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1. Introduction

The purpose of this note is to provide an analysis of mixed finite element

schemes for the stationary Stokes problem, using enhanced strain field as indepen-

dent variable. It is well–known that finding good elements for the Stokes problem

requires some care, basically because of the locking phenomenon and the possible

appearance of spurious pressure modes (cf. [1], [6], for instance). In recent years,

some optimal mixed methods, using the classical velocity–pressure variational for-

mulation, have been presented (cf. [1], [6] and [9]) and mathematically studied (cf.,

for instance, [2]). Some of these are based on the enrichment of the velocity field by

means of bubble functions in order to achieve stability. Bubble functions are, how-

ever, of high degree and they can therefore increase the computational cost in actual

implementations. Instead, one can think of using different variational formulations

of the problem. For instance, in [5] it was presented a formulation in which the

strains, the augmented stresses and the displacements entered as independent un-

knowns. Again, in [4], a four–field formulation, in which also the pressure appeared,

was studied and several finite element methods were shown to be stable and conver-

gent. Even though in those papers the linear elasticity problem was considered, it is

(†) This work has been partially supported by I.A.N.-CNR, Pavia
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well–known that the same results can be applied for the stationary Stokes problem,

by simply replacing the displacement field with the velocity field. In this paper we

consider a variational formulation involving the strain field and the pressure field,

as in [7]. For this formulation it is possible (cf. [7]) to select low order additional

strain modes, capable to improve the stability features of the method. In a sense,

these modes work as the classical bubble functions do. The only slight drawback

is that choosing such low order modes leads to a non–conforming approximation

scheme. As a consequence, one has to deal with consistency errors, which have to

be controlled. We remark that the idea of enhancing the strain field was already

employed in [8] and [9].

An outline of the paper is as follows. In Section 2 we present the Stokes problem

in both the classical and the strain–pressure variational formulation. In Section 3

we discuss, in quite an abstract framework, the approximated problem involving

an enhanced strain finite element space. Theorem 3.3 at the end of this Section

is devoted to provide error estimates. In Section 4 we recall the method recently

proposed by Bathe and Pantuso (cf. [7]) and we develop the error analysis in the

case of rectangular elements only. The technique used for achieving a stability and a

convergence result, consists of checking that the method falls into the class of those

for which Theorem 3.3 can be applied. Combining this and standard interpolation

theory, one comes to the desired error estimates of Theorem 4.3. In Section 5 we

draw some concluding remarks. We have used, throughout the paper, the classical

notation (cf. [2] and [3]). Furthermore, c and C will denote constants independent

of h, which may differ in each occurence.

2. The Stokes problem: a strain–pressure variational formulation.

Let Ω be a regular open set in Rn, with boundary Γ, n ≥ 2. It is well–known

that the Stokes problem, with homogeneous boundary conditions reads as follows:

find (u, p) such that


















−ν∆u +∇ p = f in Ω

div u = 0 in Ω

u = 0 on ∂Ω

(2.1)

where u is the velocity field, p is the pressure field and f is the loading term. A

standard variational formulation of problem (2.1) consists in finding (u, p) ∈ V ×Q =
(

H1
0(Ω)

)n
× L2(Ω)/R which solves the system
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

























ν

∫

Ω

∇S(u) : ∇S(v) d x−

∫

Ω

p div v =

∫

Ω

f · v ∀ v ∈ V

∫

Ω

q div u = 0 ∀q ∈ Q ,

(2.2)

where ∇S(·) is the symmetric gradient operator acting on the velocity field. It is

well–known that this problem is a well–posed one and it fits into the framework

of the classical saddle–point theory, extensively studied in [2], for instance. In

particular, the inf–sup condition

inf
q∈Q

sup
v∈V

∫

Ω
q div v

|| v ||V ||q||Q
≥ β (2.3)

holds, with β > 0 and for each (v, q) ∈ V × Q. For the subsequent analysis of

the finite element discretization it will be useful to introduce another variational

formulation, involving this time the strain field εεε and the pressure field p. In order

to do so, let us first define

Σ = ∇S
(

H1
0(Ω)n

)

. (2.4)

Hence Σ is nothing but the space of symmetric gradients of functions in
(

H1
0(Ω)n

)

.

