ROBUST BDDC PRECONDITIONERS FOR REISSNER-MINDLIN
PLATE BENDING PROBLEMS AND MITC ELEMENTS
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Abstract. A Balancing Domain Decomposition Method by Constraints (BDDC) is constructed
and analyzed for the Reissner-Mindlin plate bending problem discretized with MITC finite elements.
This BDDC algorithm is based on selecting the plate rotations and deflection degrees of freedom
at the subdomain vertices as primal continuity constraints. After the implicit elimination of the
interior degrees of freedom in each subdomain, the resulting plate Schur complement is solved by
the preconditioned conjugate gradient method. The preconditioner is based on the solution of local
Reissner-Mindlin plate problems on each subdomain with clamping conditions at the primal degrees
of freedom and on the solution of a coarse Reissner-Mindlin plate problem for the primal degrees of
freedom. The main results of the paper are the proof and numerical verification that the proposed
BDDC plate algorithm is scalable, quasi-optimal, and, most important, robust with respect to the
plate thickness. While this result is due to an underlying mixed formulation of the problem, both
the interface plate problem and the preconditioner are positive definite. The numerical results also
show that the proposed algorithm is robust with respect to discontinuities of the material properties.
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1. Introduction. The Reissner-Mindlin theory is widely used to describe the
bending behavior of an elastic plate loaded by a transverse force. Despite its simple
formulation, the discretization by means of finite elements is not straightforward,
since standard low-order schemes exhibit a severe lack of convergence whenever the
thickness is too small with respect to the other characteristic dimensions of the plate.
This undesirable phenomenon, known as shear locking, is nowadays well understood:
as the plate thickness tends to zero, the Reissner—-Mindlin model enforces the Kirchhoff
constraint, which is usually too severe at the discrete level (see, for instance, the
monograph by Brezzi and Fortin [18]). The most popular way to overcome the shear
locking phenomenon is to reduce the influence of the shear energy by considering
a mixed formulation. As a consequence, the choice of the discrete spaces requires
particular care, also because of the possible occurrence of spurious modes. In addition,
boundary layer effects (see [3, 4]) may spoil the convergence rate of the method at
hand. A vast engineering and mathematical literature is devoted to the design and
the analysis of plate elements, see e.g. the works [2, 6, 7, 10, 19, 21, 22, 26, 29, 36,
37, 38, 39, 46, 47]. However, a limited number of domain decomposition works are
available for the efficient iterative solution of plate problems.

The goal of this paper is to construct and analyze a Balancing Domain Decomposi-
tion Method by Constraints (BDDC) for the Reissner-Mindlin plate bending problem
discretized with one of the most popular and efficient approach: the MITC finite
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elements (see [8, 9, 17, 19]). Our BDDC algorithm is based on selecting the plate
rotations and deflection degrees of freedom at the subdomain vertices as primal con-
tinuity constraints. The resulting BDDC preconditioner is built from the solutions of
local Reissner-Mindlin plate problems on each subdomain with clamping conditions at
the primal degrees of freedom and on the solution of a coarse Reissner-Mindlin plate
problem for the primal degrees of freedom. The main results of the paper are the
proof and numerical verification that our BDDC algorithm is scalable, quasi-optimal
and, most important, robust with respect to the plate thickness. While this unifor-
mity in the plate thickness is due to an underlying mixed formulation of the problem,
both the interface plate problem and the BDDC preconditioner are positive definite.
The numerical results also show that the our algorithm is robust with respect to
discontinuities of the material properties.

Introduced by Dohrmann [23] and analyzed by Mandel, Dohrmann and Tezaur
[40, 41], BDDC methods have evolved from previous domain decomposition work
on Balancing Neumann-Neumann methods. They are closely related to FETI-DP
methods, see e.g. Farhat et al. [28], exhibiting essentially the same spectrum of
the latter when the primal constraints are the same; see e.g. [34, 16]. We refer to
the monograph by Toselli and Widlund [49, Ch. 6] for a detailed treatment of the
relationships between Neumann-Neumann, FETI and FETI-DP algorithms. BDDC
algorithm have been extended in recent years from scalar elliptic problems to almost
incompressible elasticity (Dohrmann [24, 25]), the Stokes system (Li and Widlund
[35]), flow in porous media (Tu [51]), spectral element discretizations (Pavarino [43]).

Previous domain decomposition work for plates focused on the Kirchhoff (bi-
harmonic) plate problem (Le Tallec et al. [33], Brenner and Sung [13, 14, 15],
Marcinkowski [42]), where C' or nonconforming finite elements are required and the
plate thickness is not an issue. The Neumann-Neumann method proposed in [33] can
be extended to thin plate and shell models, but the resulting convergence rate depends
on the thickness parameter. Arnold et al. [5] considered the Reissner-Mindlin plate
model, but a mixed formulation was used in order to avoid locking when the plate
thickness approaches zero and block preconditioners were used for the resulting saddle
point discrete problem, with blocks derived from preconditioners for simpler subprob-
lems. In our approach instead, we attack directly the symmetric positive definite
Reissner-Mindlin plate model, in the spirit of our previous work [12] for almost in-
compressible elasticity, and solve iteratively the resulting Schur complement problem
by a conjugate gradient method with our scalable BDDC plate preconditioner.

The rest of the paper is organized as follows. In Section 2, we present the Reissner-
Mindlin plate bending problem and its discretization with MITC finite elements. The
basic substructuring procedure is introduced in Section 3, while the BDDC algorithm
is introduced in Section 4. The theoretical analysis of the BDDC uniform scalabil-
ity is developed in Section 5, while the results of several numerical experiments are
presented in Section 6. The Appendix in Section 7 contains two technical Lemmata
needed in the analysis of Section 5.

