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Abstract. We develop a posteriori error estimates for the so-called ‘Linked Interpolation Tech-
nique’ to approximate the solution of plate bending problems. We show that the proposed (residual-
based) estimator is both reliable and efficient.
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1. Introduction. In this paper we present an a posteriori error analysis for
the so-called ‘Linked Interpolation Technique’ (cf. [2], [3] and [22], for instance) to
approximate the solution of the Reissner-Mindlin plate problem.

It is worth noticing that the main effort concerning the finite element discretiza-
tion of the plate bending problems has been focused on proposing and analyzing
locking-free schemes. As a consequence, most of the mathematical literature on the
subject is addressed to establish a priori error estimates. We mention here, in a to-
tally non-exhaustive way, the works [1], [5], [7], [13], [16], [19], [21], and the references
therein. On the contrary, when considering the a posteriori error analysis for plates,
only very few results are available (see [8], [9] and [15]).

In this work we consider the so-called ‘Linked Interpolation Technique’, focusing
on two triangular elements: the first one is the low-order element proposed in [22] (see
also [23]), while the second one is the quadratic scheme proposed in [3]. An a priori
error analysis has been developed for both the methods in [17, 18] and [3], respectively.
We also remark that our a posteriori error analysis may be straightforwardly extended
to other schemes taking advantage of the ‘Linked Interpolation Technique’, such as
the quadrilateral elements considered in [2] and [3], for example.

An outline of the paper is as follows. In Section 2 we briefly recall the Reissner-
Mindlin problem, together with a mixed variational formulation and some useful reg-
ularity results. The ‘Linked Interpolation Technique’ is described in Section 3, where
we develop an a priori analysis, for the sake of completeness (see also [17] or [18]).
Section 4 is devoted to the a posteriori error estimates. In particular we introduce our
estimator, and we prove its reliability (Section 4.1) and efficiency (Section 4.2). We
point out that in the paper we consider the case of a clamped plate only for simplicity.
Indeed, both the a priori and the a posteriori error analysis can be easily adapted to
cover other relevant boundary conditions.

Throughout the paper we will use standard notations for Sobolev norms and semi-
norms. Moreover, we will denote with C' a generic constant independent of the mesh
parameter h and the plate thickness ¢, which may take different values in different
occurrences.
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2. The Reissner-Mindlin problem. The Reissner-Mindlin equations for a
clamped plate with polygonal mid-plane Q require to find (@, w,~) such that

—divCe(@)—y=0 inQ,

—divy =g in €,

(2.1)
v =ut"3(Vw — ) in Q,
6=0 w=0 on 0f).

Here, C is the tensor of bending moduli, 8 represents the rotations, w the transversal
displacement, « the scaled shear stresses and g a given transversal load. Moreover, € is
the usual symmetric gradient operator, p is the shear modulus, and ¢ is the thickness.
The classical variational formulation of problem (2.1) is

Find (8, w,7v) € ©® x W x (L*(Q2))*:
a(avn) + (VU - "777) = (g,v) ('I’[,U) €O x W, (22)
(Vw —0,7) — p (v, 7) =0 T € (L3(N)?,

where © = (H}(Q))?, W = H}(Q), (-,-) is the inner-product in L*(2) and

a0.m) = [ C(0):<m).
Following [10], we write the pair (0,w) as
(0,w) = (8 + O, wo + w;), (2.3)
where the pair (89,,wp) is the solution of the limit problem:
Find (8¢, wo,vy) €O x W x T':
a(@o,n)+ < Vv —n,7>=(9,v)  (n,v) €O XW, (2.4)
< Vwy— 0y, 7>=0 TeTl,

and (0,,w,) can be thought as a remainder. Furthermore, I' = H~!(div,§2) and
< -, > is the duality pairing between Hy(rot,2) and H~1(div, ). One has (cf. [10])
PROPOSITION 2.1. Suppose that Q is convexr and g € L*(2). Then it holds

llwolls + 110112 + [|¥[lo + t[[7v][x < Cllgll-1 + tllgllo), (2.5)
10111 < Ctllgll -1, (2.6)
llwrll2 < Ct(llgll-1 + t1lgllo)- (2.7)

O

3. The Linked Interpolation Scheme and an a priori analysis. In this
Section we present the general idea of the Linked Interpolation Technique (see [3]
and [22], for instance), together with two examples of triangular elements. Further-
more, for the sake of completeness, we develop an a priori error analysis, focusing on
the lowest-order element (see [17] and [18]).
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3.1. The Linked Interpolation Scheme. Let {7,},~0 be a sequence of de-
compositions of {2 into triangular elements T, satisfying the usual compatibility con-
ditions (see [12]). We also assume that the family {73 }5~0 is regular, i.e. there exists
a constant o > 0 such that

hr <opr VTEIT}L, (31)

where hr is the diameter of the element T and pr is the maximum diameter of the
circles contained in T. We recall (see [12], for instance) that regularity implies the
minimum angle condition: there exists a constant o > 0 such that

ar>a VT €Ty, (3.2)

where ar denotes the smallest inner angle of T'. Moreover, given the decomposition
7, we will denote with &, the set of the edges e of the triangles T € 7;,. We now
select the finite element spaces @), C ®, W), C W, I, C L?(Q)?, together with a
suitable linear operator (the so-called linking operator)