Moreover, we will equip Σ with the usual L2–norm. Secondly, let us introduce the

linear operator

G : Σ → V

τττ → v with v such that ∇S(v) = τττ
(2.5)

Notice that G is a well–defined bijective operator, which is also continuous due

to Korn’s inequality. Then, by the open mapping theorem, it follows that G is

indeed an isomorphism. This means that there exists a positive constant γ such

that for all τττ ∈ Σ

1

γ
||τττ ||Σ ≤ ||G(τττ )||V ≤ γ||τττ ||Σ. (2.6)

If we now set in equation (2.2)

εεε = ∇S u ∈ Σ, (2.7)

noting that the trace

3



tr εεε = div G(εεε) = div u, (2.8)

we easily get to the following variational formulation of the Stokes problem:

find (εεε, p) ∈ Σ × Q such that



























ν

∫

Ω

εεε : τττ d x−

∫

Ω

p tr τττ =

∫

Ω

f ·G(τττ ) ∀τττ ∈ Σ

∫

Ω

q tr εεε = 0 ∀q ∈ Q .

(2.9)

It is straightforward to check that there exist two positive constants α, δ such

that

ν

∫

Ω

τττ : τττ d x ≥ α||τττ ||2Σ ∀τττ ∈ Σ

inf
q∈Q

sup
τττ∈Σ

∫

Ω
q tr τττ

||τττ ||Σ||q||Q
≥ δ ∀(τττ , q) ∈ Σ × Q.

(2.10)

Note that the inf–sup condition in (2.10) follows directly from (2.3), (2.6)

and (2.8). Hence, by the standard theory, problem (2.9) admits a unique solution

(εεε, p) ∈ Σ × Q and

||εεε||Σ + ||p||Q ≤ C(f). (2.11)

3. Analysis of nonconforming approximations using enhanced strains.

We are now interested in the approximation of problem (2.9) of the previous

Section by means of finite elements. Choosing a conforming approximation essen-

tially means that one selects finite element spaces Σh ⊂ Σ, Qh ⊂ Q and searches

for a pair (εεεh, ph) ∈ Σh × Qh such that



























ν

∫

Ω

εεεh : τττh d x−

∫

Ω

ph tr τττh =

∫

Ω

f ·G(τττh) ∀τττh ∈ Σh

∫

Ω

qh tr εεεh = 0 ∀qh ∈ Qh .

(3.1)

We wish to remark that the choice Σh ⊂ Σ implies that every τττh ∈ Σh is actu-

ally the symmetric gradient of a piecewise polynomial continuous vector function.
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It follows that any conforming discretization of problem (2.9) is definitely equiva-

lent to some conforming approximation arising from the classical velocity–pressure

variational formulation (2.2). We will therefore face the problem to study some

kind of nonconforming approximation of the strain–pressure formulation. Hence,

the first hypothesis we assume is that the space Σh can be split into the direct sum

Σh = Σc
h ⊕ Σe

h, (3.2)

where Σc
h ⊂ Σ, but Σe

h is made up by symmetric tensor functions which are not

symmetric gradients of any vector function in
(

H1
0(Ω)

)n
. Therefore an arbitrary

element τττh ∈ Σh can be written, in a unique fashion, as the sum

τττh = τττ c + τττ e, (3.3)

where τττ c ∈ Σc
h and τττ e ∈ Σe

h. In a sense, Σe
h can be considered as a sort of strain

enhancement space. The hope now is that this enhancement space will be able to

improve the convergence and stability features of the method in which only Σc
h is

involved. Furthermore, we will equip Σh with the usual L2–norm, which will be

denoted by || · ||Σ, with a little abuse of notation.

A first glance to eqs. (3.1) shows that a difficulty arises. In fact, the linear

operator G is not defined on the whole Σh if one follows the choice (3.2): G is indeed

well–defined (cf.(2.5)) only on the conforming space Σc
h.

A possible way out is to introduce a discrete operator Gh, defined by

Gh(τττh) = Gh(τττ c + τττ e) = G(τττ c). (3.4)

Hence, the discrete problem we are going to study consists in finding (εεεh, ph) ∈

Σh × Qh such that











a(εεεh, τττh) − (ph, tr τττh) = (f, G(τττ c)) ∀τττh ∈ Σh

(qh, tr εεεh) = 0 ∀qh ∈ Qh ,

(3.5)

where

a(εεεh, τττh) = ν

∫

Ω

εεεh : τττh d x . (3.6)

Remark. Note that in the right–hand side of the first equation of (3.5), only

the conforming part of the test function τττh enters. This means that at the discrete

level the operator G has been substituted by the operator Gh (cf. (3.4)).
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For problem (3.5) it is standard (cf. [2]) to obtain the following existence and

uniqueness result.

