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Linearization in elasticity

Equilibrium: ϕ : Ω→ Rd

min

(∫
Ω

Welast(∇ϕ)dx −
∫

Ω

`·ϕ dx

)
Hyperleastic energy: Welast : Rd×d → [0,∞], Welast =∞ out of GL+(d)

Frame indifference: Welast(RF) = Welast(F) for all R ∈ SO(d)

Formal linearization: let ϕ = id + εu so that ∇ϕ = I + ε∇u

Welast(I + ε∇u)
Taylor≈ Welast(I)︸ ︷︷ ︸

=0

+ε ∂FWelast(I)︸ ︷︷ ︸
=0

:∇u +
ε2

2
∇u: ∂2

FFWelast(I)︸ ︷︷ ︸
=:C

∇u

frame ind.
=

ε2

2
∇su:C∇su
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Linearization in elasticity

Rigorous justification: [Dal Maso, Negri, Percivale 2002]

1

ε2

∫
Ω

Welast(I + ε∇u)dx
Γ→ 1

2

∫
Ω

∇su:C∇sudx

Γ-convergence:

fε
Γ→ f ⇐⇒

{
f (x) ≤ lim inf

ε→0
fε(xε) for all xε → x (lim inf inequality)

∀y ∃yε → y s.t. lim
ε→0

fε(yε) = f (y) (recovery sequence)

Fundamental Theorem of Γ-convergence

Let fε
Γ→ f , xε minimize fε and xε → x

=⇒ x minimizes f and min fε → min f

One line proof by contradiction:

lim sup
ε→0

fε(yε)
recovery

= f (y)
contrad.
< f (x)

lim inf
≤ lim inf

ε→0
fε(xε)

minimality
≤ lim inf

ε→0
fε(yε)

Ulisse Stefanelli (IMATI) Cortona, 17.9.2012 www.imati.cnr.it/ulisse 5 / 22



Linearization in elasticity

Rigorous justification: [Dal Maso, Negri, Percivale 2002]

1

ε2

∫
Ω

Welast(I + ε∇u)dx
Γ→ 1

2

∫
Ω

∇su:C∇sudx

Γ-convergence:

fε
Γ→ f ⇐⇒

{
f (x) ≤ lim inf

ε→0
fε(xε) for all xε → x (lim inf inequality)

∀y ∃yε → y s.t. lim
ε→0

fε(yε) = f (y) (recovery sequence)

Fundamental Theorem of Γ-convergence

Let fε
Γ→ f , xε minimize fε and xε → x

=⇒ x minimizes f and min fε → min f

One line proof by contradiction:

lim sup
ε→0

fε(yε)
recovery

= f (y)
contrad.
< f (x)

lim inf
≤ lim inf

ε→0
fε(xε)

minimality
≤ lim inf

ε→0
fε(yε)

Ulisse Stefanelli (IMATI) Cortona, 17.9.2012 www.imati.cnr.it/ulisse 5 / 22



Linearization in elasticity

Rigorous justification: [Dal Maso, Negri, Percivale 2002]

1

ε2

∫
Ω

Welast(I + ε∇u)dx
Γ→ 1

2

∫
Ω

∇su:C∇sudx

Γ-convergence:

fε
Γ→ f ⇐⇒

{
f (x) ≤ lim inf

ε→0
fε(xε) for all xε → x (lim inf inequality)

∀y ∃yε → y s.t. lim
ε→0

fε(yε) = f (y) (recovery sequence)

Fundamental Theorem of Γ-convergence

Let fε
Γ→ f , xε minimize fε and xε → x

=⇒ x minimizes f and min fε → min f

One line proof by contradiction:

lim sup
ε→0

fε(yε)
recovery

= f (y)
contrad.
< f (x)

lim inf
≤ lim inf

ε→0
fε(xε)

minimality
≤ lim inf

ε→0
fε(yε)

Ulisse Stefanelli (IMATI) Cortona, 17.9.2012 www.imati.cnr.it/ulisse 5 / 22



Linearization in elasticity

Rigorous justification: [Dal Maso, Negri, Percivale 2002]

1

ε2

∫
Ω

Welast(I + ε∇u)dx
Γ→ 1

2

∫
Ω

∇su:C∇sudx

Γ-convergence:

fε
Γ→ f ⇐⇒

{
f (x) ≤ lim inf

ε→0
fε(xε) for all xε → x (lim inf inequality)

∀y ∃yε → y s.t. lim
ε→0

fε(yε) = f (y) (recovery sequence)

Fundamental Theorem of Γ-convergence

Let fε
Γ→ f , xε minimize fε and xε → x

=⇒ x minimizes f and min fε → min f

One line proof by contradiction:

lim sup
ε→0

fε(yε)
recovery

= f (y)
contrad.
< f (x)

lim inf
≤ lim inf

ε→0
fε(xε)

minimality
≤ lim inf

ε→0
fε(yε)

