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LINEAR AND NONLINEAR STABILITY FOR
REACTION-DIFFUSION SYSTEMS

Let U be a constant solution to a reaction-diffusion system. Let us
consider the perturbation equations of U

Us = DAU + LU + N(Us, . .., Uy) (1)

with initial condition
U(0) = Uy (2)

and suitable boundary conditions (usually Dirichlet or Neumann
boundary conditions).

The perturbation U(x, t) = (U, U, ..., U,)T, with x € Q C R™
and t > 0, is an element of a Hilbert space ‘H, and Uy € H. Here
we assume H = L?(£2), where Q is the (bounded) space-domain of
motion. D = Djj and L = Lj;, i,j =1,2,...,n, are constant
matrices, D positive definite (depending on some physical or
biological parameters), A is the m—dimensional Laplacian



and N = (Ny,...,N,)T represents the nonlinearities (in some
problems N;, i =1,2,...,n, are polynomial in U; and D;; = 9;;D;,
with positive Dj).

Here we suppose that the initial value problem (1)—(2), with
suitable boundary conditions, is well posed and the solutions exist
globally at least for small initial data.

In order to study the stability-instability problem of U the

main classical methods

are:



This method, based on the study the spectrum of the linear
R, above which U is unstable.

operator, provides a critical parameter R, for a given parameter
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METHODS

LINEARIZED INSTABILITY

This method, based on the study the spectrum of the linear

operator, provides a critical parameter R, for a given parameter
R, above which U is unstable.

This method provides a critical nonlinear Lyapunov parameter Rg
below which the basic solution U is nonlinearly stable.
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In general, we have

Re < R..
If, in particular, Re = R, one obtains necessary and sufficient
conditions of linear and nonlinear (conditional or global) stability
and we say that the Lyapunov function E is optimal. This, for
instance, happens if the linear operator is symmetric or
symmetrizable in the scalar product of the Hilbert space (see Davis
and von Kerczek [4], Galdi and Straughan [6]). We will show
below that also if the linear operator has circular simmetry the
classical energy norm is an optimal Lyapunov function.

A fair amount of attention has been given to the application of
Lyapunov methods to reaction diffusion systems (Henry [9]).

For ODE systems a linearization principle holds, the Hartman -
Grobman theorem, while for PDE system it has to prove case by
case. It also holds for reaction diffusion systems: Henry, by using
the method of Prodi [22] and Sattinger [25], proved a linearization
principle.



We point out that what we establish here, with the REDUCTION
METHOD, is more than just a linearization principle. A linearization
principle simply shows that linear stability implies nonlinear
stability, but does not necessarily determine the class of initial data
for which one has nonlinear stability (radius of attraction) nor need
it yield a bound for the rate of solution decay.

In many physical problems, in PDEs case, the “classical energy’
1
Eo(t) = 511U

is used as a good Lyapunov function to control the stability. In
these cases one generally obtains Rg, < Rc, in particular Rg, = R,
if the linear operator A = DA + L is symmetric: (Af,g)=(g Af). If
A has a skewsymmetric part, then Rg, < R. and new Lyapunov
functions, different from the classical energy Eo, (ad hoc
functions) must be introduced to improve the nonlinear critical
stability thresholds (see eg. Galdi and Straughan [6], Mulone and
Rionero [16], [17]) or to yield sharp results.



-]
Is there any procedure to build an optimal Lyapunov
stability?

function to obtain nonlinear (at least conditional)
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QUESTIONS

1 -

Is there any procedure to build an optimal Lyapunov
function to obtain nonlinear (at least conditional)
stability?

And to give a computable radius of attraction for
the initial data?



ODES:THE REDUCTION METHOD

Perturbation system to an equilibrium of system (1)

where A is a constant matrix and U € R".