L:®, — H} Q). (3.3)
We then form the following finite dimensional subspace of X := @ x W:
Xn={(mnv}) = M, von+Lny) :ny, € O, vy € Wi}, (3.4)
and we finally consider the discrete problem
Find (0, wy;7,) € Xp x Ty :
a(Onmp) + (i Vo, =) = (9,0) (g, 0) € X, (3.5)
(Vwph, = On,7h) = p (v, Th) =0 7p €Ty

REMARK 3.1. We point out that eliminating ~,, from system (3.5), our scheme
is equivalent to the following problem involving only the rotations and the wvertical
displacements:

Find (0, w}) € Xy, :

a(On,my,) + it (Pu(Vwy, = 01), Pu(Vo, —=my)) = (g,0n) V(. 07) € X,
(3.6)
where Pj, denotes the L?-projection operator onto T'y,.
We are now ready to present the following two elements (for other methods based
on the same strategy, see e.g. [2, 3]).

3.1.1. The linear element. This element (see [22]) is described by the finite
element spaces

©,={necoO: nr € (P(T) & Bs3(T))?}, (3.7)
Wi = {’U eW: v € P1(T)}, (3.8)

T, ={reL*Q)?: 717 € P(T)*}, (3.9)
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where Py (T) is the space of polynomials of degree at most k defined on T and B3(T') =
P3(T) N HY(T) is the space of cubic bubbles on T'. The linking operator L : ) —
H}(Q) is defined as follows. For each T' € T}, we set

©i = A\j Ak and EBy(T) = Span{pi},cics » (3.10)

where {);}1<i<3 are the barycentric coordinates of the triangle T' and the indices
(4,4, k) form a permutation of the set (1,2,3). Then, the operator L is locally defined
as

3
Ly = Y aipi € EBy(T), (3.11)
i=1
where the coefficients «; are determined by requiring that

(VLn, —mn,,) -t is constant on each e . (3.12)

Above, t denotes the tangential vector to the edge e. We recall that for the linking
operator it holds (see [17] and [18])

ILnyllor < Cho||[VInyllor , [IVLllor < Chrlnylir (3.13)

3.1.2. The quadratic element. This element (see [3]) is described by the finite
element spaces

O, ={ne€®:ny e P(T) & (P(T)* & VBs(T))br}, (3.14)
Wi ={veW:vr e P(T)& Bs(T)}, (3.15)
Iy, ={rel?Q)?:7r€P(T)aVBsT)}, (3.16)

where by = 27X\ Ao)\3. The linking operator L : ©), — H} () is defined as follows.
For each T € 7}, we set

©i = AjAE(Ak — A)) and EB3(T) = Span{pi},cics » (3.17)

where the indices (i, j, k) form a permutation of the set (1,2,3). Then, the operator
L is locally defined as

3
Lapr = > aip; € EBs(T), (3.18)

i=1
where the coefficients «;’s are determined by requiring that

(VLn, —mn,,) -t is linear on each e . (3.19)
For this linking operator it holds (see [3])

[Lapllor < Chol|VLnyllor o [IVLnyllor < Chilnylor < Chrlnylir (3.20)
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3.2. A priori error estimates. Following the lines of [10, 17, 19, 21], we prove
a priori error estimates with respect to the norms

()17 = [lnlfF + o]} + s |[Vo—nlir V(v €@ xW (3.21)
hp +t
TeT)

and
Il +tlrllo V7 e L*(Q)*. (3.22)
We will also use the following discrete norm

I7ll7 = D hilirller + Tl VT e L*(Q). (3.23)
TeT),

Before proceeding, we need the following lemma, which establishes a suitable
norm equivalence in the used finite element spaces.

LEMMA 3.1. Consider the finite element spaces and the linking operator detailed
in Section 3.1.1 (or in Section 3.1.2), and let Pj, denote the L?-projection operator
on T'y. Then for each (n,,v;) € X, it holds

1/2
(IImLIImL > 5l Hzl\Ph(Vvh nh)||0T> < (mp:vi)lln (3.24)
TeT,
and
) 1/2
(5, v3) 1 <C<|Inh||1+ > i +t2||Ph(Vvh %)Iw) : (3.25)
TeTh

Proof. Since (3.24) is trivial, we only consider (3.25). Therefore, take 1, € @,
vy, € Wy, and form (n,,v;) = (0, vn + Ln,,) € X, We first notice that

1V0ill5 < 2 (1IV oy, = m[6 + [1m4l15)

(3.26)
<C thﬂgnwh mallsr + mall? )
TeT

so that, by Poincare’s inequality, we have

il < © ( > Vi - ) , (3:27)
TeT),

Next, we write Vv; —n,, as
Vouj —ny, = Vo, + VI, —n, = P,Vv, + VL, —n,
= P,Vv, — (P,VLn, —VIn,) —n, (3.28)

