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Abstract

We study a diffusion model of phase field type, which consists of a system of
two partial differential equations involving as variables the thermal displacement,
that is basically the time integration of temperature, and the order parameter.
Our analysis covers the case of a non-smooth (maximal monotone) graph along
with a smooth anti-monotone function in the phase equation. Thus, the system
turns out a generalization of the well-known Caginalp phase field model for phase
transitions when including a diffusive term for the thermal displacement in the
balance equation. Systems of this kind have been extensively studied by Miranville
and Quintanilla. We prove existence and uniqueness of a weak solution to the
initial-boundary value problem, as well as various regularity results ensuring that
the solution is strong and with bounded components. Then we investigate the
asymptotic behaviour of the solutions as the coefficient of the diffusive term for the
thermal displacement tends to 0 and prove convergence to the Caginalp phase field
system as well as error estimates for the difference of the solutions.
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1 Introduction

This paper is concerned with the initial and boundary value problem:

wy — aAw, — fAw+u, = f in Q% (0,7T) (1.1)

w —Au+y(u)+g(u) 2w, inQx(0,7) (1.2)

Opw = Opu =10 onI'x (0,7) (1.3)

w(+, 0) =wo, wi(-,0)=1v9, u(-0)=ug in (1.4)
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where 2 C R3 is a bounded domain with smooth boundary I', 7' > 0 represents some
finite time, and 0,, denotes the outward normal derivative on I'. Moreover, o and 3 are
two positive parameters, v : R — 2% is a maximal monotone graph (one can see [2, in
particular pp. 43-45] or [1]), ¢ : R — R is a Lipschitz-continuous function, f is a given
source term in equation ((IL]) and wy, v, ug stand for initial data. The inclusion (in place
of the equality) in (C2]) is due to the presence of the possibly multivalued graph ~.

Equations (II)—-(L2) yield a system of phase field type. Such systems have been
introduced (cf. [3]) in order to include phase dissipation effects in the dynamics of moving
interfaces arising in thermally induced phase transitions. In our case, we move from the
following expression for the total free energy

U0, u) = /Q (—%82 —Ou+ ¢(u) + G(u) + %|Vu|2) (1.5)

where the variables 6 and u denote the (relative) temperature and order parameter, respec-
tively. Let us notice from the beginning that our w represents the thermal displacement
variable, related to 6 by

t
w(- t) =wo+ (1x6)(-, t) :w0+/9(-, s)ds, tel0,T]. (1.6)
0
In (T3, ¢ : [0,400] — R is the convex and lower semicontinuous function such that
»(0) = 0 = min¢ and its subdifferential ¢ coincides with 7, while G stands for a
smooth, in general concave, function such that G’ = ¢g. A typical example for ¢ and G is
the double obstacle case

0 if Ju| <1 5
é(u) = Ii-1 1) (u) {m o G=1-u (17)

so that the two wells of the sum ¢(u)+G(u) are located in —1 and +1, and one of the two
is preferred as minimum of the potential in ([LH]) according to whether the temperature
0 is negative or positive. Indeed, note the presence of the term —fu besides ¢(u) + G(u)
in the expression of V.

The example given in (7)) is inspired by the systematic approach of Michel Frémond
to non-smooth thermomechanics: we refer to the monography [7] which also deals with
the phase change models. In the case of (L) the subdifferential of the indicator function
of the interval [—1, +1] reads

IN

0 if u=-1
€0l y(u) ifandonlyif ¢ ¢ =0 if Jul<1
>0 if u=+1

Let us point out that, with a different terminology motivated by earlier studies on the
Stefan problem [6], some authors (cf. [7]) prefer to name “freezing index” the variable w
defined by (L6]), having also in mind applications to frost propagation in porous media.

Another meaningful variable of the Stefan problem is the enthalpy e, which in our case
is defined by

e = —dpV (— the variational derivative of ¥ with respect to 0),
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whence e = 0+ u = w;+wu. Then, the governing balance and phase equations are given by
e +divg=f (1.8)

where q denotes the thermal flux vector and d,V stands for the variational derivative
of ¥ with respect to u. Hence, (L)) reduces exactly to (L2) along with the Neumann
homogeneous boundary condition for u. If we assume the classical Fourier law q = —V#
(for the moment let us take the heat conductivity coefficient just equal to 1), then (L8] is
nothing but the usual energy balance equation as in the Caginalp model [3]. This is also
as in the weak formulation of the Stefan problem, in which the mere pointwise inclusion

u € (81[_1,+1})_1 (), or equivalently 6 € 0I;_1 ;1j(u), replaces (LZ).

Another approach, which is by now well established, consists in adopting the so-called
Cattaneo-Maxwell law (see, e.g., [, [I4] and references therein): such a law reads

q+eq.=-—VH, for ¢ >0 small, (1.10)
and leads to the following equation
E@tt+9—A9+€utt+ut:f IHQX(O,T)

which has been investigated in [I4]. On the other hand, if we solve (II0) with respect to
q we find

t
q=qo+kx* V6, where (kx*V0)(z,t):= /k(t — 5)Vl(z, s)ds,
0
qo(z,t) is known and can be incorporated in the source term, k() is a given kernel
(depending on ¢ of course): from (L)) we obtain the balance equation for the standard
phase field model with memory which has a hyperbolic character and has been extensively

studied in [4 [5].

In [8, [0, 10, 11] Green and Naghdi presented an alternative approach based on a
thermomechanical theory of deformable media. This theory takes advantage of an entropy
balance rather than the usual entropy inequality. If we restrict our attention to the heat
conduction, these authors proposed three different theories, labeled as type I, type II and
type III, respectively. In particular, when type I is linearized, we recover the classical
theory based on the Fourier law

q=—-aVuw, «a>0 (typel). (1.11)
Furthermore, linearized versions of the two other theories yield
q=—0Vw, >0 (type ) (1.12)

and
q=—aVw, — fVw (type III). (1.13)

Note that here we have used the thermal displacement (L)) (instead of €) to write such
laws. We also point out that (LI2)-(LI3) have been recently discussed, applied and



4 SOLVABILITY AND ASYMPTOTIC ANALYSIS OF A PHASE FIELD SYSTEM

compared by Miranville and Quintanilla in [I5] 16, I7] (there the reader can find a rich
list of references as well). In particular, (IL.I3]) leads via (L)) to our equation (IL1)); further,
a no flux boundary condition for q corresponds to d,w = 0 in (3.