Proposition 3.1: Assume that there exists a positive constant β such that

inf
qh∈Qh

sup
τττ h∈Σh

(qh, tr τττh)

||qh||Q||τττh||Σ
≥ β (3.7)

Then problem (3.5) has a unique solution (εεεh, ph) ∈ Σh × Qh. Moreover, if β is

independent of h, then the approximation is stable.

In the remainder of this Section, the inf–sup condition (3.7) with β independent

of h, will be supposed to hold.

Before developing the error analysis, we wish to introduce the following notation

for the kernel of the discrete trace operator:

Kh = {τττh ∈ Σh : (tr τττh, qh) = 0 ∀qh ∈ Qh} . (3.8)

We are now ready to perform our error analysis. First, let us notice that, if

(εεε, p) is the solution of the continuous problem (2.9), then we have

a(εεε, τττh) − (p, tr τττh) = (f, G(τττ c)) + a(εεε, τττ e) − (p, tr τττ e) , (3.9)

for each τττh = (τττ c + τττ e) ∈ Σh.

Take now τττh ∈ Kh. By coerciveness we have

α||εεεh − τττh||
2
Σ ≤ a(εεεh − τττh, εεεh − τττh)

≤ a(εεεh − εεε, εεεh − τττh) + a(εεε − τττh, εεεh − τττh) ,

= T1 + T2

(3.10)

where εεεh = (εεεc + εεεe) ∈ Σh is the first component of the solution of the discretized

problem (3.5).

Remark. Since the bilinear form a(·, ·) is coercive on the whole space L2,

estimate (3.10) holds for every τττh ∈ Σh, not only for τττh ∈ Kh. However, to get an

error estimate, we will need to take τττh ∈ Kh (cf. (3.13) and (3.14)).

Let us estimate the two terms T1 and T2. We begin with estimating T2. By

continuity (M = ν) and little algebra we have
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T2 ≤
M

2δ2
||εεε − τττh||

2
Σ +

Mδ2

2
||εεεh − τττh||

2
Σ (3.11)

with δ2 positive to be chosen.

Let us come to T1. By using (3.9) and the first equation of (3.5) we easily

obtain

T1 = (ph − p, tr (εεεh − τττh)) − a(εεε, εεεe − τττ e) + (p, tr (εεεe − τττ e)). (3.12)

Since (εεεh − τττh) ∈ Kh (cf. second equation of (3.5)), we have

(ph − p, tr (εεεh − τττh)) = (qh − p, tr (εεεh − τττh)) ∀qh ∈ Qh. (3.13)

It follows that, for each τττh ∈ Kh and qh ∈ Qh,

T1 = (qh − p, tr (εεεh − τττh)) − a(εεε, εεεe − τττ e) + (p, tr (εεεe − τττ e)). (3.14)

Now, by continuity of the trace operator we obtain

(qh − p, tr (εεεh − τττh)) ≤
C

2δ3
||qh − p||2Q +

Cδ3

2
||εεεh − τττh||

2
Σ, (3.15)

with δ3 positive to be chosen. Therefore it remains to treat

−a(εεε, εεεe − τττ e) + (p, tr (εεεe − τττ e)). (3.16)

To this end, take ε̃εε, L2–orthogonal to the space Σe
h; moreover take p̃, L2–

orthogonal to the space tr(Σe
h). Is is easy to see that (cf. (3.6))

a(εεε, εεεe − τττ e) = a(εεε − ε̃εε, εεεe − τττ e) (3.17)

and

(p, tr (εεεe − τττ e)) = (p − p̃, tr (εεεe − τττ e)). (3.18)

Hence we have

−a(εεε, εεεe − τττ e) ≤
M

2δ4
||εεε − ε̃εε||2Σ +

Mδ4

2
||εεεe − τττ e||

2
Σ (3.19)

and
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(p, tr (εεεe − τττ e)) ≤
C

2δ5
||p − p̃||2Q +

Cδ5

2
||εεεe − τττ e||

2
Σ (3.20)

with δ4 and δ5 positive to be chosen.

Remark. An inequality of the type (3.19) can be achieved even for an arbitrary

continuous, symmetric and coercive bilinear form a(·, ·). To see this, notice that

such a bilinear form defines an inner product on Σ, let us say (·, ·)a, which is indeed

equivalent to the L2 one. Hence, choosing this time ε̃εε orthogonal to Σe
h with respect

to the inner product (·, ·)a, we have

a(εεε, εεεe − τττ e) = a(εεε − ε̃εε, εεεe − τττ e)

≤ M ||εεε − ε̃εε||Σ||εεεe − τττ e||Σ

(3.21)

and the desired inequality easily follows.