The canonical reduction method is based on the classical
eigenvalues-eigenvectors problem: one introduces a change of
variable U = QV, V = Q1U, by means a transformation matrix
@ (matrix of (eigen)vectors of A) to obtain a new (topologically
equivalent) system

(4)
where B = Q@ YAQ is a similar matrix to A (it is in a diagonal or a
general Jordan form), N(V) = Q@ 1N(QV) (see, e.g., Hale [7],
Hartman [9], Beltrami [1]). We thus define the optimal Lyapunov
function (the Euclidean norm)

1
E:§W+@+m+ﬁy



PDES: REACTION-DIFFUSION SYSTEM AND
FLUID-DYNAMICS

In the case of system (1), we generalize the previous approach by
introducing a change of dependent variables, connected with the
first eigenvalue of the linear operator. Thus, we build as optimal
Lyapunov function (at least for the linear problem) the classical

energy of the new canonical fields ( [18],
[20]
[12]): .
E(t) = ||V
(1) = SIVIP,
where || - || is the norm in the Hilbert space H. For particular

nonlinearities and dimensions of the space domain,
1 2 ~
E(t) = 5IVI? + BEs(1),

where b > 0 and E,(t) controls the nonlinearities.



MAY-LEONARD SYSTEM FOR THREE COMPETING
SPECIES, WITH DIFFUSION - SYMMETRIC CASE

The May-Leonard system for three competing species, with
diffusion is given by:

ure = pAur + v (1 — ur — aup — Bus)

Ut = pAup + (1l — fur — up — awus) (5)

u3 s = pAuz + u3(l — aug — Bup — u3)
forx € Q, t € (0,00). We suppose we have assigned boundary
conditions (of Dirichlet or Neumann type) on I' x (0, c0), where Q
is a bounded domain of R3, u; denotes the species density of the

ith competitor, the positive constants i, o and 3 are the diffusion
rate and the competition coefficients, respectively, and a < 1 < .



Constant positive equilibrium of system (5)
_ 111
P=(u.uu)=(-.-—.—
(u7 u?”) (h’hvh)’
with h=1+4+ o+ [.

Our goal is to study the stability of P. To this end, we write the
perturbation equations to P where uj =0+ U;, i =1,2,3,

Uit = pAUp — (4 + Up)(Ur + alUz + BU3)
Use = pA U, — (T + Uo)(BUL + Us + aUs) (6)
Usy = pAUs — (0 + Us)(alUi + BU> + Us).
By studying linearized instability, it is easy to check that the linear
instability condition is given by

a+pf—2
2h

where & = & is the principal eigenvalue of the the operator —AU
with Dirichlet boundary conditions.



To derive the linear instability condition we write U; = e”* F;(x)
where o represents the growth rate. Then, o satisfies the
determinant condition

1 « I6]
TEHET, h h
B 1 a
It - — =0.
- a+u§+h P
o} B
E Z O"i‘/lf‘i‘*
We have

a+p—2 e iv3(8 - a)
2h 2h ’
and the instability condition is thus given by

o1=—pl—1, o23=—p+

Re(0273) > 0,

which is condition (7).



Concerning nonlinear stability, we note that, because of the circular
symmetry, by using the classical energy

1
Ey = §[HU1H2 + | V2] + || U],

we have conditional nonlinear stability whenever

—2
T2 <o (8)

To see this, we use the evolution equation for Ep:
Eo =7 — puD + (N, U) + (N, Us) + (N3, Us), (9)

where



T = —a(|| U]+ U212+ Us[|?) = (a+B)[(Ur, Uz)+(Ur, Us)+(Uz, Us)],
D = [VU|* + IV + IV Us|?,
and solve the Euler-Lagrange equations for the maximum

z

max E7

the stability condition we obtain from equation (9) is

a+pf—2
— — 0. 10
2 pé < (10)
We observe that the left hand side of inequality (10) is exactly the
same as the linear instability condition (7). Thus, our nonlinear
stability threshold coincides with that found from the linearized
instability theory.

We believe this is a new result in the context of the
symmetrization of linear operators.



To complete the stability analysis from equation (9) we observe
that from the forms for N;, this equation can be written as

Eo=T — D+ [o U dx+ [ U3 dx+ [, U3 dx
+8 Jo L1UZ dx + o [, UZUp dx + a [ U U3 dx (11)
+8 Jo URUsdx + 3 [ U2U3dx + a [ U3Usdx.

From inequality (10) me may asset there is a positive number ¢

such that
a+0—2

2h
Also, D > 2¢Ep, and we use the Cauchy Schwarz inequality on the
cubic terms. The idea is to argue as

uE — =€>0.