Thus, the system (LI)—(L4) results from (L8)—(L9) when (LH) and (LI3]) are postu-

lated. We are interested in the study of existence, uniqueness, regularity of the solution to
the initial-boundary value problem (L.I)—(L4]) when ~ is an arbitrary maximal monotone
graph, possibly multivalued, singular and with bounded domain. Of course, the case of
U shaped by a multiwell potential u — —w,u + ¢(u) + G(u) is recovered as a sample.
Then we study the asymptotic behaviour of the problem as 3 ™\, 0, obtaining convergence
of solutions to the problem with § = 0, which corresponds to (LI1), the (type I) case
of Green and Naghdi. We also prove two error estimates of the difference of solutions in
suitable norms, showing a linear rate of convergence in both estimates. In a subsequent
study we would like to address the investigation of the analogous limit o \, 0 to obtain
the (type II) case in (LI2).

The paper is organized as follows. In Section Pl we state the main results related to
the problem (LI)—(L4): existence and uniqueness of a weak solution, regularity results
yielding a strong solution, further regularity results ensuring the boundedness of u, w,
and of the appropriate selection of v(u). Section Bl contains the related statements. Then
we investigate the asymptotic limit as § \, 0: precisely, the convergence result and the
error estimates under different assumptions on the data. In Section ] we introduce some
notation and present the uniqueness proof. The approximation of the problem (LT])—
([C4) via a Faedo-Galerkin scheme and the derivation of the uniform a priori estimates
are carried out in Section Bl Regularity and boundedness properties for the solutions
are proved in Sections [BH8 Finally, the details of the asymptotic analysis as 8 \, 0 are
developed in Section

2 Well-posedness and regularity for o, 5 > 0

We point out the assumptions on the data and state clearly the formulation of the problem
and the main results we achieve. Let Q C R? be a bounded smooth domain with boundary

['=0Q and let T'> 0. Set @ := Q x (0,7). We assume that

a, e (0,+00) (2.1)

f e L*0,T; HY(Q)) + L'(0,T; L*(2)) (2.2)

v C R x R is a maximal monotone graph, with v(0) > 0 (2.3)
¢ : R — [0,400] is convex and lower-semicontinuous (2.4)
»(0) =0 and 0¢p =~ (2.5)

g : R — R is Lipschitz-continuous (2.6)

wo € HY(Q), wvo € LX), wug€ L), éug) € LH(Q). (2.7)

The effective domain of v will be denoted by D(v). We consider
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Problem (P, 3). Find (w, u, §) satisfying

we Wh(0,T; L*(Q) N H'(0,T; H'()) (2.8)

wy € L0, T; H(2)) (2.9)

we HY0,T; H(Q))nC® ([0,T); L*(Q)) N L*(0,T; H'(2)) (2.10)

e L*Q), u€ D(y) and £ € y(u) ae. in Q (2.11)

(w(t), v) + a (Vwi(t), V) 2q) + 8 (Vw(t), V) gy + (wl(t), v) = (f(), v) (2.12)
for all v € H'(Q) and a.a. t € (0,7)

(ue(t), v) + (Vult), V) o) + (E(0); v) 20y + (9(w)(1), v) 2y = (wilt), v) 12y (2.13)

for all v € H'(Q2) and a.a. t € (0,T)
w(0) =wo in H'(Q), w,(0)=vy in HY(Q), wu(0)=uy in L*(). (2.14)

We can prove the well-posedness of this problem.

Theorem 2.1 (Existence and uniqueness). Let assumptions 1) —271) hold. Then
Problem (P, ) has a unique solution.

Next, in addition to (ZI)—(21), we suppose
f e L*0,T; L*() + L*(0,T; H(Q)) (2.15)
wo € H*(Q), Oywo=0onT, vyo€ HY(Q), upec H(Q); (2.16)

in this case, we are able to prove a regularity result, which allows us to solve a strong
formulation of Problem (P, 3).

Theorem 2.2 (Regularity and strong solution). Assume (ZIH)-(ZI6) in addition
to ZI)—-Z1). Then the unique solution (w, u, &) of Problem (P,z) fulfills

we Whe(0,T; H{(Q)) N H(0,T; H*(Q)) (2.17)

wy € L0, T; L*(2)) (2.18)

we HY(0,T; L*()nC° ([0, T]; H'(Q)) N L*(0,T; H*(Q)) . (2.19)

In particular, (w, u, ) solves Problem (P, ) in a strong sense, that is, w and u

satisfy
wy — aAw; — fAw+u; = f ae. in Q

u—Au+E+gu) =w, £€y(u) ae inQ
Oqw =0,u=0 ae onI x(0,T).
The aim of the subsequent results is to provide L*° estimates. We will need to

strengthen again the hypotheses on the initial data. For s € D(y) let us denote by
7°(s) the element of y(s) having minimal modulus. Then, we require that

ug € H*(Q), 9dpup=0 on T (2.20)
ug € D() ae. inQ, 4%ug) € L*(Q). (2.21)
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Theorem 2.3 (Further regularity). If the conditions 1) —(Z7), (ZI5)-@I06) and
Z20)-@21) hold, then the solution (w, u, &) of Problem (P, g) fulfills

w € Whee(0,T; L*()) N HY (0, T; H'(Q)) N L>(0,T; H*(Q)) . (2.22)

The above results still hold if the dimension N of the domain €2 is arbitary. On the
other hand, since (Z222) implies in particular that u is continuous from [0, T'| to the space
H*(Q2) for all s < 2, then, if we let N < 3 and s sufficiently large, it turns out that
H*(Q) C C°(€)) and consequently

u € CQ).

Finally, we assume for the data enough regularity to get L°*° estimates for w; and &.
The hypothesis N < 3 is essential in the proof of the following result.