Choosing δ2, δ3 sufficiently small, it follows from (3.10), (3.11), (3.15), (3.19)

and (3.20) that

||εεεh − τττh||
2
Σ ≤ c

(

||qh − p||2Q + ||εεε − τττh||
2
Σ

)

+

M

2δ4
||εεε − ε̃εε||2Σ +

Mδ4

2
||εεεe − τττ e||

2
Σ +

C

2δ5
||p − p̃||2Q +

Cδ5

2
||εεεe − τττ e||

2
Σ

(3.22)

with δ4 and δ5 still to be chosen.

Therefore, it appears that a drawback arises. In fact, it happens that the terms

Mδ4

2
||εεεe − τττ e||

2
Σ

and

Cδ5

2
||εεεe − τττ e||

2
Σ

cannot be absorbed in the left–hand side of (3.22) unless we have an inequality of

the type

||σσσe||Σ ≤ C2||σσσh||Σ (3.23)

for each σσσh = (σσσc + σσσe) ∈ Σh, with C2 positive and independent of h.
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The matter now is to establish whether assuming (3.23) to be true is a very

restrictive assumption or, on the contrary, is reasonable in actual situations. Notice

that we obviously have

||σσσh||
2
Σ = ||σσσe + σσσc||

2
Σ = ||σσσe||

2
Σ + ||σσσc||

2
Σ + 2(σσσe, σσσc) . (3.24)

It is clear that the best for having (3.23) is that

(σσσe, σσσc) = 0 ∀σσσe ∈ Σe
h, ∀σσσc ∈ Σc

h , (3.25)

i.e. Σe
h and Σc

h are L2–orthogonal each other. Condition (3.25) is too restrictive,

but, fortunately, not necessary at all. What one really needs is that there exists a

constant θ, independent of h, such that

sup
σσσe, σσσc

(σσσe, σσσc)

||σσσe||Σ||σσσc||Σ
≤ θ < 1, (3.26)

or, which is equivalent,

inf
σσσe, σσσc

(σσσe, σσσc)

||σσσe||Σ||σσσc||Σ
≥ −θ > −1. (3.27)

Having (3.27), one gets from (3.24):

||σσσh||
2
Σ ≥ ||σσσe||

2
Σ + ||σσσc||

2
Σ − 2θ||σσσe||Σ||σσσc||Σ

≥ ||σσσe||
2
Σ − θ2||σσσe||

2
Σ = (1 − θ2)||σσσe||

2
Σ

(3.28)

and then (3.23) follows.

Remark. Condition (3.26) essentially means that any two σσσe ∈ Σe
h and σσσc ∈ Σc

h

are far from being parallel, uniformly with respect to h. In a sense, it is a sort of

minimum angle condition for the spaces Σe
h and Σc

h. The same condition, written in

a different way, has been recognized to be crucial for the analysis developed in [8].

It should be clear (cf. also (3.7)) that such a condition is quite naturally fulfilled

if one hopes to gain stability in enhancing Σc
h with Σe

h. In the remainder of this

Section we thus assume (3.23) to hold.

Hence, if (3.26) holds, from (3.22) we have, choosing δ4 and δ5 sufficiently

small,

||εεεh − τττh||Σ ≤ c
(

||qh − p||Q + ||p − p̃||Q + ||εεε − τττh||Σ + ||εεε − ε̃εε||Σ
)

. (3.29)
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From the triangle inequality and (3.29) one gets

||εεε − εεεh||Σ ≤ c
(

inf
qh∈Qh

||p − qh||Q + inf
τττ h∈Kh

||εεε − τττh||Σ+

||p − p̃||Q + ||εεε − ε̃εε||Σ

)

.

(3.30)

We need the following lemma, whose proof can be found, for instance, in [2].

Lemma 3.2: Assume that there exists a positive constant β, independent of

h, such that

inf
qh∈Qh

sup
τττ h∈Σh

(qh, tr τττh)

||qh||Q||τττh||Σ
≥ β. (3.31)

Then there exists a positive constant c1, independent of h, such that

inf
τττ h∈Kh

||εεε − τττh||Σ ≤ c1 inf
σσσh∈Σh

||εεε − σσσh||Σ (3.32)

Hence, the inf on Kh in the right–hand side of (3.30) can be replaced, thanks

to Lemma (3.2), by an inf on Σh, to finally obtain

||εεε − εεεh||Σ ≤ c
(

inf
qh∈Qh

||p − qh||Q + inf
σσσh∈Σh

||εεε − σσσh||Σ+

||p − p̃||Q + ||εεε − ε̃εε||Σ

)

.