= Pp(Vu, —ny,) = (PuVLny, — VLIny,) + (Pany, — M) -
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Therefore, we have

IVl = mpllo.r < [[Pa(Vol, —mp)llo.r

(3.29)
+|[PaV Ly, — VLnyllor + [[Pany, — Mallor -
Since (see also (3.13) and (3.20))
|1PeV Lnyy, — VLnyllor < 2|V Lnyllor < Chrlnglir (3.30)
and
1Phmy, — nullor < Cholnylir (3.31)

from (3.29) we obtain

1 i} ) 1 « 2 hi 2
Ve il <€ (P -l ¢ g Tl
1 )
< C <m||Ph(VUh — nh)Hg,T + |nh|%,T>
T

(3.32)
Therefore, we get

1 * 2 1 * 2 2
Z ﬁ”vvh —Mllor <C ( 272||Ph(vvh = nllo.r + lmalli | -
TeT, hp +1 TET, I+t

(3.33)
Using (3.27) and (3.31) we deduce estimate (3.25). [
It is now useful to set
A(ea w,vy;n,v, T) Z:(l(e, 77) + (V’U -n, 7)
(3.34)
—(Vw —0,7) +p (v, 7).
Therefore, the continuous problem (2.2) reads
Find (0, w;~) € X x L*(Q)? s.t.
(3.35)
A0, w,vim,v,7) = (g,0)  V(nuiT) € X x L*(Q)?,
while the discrete problem (3.5) is
Find (0n,w};7v,) € Xpn x Ty, s.t.
(3.36)
A(On, Wy, Y3 s v Th) = (g5v) V(0,053 Th) € X X T

We have the following stability result, for which we only sketch the proof, since
it takes advantage of the same techniques detailed in [10] and [17].

PROPOSITION 3.2. Given (B, z5;pn) € Xp x Ty, there exists (n,,,v5;Th) €
X, x I'y, such that

ABrs 2, 13 s v Th) = C (1Bns 20l + lewll) (3.37)
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I, vl + 7 alln < C B 20) 0 + lloplln) (3.38)

Proof. Let us (B, z1;; pp,) be given in X, xI';,. Using exactly the same arguments
of [10] and [17] we get that there exists (n;,,v;;Ts) in X, x I'y such that

* * 1 *
ABr: 2hs Pri s V3 ) = C (H/Bhﬁ + Z ) [ Pr(V 2, — ﬂh)“g,T + ||Ph||i>
T

TeT,
(3.39)
and
1 . 1/2
Il (Y Gl P (T0h = m)lBr) + llralln
TeT) T
(3.40)
1 * 2 1/2
<O Bl + (Y sl P2 = BlBx)  + llewlln ) -
T
TeT,

We now use Lemma 3.1 to infer that given (8,,z5;p,) € X x T'y, there exists
(N, 05 Th) € X, X Ty, such that

ABrs 2, 13 s v Th) = C (1Bns 20, + leall) (3.41)

and

0 vl + (17 nlln < C (1B zp)ln + llonlln) - (3.42)
U

We are now ready to prove our error estimate (see also [18] and [17]). We focus on
the lowest-order element detailed in Section 3.1.1, but a similar technique (together
with the ideas developed in [19]) may be applied to appropriately treat the higher-
order case of Section 3.1.2.

PROPOSITION 3.3. Suppose that Q is a convex polygon and g € L*(Q) and
consider the element detailed in Section 3.1.1. Let (6,w;vy) € X x L*(Q)? and
(0h, wisv,) € X, x Ty, be the solutions of problem (3.35) and (3.36), respectively.
Then the following a priori estimates holds

10 = 0n,w —wi)lln + Iy = vpll-1 + llv = ulln < Ch(llgll-1 +tllgllo) - (3.43)

Proof. Since our method is consistent (cf. (3.35) and (3.36)) and stable (see Propo-
sition 3.2), error estimates with respect to the norms in question can be established
in the standard way. Hence, let

(Or,wi;y;) = (0r,wr + LOr;v;) € X x Ty, (3.44)

be a suitable interpolant (to be specified later) of the continuous solution (6, w*;~).
Corresponding to (8, — 01, w;; —wi;~v, —vr) € Xy x Ty, there exists (see Proposi-
tion 3.2) (ny,,v5; Th) € X, x Ty, such that

A6 — 61, w), — wi, v, — Y v Th) = C([1(0n — 01, w), — wi)ll7
) (3.45)
+llvn =l
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and

(s o3l + [lTalln < C (1(0n = 01, wjy, = w))lln + v —v1lln) - (3.46)
By consistency it holds
A0 = 01, wj, — Wiy, = Y15 M Vs Th) = A0 = O1,w — Wi,y = i My, V7 Th)
=a(0—6r,m,) + (Vop —m,7 — 1)
~ (V(w —wj) = (0= 01),71) +p~ (v = v, 71)

=IO+ UD+ I+ V).
(3.47)
To bound the four terms above, we first choose the interpolants 87, wy and v; as
follows. According to the splitting (2.3), 6 is given by

6, :=76 =16, + 10, (3.48)

where 7 is the Lagrange interpolating operator. To define wj, we need to specify w;
(cf. (3.44)). Again, the splitting (2.3) suggests to set

wr :=Tw = Twy + Tw, . (3.49)
Therefore, w} turns out to be wy = wy + LO; = Tw + L(ZH). Finally, ~v; is simply
the L2-projection of ~ onto T'y,.