Theorem 2.4 (L estimate for w; and ). In addition to assumptions (2.1)—-(2.1),

R.I5) -@I6) and @20)-R21), we ask
f€L>®0,T; L*(Q) + L"(0,T; H(Q))  for some r > 4/3 (2.23)

7O (ug) € L=(9). (2.24)

Then we have

wp € L*(Q), € L™(Q).

Remark 2.5. All the statements contained in this paper still hold if  C R3 is, for instance,
a convex polyhedron, for which standard results on Sobolev embeddings and regularity
for elliptic problems apply.

3 Asymptotic behaviour as g \, 0

Let us fix the parameter a once and for all. We shall concentrate on the asymptotic
behaviour of the solution as 5\, 0, so we let § vary in a bounded subset of (0, +00). We
allow the source term and the initial data in Problem (P, g) to vary with j, by replacing
f, wo, vo and wy in 212) and (2.14) with fs, wo g, vo s and wug g respectively. We will
denote by (wg, ug, £g) the solution to Problem (P, 3).

If we set 5 = 0 in the statement of Problem (P,gs), we get a first-order system
of differential equations, with respect to time, in the variable w;, which is of physical
relevance (recall that w, = 6). Anyway, we avoid this change of variable, in order to
preserve the formalism. We introduce the formulation of Problem (P,), in which 3 is set
to be zero.

Problem (P,). Find (w, u, §) satisfying ([Z8)—(211) as well as

(win(t), v) + a (Vwi(t), Vo) 2y + (wi(t), v) = (f(t), v)

3.1
for all v € HY(2) and a.a. t € (0,7) (3.1
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(ui(t), v) + (Vu(t), Vo) g2y + (€ + 9(w)(1), v) 120y = (wi(t), v) 120
forall ve HY(Q) and a.a. ¢t € (0,T)

w(0) =wy in H'(Q), wi(0)=vy in H(Q), u(0)=wu in L*(). (3.3)

(3.2)

We state at first the well-posedness of Problem (P, ) and a convergence result.

Theorem 3.1 (Well-posedness for (P,)). If the hypotheses [2.2)—~2.1) hold, then

Problem (P,) admits exactly one solution.

Theorem 3.2 (Convergence as 5\, 0). We assume [22)-27) and
fs—f in L*(0,T; H(Q)') + L'(0,T; L*(Q2)) (3.4)
wop — Wy N HY(Q), Vog — Vo, Upp — Uy N L*(Q). (3.5)
Then, the convergences
wg —*w in WH(0,T; L*(Q)), wg — w in HY(0,T; H'(S))
ug —u in HY(0,T; HY(Q)) N L*(0,T; H'(Q))

& — ¢ inL*Q).
hold, where (w,wu, &) denotes the solution to Problem (P,,).

With slightly strengthened hypotheses, we are able to prove the strong convergence
for the solution and even to give an estimate for the convergence rate.

Theorem 3.3 (First error estimate). In addition to (2Z3)-(28) and B.4)-B.1), we
assume

Hfﬁ - fHL2(07T;H1(Q)/)+L1(07T;L2(Q)) < Cﬁ (3.6)
[wo,5 — wO”Hl(Q) + [Jvos — UOHHI(Q)' + [Juos — u0”L2(Q) <cp (3.7)

for some constant ¢ which is independent of 5. Then one has the estimate
Jws — w||H1(o,T;L?(Q))mLoo(o,T;Hl(Q))
+ lus — ull oo o 1202 0,111 () < €5
where ¢ does not depend on [3.
If v is a (single-valued) smooth function, and if enough regularity on the data is

assumed, it is possible to obtain much stronger estimates. The assumption N < 3 on the
spatial dimension is essential for the proof of the following result.
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Theorem 3.4 (Second error estimate). Let (2Z3)—(20), B4)-B3H) hold and
v:D(y) — R be single-valued and locally Lipschitz-continuous. (3.9)

Moreover, assume that the data {fz, wogs, vos, wo g}, as well as {f, wo, vo, uo},

satisfy @.15)-@.16), @.20)-@.21), @.23)-@.24) along with

||f5||L<><>((],T;LQ(Q))+LT(07T;H1(Q)) + ||UO,B||H2(Q) + ||'Y(u0ﬁ)||Loo(Q) <c (3.10)
”fﬁ - f|’LQ(()’T;LQ(Q))_FLI(O’T;HI(Q)) <cp (3.11)
lwo,8 = woll g2y + Y0, = voll gy + l[wo.p = woll gy < ¢ B (3.12)

where r > 4/3. Then the estimate

lws = w101, -
B Wheo (0,75 H(Q2))NH(0,T;H?(2)) (3.13)

+ lus = ull g1 o 11200 np 071 Q)12 (0 2 () S €5

holds for a suitable constant c, which may depend on a but not on [3.

4 Notation and uniqueness proof

Before facing the proof of all the results, for the sake of convenience we fix some notation:
Qr=0x(0,t) for0<t<T, Q=Qr,

H=L*), V=H(Q), W={veHQ): d,v=0 ae onl}.
We embed H in V', by means of the formula

(y, v) = (y, v)y foralye H, ve V.

Furthermore, the same symbol ||-|| ; will denote both the norm in L?(2) and in L*(Q)"; we
behave similarly with [|-||;,. If a, b are functions of space and time variables, we introduce
the convolution product with respect to time

(a*b)(t):/ota(s)b(t—s)ds, 0<t<T.

We also point out that the symbols ¢, ¢; — even in the same formula — stand for different
constants, depending on €2, T" and the data, but not on the parameters «, 3. However,
as we will be interested in the study of convergence as 8 \, 0, if a constant ¢ depends on
a, [ in such a way that ¢ is bounded whenever «, 3 lie bounded, then we will accept the
notation c¢. A constant depending on the data and on «, but not on 5, may be denoted
by cq or cq; or simply ¢, as it will happen in Section

In our computations, we will often exploit the Holder and Young inequalities to infer

/ b<i/t||<>||2d ﬂ/tnb()n?d
Qta_anasHszo )|y ds
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where a, b € L*(Q) and o > 0 is arbitrary. We point out another inequality which will
turn out to be useful: if ¢ € H(0,T; H), then the fundamental theorem of calculus and
the Holder inequality entail

2 t
<2l p()|4 + 2T / los)Zds  (41)

Il = o)+ ' oi(s)ds

H
for all 0 <t <T. Now, let us concentrate on the uniqueness proof.