(3.33)

Let us now perform an error analysis for the pressure field. For each qh ∈ Qh,

thanks to the inf–sup condition, we have

β||ph − qh||Q ≤ sup
σσσh∈Σh

(tr σσσh, ph − qh)

||σσσh||Σ
. (3.34)

Recalling (3.9) one gets

a(εεεh − εεε, σσσh) = (tr σσσh, ph − p) − a(εεε, σσσe) + (tr σσσe, p). (3.35)

It follows that

(tr σσσh, ph − qh) = (tr σσσh, ph − p) + (tr σσσh, p − qh) =

a(εεεh − εεε, σσσh) + a(εεε, σσσe) − (tr σσσe, p) + (tr σσσh, p − qh).

(3.36)
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By continuity, (3.23) and (3.36), from (3.34) one gets

||ph − qh||Q ≤ c
(

||εεεh − εεε||Σ + ||εεε − ε̃εε||Σ + ||p − qh||Q + ||p − p̃||Q
)

, (3.37)

and finally, using also the triangle inequality and (3.33),

||p − ph||Q ≤ C

(

inf
σσσh∈Σh

||εεε − σσσh||Σ + ||εεε − ε̃εε||Σ + inf
qh∈Qh

||p − qh||Q + ||p − p̃||Q

)

.

(3.38)

What we have done so far can be summarized in the following

Theorem 3.3: Let (εεε, p) ∈ Σ × Q be the solution of system (2.9). Choose

Σh = Σc
h⊕Σe

h as in (3.2) and Qh ⊂ Q. Assume that there exists a positive constant

β such that

inf
qh∈Qh

sup
τττ h∈Σh

(qh, tr τττh)

||qh||Q||τττh||Σ
≥ β. (3.39)

Let (εεεh, ph) ∈ Σh × Qh be the solution of the discretized problem (3.5). Assume

moreover that

sup
σσσe, σσσc

(σσσe, σσσc)

||σσσe||Σ||σσσc||Σ
≤ θ < 1, (3.40)

for each σσσc ∈ Σc
h and σσσe ∈ Σe

h, with θ independent of h. Finally, take any ε̃εε and p̃

such that











a(ε̃εε, σσσe) = 0 ∀σσσe ∈ Σe
h

(p̃, tr σσσe) = 0 ∀σσσe ∈ Σe
h.

(3.41)

Then the following error estimates hold

||εεε−εεεh||Σ ≤ C
(

inf
σσσh∈Σh

||εεε−σσσh||Σ + inf
qh∈Qh

||p−qh||Q + ||εεε− ε̃εε||Σ + ||p− p̃||Q

)

, (3.42)

||p−ph||Q ≤ C
(

inf
σσσh∈Σh

||εεε−σσσh||Σ + inf
qh∈Qh

||p−qh||Q + ||εεε− ε̃εε||Σ + ||p− p̃||Q
)

. (3.43)
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Remark. If there exist ε̃εε and p̃, satisfying (3.41), which are also “good approx-

imations” of εεε and p, then (3.42) and (3.43) provide convergence. This is the case

of the method described in the next Section.

Remark. We wish to recall that condition (3.40) is sufficient for having estimate

(3.23).

4. The Bathe–Pantuso method: a simplified analysis.

Aim of this Section is to provide a first analysis of a method recently proposed

by Bathe and Pantuso (cf. [7]) using the results of Section 3. We will only treat the

two–dimensional case of rectangular elements. The case of general quadrilaterals

will be the topic of future communications. Thus, let Ω be a rectangular open set in

R2 and {Th} be a regular family of meshes, of meshsize h, made up by rectangular

elements K with sides parallel to the coordinate axes. With (xK , yK) we will denote

the coordinates of the center of K, while with hK
x and hK

y we will denote the lengths

of the x–sides and of the y–sides, respectively. Following Bathe–Pantuso (cf. [7]),

let Σc
h be the space

Σc
h = ∇S

(

(H1
0(Ω) ∩ L1

[1](Ω; Th))2
)

(4.1)

where L1
[1](Ω; Th) is the space of continuous functions which are bilinear in each

K ∈ Th.

