
Consistent n-phases Cahn-Hilliard systems and
applications to multiphase flows

Franck Boyer1

Joint work with Sebastian Minjeaud2,

1Laboratoire d’Analyse, Topologie et Probabilités
Aix-Marseille Université,
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The two-phase Cahn-Hilliard equation

Principle of the diffuse interface modeling

One unknown : the order parameter c (concentration of one phase)

The surface tension σ12 > 0 is given.

Interfaces have small but positive thickness ε > 0 which is fixed.

8<: c(x) = 1, for x ∈ phase 2,
0 < c(x) < 1, for x ∈ interface ,
c(x) = 0, for x ∈ phase 1.

1.0

0.5

0.0

Interface : ε

The two-phase total energy

F [σ12]
ε (c) =

Z
Ω

„
12
σ12

ε
f(c) +

3

4
εσ12|∇c|2

«
dx.

f(c) = c2(1− c)2

0 1

1D Equilibrium : ceq(x) =
1 + tanh(2x/ε)

2
and F [σ12]

ε (ceq) = σ12.
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The two-phase Cahn-Hilliard equation

F [σ12]
ε (c) =

Z
Ω

„
12
σ12

ε
f(c) +

3

4
εσ12|∇c|2

«
dx.

Evolution equation (gradient structure)
D.

Dc
=functional derivative8>>>>>><>>>>>>:

∂tc = M0 ∆µ,

µ =
DF [σ12]

ε

Dc
(c) = −

3

2
εσ12∆c+

12σ12

ε
f ′(c),

∂c

∂n
=
∂µ

∂n
= 0, on ∂Ω.

Remarks

1− c satisfies the same equation.

The total energy is dissipated

d

dt
F [σ12]
ε (c) +M0

Z
Ω
|∇µ|2 dx = 0.
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Objectives

Build n-phase Cahn-Hilliard systems which are able to cope with
two-phase situations

Notation

Constant vector 1 = (1, . . . , 1)t ∈ Rn,

n order parameters c = (c1, . . . , cn)t ∈ Rn

We shall require that

1 =
X
i

ci = c · 1.

Surface tensions are given

σ =
`
σij
´
1≤i,j≤n, σt = σ,

with σii = 0, ∀1 ≤ i ≤ n.

4

5

3

1

2

Applications to multiphase flows through the coupling with NS
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The two-phase Cahn-Hilliard equation
... revisited

Formulation with two order parameters c = (c1, c2)t, σ =

„
0 σ12

σ12 0

«
Total energy F [σ]

ε (c) =

Z
Ω

12

ε
F [σ](c)−

3

4
εσ12(∇c1,∇c2) dx,

Potential F [σ](c) =
σ12

2
(f(c1) + f(c2)− f(c1 + c2)).

N.B. : For any c we have, F [σ]
ε (c, 1− c) = F [σ12]

ε (c).

The evolution system

8>>>>><>>>>>:

∂tc1 = M0 ∆ (2µ1) ,

c2 = 1− c1,

2µ1 = −
3

2
εσ12∆c1 +

12σ12

ε
f ′(c1),

µ2 = −µ1.

Conclusions
We recover the usual CH equation (one single equation !).
We can eliminate a posteriori and arbitrarily one of the order parameters
without breaking symmetry.
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ε
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(c1, c2) =

3

4
εσ12∆c2 +

12

ε

∂F [σ]

∂c1
(c1, c2),

µ2 =
DF [σ]

ε

Dc2
(c1, c2) =

3

4
εσ12∆c1 +

12

ε

∂F [σ]

∂c2
(c1, c2).

First constraint :
We require c · 1 = c1 + c2 = 1, ∀t, x as soon as c1(0, .) + c2(0, .) = 1

∂(c1 + c2)

∂t
= M0∆

`
(α11 + α12)µ1 + (α12 + α22)µ2

´
,

=⇒

α11 + α12 = 0
α12 + α22 = 0

ff
=⇒ −α12 = α11 = α22 .
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The consistency issue for three-phase systems

In (Kim-Lowengrub, IFB ’05) we find the following Cahn-Hilliard system8>>>>>>>>>>>><>>>>>>>>>>>>:

∂tc1 = M0∆µ1,

∂tc2 = M0∆µ2,

c3 = 1− c1 − c2,

µ1 =
1

ε

 
∂F̃0

∂c1
(c)−

∂F̃0

∂c3
(c)

!
− ε∆c1 −

ε

2
∆c2,

µ2 =
1

ε

 
∂F̃0

∂c2
(c)−

∂F̃0

∂c3
(c)

!
−
ε

2
∆c1 − ε∆c2,

with the three-phase potential

F̃0(c) = σ12c
2
1c

2
2 + σ13c

2
1c

2
3 + σ23c

2
2c

2
3.

