A NEW CLASS OF MIXED FINITE ELEMENT METHODS FOR
REISSNER-MINDLIN PLATES

C. LOVADINA T

Abstract. A new class of finite elements for Reissner-Mindlin plate problem is presented. The
family is based on a modified mixed formulation recently introduced by Arnold and Brezzi. A result
of stability and convergence uniformly in the thickness is provided.
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1. Introduction. The Reissner—-Mindlin theory is widely used to describe the
bending behaviour of an elastic plate loaded by a transverse force. Despite its simple
formulation, it was suddenly noticed that discretization by means of finite elements
was not at all straightforward, since in most cases numerical experiments exhibited
a bad lack of convergence whenever the plate thickness was “too small”. Nowadays
this undesirable phenomenon, known as shear locking (cf. [11]), is well understood:
as the thickness tends to zero, the Reissner—Mindlin model enforces the Kirchhoff
constraint, which is usually too severe on the discrete level when low—order elements
are employed. More precisely, Kirchhoff constraint arises from the shear stress term
which has to be taken into account in Reissner-Mindlin formulation.

The most popular way to overcome shear locking phenomenon is to reduce the
influence of the shear energy by considering a suitable mixed formulation. A number of
locking free elements based on this philosophy have been proposed and studied (cf. [6],
[8]). Unfortunately, most of the mixed formulations require a clever choice of spaces
of discretization in order to success the approximation and they do not generalize
to shells. Although many methods for both Koiter and Naghdi shells are used in
engineering practice (cf [4], [15]), the problem of their convergence and stability has
remained completely unsolved.

Arnold and Brezzi (cf. [2]) have recently proposed a modification to the standard
mixed formulation of Reissner—-Mindlin plate problem which seems to be capable to
allow a wider choice of elements. More importantly, its generalization to the Naghdi
shell problem is the only one for which a first theoretical analysis has been developped
so far (cf. [3]). Having this in mind, we face the study of elements for Reissner—
Mindlin plates based on the modified formulation as a first step of research, firmly
believing that they can lead to competitive methods for shells.

In this paper we present a new class of finite elements based on the formula-
tion given in [2]. For our family we prove stability and convegence uniformly in the
thickness.

An outline of the paper is as follows.

In Section 2 we first recall the Reissner—Mindlin model. Then we briefly introduce
both the standard mixed formulation and the modified one.

Section 3 is the core of the paper. By using a macroelement technique we prove
a general stability result. The key idea is the possibility, under suitable hypotheses,
to construct an interpolation operator a la Fortin (cf. [7]) not componentwise but
mixing the components of rotations and vertical displacements.
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In Section 4 we will apply the results of Section 3 to the case of the family Pj o —
Pyt — Py, showing that conditions of Theorem 3.1 are fulfilled for this choice. We
conclude the paper by stating a uniform convergence result which follows immediately
from our analysis and standard mixed finite element theory.

An appendix in which we briefly discuss the implementation features of our meth-
ods is also provided.

Our notations agree with those commonly used in the literature (cf. [7] and [10],
for instance).

2. The Reissner—Mindlin model and the modified mixed formulation.

Let us denote with A = Q x (—t/2,¢/2) the region in R3 occupied by an unde-
formed elastic plate of thickness ¢ > 0. It’s well known that the Reissner—-Mindlin
plate model describes the bending behaviour of the plate in terms of the transverse
displacements and of the fiber rotations normal to the midplane € .

If we restrict our attention to the case of a clamped plate, the problem consists
in finding the couple (8(¢), w(t)) that minimizes the following functional

IL(0(0), w(t)) = 5a(8(1). 00)) + 5~ t) ~ w3 /fw Ydrdy  (21)

over the space V=0 x W = (H&(Q))2 x H(§2), where
(i) 6 = (01,02) and w are the fiber rotations and the transverse displacements,

respectively;
(ii) a(-,-) : ©® x ©® — R is a bilinear form defined by

B 90 | 963\ dm 061 062\ O

1—v (007 00 o~ On2
T (ay * m) (ay * 6‘x>}d @

where E is the Young’s modulus and v is the Poisson’s ratio (0 < v < 1/2);

(ili) A = Ek/2(1+ v) with k shear correction factor (usually taken as 5/6);

(iv) ft3 is the transverse load force density per unit area.