2. The MITC Reissner-Mindlin plate bending problem. Let ) be a
polygonal domain in R? representing the midsurface of the plate. For simplicity of
exposition, we assume that the plate is clamped on the whole boundary 0f2, although
what follows extends identically to more general cases. Following the Reissner-Mindlin
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model, see for instance [8], the plate bending problem requires to solve

{Find 0" € [H} ()], u® € Hy () such that

a(0°”,m) + pkt 20" — Vu*,n — Vv) = (f,v) Vn € [Hy(Q)]*ve Hy(Q),
(2.1)
where p is the shear modulus and k is the so-called shear correction factor. Above, ¢
represents the plate thickness, u®* the deflection, 8°® the rotation of the normal fibers
and f the applied scaled normal load. Moreover, (-,-) stands for the standard scalar
product in L?(Q) and the bilinear form a(-,-) is defined by

a(6°",m) = (Ce(0°),2(n)),

with C the positive definite tensor of bending moduli. Introducing the scaled shear
stresses v** = pkt=2(0°" — Vuc®), Problem (2.1) can be written in terms of the
following mixed variational formulation:

Find 0% € [H}(Q)]?,u® € H} (Q),7°® € [L*()]? such that

a(0°",m) + (v*",m — Vv) = (f,v) Vn € [H}(Q)]*,v € Hj(Q)
2

(07 — Vu™, 5) — ﬁ(y, §)=0 Vs e [L}Q)?.

(2.2)

To simplify notation, and without any loss of generality, we will assume puk = 1
in the analysis that follows.

2.1. Discretization of the problem with the MITC elements. We will now
present the discretization of the problem following the MITC (Mixed Interpolation
of Tensorial Components) elements. Since the MITC is a large family of elements,
we will keep a general standpoint without detailing the particular description of the
discrete spaces and operators, which depend on the particular MITC element chosen;
a list of elements can be found for instance in [8, 9, 19]. In Section 6, we will detail
the MITC 9 element, which is the one used in our numerical tests.

Let 7, denote a triangular or quadrilateral conforming finite element mesh on
Q, of characteristic mesh size h. Let ®, U and I represent the discrete spaces for
rotations, deflections and shear stresses, respectively. In the sequel, we will set the
compact notation X = @ xU. Then the Reissner-Mindlin plate bending problem (2.2)
discretized with MITC elements reads

Find (0,u) € X, « € I such that
a(6,n) + (v,1In = Vv) = (f,v) V(n,v)eX (2.3)
(16 — Vu,s) — t*(y,8) =0 VsecT,

where IT : ([H'(Q)]>+T) — T is the MITC reduction operator. Using the second

equation of (2.3), shear stresses can be eliminated to obtain the following positive
definite discrete formulation:

{ Find (0, u) € X such that
b((0,u), (n,v)) = (f,v) V(nv)eX,

where we have introduced the compact notation

b((8,u), (n,v)) :=a(@,n) +t (11 — Vu,lIn — Vo) . (2.5)
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The MITC spaces and the associated operator Il are well known to satisfy the
following five properties, which will play a key role in the sequel. In what follows,
Q C L?(Q) represents an ad hoc discrete auxiliary space. For the proofs of these
properties, see [9, 19].

P1. VIV CT.

P2. curlT C Q.

P3. curl Il = Pcurlm, n € [H}]?, where P : L? — @ denotes the L? projection.
P4. {v €T : curly =0} = VI,

P5. (©,Q) is a stable pair of spaces for the Stokes problem.

We will also require the following additional property to hold, see [10].

P6. For every edge | of the mesh, denote with 7 its tangent vector. We assume that
the combined operator (I16];) - T depends only on 8|, - T for all @ € ©. Therefore the
above combined operator is well defined also when applied to functions living only on
edges.

Note that in this paper we address directly the positive definite Problem (2.4),
in the spirit of [12], instead of the mixed formulation. A vast literature exists on
the convergence analysis of the MITC elements, see for instance [9, 19, 26, 45] and
also [11, 27]. The MITC elements perform optimally with respect to the polynomial
degree and regularity of the solution, and their rate of convergence is independent of
the thickness parameter t.

3. Iterative substructuring. We decompose the domain 2 into N open, non-
overlapping subdomains €; of characteristic size H forming a shape-regular finite
element mesh 7. This coarse triangulation 7y is further refined into a finer triangu-
lation 73, of characteristic size h; both meshes will typically be composed of triangles
or quadrilaterals. In the sequel, we assume that the material tensor C is constant
constant through the whole domain; see Remark 5.2.

As it is standard in iterative substructuring methods, we first reduce the problem
to the interface

N
I = (U 39i> \ 99,

by implicitly eliminating the interior degrees of freedom, a process also known as static
condensation. In variational form, this process consists in a suitable decomposition of
the discrete space X = @ x U. More precisely, let us define W = X, i.e. the space
of the traces of functions in X, as well as the local spaces

X; =X N[HHW)? . (3.1)
The space X can be decomposed as
X=aN,X; & HW) .

Here H : W — X is the discrete ”plate-harmonic” extension operator defined
by solving the problem
Find H(wr) € X such that:

b(H(wF),vf) =0 VvreX;, 1=1,2,...,.N (32)

ﬁ(’wr)‘r = wr .
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Defining the Schur complement bilinear form

s(wr,vr) = b(H(wr), H(vr)), (3.3)

it follows that the interface component of the discrete solution satisfies the reduced
system

s(ur,vr) =< f,or > Vor € W, (3.4)

for a suitable right-hand side j" In order to simplify the notation, in the sequel we
will drop the index T" for functions in W if there is no risk of confusion. Moreover, in
the rest of the contribution C' will indicate a general scalar constant, independent of
H and h, which may change on different occurrences.

4. A Balancing Domain Decomposition method by Constraints. The
BDDC preconditioner, introduced by Dohrmann [23] and analyzed by Mandel and
Dohrmann [40], applies to the classical Schur complement system and can be regarded
as an evolution of the Balancing Neumann-Neumann preconditioner. In this section
we introduce the BDDC preconditioner of Ref. [23, 40], formulated with the notation
of Ref. [49]. We need a set of preliminary definitions.

In the sequel we indicate with

Fi Z:aQimF7

while T';;, 4,7 € {1,2,.., N}, will represent the common edge between two adjacent
domains €; and ;.