This model is not suitable for our purposes

Symmetry breaking

The equation satisfied by c3 is not formally the same as the one for c1 and c2.

Non-consistency with two-phase situations

If ci ≡ 0 at t = 0 then ci is in general not 0 for t > 0.
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The consistency issue for three-phase systems

We proposed in (B.-Lapuerta, ’06) to consider

(CH)

8>>><>>>:
∂ci

∂t
= M0 div

„
1

Σi
∇µi

«
, ∀i

µi =
4ΣT

ε

X
j 6=i

„
1

Σj

“
∂iF

[σ](c)− ∂jF [σ](c)
”«
−

3

4
εΣi∆ci, ∀i.

where

Spreading parameters are given by

8><>:
Σ1 = σ12 + σ13 − σ23,

Σ2 = σ12 + σ23 − σ13,

Σ3 = σ13 + σ23 − σ12,

1

ΣT
=

1

3

„
1

Σ1
+

1

Σ2
+

1

Σ3

«
,

and our potential is defined by

F [σ](c) = σ12c
2
1c

2
2 + σ13c

2
1c

2
3 + σ23c

2
2c

2
3| {z }

=F̃0(c),non-consistent

+c1c2c3(Σ1c1 + Σ2c2 + Σ3c3).

Equivalent form of the potential f(c) = c2(1− c)2

F [σ](c) =
σ12

2

ˆ
f(c1) + f(c2)− f(c1 + c2)

˜
+
σ13

2

ˆ
f(c1) + f(c3)− f(c1 + c3)

˜
+
σ23

2

ˆ
f(c2) + f(c3)− f(c2 + c3)

˜
.
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The consistency issue for three-phase systems
Illustrations

Young’s law

sin θ1

σ23
=

sin θ2

σ13
=

sin θ3

σ12

phase 3

phase 1

θ2

θ1 θ3

phase 2

Examples for various values of (σ12;σ13;σ23)

(1 ; 0.8 ; 1.4) (1 ; 1 ; 1) (1 ; 0.6 ; 0.6)
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The consistency issue for three-phase systems
Illustrations

0.02 0.03 0.04 0.05 0.06 0.07 0.08

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1 c_1
c_2
c_3

0.02 0.03 0.04 0.05 0.06 0.07 0.08

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0.02 0.03 0.04 0.05 0.06 0.07 0.08

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

(Kim–Lowengrub, ’05) Our model using eF0 Our model using F [σ]

In each case, numerical convergence is achieved

12/ 30

Boyer-Minjeaud Consistent hierarchy of Cahn-Hilliard systems



The consistency issue for three-phase systems
Illustrations

A two-phase CH/NS computation with a three-phase model

phase 1 = bubble

phase 2 = liquid

phase 3 = virtual ...

σ12 = 0.07

σ13 = 0.07

σ23 = 0.05

ρ2

ρ1
= 10

3

ρ3

ρ1
= 10

4

µ2

µ1
= 10

−3

µ3

µ1
= 5.10

−3
,

 Using a non-consistent potential leads to c3 ≈ 15% instead of c3 = 0 !
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The consistency issue for three-phase systems
Illustrations

Isolines of the potential F on the Gibbs triangle

Σ1 = Σ2 = Σ3 = 4,

non-consistent F̃0

Σ1 = Σ2 = Σ3 = 4,

consistent F
[σ]

Σ1 = 6,Σ2 = 8,Σ3 = 4,

consistent F
[σ]
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The consistency issue for three-phase systems
Illustrations

Σ1 = Σ2 = Σ3 = 4,

0
0,2

0,4
x0,60

0

0,01

0,2

0,02

0,8
0,4

0,03

0,6y

0,04

0,8 1

0,05

0,06

non-consistent eF0

0

0,2

0,4
0

0
x0,6

0,2

0,01

0,02

0,4 0,8
y

0,03

0,6

0,04

0,8 1

0,05

0,06

0,07

consistent F [σ]
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n-phase Cahn-Hilliard systems

(B.-Minjeaud, ’12)

Cahn-Hilliard Potential ansatz

F [σ](c) =
1

4

X
i,j

σij(f(ci) + f(cj)− f(ci + cj)) +
X

s<t<u<v

csctcucvHstuv(c).