N

Jo UBdx < (f U2dx)? ([ Ubdx)? < & (fy U2 dx)? [, [VULJ2 dx,



1
where ¢ is a Sobolev constant. The ([, Uf dx)2 = || U] term is
incorporated in an Ey term and the [, [V Ui|? dx is incorporated
into D. In this way from equation (9) we may show

. 1
Eo < —2epuEy + b E2D, (13)

for a computable constant b; which depends on ¢y, «, 8. From
(13), it is a standard calculation to show Eq(t) decays
exponentially fast provided the conditions (8)

a+p0—2

h — € <0.

i 2

and E5(0) < % hold. A similar result may be obtained for
1

Neumann boundary condition.



APPLICATION 1: WHEN SYMMETRY FAILS, THE
ASYMMETRIC MAY-LEONARD SYSTEM

An asymmetric May-Leonard system for three competing species
with diffusion is given by:

U17t = ,uAul aF U1(1 — Uy — ajupy — 51U3)
Upp = uAup + u2(1 — Pouy — up — OQU3) (14)

u3r = pAuz + uz(1 — azuy — Baus — u3)

forx € Q, t € (0,00) (see [3]). We suppose we have
assigned boundary conditions (of Dirichlet or Neumann type) on
I x (0,00), where Q is a bounded domain of R™, u; denotes the
nonnegative species density of the ith competitor. The positive
constants u, o; and ;, (i = 1,2,3), are the diffusion rate and the
competition coefficients, respectively, and «; < 1 < f;.



[3] , showed that, in absence of diffusion, the system
(14) has a unique positive equilibrium
B _ Hi Hx H3
P = (P17P2,P3) — (Wa Wa ﬁ)a

where

Hy = A1Ay + AxBs + B3By, Hx = AAs + A3By + B1B,
H; = A3A; + A1By + By Bs,

H=B1B>B3 + B1B> + BoB3 + B3B; + A1 B> + A>B3
+A3B1 + A1Az + AAs + A3Ai(1 — Ag)

(15)

and Ai=1—«; >0, Bi=06; —1> 0. P is globally asymptotically
stable provided AjA>As > B1B;B3;. The “symmetric” case
corresponds to «; = «, B; = 3. The positive solution P is also a
solution of the system (14).

Our goal is to study the stability of P.



To this end, we write the perturbation equations to P where
uj = pj + Ui7 I = 172737

Ui = pAUL — (p1 + U1)(Ur + aq U + (1 U3)
Uat = uAUs — (p2 + Ua)(B2Ui + Uz + aUs) (16)
Us+ = uAUs — (p3 + Us)(azUs + B3Ux + Us).

Let

1 1
vi= 5(1—P1—P2—P3)—M§ = ﬁ(BleBs—A1A2A3)—#5> (17)

where (£ = 0 for Neumann boundary conditions and £ = &; for
Dirichlet or mixed boundary conditions). It is easy to check that
the linear stability condition is given by

v <0. (18)

Concerning nonlinear stability, we note that for some «; and 3;, by
using the classical energy

1
Eo = S[IUi[* + 1 Ua]I? + | Us]*],



we can have a conditional nonlinear stability threshold which is
different from the linear condition (17) (this happens, for instance,
when a1 — 0.2,0[2 = (3 = 0.3,,31 = 1.1,52 = 1.2,ﬁ3 = 1.5). In
order to achieve the same stability threshold as that for the linear
case, we use the reduction method. To this end, we define the
matrix A¢ = —p&l 4+ J(P), where [ is the 3 x 3 identity matrix and
J(P) is the Jacobian matrix at P

—-p1  —oapr —pPip1
JP)=| —fop2  —p2 —aop
—azp3 —(Fkps  —p3

The eigenvalues \; (i = 1,2,3) of the matrix A are
AL = —Mf — )\2,3 =v+iw,

where v is given by (17) and

1
w = 5\/4P1P2P3H —(p1+p2+p3—1)2



We computing a transformation matrix @ and by introducing the

new fields V = Q1U, we find:
e old system

Uit = uAUL — (p1 + U1)(Ur + a1 Us + 1 Us)
Ust = uAUs — (p2 + Ua)(B2Ui + Uz + aUs)

U+ = pAUz — (p3 + Us)(azUs + B3Uo + Us) .

e new (topologically equivalent) system:

Vie=pAVi — Vi + Ny
Vor = uAVo + (v + pé) Vo + wVs + N
V37t = uAVz —wVh + (V+N§)V3 -+ N3,

where Ny, N, N3 are the new nonlinear terms.

