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Linear and nonlinear stability for
reaction-diffusion systems

Let Ũ be a constant solution to a reaction-diffusion system. Let us
consider the perturbation equations of Ũ

Ut = D∆U + LU + N(U1, . . . ,Un) (1)

with initial condition
U(0) = U0 (2)

and suitable boundary conditions (usually Dirichlet or Neumann
boundary conditions).

The perturbation U(x , t) = (U1,U2, . . . ,Un)T , with x ∈ Ω ⊆ Rm

and t > 0, is an element of a Hilbert space H, and U0 ∈ H. Here
we assume H = L2(Ω), where Ω is the (bounded) space-domain of
motion. D = Dij and L = Lij , i , j = 1, 2, . . . , n, are constant
matrices, D positive definite (depending on some physical or
biological parameters), ∆ is the m−dimensional Laplacian



and N = (N1, . . . ,Nn)T represents the nonlinearities (in some
problems Ni , i = 1, 2, . . . , n, are polynomial in Uj and Dij = δijDj ,
with positive Dj).

Here we suppose that the initial value problem (1)–(2), with
suitable boundary conditions, is well posed and the solutions exist
globally at least for small initial data.

In order to study the stability-instability problem of Ũ the

main classical methods

are:



Methods

Linearized instability

This method, based on the study the spectrum of the linear
operator, provides a critical parameter Rc , for a given parameter
R, above which Ũ is unstable.

Lyapunov (with a Lyapunov function E)

This method provides a critical nonlinear Lyapunov parameter RE

below which the basic solution Ũ is nonlinearly stable.
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In general, we have
RE ≤ Rc .

If, in particular, RE = Rc , one obtains necessary and sufficient
conditions of linear and nonlinear (conditional or global) stability
and we say that the Lyapunov function E is optimal. This, for
instance, happens if the linear operator is symmetric or
symmetrizable in the scalar product of the Hilbert space (see Davis
and von Kerczek [4], Galdi and Straughan [6]). We will show
below that also if the linear operator has circular simmetry the
classical energy norm is an optimal Lyapunov function.

A fair amount of attention has been given to the application of
Lyapunov methods to reaction diffusion systems (Henry [9]).

For ODE systems a linearization principle holds, the Hartman -
Grobman theorem, while for PDE system it has to prove case by
case. It also holds for reaction diffusion systems: Henry, by using
the method of Prodi [22] and Sattinger [25], proved a linearization
principle.



We point out that what we establish here, with the reduction
method, is more than just a linearization principle. A linearization
principle simply shows that linear stability implies nonlinear
stability, but does not necessarily determine the class of initial data
for which one has nonlinear stability (radius of attraction) nor need
it yield a bound for the rate of solution decay.

In many physical problems, in PDEs case, the “classical energy”

E0(t) =
1

2
‖U‖2

is used as a good Lyapunov function to control the stability. In
these cases one generally obtains RE0 ≤ Rc , in particular RE0 = Rc

if the linear operator A = D∆ + L is symmetric: (Af,g)=(g,Af). If
A has a skewsymmetric part, then RE0 < Rc and new Lyapunov
functions, different from the classical energy E0, (ad hoc
functions) must be introduced to improve the nonlinear critical
stability thresholds (see eg. Galdi and Straughan [6], Mulone and
Rionero [16], [17]) or to yield sharp results.



Questions

1 -

Is there any procedure to build an optimal Lyapunov
function to obtain nonlinear (at least conditional)
stability?

2 -

And to give a computable radius of attraction for
the initial data?
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ODEs:the reduction method
Perturbation system to an equilibrium of system (1)

U ′ = AU + N(U) (3)

where A is a constant matrix and U ∈ Rn.

The canonical reduction method is based on the classical
eigenvalues-eigenvectors problem: one introduces a change of
variable U = QV , V = Q−1U, by means a transformation matrix
Q (matrix of (eigen)vectors of A) to obtain a new (topologically
equivalent) system

V ′ = BV + N̄(V ) (4)

where B = Q−1AQ is a similar matrix to A (it is in a diagonal or a
general Jordan form), N̄(V ) = Q−1N(QV ) (see, e.g., Hale [7],
Hartman [9], Beltrami [1]). We thus define the optimal Lyapunov
function (the Euclidean norm)

E :=
1

2
[V 2

1 + V 2
2 + · · ·+ V 2

n ] .