By Korn’s inequality, a(-,-) is a coercive form over © and this implies that there
exists a unique solution (8(¢),w(t)) in V of the

PROBLEM P;:. Fort > 0 fized, find (6(¢), w(t)) in V such that

a(6(t), 1) + M2 (0(t) — Y w(t), /fvdxdy Vi) eV (2.2)

The idea of discretizing by means of finite elements based on formulation (2.2) is
typically a very naive one, because of the well known shear locking phenomenon (cf.
11)).

A common way to escape this undesirable lack of convergence is to discretize a
mixed formulation derived by introducing the scaled shear stress

£=XM"2(-Yuw)
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as independent unknown. This leads to consider the saddle point problem for the
functional

A—1t2
2

on V x (L2(2))?. Hence the variational plate problem now reads as follows: PROBLEM
Py:. Fort >0 fired, find 0(t),w(t),&(t)) in V x (L2(Q))? such that

G(Q(t),ﬂ)—F(éﬂ—zv):(f,U) V(Q,’U) ev

(T.0() = Vw(t) = A 12(€,1) =0 Vr € (L2(2))°

(0 w.8) = 3a(0.0) - “SUllelig + (€0 -Tw) - (fw)  (23)

(2.4)

In agreement with the notations of [7], let us now introduce the differential oper-
ators

@¢s@%@<p{g§,gi}
rot : X%rotx:f% %
= = oy or

In what follows, we also need the Hilbert space I' = Hy(rot; ) defined by

Ho(rot;Q):{X:Xe(LQ(Q))Q, roty € L2(Q), y-t=0 on aQ}

X3 oy = IR + lIrot X[3

(here ¢ is the unit tangent to 0Q) and its dual space
" = H-1(div; Q) = {1 Ly e (H1(Q)? divye H*l(Q)}.

The space IV will be equipped with the norm

IIE = 220 + 1divall2, o

which is equivalent to the natural dual norm induced by Ho(rot; ).

We are now ready to claim that the following proposition holds (for a proof see
[7], for instance).

PROPOSITION 2.1. Given t > 0, there exists a unique triple (0(t),w(t),&(t)) in

V x (L2(Q))* satisfying equations (2.4). Furthermore
o(t)—~0, in ©
w(t) ~wo in W

() —~¢ i IV

and (8, wo, &) in V x TV solves

So
a(lg,n)— <§&y:n— Vv >rxr=(f,v) Y(pv)eV

(2.5)
<71,00 —Vwo >rxr=0 vr eI O
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Therefore, from the general theory of mixed methods, a choice V3, x I'y, C V' x I
of finite element spaces will be stable if it satisfies (cf. [7]):

(8.1) V(n,,vn) €V = {(Qh,vh) €Vp:(n, —Voun,1,)=0 V7, € I‘h}

a(,m,) = a0 (I, .o+ el o)
(S.Z) vlh S Fh :

ap I ZII)
(ﬂhﬂ)h)evh H(ﬂhﬂ)h)Hl,Q
with ag and Sy independent of h.

Remark. Even though we only require the inclusion I'y, C I | it’s obvious that
every natural choice for I', will always satisfy T'y, C (L2(€2))* .

Note that finding finite element spaces that fulfill both condition (S.1) and (S.2)
is not so trivial since a(-,-) considered as a bilinear form on V is coercive only on
V* = {(ﬂ7 v)eVin= Zv} and not on the whole V. Hence, if we try to enrich V}, in
order to get (S.2), then (S.1) may fail; on the other hand if we let V}, be small with
respect to I'p, , condition (S.1) will become easier to verify but (S.2) may be false.