Let (wn, u1, &) and (wq, ug, &) be solutions to the Problem (P, 3); we claim that
they coincide. Setting w = wy; — ws, u = u; — us and £ = & — &, we easily get

(wy(t), v) + a (Vw(t), Vo)y + 5 (Vw(t), Vu) gy + (u(t), v) =0 (4.2)

(ug(t), v) + (Vu(t), Vo) + (£(12), v) g + (g(ur)(t) — g(u2)(t), v) g = (we(t), v)y  (4.3)
for all v € V and a.a. 0 <t < T, along with the initial conditions

w(0) = w(0) =u(0) =0. (4.4)

We choose v = u(t) in equation ([A3]) and integrate over (0,t); thus, we obtain

I+ [ 1ueds [ gu=— [ (o)~ gta)u [ war

Accounting for the Lipschitz-continuity of g, the Holder inequality and the monotonicity
of v, frow the above equality we easily derive

1 t t
10l + [ 19l ds < [ aeyiyas+ [ w (45)

Integrating in time the equation (4.2]) (this is possible thanks to (Z8)) and taking the
initial data (4.4]) into account, we have

(wi (1), v)y + a(Vw(t), Vo) + 5 (1 Vw(t), Vo) + (u(t), v)y = 0; (4.6)

we choose v = wy(t) in (6] and integrate over (0,t). Noticing that the equality

(1% Vut), Vus(t)) = 2 (1« Vult), Vu(t)), ~ [Vl (4.7)

holds, we get
t
«
/0 lwe(s)|17 ds + 5 IVw®)f = =8 (1 Vw(t), Vu(t),

+B/O HVw(s)HiIds—/ Uwy .

The Holder inequality and (1) allow us to deal with the right-hand side of this formula:

(4.8)

- 5 Vult), Vult)y < T [V ds+ S IV0l . 49
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Collecting now (£5]), (A8) and (9, it follows that

1 t t
Ol + [ IV ds+ [ o)l ds + G IVl
t 2 t
< [ueaste(p e ) [Ivuels s,

then, by applying the Gronwall lemma and recalling (£.4]), we obtain u = w = 0 almost
everywhere in Q. A comparison in (2I3)) and the density of H'(Q) as a subspace of L?(Q)
entail £ = 0 almost everywhere in @); thus, the proof of uniqueness is complete.

5 Approximation and a priori estimates

We are going to prove the existence of a solution to Problem (P, ) via a Faedo-Galerkin
method. First, we approximate the graph « with its Yosida regularization: for all e € (0, 1]
say, we let

e =) and ) mmip{ ol sP )] forseR

TER

where [ denotes the identity on R. We recall that ¢. is a nonnegative, convex and
differentiable function, 7. is Lipschitz-continuous, monotone and

’7&(0) =0, ¢/e = Ye, 0< ¢5(3) < ¢(3)7 |’7€(5)| < }70(3)‘ Ve> 0, s€ R (51)

(see, e.g., [2l Prop. 2.6, p. 28 and Prop. 2.11, p.39] or [I], pp. 57-58]).

We look for a solution of the approximating problem in a finite-dimensional subspace
V., C V, chosing a sequence {V,} filling up V; then we get a priori estimates and use
compactness arguments to take the limit as n — 400. In a second step we let ¢ 0.

A special choice of the approximating subspaces will be useful. Let {v;},.y be an
orthonormal basis for V' satisfing

—Av; = \v;  in Q, O,v;=0 on I (5.2)

where {);},.y are the eigenvalues of the Laplace operator; also, let V;, be the subspace of
V spanned by vy, ..., v,, for all n € N. Thus, we have defined an increasing sequence of
subspaces, whose union is dense in V', and hence in H; furthermore, we notice that the
regularity of €2 implies V,, C W, for all n € N.

As approximations of the data wy, vy, uy we choose the projections on V,: let wy,
be the projection of wy, with respect to V', and let vy, uo, be the projections of vy, uo,
with respect to H. We notice that

Won —> Wy IV, vy, —vy in H, wy, — uy in H. (5.3)
We also need to regularize the source term f: so, we first write

f=fO4+ @ where fU e L*0,7;V') and f@ e LY0,T;H), (5.4)
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then we assume f.", f{¥ to be functions in C°([0,T]; V'), C°([0,T]; H) respectively,
such that
f— fO i 220,17V, fP — ¥ in Y0, T; H); (5.5)
we also set f, = 7(11) + fr(LQ).
Now we are ready to state the approximated problem. For the sake of simplicity, we

do not specify explicitly the dependency on ¢ in the solution.
Problem (P, ) _. Find 7, € (0,7] and (w,, u,) satisfying

n,e

w, € C*([0,T,]; Vi), un € CH[0,T]; Vi)
(0w (t), v) @ (Vouw,(t), Vo), + B (Vwa(t), Vo) + (Oaun(t), v)y

5.6
= (fu(t), v) for all v € V,, and all t € [0,T,,] (5:6)
(Ot (0). V) + (Falt), Ty + O 0) 0+ 00
= (Qywn(t), v)y for all v € V,, and all t € [0, T,,] '
wy,(0) = wop , 0wy, (0) = vg 4 un(0) = ugp, - (5.8)
Writing w,, and u,, as linear combinations of vy, ..., v, with time-dependent coefficients,
and testing equations (5.6) and (1) by v = vy, ..., v,, we obtain a system of ordinary

differential equations, for whose local existence and uniqueness standard results apply.
Thus, Problem (P, ), . admits a solution, defined on some interval [0, T,]. The following

n,

estimates imply that these solutions can be extended over the whole interval [0, 7.