Furthermore, let Qh be the space

Qh = L1
[1](Ω; Th)/R. (4.2)

Note that also the pressure field, following this choice, will be approximated

by means of continuous functions. It remains to choose Σe
h to finally construct

Σh = Σc
h ⊕ Σe

h. (4.3)

Let us first introduce the following notation: given a symmetric tensor τττ , we

will identify it with the triple of its cartesian conponents. Thus

τττ = (τ11, τ22, τ12). (4.4)

Fix now K ∈ Th. Let us consider the tensor functions defined on K
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

















τττK
1 = (x − xK , 0, 0) τττK

4 = (0, 0, y − yK)

τττK
2 = (0, y − yK , 0) τττK

5 = ((x − xK)(y − yK), 0, 0)

τττK
3 = (0, 0, x − xK) τττK

6 = (0, (x − xK)(y − yK), 0),

(4.5)

and set

E(K) = span
{

τττK
i : i = 1, 2, ..., 6

}

. (4.6)

We are now ready to introduce the space Σe
h as suggested in [7], setting

Σe
h =

{

τττ e ∈ (L2(Ω))4S : τττ e|K ∈ E(K) ∀K ∈ Th

}

. (4.7)

We remark that Σe
h ∩ Σc

h = {0}, so that one is allowed to consider Σh as in

(4.3) using (4.1) and (4.7). Let us try to apply the results of the previous Section.

We will proceed into three steps.

First step: finding suitable ε̃εε and p̃. We begin by noting that each σσσe ∈ Σe
h,

and also its trace, has zero mean value in each K ∈ Th. Hence, choosing ε̃εε (resp. p̃)

as the L2–orthogonal projection of εεε (resp. p) onto the piecewise constant function

space, one can easily see that (3.41) are fulfilled. Recalling that both Σ and Q

are equipped with the L2–norm, from standard approximation theory (cf. [3], for

instance) it holds











||εεε − ε̃εε||Σ ≤ ch||εεε||1,Ω

||p − p̃||Q ≤ ch||p||1,Ω.

(4.8)

Remark. The zero mean property of the functions in the enhanced strain space

was already recognized to be crucial for the convergence analysis developed in [8].

Second step: checking (3.40). Let us come to check (3.40). Let K ∈
⋃

h>0 Th

be fixed. By (4.1) it is easy to realize that

σσσc|K ∈ span
{

σσσK
i : i = 1, 2, ..., 6

}

(4.9)

where
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

















σσσK
1 = (1, 0, 0) σσσK

4 = (0, 1, 0)

σσσK
2 = (0, 0, 1/2) σσσK

5 = (0, x − xK , 1/2(y − yK)).

σσσK
3 = (y − yK , 0, 1/2(x − xK))

(4.10)

Hence

σσσc|K =

5
∑

i=1

βiσσσ
K
i with βi ∈ R. (4.11)

Take now an arbitrary element σσσe ∈ E(K), i.e.

σσσe =
6
∑

j=1

αjτττ
K
j with αj ∈ R. (4.12)

We have

(σσσc, σσσe)K =
5
∑

i=1

6
∑

j=1

βiαj(σσσ
K
i , τττK

j )K . (4.13)

Note (cf. (4.5) and (4.10)) that

(σσσK
i , τττK

j )K = 0 if (i, j) 6= (3, 3), (5, 4). (4.14)

It follows from (4.13) and (4.14) that

(σσσc, σσσe)K = β3α3(σσσ
K
3 , τττK

3 )K + β5α4(σσσ
K
5 , τττK

4 )K . (4.15)

We need the following lemma.

Lemma 4.1: There exists a postive constant θ < 1, independent of K, such

that

(σσσK
3 , τττK

3 )K ≤ θ||σσσK
3 ||0,K ||τττK

3 ||0,K (4.16)

and

(σσσK
5 , τττK

4 )K ≤ θ||σσσK
5 ||0,K ||τττK

4 ||0,K . (4.17)

Proof. We will develop the proof of (4.16) only, since the other one can be

treated using the same technique. Since (cf. (4.5) and (4.10))
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σσσK
3 =

1

2
τττK

3 + τ̃ττK with τ̃ττK = (y − yK , 0, 0), (4.18)

we wish to find a positive constant θ < 1 such that

(

1

2
τττK

3 + τ̃ττK , τττK
3

)2

K

≤ θ2
∣

∣

∣

∣

1

2
τττK

3 + τ̃ττK
∣

∣

∣

∣

2

0,K
||τττK

3 ||20,K . (4.19)