Recently, Arnold and Brezzi (cf. [2]) have proposed a modification to the mixed
formulation (2.4) by taking

Y=At"2—-a)(@ - Yw)

as Lagrange multiplier and setting

d(Qa w;ﬂv v) = G(Q, ﬁ) + )‘Q(Q - zwvﬂ - ZU)

where « is a parameter such that 0 < o < t=2 (cf. Appendix). Therefore the weak
formulation for the plate problem turns out to be

a(@,w;n,v) + (v,n— V)= (f,v) Y(pv) eV

12 (2.6)

(5,0 — Yw) - (,8) =0 Vs € (L2(Q))*

- A1 — at?)
By Poincaré’s inequality and Korn’s inequality it’s easy to show that a(-,-) is
indeed bounded and coercive on the whole V. This means that in choosing finite
element spaces for the discretization of (2.6) we do not have to take care of condition
(S.1) anymore: any choice satisfying (S.2) will be stable and the following proposition
is true (cf. [7]).
PROPOSITION 2.2. Let us choose O, C ©, Wy, ¢ W, I', C IV and consider the
discretized problem of (2.6): Find (Qmwh’lh) € O x Wy x 'y, =V x I'y, solution
of equations

&(Qhawh;ﬂhavh) + (lh’ﬂh - th) = (f7 vh) v(ﬂhvvh) € Vh

2 (2.7)
(§h7Qh—th)—m(lh7§h)=0 sy, € n
Problem (2.7) has a unique solution; moreover, if condition (S.2) is satisfied and
(8,w, ) is the solution of (2.6), then there exists a constant C independent of t and h
such that
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18 = nlle + [lw = wallLe +[lly =2, llle <

< C( iggh [ln =,

inf - inf -5 2.8
vot ot (- wlhe+ inf Jlr-sll)  (@28)

where

e == 1Al -1.0 + [[divall-1.a + tlvllo.e

3. A stability result. Let us start by recalling some standard definitions and
notations useful to the subsequent analysis. First of all, we say that a family {75},
of triangulations of Q is reqular if there exists a constant ¢ > 0 such that

hr<opr VTel|JT
h>0

where hp is the diameter of triangle T and pr is the maximum diameter of the
circles contained in T. Furthermore, a macroelement is the union of a fixed number
of neighboring triangles along a well-defined pattern. A macroelement M = U"T; is
said to be equivalent to a reference macroelement M= ;’Llfi if there is a mapping
Fay : M — M for which the following conditions are fulfilled (cf. [13]):

(1)  Fu is a continuous bijection.

2) Ti=Fu(l) Vi 1<i<m

(3) FMlﬁ =Fr o Fﬁl

where Frr, and Fo are the affine functions from the standard reference triangle onto
T; and IA“Z , respectively.

From a given triangulation 7, of  it’s always possible to derive (obviously not
in a unique fashion) a “macroelement mesh” M, in such a way that each T € 7}, is
covered by some macroelement M in M), and each macroelement M is equivalent to
a certain reference macroelement M.

Let us now introduce finite element spaces Vi x I', C V x IV for the discretization
of (2.6). For every macroelement M in M), we will denote with Vj as the space

Vor = {(n,,0n) € Vi s (n,,vn) = (0,0) inQ\ M}.
We further define the space I'p; as

Ty={s, €Tn: s,=0 inQ\M}.
Finally, let us set

Ny ={syy €T (sarrm,, —Nom) =0 Y(n,,vm) € Vou}

In what follows, we will always assume that the family {T}n>o arising from finite
element discretization will be regular; moreover, there will be only a fized finite number
of reference macroelements {Mi, ...., My} to which each macroelement M € Up~o My,
is equivalent.

We are now in the position to state and prove our main result of this section.

THEOREM 3.1. Given©, C ©, W, C W, T, CTI" subspaces for discretization
of problem (2.6), suppose that the following conditions are met:
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(C1) There exists a linear operator mp, : W — Wy, such that

(CL1) ||mpolli,0 < c||v|]1,q , ¢ independent of h

(C12) [,V (mpv—v)-8,=0 Vs, €T,
(C2) From Ty, it is possible to derive My, in such a way that

(C2.1) T'h =B pem, I'm (direct sum in L?)