First a priori estimate. We choose v = u,(t) in equation (5.7) and integrate
over (0,1):

1 2 ! 2
3 i@+ [ IVl ds+ [ e,
0 t
1 2
— g(wp)u, + Uy, O Wy, + 5 |won |7 -
t t

The last term in the left-hand side is non negative, because 7, is increasing and ~.(0) = 0;
it will be ignored in the following estimates. Meanwhile, the right-hand side can be easily
estimated using the Lipschitz-continuity of g and (£.3); so we get

1 t t
Sl + [ IVu @l ds <c [ ullds+ [ wow,+e. 69)
0 0 Qt

Following the same computation as in the uniqueness proof, we integrate equation (5.0])
with respect to time:

(Orwn(t), v) g + a (Vw,(t), Vo) g + (1% Vw,(t), Vv)y + (u,(t), v) g

- <1 * fr(Ll)(t)’ U> + (1 * f£2) (t)7 'U)H + (UO,n + UQ,n s 'U)H + « (V’wom, VU)H (510)

forallv € V,, and 0 <t < T,,. We take v = dyw,(t) in the previous equation and integrate
over (0,t). Recalling the identity (A7), we have

t 7
(@ «
| 06 s + G 1901 = S L0+ Vel G
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where we have set

=5 / IVwn(s) |3 ds. Ta(t) = —B (1% Van(t), V(1))

T5(t) = —/unﬁtwn, Ty(t) = /0<1 * fél)(s),ﬁtwn(s»ds, T5(t) :/ (1% f?) 0w,

t

¢ ¢
Ts(t) = / (Vo + U0, Own(s))yds, Tr(t) = a/ (Vwon, VOw,(s)), ds.
0 0

We do not need any estimate on terms 77 and T5. With simple applications of the Holder
inequality, we estimate T5, T5 and Tg:

a cf3?
10 < 19wy + 2 [ [Tl i

t t
0= [ WGl ds+ [ 1 2o);
0 0

1 t
Te(t) < 1/ 100 ()15 ds + ¢ llvonllyy + ¢ luonlly; -
0

We deal with T% by direct integration and the use of the Holder inequality:
Q@
Ty(t) = a (Vun(t), Vo) — al|Vwoaly < 3 IV wa ()17 + o [|Vwoully -

Now we pay attention to Ty and integrate by parts in time:

= (L 100, wa®) = [ 00, wnl)ds < oo 10O,

g 2 1 t (1) 2 1 t 2
o lwa@y + 5 [ BV ds+5 | wals)lly ds,
2 2/, 2 /,

where o > 0 is arbitrary, to be set later. According to the definition of the norm in V'
and the inequality (Z.]), we have

1 t
7)< e |1 SOOI o [ o)l ds+ F 19w 01

1 t 1 9 t s )
w5 | M@l s+ [ (/0 ||atwn<7>||HdT) s

1 t
45 [ IVl ds + 7 (04 1)l -
0

We collect all the terms containing [|0;wy|| 2, gy and [[Vwn(t)[[;; in the left-hand side
of (BI1)); their coefficients turn out to be, respectively,

1 1

k’lz——TO', kgz—(g—g).
2 2 \2

We choose o < min{«a/4, 1/4T}, so that ky > 1/4, ks > «/8. We also remark that the

assumptions (0.0 and (B3]) enable us to get a bound for terms involving FU ) and
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the initial data. Finally, adding (5.9) and (5.11) and taking into account all the previous
inequalities, we obtain

1 t 1 [ a
Fua Ol + [ IV ds+ 5 [ 10uwa(s) G ds + 5 19w (0

t t S t
gc/ Hun(s)yﬁ,dHT/ (/ H@twn(r)HfHdr) ds+ca/ IV wn(s)[% ds + ca.
0 0 0 0

The Gronwall lemma entails
[tnll L 0.1, L20.00v) + 1Wnll o,y + Va [wnll oo 0,71y < Car- (5.12)

Second a priori estimate. Since ¢. is at most of quadratic growth, by definition,
and ~. is Lipschitz-continuous, from the estimate (5.12) we directly derive

”‘bft(un)”Lw(O,T;Ll(Q)) < Coa (5.13)
H/Ve(un)Hm( Q) < Ca27 (5.14)

where the symbols ¢/, ; denote positive constants, possibly depending on € and «, but not
on n and f.

By (£2), we can easily check that
(v, 2) g = (Pny, 2) g forallye V., ze€V,

where P,y is the projection of y in V,,, with respect to V. Then, as we have a uniform
estimate for wu,, in L*(0,T;V), it is not difficult to extract from (5.7)) the property

”atun”m(o,T;V') < Cos- (5.15)

Third a priori estimate. We take v = dyw,(t) as a test function in equation (5.6l)
and integrate over (0,t); thanks to the Holder inequality, we get

1 t
31000+ a [ 1906 ds-+ 5 Vw1

/(f — Oyun(s), Bywn(s >ds+/”f2) )|y 1000, () 7 ds (5.16)

1
+§ HUO,nHH + b vaQnHH .

We consider the term involving f,gl) — Oy,

/(f — Qyun(s), Bawn(s))ds < < /Hf

t
+—/WMMM@%+9/HWMMM%%-

Because of the estimate (5.13]) and the properties (5.5) and (B.3)), from (5.16]) we deduce

1
5 19wn(t) I + / IV Orwn(s )||Hd8+—||an( )7

t
C
V’d8+a/o 10 (3))3 ds

o t
§a+§AWMMM%$+AWW%WM@%@WN&
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where ¢’ depends on e, a. Hence, by a generalized version of the Gronwall lemma (see,
e.g., [2L pp. 156-157]), we infer that

Hwn”whw(o,T;H) +Va HwnHHl(O,T;V) < Cla,4- (5.17)

Passage to the limit as n — +00. From the estimates (5.12)), (5.13)-(E.13), (&.I7),
with standard arguments of weak or weak® compactness we can find functions (w., u.)
such that, possibly taking a subsequence as n — 400,

w, —*w. in W-(0,T;H)NL>0,T;V) ( )
w, = w. in HY0,T;V) (5.19)
u, —u, in HY0,T;V')NL*0,T;V) (5.20)
U, =" u. in L>(0,T;H). (5.21)