PDEs: Reaction-diffusion system and
fluid-dynamics

In the case of system (1), we generalize the previous approach by
introducing a change of dependent variables, connected with the
first eigenvalue of the linear operator. Thus, we build as optimal
Lyapunov function (at least for the linear problem) the classical
energy of the new canonical fields (Mulone and Straughan [18],
Mulone, Straughan and Wang [20] Lombardo, Mulone and Trovato
[12]):

E (t) =
1

2
‖V ‖2 ,

where ‖ · ‖ is the norm in the Hilbert space H. For particular
nonlinearities and dimensions of the space domain,

E (t) =
1

2
‖V ‖2 + b̃E2(t),

where b̃ ≥ 0 and E2(t) controls the nonlinearities.



May-Leonard system for three competing
species, with diffusion - symmetric case

The May-Leonard system for three competing species, with
diffusion is given by:

u1,t = µ∆u1 + u1(1− u1 − αu2 − βu3)

u2,t = µ∆u2 + u2(1− βu1 − u2 − αu3)

u3,t = µ∆u3 + u3(1− αu1 − βu2 − u3)

(5)

for x ∈ Ω, t ∈ (0,∞). We suppose we have assigned boundary
conditions (of Dirichlet or Neumann type) on Γ× (0,∞), where Ω
is a bounded domain of R3, ui denotes the species density of the
ith competitor, the positive constants µ, α and β are the diffusion
rate and the competition coefficients, respectively, and α < 1 < β.



Constant positive equilibrium of system (5)

P̄ = (ū, ū, ū) = (
1

h
,

1

h
,

1

h
),

with h = 1 + α + β.

Our goal is to study the stability of P̄. To this end, we write the
perturbation equations to P̄ where ui = ū + Ui , i = 1, 2, 3,

U1,t = µ∆U1 − (ū + U1)(U1 + αU2 + βU3)

U2,t = µ∆U2 − (ū + U2)(βU1 + U2 + αU3)

U3,t = µ∆U3 − (ū + U3)(αU1 + βU2 + U3) .

(6)

By studying linearized instability, it is easy to check that the linear
instability condition is given by

α + β − 2

2h
− µξ > 0, (7)

where ξ = ξ1 is the principal eigenvalue of the the operator −∆U
with Dirichlet boundary conditions.



To derive the linear instability condition we write Ui = eσtFi (x)
where σ represents the growth rate. Then, σ satisfies the
determinant condition

∣∣∣∣∣∣∣∣∣∣∣

σ + µξ +
1

h

α

h

β

h
β

h
σ + µξ +

1

h

α

h
α

h

β

h
σ + µξ +

1

h

∣∣∣∣∣∣∣∣∣∣∣
= 0 .

We have

σ1 = −µξ − 1, σ2,3 = −µξ +
α + β − 2

2h
± i
√

3(β − α)

2h
,

and the instability condition is thus given by

Re(σ2,3) > 0,

which is condition (7).



Concerning nonlinear stability, we note that, because of the circular
symmetry , by using the classical energy

E0 =
1

2
[‖U1‖2 + ‖U2‖2 + ‖U3‖2],

we have conditional nonlinear stability whenever

α + β − 2

2h
− µξ < 0. (8)

To see this, we use the evolution equation for E0:

Ė0 = I − µD + (N1,U1) + (N2,U2) + (N3,U3), (9)

where



I = −ū(‖U1‖2+‖U2‖2+‖U3‖2)−ū(α+β)[(U1,U2)+(U1,U3)+(U2,U3)],

D = ‖∇U1‖2 + ‖∇U2‖2 + ‖∇U3‖2,

and solve the Euler-Lagrange equations for the maximum

max
I
µD

,

the stability condition we obtain from equation (9) is

α + β − 2

2h
− µξ < 0 . (10)

We observe that the left hand side of inequality (10) is exactly the
same as the linear instability condition (7). Thus, our nonlinear
stability threshold coincides with that found from the linearized
instability theory.

We believe this is a new result in the context of the
symmetrization of linear operators.



To complete the stability analysis from equation (9) we observe
that from the forms for Ni , this equation can be written as

Ė0 = I − µD +
∫

Ω U3
1 dx +

∫
Ω U3

2 dx +
∫

Ω U3
3 dx

+β
∫

Ω U1U2
2 dx + α

∫
Ω U2

1 U2 dx + α
∫

Ω U1U2
3 dx

+β
∫

Ω U2
1 U3 dx + β

∫
Ω U2U2

3 dx + α
∫

Ω U2
2 U3 dx .

(11)

From inequality (10) me may asset there is a positive number ε
such that

µξ − α + β − 2

2h
= ε > 0 .