Estimate for (I). Using the H'-continuity of the bilinear form a(-,-), standard ap-
proximation results and estimate (2.5) we have

(1) = a(0 — 61,m;,) < Chl|0]l2]|ny 1 < Ch([lgll-1 + tllgllo)][nallr - (3.50)

FEstimate for (II). We notice that

(I1) =(Vvy, =,y — 1)

. 1/2 1/2
( Z Rt Vo5, = mullo T) < Z (g + )|y — g,T) )
TeT

TeT),
(3.51)
by which, using again (2.5) and standard approximation estimates, we get
1/2
(I1) < Ch(llgll -1 + ¢ lgllo) (Z v nh|OT> S 6
TeTh

Estimate for (I11).

(III) = —(V(w —w?) — (9 — 01),Th>

1/2 1/2
< (Z 12, +152||Vw wy) — (0_01)||8,T> (Z(hQT‘f'tQH"'hH%,T) .

TET, TET,
(3.53)
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We now notice that we have (see (2.3), (3.44) and (3.48)—(3.49))

V(w—wl)— (0 —8;) = {V(wo — Twy — L(T05)) — (80 — zao>}

(3.54)
+{¥(w, - Tw, - L(T0,)) - (6, - T6,)} .
In [17] it has been proved that
|V (wo — Two — L(Z80)) |, < Chi|wols,r , (3.55)
while standard approximation results give
160 — Z0o|o.7 < Ch3|00|2.7 (3.56)
0, — 20,01 < Ch7|0,|21 - (3.57)
Furthermore, using also (3.13) it holds
|V (wy — Tw, — L(Z8,) }0 o < |V (w, = Twy) o + [VL(ZO,)|o.r
< |V(w, —Zw,)|o,r + |VL(Z6, — 0,) o0 + |VL(6,)|o,r (3.58)

< C(hr|wrlor + hr|Z60, — 0|11 + hr|0:]1,7)
< C(hT\sz,T + 510,21 + hT|0r|1,T)

From (3.54)7(3.58) we obtain

> Ve - ui) - 0 - 00l
TeTy

<CZ h2+t2 |w0|3T‘|‘h |9|2T‘|‘h |w7|2T+h 6, |1T)

TeT),
< Ch2(|’LUQ|§ + |0| Z h2 +t2 |wr|§,T + |0T|%,T)
TeTy,
Wy 6,2
< Ch®(Jwol +1613) + > b7 (' bir | tL”)
TeT,
|wr|2 |0r|2
(3.59)
Using (2.5)—(2.7), from (3.59) it follows that
1/2
2
> W IV (w —wp) — (6 - 91)||0,T>
; 0, (3.60)

< Ch(llgll-1 + tllgllo) -
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Therefore, we obtain (see (3.53))

1/2
(LIT) < Ch(||gl|-1 + t]lgllo) ( > (7 + tQ)IThII%,T> ~ (3.61)
TeTy,

Estimate for (IV'). We simply notice that

(V) =0y =y, m1) < Ctly = vllot [I7nllo < Ch(llgll-1 + tllgllo)t [[Tnllo -

(3.62)
Collecting (3.50), (3.52), (3.61) and (3.62), from (3.47) we get
A(Oh - 0[, UJZ - w?n’h — 15 M U;;a Th)
(3.63)
< Ch([lgll-v +tllgllo) ((mn> vi)lln + [I7alln) -
From (3.45), (3.46), (3.63) and the triangle inequality, we infer
16 = 6n,w —wi)lln + ll7v = valln < Ch(llgll—1 +tllgllo) - (3.64)

To obtain the error in the H ~!'-norm for the shears, we use the ‘Pitkiranta-
Verfiirth trick’ (cf. [20], [24] and also [21]). Hence, we recall that

(7_7}”77) ) (365)

v = vpll-1 = sup
neo lnllh

For a generic n € © we consider its Clemént’s interpolant n¢ € @y (see [12], for
instance), and we write

Y=Y = —vn—1)+ =711 - (3.66)
On the one hand, we have

12 1/2
(v =vnem —71°) < <Z h%w—ml%m) <Z hf”"‘"c”%f) (3.67)

TeTh TeTn
< Clly = allnlinlly -
On the other hand, recalling (2.2) and (3.5), we get
(v =7n:m°) = a(0 = 0n,m°) < C[|0 = Onlh[[n°[ly < C[|6 = On[ls[[nllL . (3.68)
From (3.65)—(3.68), we obtain

Y = vull-2 < C (v = valln + 110 = Onll1) - (3.69)

