—0h0 — o)+ (Y= Viz—2) = (0 — ¢)))
+ (Va(w —wy) = (0= 01),p— p;) = AN(Y = ¥4, 0 — py)

=110 = 04[5 + |lw — wil[§ + co(p, 0 — O4) + cw(p,w — w).
(45)
Therefore, it holds

16— 6416 + [1w — wal[5
= an(0 = 01,0 — 1) — co(,0 — 04) + (v =71, V(z = 21) = (¢ — ;)
A (Valw =) = (0-00).p— p1) — cwlp.w = wn)}

— Ay =P — P1)

= T1+T2+T3+T4+T5.
(46)
Before proceeding, let us recall a useful trace inequality (see [1], [2]). Let T" be
a triangle, and let e be an edge of T. Then, if v € H(T),

10]15. < Clel M vllgr + lel V] 7). (47)

with C' a constant only depending on the minimum angle of 7. Inequality (47)
implies, in particular, that, for n € H{(Q), 1, € Op:

> lelHim=mulllse = > lel ™ ll(n—n,) = Pl —np)llI5. < Clln—mn4ll1 5,
ecly e€&p
(48)

where P? denotes the L?(e)—projection onto constant functions. Similarly, via
Cauchy-Schwarz inequality and (47), for piecewise smooth functions 8 and n



we deduce:

co(0.m) = 3 [{C=(0)} : [m]ds

e€ly ¢
< (s wnesonii) (S eime)”

1/2
<C (68 + ePlo ) (3 lellmlR.)

TeT, e€&h

Estimate for 7;. Classical interpolation results, (31) and (37) give

an(0—0h, p—p;) < Cl|0—0ll11 o —pl1 < Ch? (/|0 — Onllo + |lw — wallo)
(50)

Estimate for T5. Since (0] = 0 Ve, and /[Oh] ds = 0 Ve by definition (27),

recalling that C is constant, and using (49)6, (48), (31) and (37) we obtain:

Ty=—colp.0—0))=— 3 /{Cé(cp)} [0 — 6,] ds

e€Ey €

== % [{Cele—¢n)}: [0 - 04l ds

ec&, V€ (51)
2 2 2 1/2 1 2 1/2
<C Y (e - eilir+ lePleln) (X el - 6l )
TeT, ec&y,

< Chllpl[2]|0 — Onllrn < ChZ (|6 — Bllo + [|w — wllo) -

Estimate for T3. We have, recalling that I' = H ! (div) (see (32)):

('y—'yh,V(z—zI) — (¢ - ‘PI)) < Clly =l (2 = 21|l + [l — e4ll1)
< Ch* (/6 = Oullo + [[w — wallo)
(52)

Estimate for Ty. This term is more difficult. We first consider the Helmholtz
decomposition for p (see [6]):

p=Vp+curlg pecH Q) NH;(Q), ¢qc H(Q)/R, (53)

for which it holds
1/2
(I3 + llall?) ™ < Cllpllaa)- (54)



We now take p; as the piecewise linear and continuous Lagrange interpolant
of p, and ¢; as the Clément interpolant of q. We finally set p; € I';, as

p; = Vpr + curlgq;. (55)
The following interpolation estimates hold (cf. [9]):
llp = pillo < Chllpll1, (56)

lp = pille < Chlplla i) (57)
Using (53) and (55) we get

Ty =(Vi(w —wy) = (0 = 6,), V(p — p1) + curl (g — ¢1)) — ew(p,w — wy)
:(Vh(w —wyp), V(p— pI)) + {(Vh(w — wy,), curl (¢ — qI))

~ew(p.w = wi) b = (0= 04,V (p—pr)) (6~ O, curl (g - ar))

=Ty +T; +T; + T

(58)
The term T} is standard, by simply observing that
Ty = (Vh(w —wn), V(p— pf)) < Ch|Vpl[illw — wal1n (59)
< Ch* (1|6 = llo + [lw — w o),
and so is T3:
Tj = —(9 — 0, V(P —pl)) < Ch||Vp||1||9 - 9h|’1,h (60)
< Ch* (1|6 = Onllo + 1w — wrllo) -
We now treat the term T2, and notice that
(Vhw, curl (¢ — QI)) = (Vw, curl (¢ — qI)) =0, (61)
cw(p,w) =0, (62)
and
(Vywy, curlgr) = 0. (63)
Therefore, we obtain
T; = —(Vywy, curlq) + ew(p,wy) = — > / Vwy, - curl gdz
TeT, T
b (64

