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Abstract. The so-called Enhanced Strain Technique for the approximation of homoge-
neous neo-Hookean elasticity problems is considered within the framework of the displace-
ment/pressure variational formulation. Two triangular low-order schemes for nearly-
incompressible small strain problems are presented, together with some numerical result.
Moreover, a simple model problem for the large strain regime is proposed. The model
problem is used to investigate the numerical stability of the mized-enhanced quadrilateral

QAE6/Q4 element introduced in [15] and [16].
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1 INTRODUCTION

The aim of this paper is to report some recent results concerning the Enhanced Strain
Technique for elasticity problems, and developed in full details in [1, 2].

Introduced by Simo and Rifai (cf. [22]), the Enhanced Strain Technique consists in
augmenting the space of discrete strains with local functions, which may not derive from
admissible displacements. A suitable choice of these additional modes can improve the nu-
merical performance of low-order elements and, more importantly, it can greatly alleviate
the well-known volumetric locking phenomenon in the nearly-incompressible regime.

We here focus on enhanced strain finite elements based on the so-called displace-
ment /pressure formulation for elasticity problems (cf. e.g. [15, 16]), considering, for sim-
plicity, a homogeneous neo-Hookean material. Within this framework, we will consider
the following two cases.

e The small deformation case (Section 3). We present two triangular elements, for
which a complete stability and convergence analysis has been developed in [1]. Both
the schemes are based on piecewise linear and continuous approximations for the
displacement and the pressure unknowns. We also report some numerical results
which confirm the theoretical predictions.

o The finite strain incompressible elasticity case (Section 4). Following [2], we present
a simple finite strain elastic bidimensional problem for which not only it is possible to
compute the solution in closed form but it is also possible to draw some indications
on the solution stability. We then consider the discretized problem by means of the
Q4FE6/Q4 mixed-enhanced finite element (see [16]), which has been proved to be
stable and well performing in linear elasticity (cf. [11]). Afterwards, we report some
theoretical considerations on the stability limits of the discrete problem, showing
that the Q4E6/Q4 element fails to reproduce the continuum stability features. We
remark that this phenomenon has been already observed in [16]. Furthermore, we
perform some numerical simulations to investigate the whole stability range of the
scheme at hand.

Finally, we remark that several contributions on the applications of the Enhanced
Strain Technique are nowadays available in the literature, ranging from Engineering-
oriented studies (see [3, 14, 19, 20, 21, 24], for instance) to more theoretical investigations
(see [5, 12, 18], for instance).

2 THE FINITE STRAIN ELASTICITY PROBLEM

In this work we adopt the so-called material description to study the finite strain
elasticity problem for a homogeneous neo-Hookean material (cf. [6, 8, 10, 13], for exam-
ple). Accordingly, we suppose that we are given a reference configuration Q C R? for
a d-dimensional bounded material body B. In the framework of the Hellinger-Reissner
variational principle, the elastic problem may be written as follows:
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( Find (0, p) € U x P such that

,u/F Vv+/( S SO VV—/b-VzO Vv elU
0 Q 0 (1)

A

\/Q<lnj—§>q:0 Vge P .

Above, 1 and p represent the displacement and pressure-like unknown fields, respectively.
Moreover, F = I+ Vi is the deformation gradient whose determinant is J = det F, X and
| are positive material constants, and b represents the given load. Finally, U and P are
the admissible displacement and pressure spaces, while U and P are the corresponding
variation spaces. In residual form problem (1) can be written as

Find (1,p) € U x P such that
Ru((0,p), v) = Vel (2)
Rp((0, ), q) = Vge P,

£

where
Rul(a5)v) =p [ Fsvvs [(-pF T 9v= [ by
Q Q Q
o o s D
RP((u7p>7Q) _/Q<ln<] )\>q

We now derive the linearization of problem (1) around a generic point (1, p). Observing
that

(3)

DF T()u] = —F T (Vu)TF T vueU, (4)

we easily get the problem for the infinitesimal increment (u, p)
( Find (u,p) € U x P such that
,u/ Vu: Vv + /(,u —p)(F'Vu)" : F Vv
Q Q

+/pF-T Vv =—R,((0,p),v) WwelU
Q

~ 1 o
/<F_T:Vu—xp>q:—7€p((u,p),q) Yqe P .
\ JQ

Remark 2.1 Since problem (5) is the linearization of problem (1) (or equivalently (2)), it
can be interpreted as the generic step of a Newton-like iteration procedure for the solution
of the non-linear problem (1).
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3 THE SMALL DEFORMATION CASE AND SOME TRIANGULAR EN-
HANCED STRAIN ELEMENTS

Taking (4,p) = (0,0) in (5), we immediately recover the classical linear elasticity
problem for small deformations, i.e.