Since τ̃ττK and τττK
3 are orthogonal, (4.19) becomes

1

4
||τττK

3 ||40,K ≤ θ2

(

1

4
||τττK

3 ||20,K + ||τ̃ττK ||20,K

)

||τττK
3 ||20,K (4.20)

and hence

1

4
||τττK

3 ||20,K ≤ θ2

(

1

4
||τττK

3 ||20,K + ||τ̃ττK ||20,K

)

. (4.21)

Before proceeding, recall that, as the family of meshes is assumed to be regular,

there exists a positive constant ρ such that

1

ρ
≤

hK
x

hK
y

≤ ρ ∀K ∈
⋃

h>0

Th. (4.22)

We need now to explicitely compute ||τττK
3 ||20,K and ||τ̃ττK ||20,K . It is easily seen

that























||τττK
3 ||20,K =

1

6
hK

y (hK
x )3

||τ̃ττK ||20,K =
1

12
hK

x (hK
y )3.

(4.23)

Therefore, from (4.22) and (4.23) it follows that

||τττK
3 ||20,K ≤ 2ρ2||τ̃ττK ||20,K . (4.24)

Eventually, if we choose

1 > θ >

(

1 +
2

ρ2

)−1/2

, (4.25)

the inequality (4.21) easily follows. By remarking that
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γ =

(

1 +
2

ρ2

)−1/2

< 1

is independent on K, condition (4.16) holds. The lemma is proved.

By Lemma 4.1 it follows from (4.15)

(σσσc, σσσe)K ≤ θ
(

β3α3||σσσ
K
3 ||0,K ||τττK

3 ||0,K + β5α4||σσσ
K
5 ||0,K ||τττK

4 ||0,K

)

. (4.26)

Hence we get

(σσσc, σσσe)K ≤ θ
(

β2
3 ||σσσ

K
3 ||20,K + β2

5 ||σσσ
K
5 ||20,K

)1/2 (
α2

3||τττ
K
3 ||20,K + α2

4||τττ
K
4 ||20,K

)1/2
.

(4.27)

Furthermore, we obviously have

(

β2
3 ||σσσ

K
3 ||20,K + β2

5 ||σσσ
K
5 ||20,K

)1/2 (
α2

3||τττ
K
3 ||20,K + α2

4||τττ
K
4 ||20,K

)1/2
≤

(

5
∑

i=1

β2
i ||σσσ

K
i ||20,K

)1/2




6
∑

j=1

α2
j ||τττ

K
j ||20,K





1/2

.

(4.28)

Notice now that the following orthogonality conditions hold (cf. (4.5) and

(4.10))











(σσσK
i , σσσK

j )K = 0 ∀ i, j = 1, 2, ..., 5; i 6= j,

(τττK
i , τττK

j )K = 0 ∀ i, j = 1, 2, ..., 6; i 6= j.

(4.29)

Hence we obtain

(

5
∑

i=1

β2
i ||σσσ

K
i ||20,K

)1/2




6
∑

j=1

α2
j ||τττ

K
j ||20,K





1/2

= ||σσσc||0,K ||σσσe||0,K . (4.30)

From (4.27), (4.28) and (4.30) we then have
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(σσσc, σσσe)K ≤ θ||σσσc||0,K ||σσσe||0,K . (4.31)

Summing up over K ∈ Th, we finally get

(σσσc, σσσe) =
∑

K∈Th

(σσσc, σσσe)K ≤ θ
∑

K∈Th

||σσσc||0,K ||σσσe||0,K

≤ θ||σσσc||0,Ω||σσσe||0,Ω.

(4.32)

and condition (3.40) follows.

Third step: checking stability condition. The last step consists in checking the

inf–sup condition (3.39). In order to do so, we will employ Fortin’s trick, recalled

by the next lemma (cf. [2]).

Lemma 4.1: Suppose there exists a linear operator

Πh : Σ −→ Σh

such that











||Πhτττ ||Σ ≤ c||τττ ||Σ ∀τττ ∈ Σ

(tr τττ − tr Πhτττ , qh) = 0 ∀qh ∈ Qh.

(4.33)

Then the inf–sup condition (3.39) holds.