Ulisse Stefanelli (IMATI) Cortona, 17.9.2012 www.imati.cnr.it/ulisse 5 / 22



Linearization in elasticity

Application:

uε minimize u 7→ 1

ε2

∫
Ω

Welast(I + ε∇u)dx −
∫

Ω

` · u

Then, we have that uε → u which minimizes

1

2

∫
Ω

∇su:C∇su dx −
∫

Ω

` · u

Equivalently, it solves

∇ · σ + ` = 0, σ = C∇su, (b.c.)
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Outline

Coercivity: by geometric rigidity [Friesecke, James, Müller, 2002]

∞ >

∫
Ω

Welast(∇ϕ)dx
assume
≥ c

∫
Ω

d2(∇ϕ,SO(d))
rigidity
≥ c̃

∫
Ω

|∇ϕ−R̃|2 dx

SO(d)I

Welast

Literature:

I [Agostiniani, Dal Maso, DeSimone, 2011] refined assumptions
I [Schimidt, 2008] multiwell energy
I [Paroni, Tomassetti, 2009, 2011] non-stress-free reference config.
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Linearized plasticity

Linearized elasticity:

∇ · σ + ` = 0

∇su = C−1σ

(b.c.)

σ

∇us

Linearized plasticity:

∇ · σ + ` = 0

∇su = C−1σ + p p ∈ Rd×d
dev

∂R|ṗ|+ Hp 3 σ
(b.c) + (i.c.)

σ

∇usp
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Linearized plasticity

Complementary energy:

E(u,p, t) =
1

2

∫
Ω

(∇su−p):C(∇su−p)dx +
1

2

∫
Ω

p:Hp dx −
∫

Ω

`(t)·u dx

Dissipation:

D(p0,p1) = R

∫
Ω

|p1−p0|dx = R(p1−p0)

Linearized plasticity:

∂uE(u,p, t) 3 0 equilibrium

∂ṗR(ṗ)+∂pE(u,p, t) 3 0 plastic flow
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Linearized plasticity

∂uE(u,p, t) 3 0 equilibrium

∂ṗR(ṗ)+∂pE(u,p, t) 3 0 plastic flow

Energetic formulation: [Mielke-Theil, 2004]

Stability:

E(u(t),p(t), t) ≤ E(û, p̂, t) +R(p̂− p) ∀(û, p̂)

Energy conservation:

E(u(t),p(t), t)︸ ︷︷ ︸
actual energy

+

∫ T

0

R(ṗ)dt︸ ︷︷ ︸
dissipated energy

= E(u0,p0, 0)︸ ︷︷ ︸
initial energy

−
∫ T

0

∫
Ω

˙̀ ·u dx dt︸ ︷︷ ︸
work external forces
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Finite plasticity
Multiplicative decomposition: ∇ϕ = FelastP, P ∈ SL(d) = {detP = 1}

Complementary energy:

E =

∫
Ω

Welast(∇ϕP−1︸ ︷︷ ︸
Felast

)dx +

∫
Ω

Whard(P)dx −
∫

Ω

`(t)·ϕ dx

E =
1

2

∫
Ω

(∇su−p):C(∇su−p)dx +
1

2

∫
Ω

p:Hp dx −
∫

Ω

`(t)·u dx

Dissipation:

D(P0,P1) = inf

{
R

∫ 1

0

∫
Ω

|ṖP−1|dx dt : P0
P(t)
 P1

}

D(p0,p1) = R

∫
Ω

|p1−p0|dx

P (t)

P0

P1

SL(d)
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Linearization in plasticity

Why is it more difficult than elasticity?

Extra plastic variable

Nonlinear to linear settings

I multiplicative to additive splits:

∇ϕ = Felast P  ∇su = C−1σ + p

I change of state space

P ∈ SL(d)  p ∈ Rd×d
dev

Evolutive situation

I Need for an evolutive notion of variational convergence
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Linearization in plasticity

Energetic solution

Stability: Eε(q(t), t) ≤ Eε(q̂, t) +Dε(q, q̂) ∀q̂

Energy: Eε(q(t), t) +

∫ T

0

Rε(q̇)dt = Eε(q0, 0)−
∫ T

0

∫
Ω

˙̀ ·q dx dt

Question:

Which (Eε,Dε) (E0,D0) entails convergence of energetic solutions?

First (but wrong) guess: Eε Γ→ E0 and Dε
Γ→ D0
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Linearization in plasticity

Sufficient condition: [Mielke, Roubicek, S., 2008]

two separate Γ− lim inf conditions . . .