Find (u,p) € U x P such that
2u/s(u):e(v)+/pdivv:/b~v YWwel
Q ) Q (6)

/{)(divu—%p)q:O Vge P,

where €(-) denotes the symmetric gradient operator. For simplicity, we here consider the
case of homogeneous Dirichlet boundary conditions on the whole 9, so that U = H}()?
and P = L*(Q)/R. Tt is now well-established (cf. [4, 7, 9]) that the finite element analysis
of problem (6) requires some care in the case of nearly-incompressible materials (A > p),
in order to overcome the so-called volume locking phenomenon. Several methods have
been proposed, analyzed and proved to be efficient in actual computations (cf. [4, 7, 9]
and the references therein). Among them, there are the ones based on the Enhanced
Strain Technique, whose basic idea is briefly recalled below.

As usual, given a regular (triangular or quadrilateral) mesh 7;, of 2, h being the mesh-
size, we choose a finite element space U, C U for the approximation of the displacements,
and a finite element space P, C P for the pressure field.

An Enhanced Strain Method in this context can be seen as a scheme for which the
strains arising from the displacements are “enriched” by means of some additional modes.
Therefore, we introduce a further finite element space Fj, of symmetric tensors, and we
solve the problem:

Find (uy, €, pn) € Uy X Ej, X Py, such that

2/,5/Q (e(wy) + &) : (e(vi) +74) +/Qph(divvh +trFy) = /Qb-vh

(7)
/ qh(dlv uy +tr§h) -2t / pran =0,
Q Q

for every (v, T4) € U, x Ej, and for every ¢, € P,. Above and in the sequel, we denote
with “tr” the trace operator acting on tensors.

3.1 Examples of triangular elements

We now introduce two sets of enhanced strains to be used in connection with triangular
elements, already presented and briefly analyzed in [12]. We thus suppose to have a
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regular triangular mesh 7, of Q2. The schemes we are going to present are both based on
the following choice of spaces:

Uy={vmeV : oyrePi(T) VT €T}, (8)
Po={g € H(Q) : qur € /() VT €T} , (9)

where P (T) is the space of linear functions defined on 7.

Before introducing the two sets of enhanced strains, which will give rise to two finite
element schemes (named in the sequel as T3E4(I)/T3 and T3E4(11)/T'3 element, respec-
tively), we define a global Cartesian system of coordinates (z,y) in . Furthermore, for
each triangle T € 7y, let (x7, yr) be the coordinates of its barycenter, and define on 7" a
local Cartesian system of coordinates by simply setting

T=x—a7, y=y—yr. (10)

We are now ready to present our strain enhancements.

o T3EA(I)/T3 element. We take

Ey={7r€(L*): : Tar€ E4(T) VT €T}, (11)

S

where E}(T) is the space of tensor-valued functions defined on T', spanned by the
following shape functions (cf. (10))

1T +ay ; (e —ag)T + (a3 —an)y

symm. 057 + 04T with ; € R . (12)

We remark that the enhanced strain modes described in (12) have already been used
in [17].

o T3EA(II)/T3 element. We take

Ey={7,e(L*(): : Tar€ E;(T) VT €T}, (13)

s

where E2(T) is the space of tensor-valued functions defined on T', spanned by the
following shape functions (cf. (10))

oa1x ;e + asy

h with o € R . (14)
symm. ; 7]

We remark that this choice is not frame invariant. However, a strategy to make the
results at least independent of the user’s input data is detailed in [17].

We have the following result, whose proof can be found in [1].

5
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Proposition 3.1 Under suitable reqularity hypotheses (see [1]), for both the T3EA(I)/T3
and the T3EA(II)/T3 element, we have the error estimate

lu—w|li+[p—pulo<Ch . Ju—wlo <Ch*. (15)

3.2 Numerical tests

We here investigate the computational performances of the elements introduced above.
For comparison purposes, in the sequel we also consider the following method

e Q4F6/Q4 — Quadrilateral element with piecewise bilinear and continuous approx-
imation for both the displacements and the pressure, enriched by means of the
Enhanced Strains proposed in [15] (see also Section 4.2).