Estimate (3.43) now follows from (3.64) and (3.69). [J
Using the technique in [10], one may also get the following improved estimates.
PROPOSITION 3.4. Suppose that Q is a convex polygon and g € L*(Q2). Then the
following a priori estimates holds

16 = Onllo < Ch*(l|gll-1 +tllgllo) (3.70)

lw = w|ly < Ch(h+)([lgll-1 +tllgllo) - (3.71)
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4. A posteriori error estimates. The aim of this section is to introduce suit-
able error estimator for the elements based on the ‘Linked Interpolation Technique’,
and to prove its reliability and efficiency. To begin, for each T' € 7}, and e € &, we
introduce the following quantities

ip = || div Ce(0n) + ¥ull6,r + W7 (hT + £7)

| div -y, + thg,T

12 L , (4.1)
+h2T+t2||u =y, — (Vwy, —0)ll5r
2 = hel| [C=(8u)n] [, + he(h2 + ]| Ty -m] 3, (42)

where gj, is some approximation of the load g. Moreover, h. is the length of the side
e and [-] denotes the jump operator. We then define a local indicator ny as

1/2
nr = (77%+ > nf) : (4.3)

eCOT

and a global indicator 7 as

1/2
n:=<277%+277§> | (.4

TeT, e€ép

REMARK 4.1. When considering the element described in Section 3.1.1, the ex-
pression in (4.1) becomes simpler, since we locally have div~y, =0 (see (3.9)).

We now introduce some useful notation: given a generic e € &, we denote with
we the union of the triangles in 73 having e as a side. Furthermore, for T' € 7, we set
wr as the union of the w.’s, with e C 0T. We proceed with the following result.

LEMMA 4.1. Given e € &, let Px(e) be the space of polynomials of degree at most
k defined on e. There exists a linear operator

I, : Pu(e) — HZ(we) (4.5)

such that for all py, € Py(e) it holds

Crllpuli e < [ peMe) < . (4.6)
||Hepk|‘0,we < CQhé/szk”O,e (4'7)
|V(Hepk)‘0,we < C3hg1/2||pk||0,e (4'8)
|V (ILepi)|1,0. < Cah®?|pillose - (4.9)

Above, the constants C; depend only on k and on the minimum angle of the triangles
in the meshes Tp,.

Proof. We consider only the case of an interior edge e: if e is a boundary edge
(i.e. e C 09Q), the required modifications are obvious. Due to the minimum angle
condition, there exists a fized ‘reference’ rhomb B, as depicted in Fig. 4.1, where e.g.
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y
A

FiG. 4.1. The ‘reference’ rhomb D

Fi1G. 4.2. Relevant objects associated with the edge e

d = a/2 (see (3.2)), and with the following property: for each e € &, it is possible to
determine a rhomb D, C w, similar to D (see Fig. 4.2). According to Fig. 4.2, on
we we now introduce local Cartesian coordinates (s,t), as well as the functions

d;(s,t) = “distance of (s,t) from the edge I;”, i =1, ...,4 (see Fig. 4.2).  (4.10)

Next, we define ¥.(s,t) : we — R as
4

be(s,t) = ae xp, (5,1) [[ di(s, 1), (4.11)

=1
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where xp. (s,t) is the characteristic function of the set D., while a, is a normalization
constant in order to have ||¢).]|cc = 1. We also notice that in the coordinates (s,t) a
generic polynomial py € Py(e) can be simply written as p(s). We are ready to define
M. : Py(e) — HZ(w,.) by setting

(Hepk)(sa t) = we(sa t)pk(s) (S, t) € we - (412)
Estimates (4.6)—(4.9) easily follows from standard scaling arguments, using the fized
reference thomb D. []

4.1. Upper bounds. We now prove that the indicator just introduced can be
used as a reliable error estimator. We will prove our upper bounds for the linear
element of Section 3.1.1 by means of a saturation assumption involving its quadratic
version. Therefore, in order to avoid confusion, we will denote all the quantities
relative to the quadratic element described in Section 3.1.2 by a “tilde”. For example,
the approximation spaces and linking operator in (3.14)—(3.19) will be renamed as

O, Wy, T'y, and Z, respectively. Accordingly, we define

/fh = {(ﬁhﬁj}t) = (N, On +z7~7h) imy, € éh, U, € Wh}- (4.13)

We need to make the following

Saturation assumption: Let (0n,w}, ;) € Xp x Ty, (resp. (5h,ﬁ;,’7h) € X, xT})
be the discrete solution using the linear (resp. quadratic) element. We assume that
there exists 0 < p < 1 such that

18 — B, w — @)l + by = Fall-1 + ¢ lly = Fallo
(4.14)
< p (1O = On,w — widlln + by = vall -1 + 117y = vallo)-

O
By using the saturation assumption (4.14), it is easily seen that one gets the
reliability estimate

16 = 6n,w —wi)lln + [lv = yall-1 + 1y = vallo

1/2 (4.15)
<C ( ) (77% + hip(hi +1%)|]g — gh|(2),T)> :

TeT)

provided one is able to bound
(6 = On, wy, — wi)lln + 17 = Yall-1 + 170 —Yallo - (4.16)