E0 ≤ Γ–liminf Eε and D0 ≤ Γ–liminf Dε

. . . plus the existence of a Mutual Recovery Sequence

∀qε → q0, ∀ q̂0 there exists q̂ε such that

lim sup
(
Eε(q̂ε)−Eε(qε)+Dε(qε, q̂ε)

)
≤ E0(q̂0)−E0(q0)+D0(q0, q̂0)

Ulisse Stefanelli (IMATI) Cortona, 17.9.2012 www.imati.cnr.it/ulisse 16 / 22



Linearization in plasticity

Formal linearization: ∇ϕ = I + ε∇u, P = I + εp

Welast(∇ϕε Pε
−1) = Welast

(
(I+ε∇u)(I+εp)−1

)
≈Welast

(
(I+ε∇u)(I

!
− εp)

)
≈ ε2

2
(∇su−ps):C(∇su−ps)

Whard(Pε) ≈ ε2

2
p: ∂2

PPWhard(I)︸ ︷︷ ︸
H

p

D(P0ε,P1ε) = D(I,P1εP0ε
−1) = D

(
I, (I+εp1)(I+εp0)−1

) Γ≈ εR|p1

!
− p|

I (I+εp1)(I+εp0)−1 ≈ I+ε(p1−p0) ≈ eε(p1−p0)

D
(
I, (I+εp1)(I+εp0)−1

)
≈ D(I, eε(p1−p0))

P(t)=etε(p1−p0)

≈ εR|p1−p0|
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Linearization in plasticity

Coercivity of the energy

Rigidity for Welast and coercivity for Whard:

‖∇uε(t)‖2
L2 + ‖pε(t)‖2

L2 ≤ cEε(uε(t),pε(t), t) <∞

Two Γ–liminf inequalities . . .

I Poinwise inequalities for the integrands

1

2
(∇su−p):C(∇su−p) ≤ lim inf

ε→0

1

ε2
Welast

(
(I+ε∇uε)(I+εpε)−1

)
1

2
p:Hp ≤ lim inf

ε→0

1

ε2
Whard(I+εpε)

R|p1−p0| ≤ lim inf
ε→0

1

ε
D
(
I, (I+εp1)(I+εp0)−1

)
I Balder-Ioffe lower semicontinuity theorem
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Linearization in plasticity

. . . and a mutual recovery sequence

Let (û0, p̂0) := (u0,p0) + (ũ, p̃) with (ũ, p̃) ∈ C∞c (Ω;Rd×Rd×d
dev )

Define ψε := id + εũ and ϕε := id + εuε and let

ûε :=
1

ε

(
ψε ◦ϕε−id

)
Moreover, define the big set

Ωε :=
{
x ∈ Ω

∣∣ eεp̃(x)(I+εpε(x)) ∈ {Whard <∞} ⊂⊂ SL(d)
}

and choose

p̂ε :=

{
1

ε

(
eεp̃(I+εpε)− I

)
on Ωε

pε else
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Linearization in plasticity

Complicated definitions to simplify complicated expressions

I ûε :=
1

ε

(
ψε ◦ϕε−id

)
=⇒ (I+ε∇ûε) = ∇ψε(ϕε)∇ϕε = (I+ε∇ũ(ϕε))︸ ︷︷ ︸

→1

∇ϕε → ∇ϕε

[multiplicative decomposition]

I p̂ε =
1

ε

(
eεp̃(I+εpε)− I

)
=⇒ (I+εp̂ε) = eεp̃(I+εpε)

1

ε
D
(
I, (I + εp̂ε)(I + εpε)−1

)
=

1

ε
D
(
I, eεp̃)→ R(p̃)
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Linearization in plasticity

Constraints fulfilled

I Orientation [ûε :=
(
ψε ◦ϕε−id

)
/ε]

det(I+ε∇û) = det(∇ψε(ϕε)∇ϕε)

= det(I+ε∇ũ(ϕε))︸ ︷︷ ︸
≈1

det(I+ε∇uε)︸ ︷︷ ︸
>0

> 0

I Volume [p̂ε =
(
eεp̃(I+εpε)− I

)
/ε]

det(I+εp̂) = det
(
eεp̃(I+εpε)

)
= det eεp̃ det(I+εpε)︸ ︷︷ ︸

=1

= etr(εp̃) = e0 = 1

Strategy

I Exploit cancellations (a very refined version of the quadratic trick)
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Linearization in plasticity

Convergence

Let (uε,pε) be energetic solutions of finite plasticity.

Then, (uε,pε)→ (u0,p0) pointwise in H1 × L2-weak where
(u0,p0) is an energetic solution of linearized plasticity

[A. Mielke, U.S. Linearized plasticity is the evolutionary Γ-limit of finite
plasticity, J. Eur. Math. Soc. (JEMS), to appear 2012]

http://www.imati.cnr.it/ulisse
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