Expressing forces and lengths in KN and m, respectively, we consider a fully con-
strained square block of incompressible material (A = +oo, u = 40), which occupies the
region 2 = (—7/2,7/2) x (—n/2,7/2). The test consists in choosing a particular body
load b for which the corresponding analytical solution (u, p) is available.

Fig. 1 shows the generic adopted mesh for undistorted quadrilaterals, distorted quadri-
laterals and triangles, respectively.

In the numerical experiments, we choose the number of subdivisions per direction
n = 8,16,32,64,128; we also point out that n behaves as h~!.

Moreover, since the body is fully constrained, the pressure is defined up to a constant,

which is fixed in our computations by imposing / pn = 0.

Finally, the results obtained using the Q4E6/%24 element with distorted meshes are
here below labeled with “Q4FE6/Q4(dist)”.
Setting
by = pcosysiny(1 — 4 cos* z) — 2xy cos(zy)

* cos(z?y) |

by = —pcoswsinx(l —4cos?y) — x
the analytical solution is:

cos? x cosysiny

Uy =
2
cos? 1 cos T sin x
Uy =
2
o 2
p = sin(z7y) .

For all the considered schemes, Figs. 2-4 report the computed relative errors versus n,
in log-log scale.
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Figure 1: Fully constrained block. Problem geometry and boundary conditions. Undistorted quadrilat-
eral, distorted quadrilateral and triangular meshes.

More precisely, Figs. 2 and 3 show the L?-norm convergence rates for u and p, respec-
tively. Furthermore, Fig. 4 gives the energy-norm convergence rate for u. The energy-
norm is here defined as

I o= (2 [ etu)ew) (16)

which is clearly equivalent to the H'-norm, due to Korn’s inequality. For all the elements
under investigation, we observe that the numerical results agree with the theoretical
predictions. For more numerical tests on the same elements, see [1].

4 A MODEL PROBLEM FOR INCOMPRESSIBLE FINITE DEFORMA-
TION ELASTICITY AND ITS DISCRETIZATION

In this section we analyze a simple bidimensional problem which nonetheless shows
some of the difficulties arising in general nonlinear elastic problems for incompressible
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Figure 2: Fully constrained block. L2?-norm convergence rate for u.
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Figure 3: Fully constrained block. L2-norm convergence rate for p.
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Figure 4: Fully constrained block. Energy-norm convergence rate for u.

materials. Using the usual Cartesian coordinates (z,y), we consider a square material
body whose reference configuration is Q = (—1,1) x (=1, 1); we denote with I' = [—1, 1] x
{1} the upper part of its boundary, while the remaining part of 92 is denoted with I'p
(cf. Fig. 5). The body € is clamped along I'p and subjected to the volume force b = ~f,
where f = (0,1)” and v is a real parameter.

Therefore, the equilibrium problem leads to solve the following variational system (tak-
ing the limit for A — +o0 in (1))

( Find (0, p) € U x P such that
,u/]?‘:Vv—k/(ﬁ—u)f‘_T:Vv:y/f-v Vv eU
0 0 (17)

Q
/qlnj:O Vge P .
\ JQ

We notice that system (17) constitutes a set of nonlinear equations for which a trivial
solution can be easily found for every v € R, i.e. (a,p) = (0,~r), where r = r(x,y) =
1—y.

Remark 4.1 We are not claiming that, for each v € R, (0,p) = (0,vr) is the only
solution of the system.

Whenever an incremental loading procedure is considered, the passage from v to v+ A~y
in (17) is typically solved by a Newton’s technique. Supposing that at v convergence has
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Figure 5: Problem domain §2.

been reached, the first iteration step of Newton’s method with initial guess (u, p) = (0,~r)
consists (recalling the linearized problem (5) for the case A = 400) in solving

Find (u,p) € U x P such that
2u/e(u) :e(v)—v/r(Vu)T:VV+/pdivv:Ay/f-v
Q Q Q Q (18)

/qdivu:O,
Q

for every (v,q) € U x P. Letting

U={veH (Q)?: vr,=0}; P = L*Q), (19)

we consider system (18) as a model problem for our subsequent considerations. Denoting
with A® the symmetric part of a generic second-order tensor A, introducing the bilinear
forms

ay(F,G) =: QM/QFS : GS—’)//Q’FFT : G , b(v,q) =: /Qq divv , (20)

problem (18) can be written in a classical mixed form as

10
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Find (u,p) € U x P such that

a,(Vu, Vv) 4+ b(v,p) = A’y/ f-v VWweU (21)
Q

b(u,q) =0 Vgqe P .