We introduce the local spaces W, as the spaces of discrete functions defined on
W, =W, i =1,2,.,N. Let H; : W; — Xlq,, i = 1,2,.., N, represent the
restriction of the operator H to the domain €;

Find H;(w;) € X|q, such that:
bi(ﬁi(wi),vi) =0 Vv, € X; (41)
ﬁ(wi)m = w; .

where the b;(-,-) are given by restricting the integrals in b(-,-) to the domain Q;,
i=1,2,..,N. -
We then define the local bilinear forms on the space W

si(wi, vs) = bi(Hyw;, Hiv;) Vw;,v; € W, , (4.2)
For simplicity, we adopt the shortened notation
sl(wz) = sl(wz,wz) Yw,; € Wl s

and the same for all the other bilinear forms appearing in the paper.

Furthermore, let the prolongation operators R;-f, 1 = 1,2,.., N be maps which
extend any function of W to the function of W which is zero at all the nodes not
in 09; NT. Conversely, we call R;, i = 1,2,.., N, the restriction operators W — W
that leave the function unchanged on I';. Note that, by definition of the s;, it holds

N
si(Riw, R;v) = s(w, v) Yw,v e W . (4.3)

=1
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We also need the following definition (see for example Section 6.2.1 of Ref. [49]).
Given any node z € T, define N, = # {j € N|z € 0Q;}. Then, the weighted counting

operators &; : W; — W (and their inverse operators 53 ) are defined by

div; (x) = Nyv;(x) Va node of 9Q; NT (4.4)
5Jvi () = Ny 'v;(z) Va node of 9Q; NT . '

Let the local constraint operators C; : W; — R3¢% be the operators that read the
function values at the corners of the subdomain €2;, with cc; the number of corners of
the subdomain. Then the local constrained spaces are

We will moreover introduce a global coarse space Wy C W, whose degrees of
freedom are the function values at the subdomain corner nodes. Given the number
m of such subdomain corners, let w, € R®™ be a vector representing the respective
nodal values. Then the space W is defined by

N
Wo={>_ Rl6lwo; | Ciwo; = RS we,we € R¥™, 5;(wo i, wo ;) — min},  (4.6)

=1

where R is the operator that extracts the corner node values for the subdomain €;
from the global vector w, of all the subdomain corner node values.
Any element w € W can be uniquely decomposed as

N
w:woJrZwi, woeWy, w; e W,fori=1,..,N . (4.7)
i=1

Let the inexact bilinear forms, see (4.6), be defined by

N
o(wo,vo) E si(wi0,vi0) Ywo,vg € Wy,
=1

(4.8)
Si(wi,v;) = s;(0;w;, 6;v;) Yw;,v; e Wy, i=1,2,.., N .
Finally, we define the coarse operator Py : W — W by
S0(Pou,vg) = s(u,vg) Yvg € Wy, (4.9)
and the local operators P; = RZTPZ- W — RZTWi by
§i(Piu,vi) = s(u, R} v;) Vv, e W,. (4.10)

Then, our BDDC method is defined by the preconditioned operator

P=>"P. (4.11)
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5. Uniform scalability of the BDDC preconditioned operator. In this
section, we bound the condition number of the preconditioned BDDC operator P
introduced in (4.11). We start by briefly re-stating the general results for BDDC
preconditioners of Ref. [40] and presenting our condition number bound for P. In
the following Section 5.1, we will present a partially different proof for the general
results of Ref. [40]. Our proof follows the setting and notations of Ref. [49], which
better fit our purposes. The main novelty lays in Section 5.2, where we will address
the following fundamental Assumption 5.1 for the MITC plate bending elements:

ASSUMPTION 5.1. Given any T';, i = 1,2,.., N, let & represent the set of the
edges of I';. Then, we assume that there exist two positive constants k., k* and a
boundary seminorm |- |,y on Wi, i=1,2,..,N, such that

[wil2p,) < k*si(ws) Vw, € Wi ; (5.1)

[wil2p,) > kusi(wi) Vw; € W ; (5.2)

wil?r,) = Z lwil2 Yw; e W, , (5.3)
ec&;

where | - |+ 15 a given seminorm on the edge e.

We notice that we cannot adopt the obvious choice |w;|.(r,) = si(w;), since it
can be shown that it does not satisfy (5.3), not even with a bound up to a uniform
constant. The following theorems are the main theoretical results of the paper.

THEOREM 5.1. If Assumption 5.1 holds, then the condition number of the pre-
conditioned operator P in (4.11) satisfies the bound

Cond(P) < C(1 + 5k;'k*).

The proof of this result is presented in the following Section 5.1.
THEOREM 5.2. The constants k., and k* of Assumption 5.1 are bounded by

H
k*gcla k*_lSCQﬁa

with constants C1,Cy depending only on the material constants and mesh regularity.
Therefore, we have the convergence rate bound

Cond(P) < C (1 + ZI) ,
with the constant C depending only on the material constants and mesh regularity.
The proof of this result is given in the following Section 5.2.

REMARK 5.1. The numerical experiments presented in Sec. 6 seem to indicate
that a sharper (poly)logarithmic bound might hold, at least for the simple geometry
considered in the tests.

REMARK 5.2. Since the proofs presented in this paper are already quite technical,
we refrain from a theoretical study of the condition number behavior in the presence
of jumps for the material constants. The numerical tests presented in Section 6 show
a very robust behavior also in this respect.