(19)

(20)



Now we define the energy
1
Er = SVl + [Vall* + [ Vs]|*].

The evolution equation for E; is found to be

Er = —p(|[VVi]? + [VVa|? + ||V V5]%) — [|V4 2 B
+(v + pE)(IV2l® + IV5)12) + (N1, Vi) + (N2, Va) + (N3, V3).

From this we easily obtain the nonlinear stability condition v < 0.
Thus, our nonlinear stability threshold coincides with that found
from the linearized theory for any values of «; and ;. The
nonlinear terms can be controlled as above. It is found that there
exists a positive constant 79, depending on «, (3, i, € and a
positive Sobolev constant cp, such that E;(t) decays exponentially
fast provided v < 0 and E;(0) < no.



APPLICATION 2: GLIA AGGREGATION

We now address the problem of finding a threshold such that glia
cells, which are the support structure for the central nervous
system, will not aggregate in the brain. Mathematically this is an
example where we have three equations, strong nonlinearities, cross
diffusion effects, and Neumann boundary conditions.

[13] explain the biological background of Alzheimer’s
disease and the possible connection with the aggregation of cells
found in the brain, glia, into the formation of senile plaques. These
writers develop a simplified model for glia aggregation which is
based on the glia cell density m(x, t) and two chemicals secreted by
the glia, or produced in the aggregation process, interleukin 1-83,
IL1-8, and tumour necrosis factor, TNF-a. The concentrations of
the latter in the brain are denoted by ci(x, t), c(x, t).



In the model of [13], IL1-3 acts as a chemoattractant
while TNF-« plays the role of a chemorepulsant.

[13] write their equations in one space dimension, but
in 3-D they are

0
S5 =pAm =V (amVe — x2mVe,)

(21)
%? = DalACy + 3am — baca, a=1,2.

The coefficients p (motility), x1 (attractant chemotactic), x2
(repellent chemotactic), D, (diffusion), a, (rates of production of
the chemicals), b, (rates of decay of the chemicals), are taken to
be positive constants. Let Q be the domain (of the brain) with
boundary I'. The boundary conditions are of zero flux type and so
on

om 8C1 8C2
v _ Ga_ Gm g 22
on on on 0 (22)



Initial conditions are given so that at time t =0

m(x,0) = mp(x), c1(x,0) =g1(x), c2(x,0)=gr(x). (23)
Consider a constant steady state m, ¢;, ¢, and the perturbation
equations.

Now let m’, ¢ and v be perturbations to m, ¢, ¢, it can be
proved (see , [19]) that the perturbations
have zero mean, provided they have zero mean initially, i.e.

/Qm’(x, £) dx = 0, /qu(x, £) dx = 0, /Qv/)(x, Hdx=0. (24)

Equations (24) are important in the anaysis which follows to
ensure the validity of Poincaré and Sobolev inequalities.



[13] develop a complete linearized instability analysis
about the constant steady state m, ¢i, C».

Biologically this is relevant because it corresponds to the (normal)
situation in the brain before any glia aggregation commences.
Their analysis derives a threshold between the parameter

a= Lp/L; and A = x131D1/x2a2D; which represent the ratio of
length scales of attraction and repulsion and the ratio of strengths
of attraction and repulsion. When the chemorepulsion is strong
and short-ranged (A < 1,a > AY/2), the homogeneous steady state
is stable.

(Lo = D,/ by are the distance over which chemicals spread during
the characteristic time of decay).

In terms of a non-dimensionalized steady state

m=1, ¢ =1, & =1, we introduce non-dimensional
perturbations m’, ¢, 1, and then the non-dimensional, nonlinear
equations and boundary conditions may be written



om'

ot

9% _ 2 —
€1 ot = A¢+a (m qb),
W _ i
6281’ —Ai/)—l-m %

in Q x (0, T), for some time T > 0,

om  0¢ O
an = % = % =0 on . (26)
We should mention that [23] have performed

a nonlinear stability analysis for (25), (26).They used a Lyapunov
function of form

E(t) = [m[I? + M[IVo[? + Xl Vo2 (27)

= Am' — AAG+ A A — AV - (M'V) + AV - (m' V),

(2¢



however, measure (27) does not lead to an optimal result and their
nonlinear stability thresholds lie below the linear instability ones.

By using the reduction method, we show how to recover the
instability boundary and derive a fully nonlinear stability result.