Note that (5.19) implies the strong convergence
Wy, — We in C°([0,7); H); (5.22)

on the other hand, the generalised Ascoli theorem and the Aubin-Lions lemma (see, e.g.,

[13, pp. 57-58] and [I8, Sect. 8, Cor. 4]) entail
u, — u.  strongly in C°([0,7]; V') and in L*(Q); (5.23)
thus, since g and ~. are Lipschitz-continuous, we easily check that
glun) — g(u.) and  v.(u) — & strongly in LX(Q),

where & = 7.(u.). We then take the limit as n — +oo in (B.6)-(E8) and see that
(we, ue, &) fulfills equations (Z.IT)—(2.14)), where ~ is replaced by ~.. Indeed, by (5.22)—-
(E23) and (B.3)), it is obvious that w.(0) = wy, u-(0) = ug. To deal with the last initial
condition properly, we fix a test function v € V,,, where m > 1 is arbitrary, and we
integrate in time equation (B.0); we get equation (BI0), for 0 < ¢ < T and n > m.
Arguing as in [I3, pp. 12-13], we can take the limit in (BI0), (B7) and check that
(we, ue, &) fulfills

(Oiwe(t), v) = —a (Vuwe(t), Vo) — B (1x Vue(t), Vo),
- <u6(t)’ U> + <1 * f(t)’ U> +a (VwOa VU)H + (UO + o, U)H

(Opuc(t), v) + (Vue(t), Vu) gy + (&(1), v) g + (9(u:)(t), v) g = (Qwe(t), v) g (5.25)

for a.a. t € (0,7), m > 1 and v € V,,;; by a density argument, the same equalities hold
when v € V. Since the right-hand side in (5.24)) is a continuous function in [0, 7, taking
t = 0 we find that

(5.24)

(Orw:(0), v) = (vg, V) forallv e V
whence the second of (2.14]) follows.

Fifth a priori estimate. As a consequence of the weak lower semi-continuity of the
norm in a Banach space, (we, u., &) satisfy the estimate (L.12)); we now need to improve

estimates (13)-(EI5), (GI7).
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We first notice that, because of the Lipschitz-continuity of v., £.(t) € V for all ¢; thus,
we can choose v = £.(t) in equation (5.25)) and integrate over (0,%), to get

8tue§e+/Qvé(ue)|Vus\2+/o H@(S)I!EdSZ/ glus) &+ | Ow-&.  (5.26)

Q¢ t Qt

In view of (&), we have

o= [ 2

g o, O (0c(ue)) = [[de(uc(®)l L1y = De(uo)l L1 () ;

on the other hand, because of the Lipschitz continuity of g,

/tg(ua)fe < C/t (Juel +1) & < c/ot (llue(s)|3 + 1) ds + % /Ot 1€2(s)|%, ds .

From these estimates and (5.26]), we derive
/ 2 1 ! 2
G=(ue)(t) + [ velue) [Vue|” + B 1€(s) I ds
Q Q: 0
‘ 2 ! 2
< c/ lue(9)]|5 ds + c/ | Oywe(s)| 7 ds + / Ge(ug) + .
0 0 Q

We notice that the second term in the lef-hand side is nonnegative, because of the mono-
tonicity of .. Secondly, accounting for (512), (E1]) and (Z7), we infer that

||¢e(ue)||Loo(o,T;L1(Q)1) + ||%(Ue)||L2(Q) < Ca- (5.27)

Now, by comparison in the equation (5.23), we have
||8tua||L2(o,T;V') < Caj; (5.28)
and consequently we can also establish the estimate (5.I7), now for a constant which is

independent of e.

Passage to the limit as ¢ \, 0. We are able to repeat the compactness argument
as above and find (w, u, £), a candidate for the solution to Problem (P, ), as a limit of
a subsequence of (w, u., &). The proof will be easily completed by the passage to the
limit as € N\, 0, provided that we deduce (Z.11]).

By construction, we can assume that

& — ¢ in L(Q), u. — v in L*(Q),

lim U = U
Y

follows; at this point, we apply [I, Prop. 1.1, p. 42] and deduce (2I1)). Thus, the proof of
the existence of a solution to Problem (P, ) is complete.

from which the equality
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6 Regularity and strong solutions

This section is devoted to the derivation of further a priori estimates on the approximating
solutions (wy, u,, &,), which are independent of n and e, under stronger assumptions.
The same compactness — passage to the limit arguments then apply, and this will prove
Theorem We first notice that the hypothesis ([Z10) and V,, C W make it possible to

assume
Won —> Wy in W, Vo — Vo and ug, — up in V; (6.1)

on the other hand, owing to (ZIH), we can require £V e L*(Q), 2 ¢ LY0,T;V) for all
n € N and
O — fO i L2Q),  fP — P i L0, T3 V). (6.2)

Sixth a priori estimate. We choose v = d;w,(t) in the equation (5.6) and integrate
over (0,%); an application of the Hélder inequality yields

1 t
Sl +a [ 190 ds + 5 Vol < - [ uadio,
0

@ (6.3)

t 1 B
[ 1A 100t (6) s+ 5 ol + 5 9l -

/

Now, we take v = Qyu,(t) in (B.1) and integrate over (0,t); recalling that 7. = ¢., using
the Holder inequality and the Lipschitz-continuity of g, we get

1/ 1
5/ ||8tun(8)llfqd8+§IIVun(t)Iliﬁ||¢e(un(t))||u(m
0 (6.4)

t
< [ e [ (Ina(e)l 1) ds + 100000 s -
t 0

Adding (63) and (6.4)), thanks to the assumptions (2.7), (5.3), the inequality (41]) and
. < ¢, we finally have

1 ¢ I5;
31000, Ol + o [ 190w, ()1 ds+ 5 IV 01
L[ 2 1 2

43 | 10l s+ 5 IV, + 16cualDlso

< c/o (/0 ”atun<7')H§{dT) ds+/0 £ ()|l 1105w (5) || 5 ds + ¢

The generalised Gronwall lemma (see, e.g., [2, pp. 156-157]) enables us to achieve

Hwn”wlm(o,T;H) +Va ”wnHHl(O,T;V) + \fﬁ HwnHLoo(o,T;V) <a (6.5)

||Un||H1(0,T;H)mLoo(o,T;V) < ¢ (6.6)

Remark 6.1. Only the hypotheses 2I)—(Z7) and f € L'(0,7; H) have been effectively

exploited in the proof of this estimate.
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Remark 6.2. By means of (60)-([6.0]), the estimates (5.27)-(5.28) can be rewritten in

terms of some constant which is independent of a.