5.1. Proof of Theorem 5.1. In this section we prove Theorem 5.1. We modify
the proof shown in Ref. [40] following the theoretical setting of Ref. [49], Section 2.3,
since we believe this may allow for a clearer understanding of the results. We start
showing the following three lemmata.
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LEMMA 5.3. There exists a constant Cy such that every w € W admits a decom-
position

N
w=wo+ Y Rlw; w;€eW; i=01,.,N (5.4)

i=1
that satisfies
N
> si(wi) < CF s(w) (5.5)
i=0

It holds C’g =5.
Proof. Given w € W, let wg = Zivzl R;&wa be the unique function in W
such that C;wg; = C;R;w. Then set

w; = 5:(R1’u} - ’11)071') . (56)

From the definition of the operators (51»T in (4.4) it easily follows
N
> RI5{Rv=v YweWw. (5.7)
i=1
As a consequence of (5.7) and the above definitions we have
N N
wo + Z RZT’UJZ = wqo + Z R;T(SJ (le - ’wo,i) =w, (58)
i=1 i=1

which is identity (5.4). From the definitions (5.6), (4.8), some basic algebra and
identity (4.3) it follows

N

N N

i=1 i=1 i=1 i=1 (5.9)

First from (4.8), then recalling that C;wg,; = C; R;w and that by definition (4.6) the
woy,; are local energy minimizers, we get

§0(w0) = Z si(wo,i) S Z sz(le) = s(w) y (510)

i=1 i=1

where we again used (4.3) in the last identity.
Combining bounds (5.9) and (5.10) finally gives (5.5) with C3 = 5. O
LEMMA 5.4. There exist constants 0 < e;; <1, 1 <4,5 <N, such that

|s(R] wq, R} w;)| < €5 s(R] w;) s(R] w;) , (5.11)

for w;, € W, and w; € W;. Denoting the spectral radius of E = {e;;} by p(E), it
holds p(E) < 13.
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Proof. The proof is a classical coloring argument and will be presented briefly.
Simply, the support of a function H(RI w;), w; € W, is given by the interior of

U 9 (5.12)

where Z; is the set of indexes j such that ); shares an edge with ;. Therefore,
using a Cauchy-Schwarz inequality, it immediately follows that there exists a matrix
E = {e;;} which satisfies (5.11), each row of which has at most k elements equal to 1,
and the remaining terms are zeros. It is easy to check that the integer £ is equal to
13 in the quadrilateral case and equal to 10 in the triangular case. As a consequence
it holds

P(E) < [[Eflp-~ <13

The result is proved. 00
LEMMA 5.5. There exists w > 0 such that

s(RTw;) < w §;(w;) Yw;, € Wy, i=1,2,..,N ; (5.13)
s(wo) < w So(wo) Vwy € Wy . (5.14)

It holds w = 2(1 + 5k *k*).

Proof. Consider w; € W, i = 1,2,.., N. By definition (4.4) and recalling that
the functions v; € W; vanish at the subdomain corner nodes, it is immediate to check
that

0;v; = 2v; s (ST’Uz = % Vv, e W;, i=1,2,..,N . (515)

Therefore, by definition (4.8) and identity (5.15) it follows
§l(w1) = Sz<(52’wl) = 48l(’w,) . (516)

Due to (4.3) and definition (4.2) it holds
N
s(RTw;) = s;(R;Rfwi) = Y s;(RjR w;) (5.17)

where =; was defined after equation (5.12). Consider now j € Z;. If ¢« = j, then
clearly

sj(Ri R w;) = s;(w;) . (5.18)

If i # j, then w; is null on all edges of I'; excluded T';;. Therefore, using (5.2)
and (5.3) we get

sj(Rj R} w;) < k*_1|RjR?wi|3(r_,») = k§1|RjR;'[wi|3(rij) = k*‘l\wi\?(pﬁ) , (5.19)
which using (5.3) and (5.1) yields
si(Rj R wq) < ki Hwil?p,) < KR si(wg) (5.20)

Combining (5.17) with (5.18), (5.20) and observing that €2; has at most four neigh-
bours, gives

s(RTw;) < (14 4k k;Y)ss(wy) (5.21)
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which recalling (5.16) implies
s(Rwi) < (1/4+ Kk )5(w;) - (5.22)

Bound (5.13) is proved; we now show (5.14).
First using identity (4.3) and definition (4.6), then with some basic algebra and
recalling (4.8), we obtain

N
=> si(Ri ZR dlwo ;)
j=1

=1
N N
<23 (silwo,) + silwo; — B Y BY owo ) (5.23)
=1 ]:
N N
:250('[1)0)—"-228z wo,; — Z wod

i=1 j=1

From (5.7) and the definition of the R; operators we get
wo,; = R ZRT(STR RTw ; . (5.24)

As a consequence, it holds

N N
S; (woﬂ' —R; Z R]T(S;L’wod)

1 j=1

~.
Il

N (5.25)
= si(R; ZRT(ST R; R wo,; — wo ;) -
=1
It is easy to check that, for all i =1,2,.., N,
R; ZRT(ST (RjRTwo,; —wo ;) € W, , (5.26)

since it is zero at the nodes of the subdomain corners. For the same reason we also
have, for all j =1,2,.., N,

(RjRZTwW — ’wo)j) € Wj . (527)
Due to (5.26) we can apply bound (5.2) and obtain

N
Z Z ffT(SJr R RTU}O P ’U.JQJ‘))

i=1 j=1

<k! Z |R; ZRT(S* R;RTwo,; — wo;)2r,) (5.28)

<5kT 1 Z Z |R; RT(sT R; RT’U)O,i - wo,j)ﬁ(m) )

1=1j€E;
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where Z; was defined after equation (5.12). First using property (5.15), then assump-
tion (5.3) and some simple extension-restriction arguments, we get from bound (5.28)

Zs, Z RT(ST(R Rl wg,; — wo;))
=1

JEE;

5
< Ak Z Z |RiR.7T(RJ’RszO,i - wO,j)|3(ri)

i=1 j€eS,

N
5
yP > > IRRIwo; —wo i, (5.29)
* z‘*ljea,j#i

§2l€ Z Z |w07,

i=1 ]e‘—‘laj#z

< 5k Z lwo.il3r,)
=1

Tri,) T lwo, |T(r”)

Applying (5.1) and using definition (4.8), bound (5.29) gives

Zsz ZRT‘sT R R wo,; — wo,;))
i=1

7N (5.30)
< 51{;1]3* Z SZ‘(’UJOJ‘) = 5]6:1]{3*50('11}0) .
i=1
Combining bounds (5.23), (5.25) and (5.30) it finally follows
s(wo) < 2(1+ 5k, k*)30(wo) (5.31)

which combined with (5.22) proves the lemma with w = 2(1 + 5k 1k*). O

In Ref. [49] the following result is shown.