Also, D ≥ 2ξE0, and we use the Cauchy Schwarz inequality on the
cubic terms. The idea is to argue as

∫
Ω U3

1 dx ≤
(∫

Ω U2
1 dx

) 1
2
(∫

Ω U4
1 dx

) 1
2 ≤ c2

0

(∫
Ω U2

1 dx
) 1

2
∫

Ω |∇U1|2 dx , (12)



where c0 is a Sobolev constant. The
(∫

Ω U2
1 dx

) 1
2 = ‖U1‖ term is

incorporated in an E0 term and the
∫

Ω |∇U1|2 dx is incorporated
into D. In this way from equation (9) we may show

Ė0 ≤ −2εµE0 + b1E
1
2

0 D, (13)

for a computable constant b1 which depends on c0, α, β. From
(13), it is a standard calculation to show E0(t) decays
exponentially fast provided the conditions (8)

α + β − 2

2h
− µξ < 0 .

and E
1
2

0 (0) <
2εµ

b1
hold. A similar result may be obtained for

Neumann boundary condition.



Application 1: When symmetry fails, the
asymmetric May-Leonard system

An asymmetric May-Leonard system for three competing species
with diffusion is given by:

u1,t = µ∆u1 + u1(1− u1 − α1u2 − β1u3)

u2,t = µ∆u2 + u2(1− β2u1 − u2 − α2u3)

u3,t = µ∆u3 + u3(1− α3u1 − β3u2 − u3)

(14)

for x ∈ Ω, t ∈ (0,∞) (see Chi et al. [3]). We suppose we have
assigned boundary conditions (of Dirichlet or Neumann type) on
Γ× (0,∞), where Ω is a bounded domain of Rm, ui denotes the
nonnegative species density of the ith competitor. The positive
constants µ, αi and βi , (i = 1, 2, 3), are the diffusion rate and the
competition coefficients, respectively, and αi < 1 < βi .



Chi et al. [3] , showed that, in absence of diffusion, the system
(14) has a unique positive equilibrium

P = (p1, p2, p3) = (
H1

H
,

H2

H
,

H3

H
),

where

H1 = A1A2 + A2B3 + B3B1, H2 = A2A3 + A3B1 + B1B2,

H3 = A3A1 + A1B2 + B2B3,

H = B1B2B3 + B1B2 + B2B3 + B3B1 + A1B2 + A2B3

+A3B1 + A1A2 + A2A3 + A3A1(1− A2)

(15)

and Ai = 1− αi > 0, Bi = βi − 1 > 0. P is globally asymptotically
stable provided A1A2A3 > B1B2B3. The “symmetric” case
corresponds to αi = α, βi = β. The positive solution P is also a
solution of the system (14).

Our goal is to study the stability of P.



To this end, we write the perturbation equations to P where
ui = pi + Ui , i = 1, 2, 3,

U1,t = µ∆U1 − (p1 + U1)(U1 + α1U2 + β1U3)

U2,t = µ∆U2 − (p2 + U2)(β2U1 + U2 + α2U3)

U3,t = µ∆U3 − (p3 + U3)(α3U1 + β3U2 + U3) .

(16)

Let

ν :=
1

2
(1−p1−p2−p3)−µξ =

1

2H
(B1B2B3−A1A2A3)−µξ , (17)

where (ξ = 0 for Neumann boundary conditions and ξ = ξ1 for
Dirichlet or mixed boundary conditions). It is easy to check that
the linear stability condition is given by

ν < 0. (18)

Concerning nonlinear stability, we note that for some αi and βi , by
using the classical energy

E0 =
1

2
[‖U1‖2 + ‖U2‖2 + ‖U3‖2],



we can have a conditional nonlinear stability threshold which is
different from the linear condition (17) (this happens, for instance,
when α1 = 0.2, α2 = α3 = 0.3, β1 = 1.1, β2 = 1.2, β3 = 1.5). In
order to achieve the same stability threshold as that for the linear
case, we use the reduction method . To this end, we define the
matrix Aξ = −µξI + J(P), where I is the 3× 3 identity matrix and
J(P) is the Jacobian matrix at P

J(P) =

 −p1 −α1p1 −β1p1

−β2p2 −p2 −α2p2

−α3p3 −β3p3 −p3

 .

The eigenvalues λi (i = 1, 2, 3) of the matrix Aξ are

λ1 = −µξ − 1, λ2,3 = ν ± iω,

where ν is given by (17) and

ω :=
1

2

√
4p1p2p3H − (p1 + p2 + p3 − 1)2.



We computing a transformation matrix Q and by introducing the
new fields V = Q−1U, we find:

• old system

U1,t = µ∆U1 − (p1 + U1)(U1 + α1U2 + β1U3)

U2,t = µ∆U2 − (p2 + U2)(β2U1 + U2 + α2U3)

U3,t = µ∆U3 − (p3 + U3)(α3U1 + β3U2 + U3) .