Seventh a priori estimate. We take v = —Auw, () in equation (B.7); this is possible,
because of the special choice of the approximating space V,,. We integrate over (0,¢) and
use the Holder inequality and the Lipschitz continuity of g:

1 t

19O+ [Nl s+ [ ot 9
1

:_/ g’(un)\Vun\Q—/ 8twnAun+§HVu0,nH§{

2 1 2 1 [ 2 1 2
<c HV“nHH(o,T;H) + ) HatwnHLQ(O,T;H) + ) . [ Ay ()| ds + ) Vuonlly -

The monotonicity of 7. yields that the last term in the lef-hand side is non negative.
Owing to conditions (61]) on the data and estimates (G.5), ([6.6), we have

1 t
5/ | Au,(s)|3 ds < ¢ forall 0 <t <T;
0

hence, on account of this inequality, the estimate ([6.6]) and the boundary conditions for
u,, known regularity results for elliptic problems entail

HUHHH(O,T;W) <cs, (6.7)

where ¢3 does not depend on «;, .

Eigth a priori estimate. Since w, € C*([0,T7]; V},), the special choice of V;, enables
us to take v = —Adyw,(t) as a test function in the equation (L.6). We integrate over (0, )
and use the Holder inequality:

1 ! B
3 V00l +a [ 180w, 6) 1 ds+ 5 18w, 01

a [* I I
<5 [ 180wl ds+ o [ o)l ds+ - [ 0G5 ©8)
0 @ Jo @ Jo

1 B
= [, I 80w 5 Vel + 5| Aol
t

For the term involving fr(f), we integrate by parts in space, recalling that d,v = 0 for all
v eV,

FAAdw, V. Vo,

< [ IV Vo)l ds. (69)
Q¢ 0

I,

Then, in view of (6.1)), (6.2), (6.6) and owing to the generalized Gronwall lemma (see [2]
pp. 156-157]), from (G.8)—([6.9) we obtain

HwnHWLoo(o,T;V) +Va Hwn”Hl(o,T;W) + \/B Hwn”Loo(o,T;W) < Cau- (6.10)



18 SOLVABILITY AND ASYMPTOTIC ANALYSIS OF A PHASE FIELD SYSTEM

Finally, if we choose v = 92w, (t) in the equation (5.6), we get

107 wn(®)][3 < {a 10awn(®)ly + B lwa(®)llyy + 100t (®) s + 1 Fa O} 107 wa®)]]

thanks to the estimates above, it is easy to derive

67w, < Cags - (6.11)

HLI(O,T;H)

Having established all the a priori estimates corresponding to (Z.I7)—(219) on the solu-
tions of the approximating problem, we have completed the proof of Theorem 2.2l

7 Further regularity

Throughout this section we assume (Z20) and (22]]) in addition to all the hypotheses
we had in Section [6l As we are interested in proving Theorem 23] we should get further
estimates on the solution of the approximated problem. By the stronger assumptions on
the initial data, we can require

Upy —> Up i W (7.1)

Consider the equation (B.7) and derive it, with respect to time, obtaining

(OFun(t), v) y + (VOrun(t), Vo) + (7 (tn(t))Orun(t), v) g
+ (g (un()pun(t), v) g = (FFwa(t), v)

for all v € V,, and a.a. t € (0,7). We choose v = Qyu,(t) as an admissible test function,
integrate over (0,¢) and use the Lipschitz continuity of g to get

1 t , t
31000+ [ 190 ds + [ ) ol < c [ o) ds
0 @ ’ (7.2)

[ 10005 10005 s + 5 N0 OV

Since the last term in the left-hand side is non negative because of the monotonicity
of ., if we had a bound for the last term in the right-hand side, we could use the
generalized Gronwall lemma to conclude. In order to provide such an estimate, we set
t =0, v = 0yu,(0) in the equation (B.7)); we obtain

2
10 (O[5 < { AUy + 17 (0n) |y + (o)l + lvomll g} 110 (0)]
and thus, taking into account the Lipschitz continuity of g, we infer

10in (0) || < (| Auonll g+ I17ell ooy 10,0 — woll g + 7 (o) |
+c (”uO,nHH + 1) + HUO,nHH .

Now, assumptions (7)) and (53)), as well as (Z2])) and || < |7°|, enable us to achieve

1Orun(0)]| < ¢ (7.3)
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for all € > 0 and n large enough, depending on &; these requests on parameters are not
restrictive, as we first take the limit for n — +o00, then for ¢ \, 0. From (Z.2) and (73]
we deduce that

”Un”WLOO(O,T;H)OHl(o,T;V) < Ca6 - (7-4)

Finally, we consider equation (5.7]) and we rewrite it in the form

(Vun(t), VU) i + (Ye(un(t)), 0)y = (Fu(t), v)
for all v € V,, and a.a. t € (0,7), where F,, = Ouw, — Ou, — g(u,). Testing with
v = —Au,(t) the previous equation and integrating by parts in space, we obtain

1A (8)][7 + /Qvé(un(t)) IV (0)]” < (1)l 1Aun(®)]l ;- forall0 <t <T.

Since the estimates (G.5) and (Z.4]) entail

[Enll oo,y < €

and we can apply the regularity results for elliptic problems, we deduce

HunHLoo(o,T;W) < Ca7; (7.5)

thus concluding the proof of Theorem

8 L™ estimates

The aim of this section is to obtain L estimates on w; and on &, under the hypotheses
@23) and 224).

We first deal with w;. Setting ¢ = aw; + fw, Theorem entail that the equalities

1
awt—szgwt—ut—i—f in Q, Onp=0 onl x(0,7T)

hold almost everywhere. Furthermore, the assumption ([2.23), the estimates (6.5]) and
(T4) and the continuous embedding V < L%(Q) (valid if 2 C R? is a bounded Lipschitz
domain), yield

gwt —wy+ f € L0, T; H) + L'(0,T; L5(Q)),  with r >4/3.