THEOREM 5.6. Let Cy,w, p(E) be the constants appearing in Lemmata 5.3, 5.4
and 5.5. Then for the condition number of the additive preconditioned operator P =
SN Pi it holds

Cond(P) < C2w(p(E) +1) .

Theorem 5.1 follows immediately combining Theorem 5.6 with the bounds in Lem-
mata 5.3, 5.4 and 5.5.

5.2. Proof of Assumption 5.1. In this section we prove that Assumption 5.1
holds for the MITC plate bending problem (2.4), and show the respective bounds for
the constants k., k*.

The local spaces W;, i = 1,2,.., N, are composed by rotation and deflection
parts, which we indicate in the sequel as

Accordingly, we indicate the rotation and deflection parts of the constrained space by

Wi:G')Z'XUZ'7
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where the functions of ©; and U; vanish at the subdomain corner nodes. In the
sequel, given any w; = (0;, u;) € W, we will indicate with H;0; the rotation part of
its energy-harmonic extension H,;w; defined in (4.1). Similarly, H;u; will represent
the deflection part.
Proof of the upper bound (5.1). We start by defining the following edge
seminorm on the rotation part
0, = inf € . 5.32
10il(e) . lle(@)llL2(0.) (5.32)
for all e € &;. Note that, simply restricting the choice in the infimum and since the
number of edges of each subdomain is finite, it holds

0> ,<C inf € 2 o - 5.33
eeZgl 56y < we[m(mwm:ei" (W)ll72(0:) (5.33)

We can now introduce the following seminorm on the space W :

|wz‘|3(r,-) = Z \wiﬁ(e) Vw; = (0;,u;) € W, ,
[wil2 (o) = 10i2 ) + ht2|[110; - T — wil[ 72,

where 7 is the tangent unit vector at the boundary and the apex indicates as usual
the derivative, in the direction of 7, for functions defined on the (one dimensional)
boundary. Note that due to property (P6) the operator II is well defined also when
restricted on boundary edges. Norm (5.34) clearly satisfies (5.3) by definition. We
will now show the remaining two properties. Consider w; = (6;,u;) € W;. Using
bound (5.33) with the choice v = H;8;, it follows

Z ‘01‘,3(6) < CHE(ﬁZeZ)H%?(Ql) < 404_1 az(ﬁﬂz) y (535)
ecé&;

where @ = a(E,v) > 0 is the coercivity constant for the elastic moduli C. First
recalling (P6) and the definition of gradient, then using Agmon inequality (see [1])
and an inverse estimate we get

Z ht_2HH 92 T — ’U,;H%z(e) = Z ht_QH (H ﬁﬁl - Vﬂiume . T||%2(e)
ocE; cCE; (5.36)
< Ct72”H H0; — Vﬁl’LLszLz(QJ )

where the constant C' depends only on the mesh shape regularity. Finally, combin-
ing (5.35) and (5.36) with definition (5.34) we get

|w1|3(n) < 4a_1 al(ﬁzﬂl) + Ct_2||H ﬁzez - Vﬂz“z”%ﬁ(gzl)

_ (5.37)
< kKb (Hyw;) = K s;(w;)

where k* is a new constant depending only on the mesh regularity and material
parameters. Assumption (5.1) is proved.

Proof of the lower bound (5.2). Assumption (5.2) is without doubt the more

involved; we will make use of the properties (P1)-(P6) already introduced. Consider

w; = (0;,u;) € W,. In the sequel, Q; will indicate the restriction of the auxiliary
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space @, introduced in (P5), to the domain ;. We start by solving the following
rotated Stokes problem
Find 6 € ©,,p € Qi/R s.t.
(VO,VA) + (p,curln) =0 ¥n e ©;N[HL(Q)]?
(curl@,¢) = 0 Vg € Q;/R
0= 9, onl .

(5.38)

Due to the stability property (P5), problem (5.38) has a unique solution and, using
standard techniques, it can be shown that

101510y < ClOilirer,) - (5.39)

We also define the function 3 : ; — R?
1 N
Bx,y) = 5o [yp — v, 2 — m]" / curl (5.40)
2| o

where (x,y) are the standard cartesian coordinates and (xyp,y,) represents the bari-
center of ;. It is immediate to check that

/ curl (@ —B8) =0, (5.41)
Q;
and, since curl 3 is constant,

(curl B,q) =0 VYqe Q;/R. (5.42)

As a consequence of the second identity in problem (5.38) and due to (5.41), (5.42)
one has

(curl (0 —B),q) =0 Vg€ Qi (5.43)
i.e.
Pcurl(@—8)=0, (5.44)

where the projection operator P was defined in property (P3). Combining (5.44) with
property (P3) we get curl II(6 — 3) = 0, which, due to (P4), gives the existence of a
function ¥ € Ulq, such that

e -B)=vv . (5.45)

Using a standard approximation and scaling argument on ;, we get from (5.40)
C T e e
1Blle2() < gz lllve =y, 2 = 2] llr2() ; curl 8| < C| ; curl 0] . (5.46)

We now introduce the additional problem

Find @ € U; s.t.
(Vi — V¥, Vo) =0  YoecU;NHy(Q) (5.47)

U = U onl}; .
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Using identity (5.45) and a triangle inequality, then noting that 3 € T', see [19], we
obtain

1110 — V|2 (0,) < IV = V|| 20, + [18][20,) = [V = @l 0 + 118ll2(0.) -
(5.48)
Note that by definition (5.47) it holds

u—V = Hz(ul — \I/|1-'1) 5 (549)

with H, the standard harmonic extension in the discrete space U;. Moreover, since
U is defined up to a constant, we can choose ¥ such that

JL

First using (5.49) and well known properties of the discrete Harmonic extension (see
for instance [49]), then using (5.50) and a standard scaling argument, we get

r—u) =0 (5.50)

@ — g0, < CUIr,) = wil gz, < CHYZ|(®

r,) —uillL2r,) - (5.51)
Recalling (5.45) and due to (5.38) and (P6) it follows
(W

Fi)l:V\prle:H(é—ﬁ)