(19)

• new (topologically equivalent) system:

V1,t = µ∆V1 − V1 + N̄1

V2,t = µ∆V2 + (ν + µξ)V2 + ωV3 + N̄2

V3,t = µ∆V3 − ωV2 + (ν + µξ)V3 + N̄3,

(20)

where N̄1, N̄2, N̄3 are the new nonlinear terms.



Now we define the energy

E1 =
1

2
[‖V1‖2 + ‖V2‖2 + ‖V3‖2] .

The evolution equation for E1 is found to be

Ė1 = −µ(‖∇V1‖2 + ‖∇V2‖2 + ‖∇V3‖2)− ‖V1‖2

+(ν + µξ)(‖V2‖2 + ‖V3‖2) + (N̄1,V1) + (N̄2,V2) + (N̄3,V3).

From this we easily obtain the nonlinear stability condition ν < 0.
Thus, our nonlinear stability threshold coincides with that found
from the linearized theory for any values of αi and βi . The
nonlinear terms can be controlled as above. It is found that there
exists a positive constant η0, depending on α, β, µ, ξ and a
positive Sobolev constant c0, such that E1(t) decays exponentially
fast provided ν < 0 and E1(0) < η0.



Application 2: Glia aggregation

We now address the problem of finding a threshold such that glia
cells, which are the support structure for the central nervous
system, will not aggregate in the brain. Mathematically this is an
example where we have three equations, strong nonlinearities, cross
diffusion effects, and Neumann boundary conditions.

Luca et al. [13] explain the biological background of Alzheimer’s
disease and the possible connection with the aggregation of cells
found in the brain, glia, into the formation of senile plaques. These
writers develop a simplified model for glia aggregation which is
based on the glia cell density m(x, t) and two chemicals secreted by
the glia, or produced in the aggregation process, interleukin 1-β,
IL1-β, and tumour necrosis factor, TNF-α. The concentrations of
the latter in the brain are denoted by c1(x, t), c2(x, t).



In the model of Luca et al. [13], IL1-β acts as a chemoattractant
while TNF-α plays the role of a chemorepulsant.

Luca et al. [13] write their equations in one space dimension, but
in 3-D they are

∂m

∂t
= µ∆m −∇ · (χ1m∇c1 − χ2m∇c2)

∂cα
∂t

= Dα∆cα + aαm − bαcα, α = 1, 2.

(21)

The coefficients µ (motility), χ1 (attractant chemotactic), χ2

(repellent chemotactic), Dα (diffusion), aα (rates of production of
the chemicals), bα (rates of decay of the chemicals), are taken to
be positive constants. Let Ω be the domain (of the brain) with
boundary Γ. The boundary conditions are of zero flux type and so
on Γ

∂m

∂n
=
∂c1

∂n
=
∂c2

∂n
= 0. (22)



Initial conditions are given so that at time t = 0

m(x, 0) = m0(x), c1(x, 0) = g1(x), c2(x, 0) = g2(x). (23)

Consider a constant steady state m̄, c̄1, c̄2, and the perturbation
equations.

Now let m′, φ and ψ be perturbations to m̄, c̄1, c̄2, it can be
proved (see Mulone and Straughan, [19]) that the perturbations
have zero mean, provided they have zero mean initially, i.e.∫

Ω
m′(x, t) dx = 0,

∫
Ω
φ(x, t) dx = 0,

∫
Ω
ψ(x, t) dx = 0. (24)

Equations (24) are important in the anaysis which follows to
ensure the validity of Poincaré and Sobolev inequalities.



Luca et al. [13] develop a complete linearized instability analysis
about the constant steady state m̄, c̄1, c̄2.

Biologically this is relevant because it corresponds to the (normal)
situation in the brain before any glia aggregation commences.
Their analysis derives a threshold between the parameter
a = L2/L1 and A = χ1a1D1/χ2a2D2 which represent the ratio of
length scales of attraction and repulsion and the ratio of strengths
of attraction and repulsion. When the chemorepulsion is strong
and short-ranged (A < 1, a > A1/2), the homogeneous steady state
is stable.

(Lα = Dα/bα are the distance over which chemicals spread during
the characteristic time of decay).

In terms of a non-dimensionalized steady state
m̄ = 1, c̄1 = 1, c̄2 = 1, we introduce non-dimensional
perturbations m′, φ, ψ, and then the non-dimensional, nonlinear
equations and boundary conditions may be written



∂m′

∂t
= ∆m′ − A1∆φ+ A2∆ψ − A1∇ · (m′∇φ) + A2∇ · (m′∇ψ),

ε1
∂φ

∂t
= ∆φ+ a2(m′ − φ),

ε2
∂ψ

∂t
= ∆ψ + m′ − ψ,

(25)

in Ω× (0,T ), for some time T > 0,

∂m′

∂n
=
∂φ

∂n
=
∂ψ

∂n
= 0 on Γ. (26)

We should mention that Quinlan & Straughan [23] have performed
a nonlinear stability analysis for (25), (26).They used a Lyapunov
function of form

E (t) = ‖m′‖2 + λ1‖∇φ‖2 + λ2‖∇ψ‖2 (27)



however, measure (27) does not lead to an optimal result and their
nonlinear stability thresholds lie below the linear instability ones.