For n = 2 : we recover the usual Cahn-Hilliard potential (no term in H•)

For n = 3 : we recover the 3-phase potential proposed in (B.-Lapuerta, ’06)

(no term H•)

For n ≥ 4 : we will see that the terms H• are necessary for consistency to
hold.

First consistency property

For any l, we have F [σ](c) = F [eσl](ecl), as soon as cl = 0.

Notation : Removing the phase number l from the system

eσl = (σij)1≤i,j,≤n
i 6=l,j 6=l

∈Mn−1(R),

ecl = (c1, ..., cl−1, cl+1, ..., cn)t ∈ Rn−1.
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n-phase Cahn-Hilliard systems

Ansatz for the Cahn-Hilliard total energy

F [σ]
ε (c) =

Z
Ω

12

ε
F [σ](c)−

3

8
ε

0@X
i,j

σij(∇ci,∇cj)

1A dx.

Coercivity condition for capillary terms

We assume that the matrix −σ is definite positive in {1}⊥ that is

(C1)
X
ij

(−σij)ξiξj > 0, ∀ξ ∈ Rn \ {0}, such that ξ · 1 = 0.

Condition (C1) depends only on physical parameters.

Moreover, if σ satisfies this condition, so does eσl for any l.
For n = 2,

(C1)⇔ σ12 > 0.

For n = 4, we introduce

Σli = σij + σik − σjk, the spreading coefficient of i among {i, j, k} 63 l,

∆l = ΣliΣ
l
j + ΣliΣ

l
k + ΣljΣ

l
k, ∀l ∈ {1, ..., 4}.

Then, we have

(C1)⇔

8>><>>:
σij > 0, ∀i 6= j,

∆l > 0, ∀l,

∆k∆l > (2σijΣ
j
i − Σki Σkj )2, ∀k,∀l.
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1

1
total

partial

σ12 = 1
σ23

σ13

∆ > 0
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∆k∆l > (2σijΣ
j
i − Σki Σkj )2, ∀k,∀l.
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n-phase Cahn-Hilliard systems

Ansatz for the Cahn-Hilliard total energy

F [σ]
ε (c) =

Z
Ω

12

ε
F [σ](c)−

3

8
ε

0@X
i,j

σij(∇ci,∇cj)

1A dx.

Evolution system taking into account c · 1 =
X
i

ci = 1

(CH[σ])

8>>>>><>>>>>:
∂tci =

−

M0 ∆

0@X
j 6=i

α
[σ]
ij (µi − µj)

1A ,

µi =
12

ε

∂F [σ]

∂ci
(c) +

3

4
ε
X
j 6=i

σij∆cj .

We assume that α[σ] is symmetric and we set α
[σ]
ii = −

X
j 6=i

α
[σ]
ij so that

0@ nX
j=1

α
[σ]
ij = 0, ∀i

1A , that is α[σ].1 = 0.

How to determine the matrix α[σ] = (α
[σ]
ij )i,j ?
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n-phase Cahn-Hilliard systems

∂tci = −M0 ∆

0@X
j

α
[σ]
ij µj

1A , µi =
12

ε

∂F [σ]

∂ci
(c) +

3

4
ε
X
j 6=i

σij∆cj(CH[σ])

Definition (Second consistency assumption)

Solutions of System (CH[σ]) should satisfy for any l

cl(t = 0, .) ≡ 0⇒ cl(t, .) ≡ 0, ∀t > 0.

For any l we need
X
k

α
[σ]
lk µk = 0 as soon as cl ≡ 0.

19/ 30

Boyer-Minjeaud Consistent hierarchy of Cahn-Hilliard systems



n-phase Cahn-Hilliard systems

∂tci = −M0 ∆

0@X
j

α
[σ]
ij µj

1A , µi =
12

ε

∂F [σ]

∂ci
(c) +

3

4
ε
X
j 6=i

σij∆cj(CH[σ])

Definition (Second consistency assumption)

Solutions of System (CH[σ]) should satisfy for any l

cl(t = 0, .) ≡ 0⇒ cl(t, .) ≡ 0, ∀t > 0.

For any l we need
X
k

α
[σ]
lk µk = 0 as soon as cl ≡ 0.