Fi'T:H(ei_/B

r.) T, (5.52)
which, using again II3 = 3, becomes
(Tlr,) =110; -7 — BIr, - T . (5.53)

Due to (5.51), (5.53) and a triangle inequality

|V — | a,) < CH1/2(||H9i T —uil| L2, + 18

r; 'T||L2(Fi)) . (5.54)

Using property (P3) and recalling that constant functions are contained in Q;, an
integration by parts easily gives

/ curl @ = / curl 16 = / curl (16 — Vi) = / (110 — Vi) - T . (5.55)
Q; Q; Q; r

i

Combining (5.46) and (5.55), a standard scaling argument gives

I8lliz@ <€ [ 1016~ V) 7| < CH|(116 — V) - 7l oy
(5.56)
= CH1/2HH01 — u;HL2(F7) .
Using again a scaling argument, the definition of 8 (cf. (5.40)) and (5.56) lead to

BIlz2(0y + H' 2B, - Tllz2(ry) < ClIBIL2y < CHY?||T0; — uf||p2r,) - (5.57)

Combining (5.48) with (5.54) and (5.57), we obtain the bound

HHé — vﬂHLZ(Qi) < CHl/QHHBi — u;HLz(pi) . (5.58)
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We are now ready to bound s;(w;). By definition, the local energy harmonic extension
H,w; = (H;60;, H;u;) is given by

Find H;(w;) € W such that:
bi(ﬁi'wi,v) =0 Vv e X (559)
ﬂiwi

r, = w;,

where X is defined in (3.1). Let in the sequel @ € X|q, be given by @ = (8, 4). Note
that, due to the definitions (5.38), (5.47) and (5.59) we have

Hiw;,—w=0 onl;.
Therefore (H;,w; — w) € X; and, due to (5.59), it satisfies
bi(Hiw; — w,v) = —b;(,v) YveX;. (5.60)
As a consequence of (5.60) it easily follows
bi(Hiw; — ) < b(w) , (5.61)
which, recalling the definition of s;, gives
si(w;) = bi(Hw;) < 4b;(w) . (5.62)
Therefore, we need to bound
bi(w) = fli(é) +177||116 — ~Vﬂ||2L2(Q,-) (5.63)
< Clle(@)l72(0,) + 2|0 — V|12, -
From (5.39) we get
1€)|72(0,) < 181310, < ClO:lmiar,) - (5.64)

Recalling that 8; vanishes at the subdomain corner nodes, we can apply Lemma 7.1
in the Appendix and get from (5.64)

1€(0)[[72(0,y < C(1+1og® H/R) > 10ilF11/2(,) - (5.65)
ee&;

Furthermore, using again that @; vanishes at the subdomain corner nodes, we combine
Lemma 7.2 in the Appendix (with the choice s = 2) and (5.65) in order to obtain

1e(@)]17 2, < CCH/M)Y(1 4 log® H/h) > 1602, - (5.66)
ecé;

Finally, joining (5.62), (5.63), (5.66), (5.58) and recalling definition (5.34) it follows

si(w;) < C(H/R)'?(1+1og® H/R) Y 102 ) + t2H||T10; — wj[72r,
bperd (5.67)
< C(H/h) [wil3r,) -

Bound (5.2) is therefore proved with
kit =C(H/h),

with the constant C' depending only on the material constants and mesh regularity.
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F1a. 6.1. Degrees of freedom for the MITC 9 element

6. Numerical results.

6.1. MITC9 discrete spaces. In the numerical tests, we adopt the MITC 9
quadrilateral element. Since our tests are performed on rectangular meshes, we here
briefly summarize the discrete spaces of the MITC 9 only in the simpler rectangular
case. A more general description can be found for instance in [8].

Given a rectangular mesh 7, let the discrete spaces be defined as

© = {n e [Hy(Q)* : nlx € [Q(K)]* VK € m}

U= {’I’] GH&(Q) : 77|K S QQ(K)ﬂ'Pz),(K) VKETh} s (61)

where Q2(K) and P3(K) represent respectively the standard spaces of biquadratic
polynomials and third order polynomials on the element K.
Moreover, the space I is given by

r= {’Y € HO(Curl;Q) : ’7|K € Spa'n[(17x7y7wy7y2) X (17.’17,y,$(}2,$y)} } ) (62)

where z, y are standard cartesian coordinates and Ho(curl ; §2) is the space of functions
in [L2(2)]? with curl in L?(£2) and vanishing tangent component at the boundary.

The operator 1T, acting on all n € [H*(Q2)]> + T, is then defined on every element
K by

/(n_nn)pl =0 Vedgel of K,¥p € Pi(l) .
l

/K(n—Hn)=0,

where P (1) represents the space of the linear polynomials on the edge . The degrees
of freedom for the MITC 9 element are schematically depicted in Figure 6.1. Finally,
we note that the auxiliary space ), which does not appear in the implementation, is
simply given by the space of piecewise linear discontinuous functions on 7, with zero
global average.

6.2. Matrix form of the BDDC preconditioner. The BDDC preconditioned
operator P defined in (4.11) can be written in matrix form as

(6.3)

P=M"'5,

where M~ is the BDDC preconditioner and S is the Schur complement of the plate
stiffness matrix associated with the Schur complement bilinear form (3.3), i.e.

s(wr, vr) = wi Svr.
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We denote by K the local stiffness matrix of the plate problem (2.4) restricted
to subdomain ;. By partitioning the local degrees of freedom into interior (I) and
interface (I'), and by further partitioning the latter into edge (E, also known as dual)
and corner (C, also known as primal) degrees of freedom, then K () can be written as

‘ o K® K(i)T K(i)T
gO - | KDOED | e G
- Kl(j[) Kl(jlz Kpr KEE Kok

(2) 3
K8y K&y Kee

Following the framework of Li and Widlund [34], the BDDC preconditioner can
be written as

M~'=R} .S Rpr, (6.4)
where
N (4) ®»T 1
o- ; K K 0 -1 4T
Sr1 =RL, Z{ 0 R(Z)T } [ i al ‘| [ (4) ] Rrg + ®5,-9°.
= = KG KGe R

<

(6.5)
The first term in (6.5) is the sum of local solvers on each subdomain €2;, defined in
(4.10), with Neumann data on the local edges E and with the vertex variables con-
strained to vanish. The second term is the coarse solve (4.9) for the vertex variables,
that we implemented as in [34, 43] using the coarse matrix

SR S U e R I I ON .
Scc = ZRC Koo — [ K(cll)r ng)nj } 0 B % Re

K(l) K K(i)T
i=1 EI EE CE

and a matrix ® representing a change of variable given by

oSS o g || KR RE ] e
® = Rrc — Brp “)RZ} 5 EL I | RE.
S Ky K | L KG

The scaled restriction matrix in (6.4) is defined by the direct sum Rp p = Rre @Y,

R%), pRre and we refer to [34, 43] for a detailed description of the other restriction
and interpolation matrices.