By using the reduction method, we show how to recover the
instability boundary and derive a fully nonlinear stability result.

We begin with the linearized version of (25), namely

m′t = ∆m′ − A1∆φ+ A2∆ψ

φt = ε−1
1 [∆φ+ a2(m′ − φ)],

ψt = ε−1
2 [∆ψ + m′ − ψ].

(28)

Define the vector U by

U = (U1,U2,U3)T = (m′, φ, ψ)T . (29)



Let −ξn̄ be the eigenvalue of the Laplacian which yields the linear
instability boundary of Luca et al. [13] (usually n̄ = 1, but this is
not always the case), so

∆ζ = −ξn̄ζ.

Let us define ξ = ξn̄, then replace ∆ by −ξ. The matrix Aξ is
given by

Aξ =

 −ξ A1ξ −A2ξ

a2ε−1
1 −ε−1

1 (ξ + a2) 0

ε−1
2 0 −ε−1

2 (ξ + 1)


from the right hand side of (28).



Let Aξ have eigenvalues λ1, λ2, λ3 (not necessarily real and
distinct). Let a1, a2, a3, be the generalized eigenvectors (or
vectors) corresponding to λ1, λ2, λ3 and then define the
transformation matrix

Q =
(
a1

T , a2
T , a3

T
)
.

We transform from U to V = (V1,V2,V 3)T by

V = Q−1U. (30)

And then rewrite the fully nonlinear version of (25) as

Vi ,t = Fik∆Vk + GikVk + Ñi (V ), V (0) = V0, (31)

F = Q−1DQ, G = Q−1LQ, Ñ(V ) = Q−1N(QV ). (32)

The matrices D and L are given by

D =

 1 −A1 A2

0 −ε−1
1 0

0 0 −ε−1
2





L =

 0 0 0

a2ε−1
1 −a2ε−1

1 0

ε−1
2 0 −ε−1

2


(We have implemented a Maple program to give Q, F , and G
once we give explicit values of the coefficients. This rapidly yields
the required matrices in any situation).

The key is now to multiply (31) by Vi and integrate over Ω to find

Ė (t) = −(F∇V ,∇V ) + (GV ,V ) + (Ñ,V ), (33)

where E =
1

2
‖V ‖2 and F and G give rise to bilinear forms as

indicated, (·, ·) being the inner product on L2(Ω). Note that due to
(30) Vi also satisfy Neumann boundary conditions on Ω. We need
to restrict the coefficients of F such that (F∇V ,∇V ) is a
positive-definite form, indeed, these are also conditions required in
a linear stability analysis.



Then define

M = max
H

(GV ,V )

(F∇V ,∇V )
, (34)

H being the space of admissible solutions V1,V2,V3. From (33)
we may derive

Ė (t) ≤ −(F∇V ,∇V )(1−M) + (Ñ,V ). (35)

The condition that M = 1 yields exactly the linear stability -
instability threshold of Luca et al. [13].

Of course, it remains to handle the nonlinear term (Ñ,V ). We
sketch the details. For Ω a two or a three dimensional domain we
need to add to E terms of form ‖∇V ‖2 and ‖∆V ‖2. (If Ω were
one-dimensional then ‖Vx‖2 suffices.)

Denote by P = Q−1, i.e. Pij = Q−1
ij .



Then

Q−1N(QV ) =

 P11N1

P21N1

P31N1


=

 P11{−A1∇ · [Q1jVj∇(Q2aVa)] + A2∇ · [Q1jVj∇(Q3aVa)]}
P21{−A1∇ · [Q1jVj∇(Q2aVa)] + A2∇ · [Q1jVj∇(Q3aVa)]}
P31{−A1∇ · [Q1jVj∇(Q2aVa)] + A2∇ · [Q1jVj∇(Q3aVa)]}

 .

Since A1,A2,Qij are constants we see that Q−1N(QV ) consists of
a linear combination of terms of the form ∇ · (Vr∇Vs),
r , s = 1, 2, 3.