(C2.2) each Njp is the trivial space.

Then condition (S.2) of the previous section is fulfilled.
Proof. Let (n,v) € V be given. Fix an arbitrary macroelement M € My ; let us

denote with ijps the index 1 < ip; < r such that M is equivalent to J\ZM and with
hy = max; by, if M = U™T;. Consider the problem to find (gfp Uﬁ) € Vb, solution
of

/ (n%, = Y vip) - su =/ (n—1ILin) sy Vsy €T, (3.1)
M M

where II;7 is the Clément interpolated of 7.

By (C2.2) it follows that system (3.1) is solvable. Let us take the solution of mini-
mum norm. An easy scaling argument and the features of the Clément interpolating
operator (cf. [7]) show that there exists ¢(M;,,) > 0 such that

(813 0+ ot Lok [3ar < (M)l 1130 (3.2)

Since hys is obviously bounded by mes(2), inequality (3.2) implies that

—~

Jer(Miy) >0 [0 10 + 1 0f F s < ea(Man) [0 [13 0y (3-3)

Now let us set

! =Ty +Y 0¥
M

vl = mo + E vl
M

(3.4)

Thanks to (C2.1), every s;, € I';, can be written in a unique fashion as s, = >,/ 8, ur
where Sh.m € I'ar ; hence we have
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— (by (C1.2) and (3.1))22(/ s = | Vs ) =

v IM M

= (again (C2.1)) = /Q (n—Yv)-s,

Hence for every (n,v) € V' we have found IIj(n,v) = (n!,v!) € V}, such that

/(nLZv’)-gh:/(Q*Zv)@h Vs, € Iy (3.5)
Q Q

Let us now estimate |[n!|3 , + [v!|3  :

2 2
o+ g = ‘H1Q+Zﬂﬁ‘m+ ‘mﬂH—Zvl‘% ‘19 =
M ’ M '

<2( Ml o+ mavB o + Y (108 B+ [0 1) ) <
M

< (by 33 and (C1.1)) < 2(c (IwlB o+ lInll ) + - es Wiyl o )-
M

Note that, above, we have also used the continuity of the operator II;. Since there’s
only a finite number of reference macroelements, we obtain

' o+ 'E o < CLlllvliF o + [Inllf o) (3.6)

with C7 = 2max {c, cl(]\ZM), - cl(]\ZM)}. Therefore, by Poincaré’s inequality, we
finally have

[TTh (0, )10 < Cll(1, v)|l10 (3.7)

with C independent of h.

It’s well-known (cf. [7], for instance) that (3.5) together with (3.7) implies con-
dition (S.2) of the previous section and the proof is complete. O

Remark. Note that in Theorem 3.1 we have done nothing but employing Fortin’s
criterion (cf. [7]). So far every interpolation operator built in order to meet this
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criterion split into II;, = (w1, m2) where m : © — O, and 72 : W — W), ; hence
the operator acted componentwise. Here we have presented a construction of Il for
which this splitting is not necessary (cf. equation (3.1)). There are several cases where
the difficulty consists in building 7; : in such a situation our result may be of great
help (cf. Section 4).

4. Analysis of the class (Pyy2 — Pyy2 — Pi). In this section we will apply
our results to show convergence and stability of a new class of mixed finite element
methods based on formulation (2.6).

For every k > 0 let us introduce the following spaces of discretization:

On = {ﬂh €O M € (Pk‘+2(T))2 VT € Th}
Wi = {vn € W : opr € Peya(T) VT € Ty} (4.1)

Ty = {s, € (L2(Q))" : s € (P(T))? YT € Tp}

The goal of the next proposition is to verify, under an extremely weak hypothesis
on 75, , that conditions of Theorem 3.1 are fulfilled.

PROPOSITION 4.1. Let us choose the approzimation spaces as in (4.1) and let
us suppose that every M € UpsoMy is the union of at least three triangles. Then
conditions of Theorem (3.1) are met.