6.3. Numerical tests. The discrete Reissner-Mindlin plate problem (3.4) is
solved iteratively by PCG with the BDDC preconditioner described before. The plate
midsurface Q is the reference square, subdivided into vN x v/N square subdomains
of characteristic size H. The algorithm has been implemented in Matlab, the initial
guess is always zero, the right hand side is a uniform unitary load, and the stopping
criterion is |7k |l2/[[roll2 < 1076, where 7y, is the residual at the k—th iterate. In all
our tests, the minimum eigenvalue A,,;;, of the BDDC preconditioned operator was
always very close to one (1 < \pin < 14+7-1073). Therefore, in all our BDDC results,
we will report for brevity only the maximum eigenvalue Ap;4x, which is essentially
equal to the condition number.

Ill-conditioning of the original discrete Reissner-Mindlin plate prob-
lem. We report first in Fig. 6.2 the condition number estimates, computed with the
Matlab function condest(-) of the unpreconditioned discrete Reissner-Mindlin plate
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Fic. 6.2. Conditioning of the discrete Reissner-Mindlin plate problem discretized with MITC9
plate elements as a function of 1/h (left) and as a function of t (right).

problem discretized with MITC9 plate elements. The left panel shows the loglog plot
of the condition number estimates as a function of 1/h for given values of ¢: the com-
parison with the reference dashed line indicates that, after an initial slower growth,
the condition numbers seem to settle toward an O(h=2) growth. The right panel
shows the loglog plot of the condition number as a function of ¢ for given values of
1/h: the comparison with the reference dashed line indicates an O(¢t~2) growth.

BDDC scalability. Table 6.1 reports the results of a scalability test for BDDC
where the number of subdomains N is increased from 4 to 576 and the mesh size is
decreased proportionally from h = 1/8 to 1/96, so that the subdomain size is kept
fixed, since H/h = 4. Four different values ¢t = 1071,1072,1073,10~* are considered
in four different columns. In each case, the results show that Ap;ax is bounded
from above when N increases, i.e. our BDDC plate algorithm is scalable in complete
accordance with the theoretical results of Theorem 5.2. The corresponding iteration
counts are also bounded from above for t = 10~!, while for smaller values of ¢ they still
exhibit a slight growth probably due to N not being sufficiently large. The values of
Amaz from Table 6.1 are plotted in Fig. 6.3, left panel, while the right panel shows the
scalability results for the two values H/h = 2,4 fixing the plate thickness to t = 1075.

BDDC quasi-optimality. Fig. 6.4 displays A\ysax as a function of the ratio
H/h when the number of subdomains N = 4 x 4 is kept fixed. Three different
values of t = 1071,1072,10™2 are considered. In each case, the plots indicate a
(poly)logarithmic growth of Ap;ax, hence of the condition number. The behavior
of the method with respect to the ratio H/h seems therefore to be better than the
theory prediction, at least for the considered test based on a simplified plate geometry
and decomposition into subdomains. This subtle point and the influence of complex
geometries will be the subject of future research.

BDDC robustness in t. In Fig. 6.5, the values of A\j;4x are plotted as a
function of ¢ for three cases from Table 6.1 (1/h = 16,32,64). The results show
clearly the independence on t of the BDDC condition number: after an initial growth
in going from ¢ = 107! to t = 1072, A\jrax decreases and settles to a constant value
with decreasing t, again in full agreement with the developed theory.

BDDC robustness with respect to jump discontinuities of the plate co-
efficients. In Fig. 6.6, we consider a plate problem with increasing jump discontinu-
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TABLE 6.1
BDDC scalability: mazimum eigenvalue Apyax and iteration counts it. for increasing number
of subdomains N of fized size H/h =4 and t = 10~1,1072,1073,1074.

t=10""1 t=10"2 t=10"3 t=10""1

1/h N Avax it | Apmax it | Aprax it | Aprax it

8 4=2x2 1.978 6 | 2.075 71 2.078 7| 2.438 8
16 16 =4x14 5333 10| 6.230 12| 6.180 13 | 6.179 17
24 36=6x6 5755 13 | 8137 16| 7.729 18 | 7.723 20
32 64 =8 x38 5290 15| 9.123 19| 8.419 21 | 8405 23
48 144 =12 x 12 | 4.924 16 | 10.008 23 | 8.949 24 | 8920 26
64 | 256 =16 x 16 | 4.920 16 | 10.219 27 | 9.165 27 | 9.102 28
96 | 576 =24 x 24 | 5.001 17| 9.790 29 | 9.352 28 | 9.214 30

19

——t=1le-1
—s—t=1e-2
—+—t=1e-3

—o—t=1le-4

L
0 100

L L
200 300

L
400

NUMBER OF SUBDOMAINS N = (ZL/H)2 (FIXED H/h = 4)

600

10

50 100

150
NUMBER OF SUBDOMAINS N = (l/H)2

200

250

300

F1a. 6.3. BDDC scalability: mazimum eigenvalue Ayyax as a function of N for different values

of t, fizred H/h = 4 (left, from Table 6.1) and for different values of H/h, fized t = 10~3 (right).
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Fi1G. 6.4. BDDC quasi-optimality: mazimum eigenvalue A\prax as a function of H/h for fized
number of subdomains N =4 x 4 and t =1071,1072,1073,
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Fi1G. 6.5. BDDC robustness in t: mazimum eigenvalue A\prax as a function of t for different
choices of h and N.