In addition to multiplying (25) by Vi we must now also multiply by
∆Vi and by ∆2Vi and integrate over Ω. To carry out the
integrations by parts we note that from equations (25) we may
also deduce that

∂∆Vi

∂n
= 0 on Γ, i = 1, 2, 3. (36)



In this manner, in addition to (33) we also have

1

2

d

dt
‖∇V ‖2 = −(F ∆V ,∆V ) + (G∇V ,∇V ) + (Ñ,∆V )

1

2

d

dt
‖∆V ‖2 = −(F∇∆V ,∇∆V ) + (G ∆V ,∆V ) + (Ñ,∆2V ).

(37)

The constraint that M < 1 also ensures that the F and G terms in
(37) are stabilizing. Now we form a Lyapunov function of form

E(t) = E (t) + β1‖∇V ‖2 + β2‖∆V ‖2, (38)

where β1 > 0 and β2 > 0 are positive constants to be chosen.

If we are inside the linear stability boundary of Luca et al. [13]
then we have shown, [19], E → 0 exponentially provided

E1/2(0) <
k

h̃
, for explicit positive values of k , h̃.



Convection problems in fluid-dynamics

Bénard problem for a double diffusive fluid mixture

Let us consider a layer of a binary fluid mixture heated and salted
from below, in the Oberbeck-Boussinesq scheme, bounded by two
horizontal parallel planes. Let d > 0 , Ωd = IR2 × (−d/2, d/2)
and Oxyz be a cartesian frame of reference. Let us assume that
the layer is parallel to the plane z = 0.

The non-dimensional equations which govern the evolution
disturbance to the velocity, temperature, concentration and
pressure fields (u, ϑ, γ, p2) to the motionless state m0, with linear
temperature and concentration profiles, are

ut + u · ∇u = −∇p2 + (Rϑ− Cγ)k + ∆u, ∇ · u = 0
Pr

(
ϑt + u · ∇ϑ

)
= Rw + ∆ϑ

PC

(
γt + u · ∇γ

)
= Cw + ∆γ,

(39)



in Ω1 × (0,∞), where Ω1 = IR2 × (−1
2 ,

1
2 ), with initial condition

{
u(x, 0) = u0(x), ϑ(x, 0) = ϑ0(x), γ(x, 0) = γ0(x),
x = (x , y , z) ∈ Ω1

(40)



ϑ(x , y ,±1
2 , t) = γ(x , y ,±1

2 , t) = 0, t > 0, and

w(x, t) = 0, uz(x, t) = vz(x, t) = 0,
on a stress-free surface,

u(x, t) = 0,
on a rigid surface.

(41)

u0, ϑ0, γ0 are assigned regular fields with ∇ · u0(x) = 0,
u = (u, v ,w).



The stability parameters in (39) are the Rayleigh numbers for heat
and solute and are given respectively by

R2 =
gβ1αT d4

νkT
, C 2 =

gβ2αC d4

νkC

where β1 and β2 are the constant gradients of temperature and
concentration, respectively, kT and kC are the thermal and solute
diffusivity coefficients, ν is the kinematic viscosity, αT and αC are
volume expansion coefficients. Moreover
Pr = ν/kT and PC = ν/kC are the Prandtl and Schmidt
numbers.

As it is usual, in the case of an infinite layer, we assume that the
perturbations u, ϑ, γ, p2 are periodic functions of x and y of periods
2π/ax , 2π/ay , respectively, (ax > 0, ay > 0) and denote by Ω the
periodicity cell Ω = [0, 2π/ax ]× [0, 2π/ay ]× [−1/2, 1/2] (for
stress-free boundaries we require the “average velocity condition”).



Now we observe that we can write the system (39) in the following
(operatorial) form:

FU ′ = AU + RS0U + CS1U +NU , (42)

where L1 = A+ RS0, L2 = CS1, F is the diagonal matrix

F =

 1

Pr

PC

 , U =

 u

ϑ
γ

 , AU =

 Π(∆u)

∆ϑ
∆γ,

 ,

S0U =

 Π(ϑk)

w
0

 , S1U =

 Π(−γk)

0
w

 , NU =

 Π(−u · ∇u)

−Pru · ∇ϑ
−PCu · ∇γ

 ,

and U is a vector of a suitable subspace of [L2(Ω)]5. Π is the
projector of [L2(Ω)]3 onto the subspace of the divergence-free
vectors.



The boundary conditions imply (NU ,U) = 0.

We note that L1 is symmetric in the usual scalar product of
[L2(Ω)]5, 2‖U‖2 = ‖u‖2 + Pr‖ϑ‖2 + PC‖γ‖2, while L2 = CS1 is
skewsymmetric.