Proof. It’s easily seen that we can build 7 : W — W}, such that (C1.1) and
(C1.2) are true. Indeed, set first m; : W — W), as the interpolating operator of
Clément; we have (cf. [7])

Z h%572|v_7rilzv|§,TSCHUH%,Q s=0,1 (4.2)
TeTy

Secondly, for every v € W take 12v € W), satisfying:

miv(a) =0 V a vertex of T € Ty,
/6(77,%1) —v)pr =0 Vpi € Pr(e) Ve edge of T € Ty, (4.3)
/ (730 —v)qr—1 =0 Vgr—1 € Py—1(T) for k>0
T
Standard arguments show that
| m7v e < e(hz!vlor + o) (4.4)
If we now set
Tho = mpv + i (v —mhv) (4.5)

it’s easy to see from (4.2), (4.3) and (4.4) that mp, : W — W), is a linear bounded
operator for which (C1.1) and (C1.2) are fulfilled.

As far as condition (C2.1) is concerned, note that s, € T'j, is fully discontinuous
along adjacent triangles, thus (C2.1) is trivially satisfied.

Therefore it remains to verify (C2.2).



A NEW CLASS OF FINITE ELEMENTS FOR PLATES 9

Fix a macroelement M = U™, T; and take s, € Nas. By choosing (0,var) € Vo, ur,
integrating by parts yields

0=/ Z’UM'EM:Z{—/ deiV§M+/ vM§M-gT_} (4.6)
M = T; aT; ’

Since equation (4.6) is true for every (0,var) € Vp,m vanishing on the boundary of
macroelement M, it follows that s;; € Njs has to satisfy

divs,; =0 ineach T; € M

(4.7)
Sas - 1 is continuous along the internal interfaces of T; € M
Hence there exists a unique s such that
YM € £,1€+1(M)/R (4.8)
Spr = rot pay '

where £}, 41 (M) is the usual space of continuous functions which are polynomials of
degree k+1 on each T; of M.
Let us now take (QM,O) € Vo,m. Since s;; € Nas , we have

/ QM-§M:0 V(QM,O) e Vo.m- (4.9)
M

By (4.8) we obtain
/ Moy -rotopr =0 V(QM,O) € Voomr (4.10)
M

from which we wish to deduce rot s = 0.
To perform this step, consider on M the Stokes-like problem

given x € (L2(M))?, find (ups, par) € (Z}HQ(M))z x L} (M)/R such that

J,

/ Upr - Tt gpr =0 Vaum € L} (M)
M

2

<1

Upg ZZQM—/ erotyM:/ X Un VQME(Z}CH(M))
M M (4.11)

where £} (M) = L}, (M) N HY(M) .

D. Boffi (cf. [5]) has shown that discretization of the Stokes problem by means of
a standard Pj4o element for velocity and a standard continuous Pg41 element for
pressure is stable for every k > 0, whenever in the mesh there are at least three
elements. It’s obvious that this is also true for problem (4.11). In particular, stability
implies that there are not spurious pressure modes, i.e.

~ 2
{[ ot v =0 Vo e @o0n)’ | = staw =0 (12
M
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Compared to (4.10), implication (4.12) is exactly what we are looking for. Hence
sy € Nu = s, = 0 and the proof is now complete.
g

Remark. Note that it’s always possible to derive, from a given regular family
{Tn}n>0 , a macroelement family {Mpy}r>o which fulfills the assumption of Propo-
sition 4.1 and for which there are only a finite number of reference macroelements,
provided in each 7; there are at least three triangles.

Recalling Proposition 2.2 and standard interpolation theory, it’s straightforward
to obtain the following error bound

PROPOSITION 4.2. Let (8, w,7) be the solution of problem (2.6) and (6,,,wn,,)
be the solution of the discretized problem by means of the spaces (4.1), then there exists
a constant C independent of h and t such that

18— 4llv + ko = wnlla + by =7, lle <
(4.13)
< O (|18llksne + lollza + llese)

5. Appendix. A brief discussion about implementation of the meth-
ods.

Let us start by recalling the modified mixed formulation (2.6):

given f € L2(Q) and t >0, find (0,w,y) € V x (L2())? such that

Zz(@w;g,v)—i—(l,g—yv):(f,v) V(Q,W)EV

o (A1)

(5,0 — Vo 5)=0 Vse (L2(Q)?