ities in Young’s modulus across subdomain boundaries, for fixed h = 1/64, N = 4 x 4.
As depicted in the top left panel, Young’s modulus E is changed to pE, where the
coefficient p is fixed to one in the boundary subdomains but it is varied by 8 orders
of magnitude from p = 107 to 10* in the 2 x 2 interior subdomains. The table in
the bottom panel reports Ay;ax and the iteration counts it. for increasing discon-
tinuity jump pE and decreasing values of plate thickness ¢t = 101,102,103, 104,
in different columns. The case denoted by - in the table could not be run due to
excessive rounding errors. The same values of Aj;4x are plotted in the top right
figure as a function of p, on a logarithmic scale. These results clearly show the ro-
bustness of our BDDC plate algorithm with respect to the jump discontinuities in pE
up to 8 orders of magnitude. We also remark that without the BDDC preconditioner,
unpreconditioned CG failed to converge in the tests with largest jumps.

7. Appendix: two technical Lemmata. In this Appendix we will indicate
with w C R? a convex quadrilateral or triangular domain of characteristic size H and
with £ the set of its edges. Moreover V', will represent a continuous finite element
space of functions Ow — R2. Finally, h will indicate the characteristic size of the mesh
defining V', and we will assume that the functions of V', vanish at the corners of w.

The proof of the following Lemma is not shown since it follows easily, for instance,
from analogous results in [49].

LEMMA 7.1. It holds

W[31/2 (00 < C(L+10g” HIR) Y " |0l3/2 Yo €V,
ec&

where the constant C' depends only on the shape reqularity of w, the shape regularity
of the mesh and the polynomial degree of Vy,.

We also have

LEMMA 7.2. For any real number s > 0 it holds

031120 < Cs (H/h) 75 v, Yo eV, Veel,
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4 x 4 subdomain
decomposition

. . . . . .
10° 107 107 10° 10' 10° 10° 10
DISCONTINUITY JUMP p IN YOUNG MOD. (fixed h=1/64, H=1/4, H/h=16)

t=10""1 t=10"2 t=10"3 t=10"1
p Amax it | Apmax it | Aprax it | Aprax it
107* ] 7084 12| 7652 15| 7.561 16 | 7.533 19
1073 | 7.086 12| 7.635 15| 7.559 16 | 7.537 19
1072 | 7103 12| 7.700 14 | 7.461 16 | 7.579 18
101 7.243 12 | 8.991 15| 8350 17 | 8316 19
1 7727 12 | 11.440 17 | 10.447 18 | 10.391 21
10 9.280 12 | 17.564 17 | 14.689 19 | 14.587 24
102 18974 13 | 25.700 18 | 18.996 21 | 18.818 26
103 20.933 14 | 27.611 19 | 19.848 21 | 19.665 28
10% 21.167 15 | 27.829 21 | 19.942 20 - -

F1G. 6.6. BDDC robustness with respect to jump discontinuities in Young’s modulus pE. Top
left: 4 x 4 subdomain decomposition of Q with p = 10~%,... [ 10* in the 2 x 2 interior subdomains
while p = 1 in the boundary subdomains. Top right: plot of the data for A\prax in the table below.
Bottom: table with mazimum eigenvalue Aprax and iteration counts it. for increasing discontinuity
jump pE and decreasing plate thickness t = 10~1,1072,1073,10~%, for fized mesh size h = 1/64,
number of subdomains N = 4 x 4, subdomain size H/h = 16.

where the seminorm | - |y is defined in (5.32). The constant Cy depends only on s,
the shape regularity of w, the shape regularity of the mesh and the polynomial degree
of V. Furthermore, Cs — 400 as s — 0.

Proof. Consider e € £. By the definition of the H'/?(e)-norm, definition (5.34) and
due to the dense inclusion C*°(w) C H' (), it is sufficient to show that it holds

IVY[|L2(w) < Cs £ le(@)llr2@w)  (7-1)

inf . in
PE[C®(w)]?,p]e=v]. Pe[C>®(w)]?,2p|e=v]e

for all v € V). It is easy to check that (7.1) is implied by
IV YllL2(w) < Cslle(®)||r2w) (7.2)

for all 9 € [C°°(w)]? vanishing at the two endpoints of e.
Due to Lemma 4 in [31] we have

inf [|V(¢ +9)||120) < Clle(®)l L2 - (7.3)
PYER
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where R denotes the set of rigid body motions of w. By definition, any 1 € R can be
written as

Y(x,y)=c+pB[-y,2]", ceR®, BER, (7.4)

where z,y are the standard cartesian coordinates. It holds

IVl 2wy < C|BIH - (7.5)
Let now v = (vg,vy) and v/ = (v,v,) denote the two endpoints of the edge e.
From (7.4) it easily follows
() — ()| C ol N
— < — f— .
9= Tt < 77 1B0) =501 (76)
where || - || indicates the I; norm

loll = loil + 2l Voo =[p1,00]" €R?.

Observing that ¥ (v) = ¥(v') = 0, from (7.6) and the fundamental theorem of calcu-
lus, we get

C

18] < % @) +4@) = @)+l = 5 II/[V(E+¢)]TII ;o (1)

where 7 is as usual the tangent unit vector. First joining (7.5) and (7.7), then using
the techniques in Lemma 4.1 of [20], for any s > 0 we obtain

V|2 < CII/[V@ﬂHMTII < CoHT ||V +9)l|r2ve) Y ER, (7.8)

where the constant C(s) depends on s and blows up as s — 0. Taking the infimum
in (7.8) and using an inverse estimate it now follows

inf [|V(3 + )| L2(w)- (7.9)
YPER

inf || V|2 < C(s) (H/h)7
PER

By the triangle inequality, a combination of (7.9) and (7.3), we finally have
llzs < inf (190 + Bz + VPl

< Cy (H/h)7 |e(¥)]|r2(0) -

(7.10)
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