• The linearized analysis gives the critical number:

Rc
2 =


RB

2 + C 2 (p =
PC

Pr
≤ 1),

RB
2 + C 2 (p > 1, C/C0 < 1)

(p + 1)(1 + Pr p)

Pr p2
RB

2 +
1 + Pr p

(1 + Pr )p2
C 2 (p > 1, C/C0 > 1),

(43)

where

C0
2 =
R2

B

PT

PT + 1

p − 1
,

this proves the stabilizing effect of the concentration of solute.



By using the classical energy (in both the linear and nonlinear
analysis)

E0(t) = 1
2

(
‖u‖2 + Pr‖ϑ‖2 + PC‖γ‖2

)
, (44)

global exponential stability has been obtained for

R2 < R2
B .

(For stress-free boundary conditions, RB
2 = 657.511, for

rigid-rigid b.c., RB
2 = 1707.76).

Thus, the nonlinear stability region, obtained with this norm, is the
same as in the case of the simple Bénard problem for a
homogeneous fluid, and then,

F the stabilizing effect of the gradient of concentration on the
onset of convection is not achieved.



Now we use the reduction method. For this, first we eliminate
the pressure from the perturbation equations and write the system
in terms of the essential field variables ζ (third component of
vorticity ∇× u) and w (third component of u). We have:

ζt = ∆ζ −∇× (u · ∇u) · k
∆wt = R∆1ϑ− C ∆1γ + ∆∆w +∇×∇× (u · ∇u) · k
Prϑt = −Pru · ∇ϑ+ Rw + ∆ϑ

PCγt = −PCu · ∇ϑ+ Cw + ∆γ.

(45)

The associated linear system is


ζt = ∆ζ

∆wt = R∆1ϑ− C ∆1γ + ∆∆w

Prϑt = Rw + ∆ϑ

PCγt = Cw + ∆γ.

(46)



From (46)1 it follows that the variable ζ is always stabilizing and
the other equations do not contain this variable. Then we consider
separately the system (46)2−4, and to this system we associate the
system 

w ′ =
Ra2

ξ
ϑ− Ca2

ξ
γ − ξw

Prϑ
′ = Rw − ξϑ

PCγ
′ = Cw − ξγ,

(47)

where a2 = a2
x + a2

y , ξ = π2 + a2 and ξ2 = (π2 + a2)2 are related
to the eigenvalues of the operators −∆ and ∆∆ with boundary
conditions w = 0 and ∆w = 0 respectively on the boundaries and
periodic in x and y .



In a first moment, we consider the simplest case Pr = 1, PC = 1.

Now U = (w , ϑ, γ)T . The matrix A is given by

A :=

 −ξ
Ra2

ξ
−Ca2

ξ
R −ξ 0
C 0 −ξ


Eigenvalues:

λ1 = −ξ,

λ2 and λ3 are solutions of the equation (λ+ ξ)2 = (R2 − C 2)a2/ξ.



(i) If R2 − C 2 ≤ 0, the zero solution is always stable.

(ii) If R2 − C 2 > 0, we have λ2,3 = −ξ ± β with

β =

√
(R2 − C 2)

a2

ξ
.

In this case the zero solution is stable if −ξ + β < 0 and unstable
if −ξ + β > 0. Hence the instability condition is given by

R2 > C 2 +
(π2 + a2)3

a2
. (48)



The matrices Q of the eigenvectors of A and its inverse Q−1 are
found to be

Q =


0

βa2

2β2ξ
− βa2

2β2ξ

−Ca2

ξβ2

Ra2

2β2ξ

Ra2

2β2ξ

−Ra2

ξβ2

Ca2

2β2ξ

Ca2

2β2ξ


, Q−1 =


0 C −R

βξ

a2
R −C

−βξ
a2

R −C

 .

The new variables are found to be





V1 = Cϑ− Rγ

V2 =
γξ

a2
w + (Rϑ− Cγ)

V3 = −γξ
a2

w + (Rϑ− Cγ),

(49)

It can be proved that an optimal Lyapunov function for the new
system (rewritten in terms of the old fields) is

2E (t) = ‖ − Rγ + Cϑ‖2 +
γ2ξ

a4
[‖ζ‖2 + ‖∇w‖2] + ‖Rϑ− Cγ‖2.

With this Lyapunov function we can obtain linear stability and
(conditional nonlinear stability). But, in this case, we are able to
obtain also global nonlinear stability. In fact, by observing that

‖∇w‖2 + ‖ζ‖2 = a2‖u‖2,

we obtain



2E (t) = ‖ − Rγ + Cϑ‖2 + (R2 − C 2)‖u‖2 + ‖Rϑ− Cγ‖2.

With this norm we obtain

the coincidence of critical linear and (global and exponential)
nonlinear parameters,

i.e., necessary and sufficient conditions of global nonlinear stability
(both in the stress-free and rigid boundary conditions).