4.1 The stability range for the continuous problem

Problem (21) is a typical (parameter-depending) saddle-point problem. As it is well-
established (cf. [7]), the crucial properties for the well-posedness are, together with con-
tinuity:

e the inf-sup condition, i.e. the existence a positive constant [ such that

b
inf sup V2 4)
acP ver |[v||ullgllp

>0 (22)

e the invertibility on the kernel condition, i.e. the existence a positive constant a(~, u)

such that (V. Vv)
a-(Vu, Vv
inf  sup ——T7—2>a(y,pu), 23
vekerBueros [ullolvlle = (7,11 (23)
where
KerB={veU : bv,q)=0 Vqge P} . (24)

As far as the inf-sup condition is concerned, it is a classical result that it holds for the
divergence operator. We therefore focus our attention on condition (23), investigating, in
particular, the coercivity on Ker B of a,(-,-). More precisely, recalling the well-known
Korn’s inequality, we search for conditions on ~ implying the existence of a constant
c(7, 1) > 0 such that

zu/ (v / (V)T Vv > (v /\e WweKerB. o (25)
We have the following proposition (see [2]).

Proposition 4.2 Suppose that Q = (—1,1) x (—=1,1). Then the linearized continuous
problem (18) is well-posed and positive-definite on the relevant kernel Ker B (cf. (25)) if

v € (=00, 3p) . (26)
Moreover, there exists a v* > 3u such that condition (25) fails whenever v > ~*.

We thus expect that when -~ satisfies (26), for the continuous problem the trivial
solution (@, p) = (0,~r) is unique and stable.

11
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4.2 Discrete stability range for the Q4£6/Q4 element

For a finite analysis of problem (17), one should obviously focus on schemes which are
reliable at least in the infinitesimal strain regime, otherwise even the first iteration step
will fail. This can be accomplished by considering finite element methods satisfying the
discrete inf-sup condition, as the ones studied in the sequel. Furthermore, since a reliable
numerical approximation should be able to correctly reproduce all the stability properties
of the continuous problem, it is important to study whether or not a given finite element
method satisfies a discrete coercivity on the kernel condition, at least for v in the range
shown by (26). With this respect, we consider the enhanced strain Q4FE6/Q4 element of
Pantuso and Bathe (cf. [15]), showing that its stability range is somehow quite different
from the continuous problem one. However, we point out that our theoretical analysis
is far from being complete, although in accordance with the numerical tests presented in
Section 4.3. For a comparison with the stability ranges of other well established (and
conforming) methods, namely the MINT and the Q2P1 elements, see [2].

We first recall that the Q4E£6/Q4 quadrilateral method (which optimally performs in
small deformation regimes, as theoretically proved in [11]), is described by the following
choice of spaces. For the discretization of the displacement and pressure fields, we take

Up={vi, €U : vyx € Qi(K)* VKEeT}, (27)
Po={gn € H(Q) : qux € Q(K) VK€eT} , (28)

where Q;(K) is the standard space of bilinear functions. Furthermore, the Enhanced
Strain space is described by

E, = {‘Fh S (L2(Q)>4 : 7:h|K € E@(K) VK € ,];L} . (29)

Above, Fg(K) is the space of tensor-valued functions defined on K, spanned by the
following shape functions

[ ar +adn g ] with oy € R (30)
aym ;asn + agdn ' ’

where (£, 71) denotes the standard local coordinates on K.
Therefore, the discretization of problem (18) reads as follows.
Find (up,€p;pn) € (Uy x Ep) X Py, such that:

(
QM/(Vuh +§h)S . (VVh +7:h)S — ’)// ’I“(Vuh —|—§h)T . (VVh + %h)
Q Q
< +/ph(divvh+tr7~'h):A'y/f-vh V(vp, Tr) € Uy X Ep, (31)
Q Q
/ qn(divuy, + tré,) =0 Yan € P, .
\Jo

12
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Introducing the discrete kernel as

Kh:{(vh,%h)eUthh : /qh(divvmtr%h):() V%Eph}= (32)
Q

we are interested in analyzing for which + there exists a constant cg(7, i), independent
of h, such that (cf. (20))

0 (V4 T TV 4+ ) > CE(W)/Q (e(va)® + 74 (33)

for every (v, T4r) € Kj.
We have the following result (cf. [2]), which shows that the stability range for the
Q4E6/Q4 element differs from the continuous problem one (see also Proposition 4.2).

