Atomistic and continuum descriptions of fluids:
some examples of their inter-relations.

Errico Presutti

STAMM Conference. Levico. September 22-25, 2008.



Contents.

Part I: A short survey on ferromagnetic systems

Macroscopic—Mesoscopic—Microscopic theories.

Will recall classical notions as:

Free energy, Ginzburg-Landau functional, Gibbs measures.
Kawasaky dynamics, Gradient flows, Cahn Hilliard, Stefan problem.

Goal:
underline role of scalings to connect the different levels.



Part Il: Stationary non equilibrium states.

Example: Heat flow from hot to cold plates; stationary state with
non zero heat current.

Goal: (non equilibrium) thermodynamic theory of such
phenomena. An open problem at least at the microscopic level.

Recent progresses have been obtained which | will elaborate at the
macroscopic level.
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I.1. Macroscopic Theory

Starts with a primitive notion of thermodynamic equilibrium. We
thus suppose to have:

The free energy as a function of the order parameters (which
characterize the thermodynamic states).

Postulate 1. The system is a continuum body:

Each macroscopic point is a large system of molecules in
equilibrium

the equilibrium is specified by the order parameter and the
corresponding free energy

States: order parameter valued functions on <2

Q: region occupied by the system



Specific example.

Ferromagnetic crystal where relevant order parameters are:
temperature and magnetization m along a characteristic axis.

Free energy density f3(m) of the inverse temperature 5 and of the
the magnetization density m.

B is kept fixed (in space and time), only order parameter is m.



Postulate 1. Barometric formula.

The free energy of a state m(-) is:



Postulate 2. Gradient dynamics.

Conservative dynamics:

x(-) > 0 “mobility coefficient”.

Z—T =V (xvf(m)

Diffusion equation with coefficient D := xfz'(m).



The Curie-Weiss free energy is the convex envelope of
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Figure: Curie-Weiss free energy at 5 < 1

D > 0. Strictly parabolic



Figure: Curie-Weiss free energy at 5 > 1, linear for [m| < mg.

D = 0 when |m| < mg. Free boundary problem, Stefan problem.
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Shortcomings of macroscopic theory

The theory does not distinguish magnetization values in

[=mg, ma];
any profile m(r), |m(r)| < mg, is invariant.

Instead we observe as time grows:
Microstructures, mushy regions, interfaces, Wulff shape.

Blow ups needed to catch such phenomena.
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1.2 Mesoscopic Theory

Free energy fzg(m) no longer a primitive notion.

Postulate 1. The system is a continuum body:

Each macroscopic point is (still) a large system of molecules
but not necessarily in thermodynamic equilibrium

Local state specified by magnetization density m € R.
States:

Functions m(r), r € A\

A: blow up of the macroscopic region Q
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Free energy of m(-) is no longer “local” (points interact with each
other)

The Ginzburg-Landau free energy of the state m(-) is:

/W )+ |Vml?

W(r)

Figure: 8 > 1, W is double well with minima at £1.
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Scale transformation:

N

Figure: Q — A =&¢71Q, macro — meso.

To any mesoscopic profile m € L1(¢71Q) we associate a macro
profile
u(r):==m(er), reQ
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Define free energy of u as F}(u) = F(m), so that
F*(u) = s_d/Q{W(u) + 2V}
and the free energy density of u as
Fu(u) = e9F*(u /{W )+ 2 Vul?)

Macroscopic behavior in the limit £ — O:
choice of topology essential
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In the macroscopic theory u(r), r € , is the magnetization
density of a macroscopically small yet mesoscopically large portion
of the fluid. Thus:

Two magnetization profiles v and u on 2 are called close if, for
6 >0 and > 0 small,

1Ks(v — )l /|K5 Vo) <¢

where

1
Bs(r)| JBs(r)

Bs(r) the ball in the torus Q of radius § > 0 and center r,

f(r')dr

(Ksf)(r) = |
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Theorem.
The Gamma limit of F. exists and it is given by

Free(u) = [ CEWHu(r)

namely:
Fmacro(y) .= liminf lim inf inf Fo(v)
G0—=0 =0 [[Ks(v—u)ll;1(9)<¢

(same with limsup)
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Gradient dynamics:
dm

__ OF(m) _ /
/= sm(r) _X<W B 2Am)

Supposing x = 1 we get the Cahn-Hilliard equation

C;—”; - A(W’ _ 2Am)
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Hydrodynamic limit.

By parabolic rescaling
u(E)(r, t) = m(eilr,efzt),

m(r, t) solving Cahn-Hilliard. Explicitly:

du(®)
dt

- A(W’ _ 252Au(€>)

and if W is strictly convex, u(®) — u where

du
— =AW
dt

(W” > 0 the diffusion coefficient).