+ 3 [teurlg}-u)ds+ Y [{Vp} - [wi]ds

ecép € ecéy €

10



Since

- > /TVhwh ~curlgdz + Y [{curlg} - [wy]ds =0,

TeT, ecéy €

it follows

T? = Z/E{Vp}-[wh]ds:—Z/G{Vp}-[w—wh]ds

ecly e€&p
(65)
== 3 [{(Vp-Vurb - wids,
e€ly, €

where, in the last step, we used [w] = 0 and the definition (28) of W},. Conse-
quently, proceeding as we did for (51), and using (31) and (54), we obtain:

T} < Chllpllallw — willin < CR* (|10 = Opllo + [Jw — willo) . (66)

It remains to treat the term T}. Integrating by parts we get

1= Y { [ - anrot® -0 de— [ (g a)® 61 trds

TeT),
—— ¥ [@-a)rot0 -0 dr+ Y [teon. [0 -0 a}ds.
1e7, ' T ecéy ¢

(67)

On one hand, we have

=X [ (a—anrot(® ~ 61)dz < Chllalli]16 ~ Oll1
Te;, T (68)
< R (116 = Ollo + Il = wnllo).

On the other hand, it holds

> [teen:[0-0){a—a)

ecly, €

1/2 1/2
< (Z lel [{a — qf}HS,e) (Z le| " [][6 — 9h]||3,e)
(69)

ecép ee&p

1/2
< c(z (||q—q1||3,T+h%|q—qﬂiT)) 16 — 4|1,
TETh
< Chllgll11l0 = Oxll1n < Ch* (/|0 — B4llo + |lw — wallo) -
Therefore, from (67)-(69) and (54) we obtain

Ty < Ch* (|16 — llo + [[w — wallo) - (70)

11



From (59), (60), (66) and (70) we infer

T < CR* (/|0 = Onllo + |lw — wo) - (71)

Estimate for T5. From (31), (37) and (56) we have:

Ay = o — pr) < CRPtlpl | < CR* (110 — Onllo + [[w — wallo) . (72)

Collecting (50), (51), (52), (71) and (72), from (46) we get
16 — O[5 + [lw — wyl[§ < Ch* (|0 — Onllo + [[w — willo),  (73)
by which
||0—0h\|0+|]w—wh|]0§0h2. (74)
The proof is complete. [

Remark 3.1 In the more general case when C is a smooth function (not
necessarily constant), the term Ty in (46) may be estimated as follows. We
notice that (see (40)):

Ty = —colg,0 — 0)) = Z/{Ce [0 — 0, ds
ecép
Z—Z/{CW o)} [6— Ohds—Z/{C C)elp,)) : [0 — 0,]ds
e€&y e€éy
=T, + 13,

(75)
where C € (L*(&,))} denotes the L*-projection of Cyg, onto the piecewise
constant functions. The term Ty is exactly as in (51):

§;/Kx¢ @)} 1[0 —04)ds < CR* (|0 — 040 + ||w — wallo) -
o (76)

12



Similarly to (51), we have

—~ % [{C-T)ee)}: [0 - 6i] ds

ecép

< (S rItC-T=ei,) (el -oi,) "

ecéy ecéy

/2

<o S lefietenii.) (Sl lie - eii.)

ec&y ecelp

1/2
< Chlgyli( 3 lel 16 - 63,
e€ly,
< Chllgl|21|0 — Onllin < Ch* (1|0 — Onllo + |lw — wo) -
(77)
From (75), (76) and (77) we obtain

Ty < Ch* (|10 = Onllo + [Jw — whllo) - (78)

4 Numerical results

In this section we present some numerical results showing the behavior of
the nonconforming elements introduced in Section 2. Following [10], as a test
problem we take an isotropic and homogeneous plate 2 = (0,1) x (0,1),
clamped on the whole boundary. The analytical solution is explicitly known,
and given below. The bending moduli tensor C and the shear modulus \ are
(choosing 5/6 as shear correction factor):

where T is a generic symmetric second-order tensor, I is the forth-order iden-
tity tensor, and, as usual, F is the Young’s modulus and v the Poisson’s ratio.
Choosing the transversal load g as