Proposition 4.3 Consider the case of uniform meshes T;, formed by equal square ele-
ments K with side length h. For the choice (27)-(30), if v > p the discrete coercivity on
the kernel condition (33) does not hold, provided h is sufficiently small.

4.3 Numerical tests

We now study the computational performances of the Q4E6/Q4 element on the model
problem (17). In particular, we wish to numerically detect the stability range and compare
such numerical results with the theoretical ones shown in Proposition 4.3 for the discrete
problem, and in Proposition 4.2 for the continuous problem.

The scheme has been implemented in FEAP (see [23]). The model problem is sketched
in Fig. 5, and, assuming to express respectively forces and lengths in KN and m, we set
p =40 and f = (0,7)7, where v plays the role of load multiplier. In particular, we find
convenient to express the numerical results in terms of the non-dimensional quantity 7
defined as 4 = vL/p with L some problem characteristic length, in the following set equal
to 1 for simplicity and consistent with the model problem. For a given mesh, to detect
numerically the element stability range we progressively increase the load multiplier -,
adopting an iterative Newton-Raphson scheme to obtain the solution corresponding to the
single load value from the solution corresponding to the previous load value. In particular,
we increase the load multiplier until some form of numerical instabilities appears; we
indicate the load multiplier corresponding to the appearance of numerical instabilities
with v, with the corresponding non-dimensional multiplier as 7... To investigate large
load multiplier intervals, we adopt different increments Ay depending on the load level
(Table 1). Clearly, the analyses are performed starting from 4 = 0 for both positive and
negative loading conditions, i.e. for ¥ < 0 and 7 > 0. Table 2 reports the stability limits
and it suggests the following observations.

e The theoretical predictions for the Q4 E6/Q4 interpolation scheme are that for suffi-
ciently small h the discrete problem is unstable for 4 > 1 (cf. Proposition 4.3). The

13
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Ay=10" 0< [y <102
Ay =1 102 < |y] < 10°
Ay =10 10 < |4

Table 1: Load increments Ay (depending on the load level ) for the Newton-Raphson scheme.

‘ mesh ‘ o ‘ AL ‘
4 x4 -52.8 | 1.21

8 x 8 -150 | 1.07
16 x 16 -335 | 0.998
32 x 32 =723 1 0.978
64 x 64 | -1480 | 0.980
128 x 128 | -2980 | 0.983

Table 2: Q4FE6/Q4 element: numerical stability limits for the model problem.

results presented in Table 2 seem to indicate that for sufficiently small A the corre-
sponding numerical problem is stable for —oo < 4 < 1 and unstable for ¥ > 1. In
particular, the stability lower limit is decreasing almost linearly with h, approaching
—oo for h — 0, while the stability upper limit is about 1 but it does not seem to
have a smooth convergence. Accordingly, the numerical results presented in Table
2 confirm the theoretical predictions.

Finally, recalling that the continuous problem is stable at least for —co < 4 < 3
(see (26)), we may conclude that the Q4FE6/Q4 interpolation scheme fails in properly
detecting the stability range of the continuous problem.

5 CONCLUSIONS

We have reported on some recent results about the numerical approximation of elastic-
ity problems by means on the Enhanced Strain Technique, when applied to the displace-
ment /pressure variational formulation. On one hand, we have proposed two triangular
schemes which are stable and optimally convergent in the context of the small defor-
mation regime and for (nearly-)incompressible materials. On the other hand, we have
presented a simple model problem which can be useful to investigate the stability of finite
element schemes in the finite strain framework. We however notice that the finite element
approximation of large deformation problems demand a deeper analysis.

Acknowledgments. This work has been partially supported by the European Project
HPRN-CT-2002-00284 “New Materials, Adaptive Systems and their Nonlinearities. Mod-
elling, Control and Numerical Simulation”.
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