If W is a double well convergence to a free boundary problem.
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Shortcomings of mesoscopic theory
Fluctuations are not taken into account (in macro-theory as well).
Spinodal decomposition, metastability,....

Effects of fluctuations on interface dynamics 7777
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1.3 Microscopic Theory
The Ising model
A a torus of Z9 (periodic boundary conditions)

op spin configuration € {—1,1}" = phase space

op(x) spin at x € A, oa(x) € {—1,1}
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Energy

Ha(oa) = —% > J(x,y)on(x)oaly)
xZy
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and 0(7),

Ground states: af\ﬂ

af\ﬂ(x) =1, a/(\f)(x) =—1, forall x e A

a,(\i) are not equilibrium states: minimize energy not free energy.
Gibbs penalty. Configurations o have penalty ePHR" (on)
op has “weight” e PHR" (on),
The energy E has then weight:
w(E) = Z e BE —. ¢=B(E=S(E)/B)
onHY ™ (on)=E

S(E) = log number of configs. with energy E
Boltzmann hypothesis: S(E) entropy.

late]



Basic Postulate.

The thermodynamic pressure pg is

|og Zg,/\
= m

p3
where

g\ = Z e AHR"(0n) = partition function
OA

Heuristic justification:

Zap\ = Z e PE=S(E)/B) » exp{—ﬁir;_f[E — S(E)/B1}
E

(since E and S(E) grow proportionally to |A[).
Use thermodynamic relations......



Definition. The fractional weight of o is the Gibbs probability of
ONA:
e~ BHR (o)

Z3 A

’

Gaa(op) =

Postulate 2. logGg(on)(on &~ u) (i.e. the “Gibbs probability of
the macrostate” u € L}(Q,[~1,1])) is minus the “excess free
energy” of u.

log Gg A (a/\ R u) =log Zga(opn =~ u) — log Z A

Zs.\( =D et

oARU

NEC



Gibbs probability of a macrostate.

Q = unit torus in RY.
A=ec1Qn7Z9.

r € Q +— window in A=
{x EN:|x—etr] < R} = Br(etrynzd

the empirical magnetization profile is the (random, i.e. it depends
on op) function on Q :

1
us r(r;on) := @ Z on(x)

xEBg(e~1r)nzd



Gibbs probability of a macrostate u (with accuracy ( > 0):

Gon(llusr(r:) = ulliyie) <€)

The excess free energy density of u is equal to

Fo**(u) 1= — lim lim = log Gis (|| u= (1) — ullyey <€)
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Theorem. There exists a convex function fg(m) so that for any
u € LYQ):

Fo(u) = [ fu(r) = inf fo(m))

| in f3(m) = —pg. The free energy density of u is
m|<1

Flu) = /Q fa(u(r))

Phase transitions.
Ind > 2 exists Bc >0 and mg >0, 3 > [, so that
fs(m) is linear in the interval [—mg, mg].
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Kawasaki dynamics

Nearest neighbor sites x and y exchange their contents at rate

c(x, y; op) 1= e P (on") =" (an)]/2

on(z), z#x,y
oY (z)=qonx) z=y

oaly) z=x

Gibbs measure invariant under Kawasaki dynamics.

IaYe)



G =0, infinite temperature, ideal gas.

Stirring process: independently each pair of nearest neighbor sites
exchange their contents at rate 1.

Identify particles with spin 1 and absence of particles with spin —1.

Isomorphic to Exclusion process: each particle independently of the
others chooses at rate 1 a nearest neighbor site and jumps there if
arrival site is empty.
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Graphical Representation
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Figure: Time in vertical direction

91



Stirring process converges in “hydrodynamic limit” to:

dm
A
a -7

Varadhan-Yau have proved convergence for 3 < (. to

CZTT - V(Dvm)

Examples of convergence to free boundary problems for other
models...
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Part Il. Fluctuations.

Macroscopic fluctuations: prevent from being trapped in stationary
non equilibrium states.

e Spinodal decomposition (escape from local maximum)

e Tunnelling and metastability (escape from local minimum)

Penalty functional to incorporate fluctuations in the macroscopic
theory.

(o ko]



External magnetic field. fg(m) — f3 4(m) := f3(m) — hm
F(m) — Fy(m) == /Q fyn(m(r)). dr

U A A

In general if E is an external field:

dm

o /
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Environment can produce [random] forces on the system, their
likelihood is ruled by a Penalty functional

)
IR
0 Q

Probability of a fluctuation m = m(r,t), r€ Q, t € [0, T] is:

Pr(m):= inf E?
T Eg]ﬂm/ /X

2°C



Current fluctuations. Recall: J = —x(Vf} — E)

Ar() = inf{PT(m) ‘/OT/QJ:J'T!QI}

Existence of limit T — oo. “Dynamical phase transitions”,
minimizers are not constant in time and/or space.

o T~