If Pr = PC 6= 1, the same result can be obtained.



Theorem

Assuming Pr = PC , the condition

R2 ≤ C 2 + R2
B ,

is necessary and sufficient for nonlinear stability of the basic
motion m0. If

R2 < C 2 + R2
B ,

then m0 is nonlinearly exponentially stable according to the
inequality Ẽ (t) ≤ Ẽ (0) exp{−C0(R2 − R2

c )t}.

If Pr 6= PC , the method used before gives (at least) conditional
nonlinear stability, for any values of Pr , PC , R, C .

Application of the reduction method has been given in the case of
the Bénard problem with rotation (Mulone [15]), the magnetic
Bénard problem (Lombardo and Mulone [11]), convection for flows
in porous media (Mulone and Straughan [18]).



Conclusions

1.

We have used a structured method to construct a new optimal
Lyapunov (energy) function which gives:

(i) the coincidence of the linear and nonlinear
stability regions;

(ii) a known radius of attraction for the
initial data.

2.

We note that it contains the coupling Lyapunov parameters
method and the symmetrization results as particular cases.
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Some open problems

Optimal Lyapunov function in the RDS with the linear
operator L depending explicitly on x and possibly depending
on ∇U (see Rionero [24], Hill [10])

Optimal Lyapunov function in the RDS and fluid-dynamics
with general boundary conditions (in the linear and nonlinear
case)

Optimal Lyapunov functions for stability of ”plane parallel”
flows

How to chose the best “complementary energy” E2 in order to
obtain the best attracting radius for the initial data?

The reduction method and conditions assuring global stability



Some open problems

Optimal Lyapunov function in the RDS with the linear
operator L depending explicitly on x and possibly depending
on ∇U (see Rionero [24], Hill [10])

Optimal Lyapunov function in the RDS and fluid-dynamics
with general boundary conditions (in the linear and nonlinear
case)

Optimal Lyapunov functions for stability of ”plane parallel”
flows

How to chose the best “complementary energy” E2 in order to
obtain the best attracting radius for the initial data?

The reduction method and conditions assuring global stability



Some open problems

Optimal Lyapunov function in the RDS with the linear
operator L depending explicitly on x and possibly depending
on ∇U (see Rionero [24], Hill [10])

Optimal Lyapunov function in the RDS and fluid-dynamics
with general boundary conditions (in the linear and nonlinear
case)

Optimal Lyapunov functions for stability of ”plane parallel”
flows

How to chose the best “complementary energy” E2 in order to
obtain the best attracting radius for the initial data?

The reduction method and conditions assuring global stability



Some open problems

Optimal Lyapunov function in the RDS with the linear
operator L depending explicitly on x and possibly depending
on ∇U (see Rionero [24], Hill [10])

Optimal Lyapunov function in the RDS and fluid-dynamics
with general boundary conditions (in the linear and nonlinear
case)

Optimal Lyapunov functions for stability of ”plane parallel”
flows

How to chose the best “complementary energy” E2 in order to
obtain the best attracting radius for the initial data?

The reduction method and conditions assuring global stability



Some open problems

Optimal Lyapunov function in the RDS with the linear
operator L depending explicitly on x and possibly depending
on ∇U (see Rionero [24], Hill [10])

Optimal Lyapunov function in the RDS and fluid-dynamics
with general boundary conditions (in the linear and nonlinear
case)

Optimal Lyapunov functions for stability of ”plane parallel”
flows

How to chose the best “complementary energy” E2 in order to
obtain the best attracting radius for the initial data?

The reduction method and conditions assuring global stability



Beltrami, E.: Mathematics for Dynamic Modeling. 2nd Ed.,
Academic Press (San Diego, 1997) .

Cantrell R. S., Cosner C.: Spatial ecology via reaction-diffusion
equations, Wiley, Chichester, UK, (2003)

C. W. Chi, L. I. Wu and S. B. Hsu, On the asymmetric
May-Leonard model of three competing species, SIAM J. Appl.
Math., 58 (1998), pp. 211–226.

S. Davis, C. von Kerczek, A reformulation of energy stability
theory, Arch. Ration. Mech. Anal. 52 (1973) pp. 112117.

Flavin J., Rionero S.:, Qualitative estimates for partial
differential equations. An introduction. CRC Press, Boca
Raton, Florida, 1996

Galdi, G. P. & Straughan, B., Exchange of stabilities,
symmetry and nonlinear stability, Arch. Rational Mech. Anal.
89 (1985) 211-228.



Hale, J. K., Ordinary differential equations, Wiley-Interscience
(New-York, 1969).

Hartman, P., Ordinary differential equations. Reprint of the
second edition, Birkhäuser (Boston, 1982).
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