First, let us consider the Clément operator Πc (cf. [2] and [3]). This operator

induces a linear operator

Π1 : Σ −→ Σc
h

defined by

Π1τττ = ∇S ΠcG(τττ ). (4.34)

This means that we have (cf. (2.5))

G(τττ − Π1τττ ) = G(τττ ) − ΠcG(τττ ) (4.35)

Furthermore, from the basic features of Clément operator (cf. [2]) it holds
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∑

K∈Th

h2s−2
K |G(τττ ) − ΠcG(τττ ) |2s,K ≤ c ||G(τττ ) ||21,Ω s = 0 , 1. (4.36)

Secondly, let us consider the following problem. Given τττ ∈ Σ, find Π2τττ ∈ Σe
h

such that

(trΠ2τττ , qh) = (tr τττ , qh) ∀qh ∈ Qh. (4.37)

Recalling that tr τττ = div G(τττ ) and integrating by parts, one obtains that (4.37)

is equivalent to

(trΠ2τττ , qh) = −(G(τττ ), ∇ qh) ∀qh ∈ Qh. (4.38)

Let us focus the problem locally, on each K ∈ Th. Then, we wish to find

ΠK
2 τττ ∈ E(K) (cf. (4.6) and (4.7)) such that

(trΠK
2 τττ , qh)K = −(G(τττ ), ∇ qh)K ∀qh ∈ Qh. (4.39)

It is easy to see (cf. remark below) that problem (4.39) is solvable. Let us take

the solution of minimum norm. A scaling argument shows that

|ΠK
2 τττ |0,K ≤ ch−1|G(τττ )|0,K . (4.40)

Setting

Π2τττ =
∑

K∈Th

χKΠK
2 τττ (4.41)

where χK is the characteristic function of K, we have thus defined a linear operator

Π2 : Σ −→ Σe
h

satisfying

(trΠ2τττ , qh) = (tr τττ , qh) ∀qh ∈ Qh. (4.42)

Finally, Id being the identity operator, choose Πh as

Πh = Π2(Id − Π1) + Π1. (4.43)

Combining (4.35), (4.36) and (4.42), one can easily see that conditions (4.33) are

fulfilled. Hence, by lemma 4.2, the inf–sup condition (3.39) holds.
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Remark. Note that problem (4.39) is solvable if

{qh : (qh, tr τττ e)K = 0 ∀τττh ∈ E(K)} =⇒
{

qh|K = constant
}

, (4.44)

where E(K) is defined by (4.6).

But, due to the choice (4.2), it holds

(qh, tr τττ e)K =

(

3
∑

i=0

qK
i ϕK

i , tr τττ e

)

K

(4.45)

where qK
i ∈ R and ϕK

i are functions defined on K by







ϕK
0 = 1 ϕK

2 = y − yK

ϕK
1 = x − xK ϕK

3 = (x − xK)(y − yK).
(4.46)

Recalling (4.5) it is easily seen that (4.44) follows.

Since Σc
h ⊂ Σh we obviously have

inf
σσσh∈Σh

||εεε − σσσh||Σ ≤ inf
τττ c∈Σc

h

||εεε − τττ c||Σ. (4.47)

Hence we get, by standard interpolation theory (cf. [3]) and Korn’s inequality,



















inf
σσσh∈Σh

||εεε − σσσh||Σ ≤ ch||G(εεε)||2,Ω

inf
qh∈Qh

||p − qh||Q ≤ ch||p||1,Ω.

(4.48)

Hence, applying Theorem 3.3, what we have developed in this Section leads to

our main result, i.e. the

Theorem 4.3: Let (εεε, p) be the solution of problem (2.9). Choose Σh and Qh

as shown by (4.1), (4.2), (4.3) and (4.4). Let (εεεh, ph) ∈ Σh ×Qh be the solution of

problem (3.5), choosing Σh and Qh as shown by (4.1), (4.2), (4.3) and (4.4). The

following error estimates hold











||εεε − εεεh||Σ ≤ Ch

||p − ph||Q ≤ Ch

(4.49)
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5. Conclusions.

A strain–pressure variational formulation for the stationary Stokes problem has

been presented. Based on this formulation, an approximation technique by means

of finite elements with enhanced strain field has been considered and analyzed. As

an example of application of our results, we have considered a quadrilateral method

recently proposed by Bathe and Pantuso (cf. [7]). We have restricted, as a first

step of research, the analysis to the case of rectangular elements only. We have thus

been able to obtain an error analysis which shows that the method is stable and

convergent (cf. Theorem 4.3). Some possible topics for future communications are

as follows. First, the case of arbitrary quadrilaterals has to be considered. Moreover,

we wish to investigate the relationships between enriching the velocity field by

bubble functions and enhancing the strain field. Again, a comparison between the

Hughes–Franca stabilization technique (cf. [4] and [5]) and the enhanced strain

method should be of some interest.
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