To this aim, we need the next result, which states that X, C ’)?h, and that functions
in /)\(/h can be approximated by functions in Xy,

LEMMA 4.2. It holds X C Eh; moreover, gwen (MN,0r) € /)Eh, there exists
(np,v}) € X, such that

_ ~ 1 ~x *
>~ nz? (1~ mllr + gzl - villr
TeT), T

(4.17)

— ~ 1 ~x% * ~ o~
b 3 et (1= mlB e + g7 vl ) < CUG TN
ec&y €
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Proof. First, we need to show that a generic My, v5) = (N, vn + Lmy,) € X, can
be written as (1,,75) = (M, Un + th) € X;L, for suitable 7, € @h and v, € Wh
This forces 17;, = 1, which is an admissible choice, since obviously @) C @h. Noting
that v, + L, € Wi, we set Oy, = vp + Lm,;,. We now observe (see (3.18)—(3.19)) that
Z?]h = Znh = 0. Indeed, given n;, € O}, the equation

(VLn, —m;) -t is linear on each e (4.18)

has unique solution Enh = 0, since m,, is already linear on each edge e. Therefore we
have

(Mn:0,) = (N, 00 + L1y,) = (N, 00 + Ly, + Lmy,) = (M, 00 + Lny) = (M5 03)
which proves X C EEh.
To prove estimate (4.17), let (n,,,7}) = (M, 00 +7,) € X, be given. We define
(recalling that Z denotes the Lagrange interpolating operator):
n, =1In;, € Oy , vy =Zup € Wy, . (4.19)

Accordingly, we set

(Mn>v1) = (I, Z0 + L(IWy,)) € X - (4.20)

By standard approximation results and scaling arguments, we have

S Pl =l + Y h i —malle. < CllallE - (4.21)
TeTy e€&y

To continue, let us note that

-2

hy
Z 75 52 [0, Uh||0T <2 Z ﬁ”“h
Tet, h# +t Tet, hi +t
(4.22)
+2 Z h2 t2||L77h Ly |5.r -
TeT,
From standard approximation theory we have
|[on — UhHo S Chj ‘Uh|2 T = ChT|VUh|1 T
(4.23)

< Cht (I3 = il o+ Iy — V) -

Using an inverse inequality and (3.20) we get

HUh*Uh||0T<Ch ||V, T’hHOT+Ch \nh|1T- (4.24)
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Therefore, we obtain

hy? 1

~ 112
> il —wnldr <O Y IV~ Wl
TeThh +1 TeT, hz +1t
2
+C Z hZ. +t2|nh|1T (4.25)
TeT,
<C<Zh2 51V ﬁh|3,T+||m||%>.
TeT,

Furthermore, from (3.13), (3.20) and (4.19), we have

[ Lm), — th||(2),T <2 (||L7~lh”g,T + ||th||3,T)

(4.26)
< Chy (|3 + i) < Chplagir -
As a consequence, we get
Z 2 2||L77h thHOT<C Z p) 2|77h|1T_C||77hH1T : (4.27)
h +t h#- +t

TeT, TeT,

Using (4.25) and (4.27), from (4.22) we have
> 3l +t2| —vllgr < ClGm, o)l - (4.28)

TeTh
The shape regularity of 7j, scaling arguments, and estimate (4.28) show that
h 1 ~ 72 ~ )
el vl <€ 3 el vl < UGB - (429)

e€lp TeTh

Collecting (4.21), (4.28) and (4.29), we infer estimate (4.17). [
We are now ready to prove the following proposition.
PropPOSITION 4.3. We have

I(6n = On, ws, — wi)lln + [17n = Yall-1 + E117 = vallo

1/2 (4.30)
<C ( > (77% + hip (b + t%)|lg — gh||(2),T>> :
TeT,
Proof. Consider (Eh — O0n, Wy, — W5 YR — V) € 3(/;1 X f‘h Discrete stability for

the quadmtzc element (see Proposition 3.2) 1mphes that there exists (7, 05; 7)) in
Xh X I‘h such that



16 C. LOVADINA and R. STENBERG

I, 0k + |7 alln < 1 (4.31)

and

C(I®n = On, 5, — willn + 17— valln)

<{a(Oh = 0n. 1) + 1 = 7, VI, = 1) |
(4.32)

+{ = (V@ —wi) = 8n = ). 70) + 17 G — 1 T) |

=(I)+(II) .