Let us first look at capillary terms

C =
X
j

 X
k

α
[σ]
lk σkj

!
∆cj = 0, as soon as cl ≡ 0

If the red coefficient does not depend on j( 6= l) then C is proportional to ∆cl

c1 + ...+ cn = 1⇒

0@X
j 6=l

∆cj

1A = −∆cl.
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n-phase Cahn-Hilliard systems

∂tci = −M0 ∆

0@X
j

α
[σ]
ij µj

1A , µi =
12

ε

∂F [σ]

∂ci
(c) +

3

4
ε
X
j 6=i

σij∆cj(CH[σ])

Definition (Second consistency assumption)

Solutions of System (CH[σ]) should satisfy for any l

cl(t = 0, .) ≡ 0⇒ cl(t, .) ≡ 0, ∀t > 0.

For any l we need
X
k

α
[σ]
lk µk = 0 as soon as cl ≡ 0.

Let us first look at capillary terms

C =
X
j

 X
k

α
[σ]
lk σkj

!
∆cj = 0, as soon as cl ≡ 0

 The problem is then to find a symmetric matrix α[σ] such that(
α[σ].1 = 0,

α[σ].σ = −I + γ ⊗ 1,

for some γ ∈ Rn. Assuming that the coercivity condition (C1) holds, we can

show that there is a unique solution (α[σ],γ).
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n-phase Cahn-Hilliard systems

∂tci = −M0 ∆

0@X
j

α
[σ]
ij µj

1A , µi =
12

ε

∂F [σ]

∂ci
(c) +

3

4
ε
X
j 6=i

σij∆cj(CH[σ])

Definition (Second consistency assumption)

Solutions of System (CH[σ]) should satisfy for any l

cl(t = 0, .) ≡ 0⇒ cl(t, .) ≡ 0, ∀t > 0.

For any l we need
X
k

α
[σ]
lk µk = 0 as soon as cl ≡ 0.

Let us look now at potential (nonlinear) terms

N =
X
k

α
[σ]
lk

∂F [σ]

∂ck
(c) = 0, as soon as cl ≡ 0

Using that α[σ].σ = −I + γ ⊗ 1 and
X
i

f ′(ci) = 12
X
j<k<l

cjckcl, we get

X
k

α
[σ]
lk

∂F [σ]

∂ck
(c) =

1

2
f ′(cl)| {z }

=0, for cl = 0

+
X
i<j<k

Λlijk| {z }
explicit
formula

cicjck + terms in H•.

19/ 30

Boyer-Minjeaud Consistent hierarchy of Cahn-Hilliard systems



n-phase Cahn-Hilliard systems

∂tci = −M0 ∆

0@X
j

α
[σ]
ij µj

1A , µi =
12

ε

∂F [σ]

∂ci
(c) +

3

4
ε
X
j 6=i

σij∆cj(CH[σ])

Definition (Second consistency assumption)

Solutions of System (CH[σ]) should satisfy for any l

cl(t = 0, .) ≡ 0⇒ cl(t, .) ≡ 0, ∀t > 0.

For any l we need
X
k

α
[σ]
lk µk = 0 as soon as cl ≡ 0.

Let us look now at potential (nonlinear) terms

N =
X
k

α
[σ]
lk

∂F [σ]

∂ck
(c) = 0, as soon as cl ≡ 0

For n ≥ 4, we need to compensate (as soon as cl ≡ 0 !)

X
i<j<k
6=l

Λlijk| {z }
explicit
formula

cicjck +
X
i<j<k
6=l

cicjck

0@ X
s6∈{i,j,k}

α
[σ]
ls Hsijk(c)

1A+ ....
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n-phase Cahn-Hilliard systems

Goal
Find functions H• such that, for any l and any i < j < k different from l, we haveX

s 6∈{i,j,k}
α

[σ]
ls Hsijk(c) = Λlijk, as soon as cl = 0.

Case 1 : for any n ≥ 4 and σij = σ

We can show that the value Λlijk is independent of i, j, k, l and we find that

Hs,i,k,l(c) = 14σ,

fulfills the conditions, and System (CH[σ]) then reads8>>>>>>>>>>>><>>>>>>>>>>>>:

∂tci = M0 ∆

0@−X
j

α
[σ]
ij µj

1A
| {z }

=µ̃i

,

µ̃i = nσ2

0BB@−3ε

4
∆ci +

6

ε
f ′(ci)−

24

ε

X
j<k
6=i

cicjck

1CCA .