We begin with the linearized version of (25), namely

m, =Am — A1 A¢ + Ay Ay
b =€ '[Ad+2(m —9)], (28)
ve =& Ay +m —y]

Define the vector U by

U= (U, U, Us)T = (m',6,9)7. (29)



Let —&5 be the eigenvalue of the Laplacian which yields the linear
instability boundary of [13] (usually 7 =1, but this is
not always the case), so

AC = —&rC.

Let us define § = &5, then replace A by —¢. The matrix A¢ is
given by

—¢ Ar€ —Ag€
Ac=| Pt —ql(E+a) 0
&' 0 —& ' (6+1)

from the right hand side of (28).



Let A: have eigenvalues A1, A2, A3 (not necessarily real and
distinct). Let a1, a2, a3, be the generalized eigenvectors (or
vectors) corresponding to A1, A2, A3 and then define the
transformation matrix

T T T
Q:<a1 ,a2 ,as )

We transform from U to V = (Vq, Vo, V3)T by

V=Q'U (30)
And then rewrite the fully nonlinear version of (25) as
Vie = FiAVi + G Vi + Ni(V),  V(0) = Vo, (31)

F=Q'DQ, G=Q'LQ, N(V)=Q'NWQV). (32
The matrices D and L are given by
1 A1 A
D=0 —¢* 0
0 0 —&!



0 0 0
L= 8261_1 —3261_1 0
62_1 0 —62_1
(We have implemented a Maple program to give Q, F, and G

once we give explicit values of the coefficients. This rapidly yields
the required matrices in any situation).

The key is now to multiply (31) by V; and integrate over Q to find

E(t)=—(FVV,VV)+(GV,V)+ (N, V), (33)

1
where E = §HV|]2 and F and G give rise to bilinear forms as

indicated, (-,-) being the inner product on L?(Q). Note that due to
(30) V; also satisfy Neumann boundary conditions on Q. We need
to restrict the coefficients of F such that (FVV,VV)is a
positive-definite form, indeed, these are also conditions required in
a linear stability analysis.



Then define (GV.V)
M =maxEov v vy

H being the space of admissible solutions V4, V5, V3. From (33)
we may derive

(34)

E(t) < —(FVV,VV)(1 - M)+ (N, V). (35)

The condition that M = 1 yields exactly the linear stability -
instability threshold of [13].

Of course, it remains to handle the nonlinear term (N, V). We
sketch the details. For Q a two or a three dimensional domain we
need to add to E terms of form |V V|2 and ||AV/|2. (If Q were
one-dimensional then ||Vi||? suffices.)

Denote by P = Q1L ie. P = Qijfl.



Then
P11\
QINQV)=| PuM
P31 Ny
P11{=A1V - [Q1; V;V(Q2, V2)] + A2V - [Q1;V;V(Q35 Va)]}
= | Pu{—AiV-[Q1V;V(QaV,)] + AV - [Q1;V;V(Q3.Va)]}
P31{=A1V - [Q1; V;V(Q2.V2)] + A2V - [Q1;V;V(Q32 Va)]}

Since A1, Ay, Q;j are constants we see that Q1 N(QV/) consists of
a linear combination of terms of the form V - (V,V V;),
rs=1,23

In addition to multiplying (25) by V; we must now also multiply by
AV; and by A?V; and integrate over Q. To carry out the
integrations by parts we note that from equations (25) we may
also deduce that

AV, .
a(’?n =0 onl'l,i=1,23. (36)




In this manner, in addition to (33) we also have

2dtuvvnz = —(FAV,AV)+(GVV,VV)+ (N,AV) -
7
;thAVIF = —(FVAV,VAV) + (GAV,AV) + (N, A?V).

The constraint that M < 1 also ensures that the F and G terms in
(37) are stabilizing. Now we form a Lyapunov function of form

E(t) = E(t) + B[ VV? + Bl AV, (38)
where 31 > 0 and (> > 0 are positive constants to be chosen.

If we are inside the linear stability boundary of [13]
then we have shown, [19], £ — 0 exponentially provided

k -
E12(0) < i for explicit positive values of k, h.



CONVECTION PROBLEMS IN FLUID-DYNAMICS

Bénard problem for a double diffusive fluid mixture

Let us consider a layer of a binary fluid mixture heated and salted
from below, in the Oberbeck-Boussinesq scheme, bounded by two
horizontal parallel planes. Let d >0, Q4 = IR? x (—d/2,d/2)
and Oxyz be a cartesian frame of reference. Let us assume that
the layer is parallel to the plane z = 0.