On one hand, since (éh,ﬁ;;’?h) (resp. (Oh,w};7yy)) solves the higher-order (resp.
low-order) discrete problem, we have

(I) = a(éh - Ohvﬁ}z) + (:/h — Yh» Va; - ﬁh)
= (9,v) — a(@n,m,) — (74, VU, — 1) (4.33)
= (9,0, —vp) — a(On, My, — My) — (7h7 V(W =) = (1, — nh)) )

where we choose (1,,,v}) € X, satisfying estimate (4.17). An elementwise integration
by parts gives

(I) = T;h {/T (divCe(0n) +74) - (@ — ) — /aT Ce(0n)n - (n), - nh)} .
4.34

s S @) G- - [ an-)

TeT,

by which

=3 /T (divCe(@n) +v4) - (A —m) = Y [ [Ce(@n)n] - (1, —my)

TeT, ee&y €

+ 3 [ (divno) G- = X [ by nl @i i)
TeT,, T ecé €
(4.35)
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Hence, it holds

/ 1/2
(n<c (( S Blldiv ) +vlldr) (X bl —nhHaT)

TeTy TET),

(3 nelrce@nn )" (3 b -

e€ly e€ly
2 2 iz )V
+< Z h h +t ||d1V7h+gHOT) ( Z h2 h2 +t2 | Up — vhHO,T)
TeT) TeT,
1 - 1/2
# (3 he2 + ) - ml 3.) (Z—h ik ~vili3.) )
ecly, eeéy

(4.36)
Using Lemma 4.2, we get

(n=c (( S il divez@) +wlla) + (X helllcz@nl )"

TeT, e€&p

1/2 1/2
+ (D meE Ol divay +allfr) T+ (D helhE + )] by wlIE) )

TeT), ee&y,

X || (04 05)n-
(4.37)
Therefore, one has

(n<c (( S wlldivez@) +wlle) + (X helllce@nlB,)"

T€eT, ecép
1/2

) 1/2
+ (X md+ Ol divy, +anlidr) T+ (X AR+ )llg - anllir)
TeT, TeT,

: )”2> 1)
(4.38)

On the other hand, since (Eh,@;;ﬁh) solves the higher-order discrete problem, we
have

(I1) = —(V(@}, — w}) = (On — 04),7n) + ™ > (Fp, = Yn, Th)
=— (WP, — (V) — 01,),74)
1/2 1/2
< (X st i o0lie) (X 03 Aimiis)
TeT TeT)
(4.39)

As a consequence, from (4.32), (4.38), (4.39), using (4.31) and recalling defini-
tions (4.1)—(4.3), we have

+ (3 he(r2+ )] [y - m]
ecéy,
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1/2
1Bn 65, @ ~wi)ln -+ —alln < C ( > (n%+h%<h%+t2>||g—gh|3,T)> .

TET,
(4.40)
The same arguments as in (3.65)—(3.69), applied to 7, — ~;,, give
s = vall-1 < € (1Fn = Valln +118s — 64ll1) - (4.41)

Combining (4.40) and (4.41) we infer estimate (4.30). The proof is complete. [J

4.2. Lower bounds. We now prove the efficiency of our error estimator by
establishing the following proposition.

PROPOSITION 4.4. Let (0, w;~) (resp. (0, wi;~y)) be the solution of the con-
tinuous (resp. discrete) problem. Given T € Ty, it holds

1 *
nr <C ((h2 T 12)1/2 HV(wh —w) — (0 — 0>H0,T +1/6n — 6
T

1wy

1/2
Hivn = Y vwr + tvn = Alowr + (D 7(hF +17)llg — gnll5 7) ) :

TCwr
(4.42)
where nr is defined by (4.1)—(4.3).
Proof. Fix T' € T}, and a generic edge e C dT. We proceed in three steps.
First step. Since
p ity =Vw -0, (4.43)
we get
e i Py — (Y~ 8]
(h% + t2)1/2 M 7h h h)110,T
1 —1,2 *
= (h2. + 2)1/2 |17 (v =) = (V(wy; — w) — (0 — 0))||O,T (4.44)
<C|t =l 1 V(w; —w)— (6, —0 ‘
S v —llor + (hgTthg)l/zH (wp, —w) — (O ) |0,T
Second step. We choose
Ny = h2(divCe(8y) + ;) br (4.45)
where br is the standard cubic bubble on 7. We observe that
nrlir < Chrl|ldivCe(0r) +vpllor - (4.46)

Taking advantage of the equilibrium equation

—divCe(@) —~v =0, (4.47)
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we get
Wl div Ce(0n) +7ull3r

< C(divCe(0y) +7,.m7) = C(divCe(0y — ) + (v, — 7). n7)

(4.48)
= C(=a(0n = 0,n7) + (v, = v: 1))
< C(l0n = O6ll1.r + llvn —ll-10) Mz -
Using (4.46), from (4.48) we thus obtain
hrl|[divCe(@n) +vpllo.r < C([10n = Oll1.0 + |lvn —ll-17) - (4.49)
Next, we choose
ne = he P([Ce(0n)n]) b , (4.50)

where P is the prolongation operator introduced in [25] and b, is the usual ‘edge’
bubble on e. We observe that it holds

B 1/2
(S mlmlBir) " < Clmls. < OV ICE(Om] . (451)
TCwe
Integrating by parts and using again the equilibrium equation (4.47), we have
hel| [Ce(8r)n] ||
< c/ [C=@u)n] -7, = C (/ divCe(6,) -, +/ Ce(0n) : 5(776))
e We We
= C(<d1VC€(9h) + ’Yh7’r]e) + a’(eh - 67776) - (’7h -7 77@)) (452)
1/2 - 1/2
(( > wlldivCeOn) +villde) (Y hrlndr)
TCwe TCwe
(108 = Ol + 1ln = Y10, ) el ) -
Therefore, using (4.51) and (4.49), from (4.52) we get
he?1[Ce@n)n] [lo,e < C (18n = Ol[1. + 175 = V-10) - (4.53)
Third step. We first define
or = (divy, + g1) bF - (4.54)
We observe that ¢ € H3(T) and one has
lorhir < Chy|[divay, + gnllo.r
(4.55)