Case 2 : for n = 4 and σ generic : Only one function H1234 to determine8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

H1234(c) =
Λ1

234

α
[σ]
11

, for c1 = 0,

H1234(c) =
Λ2

134

α
[σ]
22

, for c2 = 0,

H1234(c) =
Λ3

124

α
[σ]
33

, for c3 = 0,

H1234(c) =
Λ4

123

α
[σ]
44

, for c4 = 0.

Such a function cannot be continuous but we can choose for instance

H1234(c) =

 
4X
i=1

Λijkl

α
[σ]
ii

φ(ci, cjckcl)

!ffi 
4X
i=1

φ(ci, cjckcl)

!
, with φ(a, b) =

|b|
|a|+ |b|

.

NB : The function c 7→ c1c2c3c4H1234(c) is C1 !
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n-phase Cahn-Hilliard systems
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Total energy evolution

(CH[σ])

8>>>>><>>>>>:
∂tci = M0 ∆

0@−X
j

α
[σ]
ij µj

1A ,

µi =
12

ε

∂F [σ]

∂ci
(c) +

3

4
ε
X
j 6=i

σij∆cj .

Proposition

Assuming the coercivity condition (C1), the system satisfies the energy dissipation
equality

d

dt
F [σ]
ε +M0

X
i,j

−α[σ]
ij (∇µi,∇µj)| {z }
≥0

= 0.
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Some illustrations
Consistent vs non-consistent potentials

Isolines of potentials on the Gibbs simplex
Consistent Non-consistent (with H• = 0)
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Some illustrations
of 4-phase systems

1D numerical simulations
We choose c4 ≡ 0 at the initial time.

σ =

0BB@
0 1 0.9 1.4
1 0 0.6 1

0.9 0.6 0 1
1.4 1 1 0

1CCA .

Consistent potential Non-consistent potential (that is H• = 0)
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Some illustrations
A 3-phase case computed with a 4-phase model
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Some illustrations
A 3-phase case computed with a 4-phase model

At a given ∆t, the computation blows up for a non-consistent potential
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Illustrations
A 4-phase CH computation
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Illustrations
A 4-phase NS/CH computation

σij = 0.05

ρ1 = 1

ρ2 = 1000

ρ3 = 1100

ρ4 = 1200

µ1 = 10−4

µ2 = 0.1

µ3 = 0.01

µ4 = 10−3
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Outline

1 Introduction

2 The two-phase Cahn-Hilliard equation revisited

3 The consistency issue for three-phase CH systems

4 Construction of consistent n-phase Cahn-Hilliard
systems

5 Few words about numerics

6 Conclusion
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An overview

Coupling with the Navier-Stokes system
We mainly use P2/P1 or Q2/Q1 element for (u, p) and P1 or Q1 for (ci, µi).

Projection method (velocity prediction, pressure correction) to solve the
Navier-Stokes system.
An unconditionally stable and fully uncoupled CH / NS method.

(Minjeaud, ’12)

Adaptive local refinement

Suitable time discretisation for Cahn-Hilliard systems

But also ...
Multigrid solvers.
Outflow boundary conditions.
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An overview

Coupling with the Navier-Stokes system

Adaptive local refinement

based on conforming approximation spaces : CHARMS method.

hint =
ε

4

hint = ε

Suitable time discretisation for Cahn-Hilliard systems

But also ...
Multigrid solvers.
Outflow boundary conditions.
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An overview

Coupling with the Navier-Stokes system
Adaptive local refinement
Suitable time discretisation for Cahn-Hilliard systems

Explicit or convex-concave schemes are very robust but inaccurate.
Implicit schemes are much more accurate but lead to instabilities.
 Development and analysis of adapted semi-implicit schemes.

(B.-Minjeaud, ’08)

CC scheme

SImpl scheme

But also ...
Multigrid solvers.
Outflow boundary conditions.
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Conclusion and perspectives

Summary and comments

We build n-phase CH systems which are consistent with 2-phase systems.

Suitable for phase-field modelling through a coupling with the NS equations.

Well-posedness of such systems can be shown with suitable assumptions (for
the three-phase case, see (B.-Lapuerta ’06))

The overall strategy can be extended to two-phase potentials other than
f(c) = c2(1− c)2 provided that

f(c) = f(1− c), ∀c,

f ′(0) = 0.

Open problems

What to do when the coercivity condition is not satisfied (even for n = 3) ?

Numerics : how to solve efficiently the system with the singular terms H• ?
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