Vw) - A(l—atz)(
and its discrete counterpart
find (thwhvlh) e Vi, x 'y, such that

&(thwh;ﬂh’vh) + (’yhv V’Uh) (fv Uh) v(ﬂh,vh) eV

2 (A.2)
YT Lot =0 Vs, €T

We have already noticed that «, which has the units of reciprocal of the square
of length, is a parameter with 0 < o < t=2. If we now choose the spaces O, , W}, , T,
as in (4.1), from the second equation of (A.2) we deduce that

(§h7Qh - th) —

» = A2 = )Py (6, — Ywp) (A.3)

where P}, denotes the L2-orthogonal projection operator onto I',.
The variable 7, can be eliminated from equations (A.2) and it follows that
(0),,wn) € V}, is the minimizer over Vj, of the functional

1 Ao A

Bn (1,0) = 3a(0. )+ 5 l1= Y0 3 q+ 52 =)l | P (=Y 0) [0~ (fr0) (A4)
From a computational point of view is much more convenient to implement the

Euler-Lagrange equations arising from functional (A.4) instead of solving equations

(A.2).
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Let us now turn our attention on the parameter . Looking at (A.4), we find
that choosing a very small @ means essentially that we have decided to treat the shear
energy term by a reduced integration procedure. On the other hand, a choice of «
close to t—2 means that the shear energy term is exactly integrated.

Therefore, we expect that a very small o may lead to spurious modes, while the
discretization may exhibit a severe locking whenever « is too large. Hence a suitable
choice of the parameter has to be done in order to achieve acceptable convergence
results. Our guess is that the parameter a may be chosen so that the first two terms
in the right hand side of (A.4) are well balanced.

Numerical experiments for the case Po — P» — Py , i.e. the lowest order scheme of
the family described in section 4, show that such a behaviour happens, indeed. Just
to give an idea, we report here some numerical results concerning the discretization
of a clamped square plate of unit length side and of thickness ¢ = 10—3. We used a
uniform decomposition into 64 equal subsquares each of one divided into two triangles
by a diagonal, thus leading to a triangular mesh of 128 elements. Due to symmetry,
only one quadrant has been discretized in actual computations. Young’s modulus and
Poisson’s ratio have been chosen as F = 10.92-106 and v = 0.3 , respectively. Finally,
two different loads have been selected. The first one constists in choosing a uniform
load f = —1. It turns out that exact solution of vertical displacement variable at the
center of the plate is (cf. [14]):

we = —12.6 - 10—10,

We have obtained, for different values of «, the following results:

o = 10° we = —47.3069 - 10—12
o =104 we = —90.3253 - 10—11
a =103 we = —11.6465 - 10—11

a =102 we = —12.4892 - 10-10

a=10 we = —12.5483 - 10-10
a=1 we = —11.7878 - 10—10
a=10"5 we = +85.9992 - 10—8

The second load is of purely academic interest: it has been designed in order
to have the exact solution explicitly known in the whole square domain. This choice
allows to compute the discrete L2-norm relative error for both rotations and deflections
(cf. [9]), as displayed below:
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o =10° Ey = 0.693048 E, = 0.693494
a =104 Ey = 0.234855 E, = 0.220497
a =103 Ey = 0.062991 E, = 0.046621
o =102 Eo = 0.025429 Ey =0.093592
a=10 Ey = 0.037866 E, = 0.052546
a=1 Eg = 0.0421804 E,, =0.525834
a=10-5 Eo = 0.042767 Ey = 52601.5

Note that, within a reasonable range of values, the choice of « is not so crucial,

showing that the method promises to be robust. For further numerical results about
schemes based on the modified formulation used in the present work, we refer to [9];
in particular more detailed recipes for a good choice of the parameter o have been
therein suggested.
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