13



g(z,y) = ﬁ [12y(y —1)(52% — 5z + 1) (2 (y — 1)°

+z(z — 1)(5y* — 5y + 1))

(80)
+12x(z — 1)(5y* — 5y + 1) <2l’2(:€ —1)?
+y(y — 1) (5a? — 5z + 1))},
the solution (8, w) of (1)-(4) is given by
Or(z,y) =y’ (y — 1)°2*(x — 1)*(22 — 1)
Oa(x,y) = 2°(x — 1)°y*(y — 1)*(2y — 1)
1
w(z,y) = gla’(@ = 1% (y = 1)°
(81)
S y — 1)3x(x — 1)(52% — 5z + 1)
5(1 —v) 4
+ 23z — 1)%y(y — 1)(5y* — 5y + 1)|.
We introduce the relative errors in the discrete L? norm
o YN 10(z, yi) — On(zi, i)
(E9> - N 2 )
Zi:1 ’0(%,%‘” (82)

(Ew>2 _ z‘]\il(UJ(xi)yi) - wh(%,yi))Q

iil(w(xi’yi))g 7

N being the number of nodes in the decomposition, and the relative errors in
the energy norm

N2 @h(e—gh,g—eh)
e 0.9 | (83)
(El )2 _ ||Vw - Vhth”%

Y [Vwl[

Above, ap(+,-) and a(-,-) are the bilinear forms defined in (12)-(13) and (7),
respectively. Moreover, in the penalty term (13) we set k. = |C| ~ euclidean
norm of C.

We analyze the convergence properties of the elements by considering different
uniform decompositions (h = 1/4, h = 1/8, h =1/16, h = 1/24), and keeping
the thickness sufficiently small (¢ = .001).

In Figures 1 and 2 we report the relative errors, in the L?-norm, for rotations

and deflection respectively.

14



Relative rotation errors

10 " " — — T T " T —
NC_pNC
—o- Py 7-P"-P0 element
—— conforming bubble element
_+ nonconforming bubble element
107 1

w
1073 0 ' ' ' ' ' — 11 ' ' ' ' ' — 2
10 10 10
mesh parameter:1/h
Fig. 1. Relative rotation errors in L?-norm versus 1/h
0 Relative deflection errors
10 " " " T i " i —
NC_pNC
-o- P7-P{¥-P0 element
—— conforming bubble element
— nonconforming bubble element |
107" .
H
w

10'2 - B

107 ' ' ' ' ' — 1 ' ' ' ' ' — 2
10 10
mesh parameter:1/h

Fig. 2. Relative deflection errors in L?-norm versus 1/h

Figures 3 and 4 show the relative errors for rotations and deflection, respec-
tively, in the energy norm.



Relative rotation errors

10 — . ‘ —
NC_pNC
—o- Py7-P7-P0 element
—x— conforming bubble element
_ nonconforming bubble element
—
w
107 — ,
10 10 10

mesh parameter:1/h

Fig. 3. Relative rotation errors in the energy norm versus 1/h

Relative deflection errors

10 T
NC_NC
—o— P{7-P;7-P0 element
—— conforming bubble element
_ nonconforming bubble element
1ol & ]
107 —!

10

mesh parameter:1/h

10'

Fig. 4. Relative deflection errors in the energy norm versus 1/h



Conclusions

We considered three locking-free plate elements, recently proposed and ana-
lyzed in [8] and [13]. For the scheme introduced in [13], optimal O(h?) L2
error estimates for the kinematic variables were proved. Furthermore, some
numerical tests were provided, confirming the theoretical predictions.

For all the schemes, both the rotations and the transversal displacement share
the same nodes, which is a favorable feature in view of a possible generalization
to shell problems.

The elements presented are all based on a low-order (i.e. P;) approximation;
it could be interesting to explore the possibility of extending the present ap-
proach to design higher-order elements, and to perform a suitable hp-analysis
to derive error estimates.
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