The non-dimensional equations which govern the evolution
disturbance to the velocity, temperature, concentration and
pressure fields (u, v, v, p2) to the motionless state mg, with linear
temperature and concentration profiles, are

ur+u-Vu=-Vp+ (R - Cy)k+Au, V-u=0
Pr(9: +u- V) = Rw + AY (39)
PC(% +u- Vv) = Cw + Ay,



in Q1 x (0,00), where Q; = R? x (=3, 3), with initial condition

{ u(x,O) = uO(x)7 Q9()(7 0) = 790(X)7 '7(X7 0) = VO(X)> (40)

x=(x,y,z) €

ﬁ(x,y,i%,t) ~v(x, y,il t)=0, t>0, and
w(x,t) =0, uy(x,t) = vy(x,t) =0,

on a stress-free surface, (41)

u(x,t) =0,

on a rigid surface.

up, Jo, o are assigned regular fields with V - ug(x) =0,
u=(u,v,w).



The stability parameters in (39) are the Rayleigh numbers for heat
and solute and are given respectively by

p2 _ ghatd® 5 _ ghacd"
vkr vkc

where 31 and (3, are the constant gradients of temperature and
concentration, respectively, k7 and k¢ are the thermal and solute
diffusivity coefficients, v is the kinematic viscosity, a1 and a¢ are
volume expansion coefficients. Moreover

P, =v/kr and Pc¢ =v/kc are the Prandtl and Schmidt
numbers.

As it is usual, in the case of an infinite layer, we assume that the
perturbations u, 9, v, p» are periodic functions of x and y of periods
2m/ay, 2m/ay, respectively, (ax > 0, a, > 0) and denote by Q the
periodicity cell Q = [0,27/a,] x [0,27/a,] x [-1/2,1/2] (for
stress-free boundaries we require the “average velocity condition”).



Now we observe that we can write the system (39) in the following
(operatorial) form:

FU' = AU + RSeU + CS1U + NU, (42)

where L1 = A+ RSy, L, = CS1, F is the diagonal matrix

M(Au)
F=| P |, U=]| v |, AU= A9 )
Pc g A,
M(vk) M(—~k) M(—u - Vu)
Soll = w , SiU = 0 S NU=| —Pu-VY
0 w —Pcu - Vv

and U is a vector of a suitable subspace of [Ly(2)]°. M is the

projector of [Lo(R)]® onto the subspace of the divergence-free
vectors.



The boundary conditions imply (NU,U) = 0.
We note that L; is symmetric in the usual scalar product of
[L2(Q)F°, 2|U[? = [[ull? + P9 + PcllvII?, while Lo = CS is

skewsymmetric.

e The linearized analysis gives the critical number:

P
Rg? + C? (p—FC<1)
R2={ R?2+C> (p>1,C/C<1) (43
(p+1)1+Pp), >, 1+Pp
R ————C >1, C/C > 1),
A (A
where )
002:&PT+1
Pr p—1°

this proves the stabilizing effect of the concentration of solute.
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By using the classical energy (in both the linear and nonlinear
analysis)

Eo(t) = 3 (Iull® + P91 + PcllvIl?), (44)
global exponential stability has been obtained for
R? < R2.

(For stress-free boundary conditions, RB2 = 657.511, for
rigid-rigid b.c., Rg? = 1707.76).

Thus, the nonlinear stability region, obtained with this norm, is the
same as in the case of the simple Bénard problem for a
homogeneous fluid, and then,

% the stabilizing effect of the gradient of concentration on the
onset of convection is not achieved.



Now we use the REDUCTION METHOD. For this, first we eliminate
the pressure from the perturbation equations and write the system
in terms of the essential field variables ¢ (third component of
vorticity V x u) and w (third component of u). We have:

(t=A(—V x(u-Vu) -k
Awy = RA1Y — CA1y+ AAw +V X V X (u-Vu) - k

45
Py = —Pru - VI + Rw + A9 (45)
Pcvi = —Pcu - VY + Cw + Ar.
The associated linear system is
Gt = A¢
Awy = RA19 — CA AA
Wt 1 1Y+ w (46)

Pt = Rw + AY
Pcve = Cw + Any.