IVorlir < Chz?||divyy, + gnllor -
We then set

vr = h3(h3 + %) or . (4.56)
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Using the equilibrium equation

—divy=g, (4.57)
we get

h(h + )| divy, +gh||(2J,T < C(divyy, + g, vr)
(4.58)
= C((diV(’Yh - 7)7UT) + (gn — gva)) .

We now separately treat the two terms at the right-hand side of (4.58). Integrating
by parts, recalling (4.54) and (4.56), and using (4.55), we have

(diV(’Yh - '7)7'0T> = —(v, —~, Vor)

= —hp(v, =7, Ver) — *h3 (v, — v, Ver)

< lvn = Y-1.ohz Verlr + v, = Yllorhzt [[Ver|lor

= C(||7h =l rhZ I div vy + gallor + ¢l = llorhat || divey, + ghIIO,T)

< C(H’Yh =1+, — ’YHO,T) he (W3 + t2)2|| divyy, + gnllo.r -

(4.59)
Furthermore, it holds

(9n — g,v1) < hp(h3 + ) 2||gn — gllo,r hr (B3 + t2)2| o707

< Chr(h3 +t2)2||g, — gllo,r hr (k3 + ) /2| divy, + gnllor -

(4.60)
Therefore, using (4.59) and (4.60), from (4.58) we infer
b (% + )12 divy,, + gullor < C(llv = ll-vr
(4.61)
+tllv = llo.r + hr (B +12)2lgn = gllo.r ) -
Next, we define
pe = e([vs-nl) (4.62)
where II. is the linear operator of Lemma 4.1. Therefore, we have
v nl e <€ [ - nle, (463)
ll@ellow. < Che?[[ vy - 0l llo,e (4.64)
IV @ellow. < Che 2 Tyn - ] llo,e (4.65)
IV@eliw. < ChZ* || Tys - n] o - (4.66)

We then set

Ve = he(R2 4+ %) . . (4.67)
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Integrating by parts using (4.63) and the equilibrium equation (4.57), we get

he(h2 + )| [y - ml |2, < C/[m~n]] ve

<C </ vediv'yh—i—/ 'yh-VvE)
we we (4.68)

= C((divvh +g,0)+ (vh =, Vve))

= C((dlv'yh + Gh, Ue) + (g - ghave) + (7h -7 VUe)) .
We now estimate the three terms above. Recalling (4.67) and using (4.64), we obtain

(divyy, + g, ve) = he(h2 + %) (divy, + gn, @e)

= Z / h2 +t2 1/2(d1V7h + gh)) ((hz + t2)1/2906)

TCwe
) 1/2 1/2
< (X rmz+eavy, +alBr) (D 02+ B)lledlBr)
TCuwe TCuwe
) 1/2 1/2
< (X W+ A dvy, +ale) (2 2+ )leelRr)
TCwe TCwe

1/2
<C( 3 WE+®)ldivry +alidr) A2+ by w] o, -
TCwe

(4.69)

The same argument shows that it holds

1/2
(9= gnve) <C( 2 W3 +)llg— gnllir) " hE2(A2 + )| vy -0l e -
TCwe
(4.70)

We now notice that
(Yh = > Vve) = h2(v), — 7, Ve) + het® (7, =7, Vipe) - (4.71)

On one hand, using (4.66), we have

h3(vn =7, Vee) < llvn = V—1,w. h2IVeelio,

, (4.72)
< Ol = M=rw. b2 Tvn - 0l llo.e -
On the other hand, from (4.65) we get
het® (¥, — 7, Vo) <ty — Yow. et [[Veoellow.
(4.73)

< Gty = llow.he"*t 11 Tyn -0l llo.e -
Therefore, using (4.72) and (4.73) from (4.71) we obtain

(¥n =7 V) < C(llvn = V=100 + tlvn = Ylow. )R 2(R2 +2)2|| ), - 1]

(4.74)



22 C. LOVADINA and R. STENBERG

Collecting (4.69), (4.70) and (4.74), we infer from (4.68) that

) 1/2
B2+ )2 Ty mllloe < C [ (D2 W33+ )] divy, +anlidr)
TCwe

2072 | 42 o \1/?
v =+ = Ao, + (X B33 +2)llo — ull3r)
TCwe
(4.75)
Hence, from (4.61) we get

BY2(02 + )| vy 0] o < C (1l = VIl

(4.76)

2 2 2 2 1/2
tlvn = Vlow, + (D2 BE0F+ g —anllir) ) -
TCwe

Estimate (4.42) now follows from (4.44), (4.49), (4.53), (4.61) and (4.76). O
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