From (46); it follows that the variable ¢ is always stabilizing and
the other equations do not contain this variable. Then we consider
separately the system (46),_4, and to this system we associate the
system

2 2
W=l S ey

3 & 47
P9 = Rw — &9 (47)

Pcy' = Cw — ¢,

where a® = a2 4 a2, { = 7% + a® and &% = (7% + a%)? are related
to the eigenvalues of the operators —A and AA with boundary
conditions w = 0 and Aw = 0 respectively on the boundaries and
periodic in x and y.



In a first moment, we consider the simplest case P, = 1, Pc = 1.

Now U = (w,,7)T. The matrix A is given by

Ra? Ca?
—e = =
A e ¢
R —¢ 0
c 0 —£
Eigenvalues:
)\1 = _51

A2 and A3 are solutions of the equation (A + &)? = (R? — C?)a?/¢.



(i) If R? — C? <0, the zero solution is always stable.
(i) If R2 — C2 > 0, we have o3 = —¢ £ § with

2
= /(R ).
B=4/( )g

In this case the zero solution is stable if —¢ + 3 < 0 and unstable
if =&+ 6 > 0. Hence the instability condition is given by

2, .2)3
R2> C2 4+ M_ (48)
a



The matrices Q of the eigenvectors of A and its inverse Q! are
found to be

o P B2 0 C -R
226 2p%¢
_ Ca® Ra?>  Ra? R
°=| g owm o |0 Y 7| 2
—Ra?>  (Ca° Ca? _575 R —C
£62 2326 2B% a

The new variables are found to be



= C¥ — Ry

Vo = lﬁW—G—(Rﬁ— Cv) (49)
V3 = —lgW aF (R15l — C”y),

It can be proved that an optimal Lyapunov function for the new
system (rewritten in terms of the old fields) is

2
7€
2E(t) = || — Ry + CY||> + ’ ISP + IVwlP] + |RY — CHl%.

With this Lyapunov function we can obtain linear stability and
(conditional nonlinear stability). But, in this case, we are able to
obtain also global nonlinear stability. In fact, by observing that

2 2 _ 20112
VW= +[I¢]]” = a®[[ull?,

we obtain



2E(t) = || — Ry + CY|I> + (R* = C?)|lul* + [|RY — CH>.
With this norm we obtain

the coincidence of critical linear and (global and exponential)
nonlinear parameters,

i.e., necessary and sufficient conditions of global nonlinear stability
(both in the stress-free and rigid boundary conditions).

If P, = Pc # 1, the same result can be obtained.



THEOREM

Assuming P, = P¢, the condition
R? < C? + R3,

is necessary and sufficient for nonlinear stability of the basic
motion mg. If

R?> < C>+ R},
then mg is nonlinearly exponentially stable according to the
inequality E(t) < E(0) exp{—Co(R? — R?)t}.

If P, # Pc, the method used before gives (at least) conditional
nonlinear stability, for any values of P,, Pc, R, C.

Application of the reduction method has been given in the case of
the Bénard problem with rotation ( [15]), the magnetic
Bénard problem ( [11]), convection for flows
in porous media ( [18]).



CONCLUSIONS

We have used a structured method to construct a new optimal
Lyapunov (energy) function which gives:

(i) the COINCIDENCE of the linear and nonlinear
stability regions;

(i) a KNOWN RADIUS OF ATTRACTION for the
initial data.



CONCLUSIONS

We have used a structured method to construct a new optimal
Lyapunov (energy) function which gives:

(i) the COINCIDENCE of the linear and nonlinear
stability regions;

(i) a KNOWN RADIUS OF ATTRACTION for the
initial data.

We note that it contains the coupling Lyapunov parameters
method and the symmetrization results as particular cases.
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flows

How to chose the best “complementary energy” Es in order to
obtain the best attracting radius for the initial data?
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Some OPEN PROBLEMS

Optimal Lyapunov function in the RDS with the linear
operator L depending explicitly on x and possibly depending
on VU (see [24], [10])

Optimal Lyapunov function in the RDS and fluid-dynamics
with general boundary conditions (in the linear and nonlinear
case)

Optimal Lyapunov functions for stability of " plane parallel”
flows

How to chose the best “complementary energy” Es in order to
obtain the best attracting radius for the initial data?
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