In these conditions, Theorem 7.1 in [12 p. 181] applies and ensures that ¢ € L>(Q).
Since we already know that w € L>(Q) (as it is implied, for example, by (6.10)), we have
wy € L>®(Q) and

&

1 c
HthLoo(Q) < o ”‘PHLOO(Q) + o ”wHLoo(o,T;W) < Cas- (8.1)

We notice that, being « fixed and letting § vary in a bounded set, we can find an upper
bound for the constant c, g.
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In order to prove a L estimate for £, we consider the solution (w,, u.) to the approx-
imating problem, in which the Yosida regularization appears; we then fix p € (1, +00)
and get a bound for |[7:(u.)|| (), Which is independent of p, €. From this, we will obtain
a uniform bound for

1€l Loy = M []=(ue)l 1o »
_)

and, via a weak™ compactness argument, £ € L>((Q). For the sake of simplicity, we do
not plug in the subscript € in the solution any more.

We know that the equalities
— Au () + g(w) = i Q. (8.2)
Ouu=0 onT x(0,7), u(0) =wup in

hold a.e.; we choose |7.(u)["~" 7-(u) as a test function, by which we multiply both sides

of the equation (R2)) — this is admissible since u € L*>(Q). Integrating over @), we get

[ gpoestin+ [ 909 (Pt ) + [ et

(8.3)
- /Q (we = g(u)) (W)~ 7e(w)

where we have set

Pe,p(t) /\% (s)P "' u(s)ds  forallt e R;

7. is increasing and 7.(0) = 0, so we have ¢, , > 0 for all €, p. Since wy, u € L>*(Q) and
g is continuous, for the right-hand side we have

< Ca H%(U)HiP(Q) ;

[ = gt et e (w)
Q
on the other hand, a direct calculation and the monotonicity of 4. show that

Vu-V ([7(w)" " 7.(w) = prl(w) re() P Vul> >0 ae. in Q.

Collecting all the information we have obtained so far, from (83)) we derive

/ﬂ%p(U(T)H (@)l ) < ca H%(U)Wﬁp@ﬁ/ﬂ@,p(%) (8.4)

and, since the first term can be ignored, we need only to find an estimate for the last
term. We recall that, for the Yosida approximation of a maximal monotone graph, the
inequality

()] < [A0(s)] foralls € D(v), >0

holds (see, e.g., [2, Prop. 2.6, p. 28]); according to that, we have

[ ot < [ Pl il <25 [ \vo(uO)\pﬂ b [

+1 1
p—i—l/h }p ” OHIE:H )
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where the Holder and Young inequalities have been used. We recall that ug € L>(£2) by
the assumption (222)) and also notice that the same inequalities imply

C
e ()11 ) + —

p+1'

p
Ca ”%(U)HLP(Q) » + 1

Now, we come back to the equation ([84); according to the previous estimates, we infer
that
Ca

1 1
p+1 P .0 p+1 p+1
]m H76< )”Lp+1(Q) Dt 1 H’V (UO)‘ Le+1(Q) + Dt 1 HUOHLHI(Q) + P+ 1

and, hence,

1/(p+1)
+
HMU)HW(Q)g{pHvO(uo)}’;pﬂ + [luollfaii )+ca}

< Ca {H’y (UO)HLOO(Q) + ||u0||L°°(Q) + ]‘} ’

which provides the desired estimate and concludes the proof.

9 Well-posedness of (P,) and convergence as § \ 0

Now we set the notation as in Section [, since we are interested in the proof of Theo-
rems BIH3. 4l We assume that the hypotheses ([2I)-(2.7) are satisfied, and we start by

studying the convergence as 5 ™\, 0, by a compactness argument.

Convergence as 3\, 0. We recall the a priori estimates (5.17), (512), (5.27), (528
which are independent of 5 and thus holding also for (wg, ug, {z). Moreover, adopting

the notation as in (5.4)—(5.5), by a comparison in (2.12) we find out that {9}ws — fﬁ(Q)}
is uniformly bounded in L?(0,T;V"). Therefore, we can find a subsequence (3 \, 0 and
functions w, u, £ such that

wg, —*w in WH>(0,T; H), wg, —w in HY(0,T;V)

Fws — £ — wy— f@ in L2(0,T; V)
tends to u weakly in H'(0,7; V') N L*(0,T;V), whence strongly in L*(Q),
€p, — & In L*(Q)
as k — +oo, and here part of (3.4 has been used. Then, in view of (2.6]), (B.4) and
B3), we can pass to the limit in (2I2) and ([ZI3), as well as in the initial conditions
(2.14) which can be recovered weakly in V' at least. On the other hand, u € D(7v) and

¢ € v(u) a.e. in @ follow as a consequence of the above convergences and [I, Lemma 1.3,
p. 42].

Uy,

Uniqueness for (P,). By applying the previous result with fz = f, wopg = wo,
Vo5 = v and ugp = up given, we obtain the existence of a solution to Problem (P,); we
still have to prove the uniqueness. Let (wy, uy, §) and (ws, ug, &) be solutions of (P,,);
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we write down the equations for the differences w = wy — wo, u = uy —ug, £ = & — &
and integrate with respect to time the first one:

(wi (1), v)y + a(Vw(t), Vo) + (u(t), v)y =0,

(wi(), v) + (Vu(t), Vo) + (), )y + (9(u) ) = g(u2)(t), v)y = (wi(t), v)p

to be complemented with null initial conditions as in (£4]). We set v = wy(t) in the first
equation and v = u(t) in the second one, integrate over (0,¢) and add the two equations;
it is straightforward to obtain

t a 1 t t
[ o) s+ G IV + 5 B0l + [ IVl ds < [ o)l s

According to the Gronwall lemma and owing to w(0) = 0, it turns out that w = u =0
a.e. in () and, by comparison in the second equation, £ = 0 a.e. in Q.

Error equations. Because of the uniqueness, the whole family {(wg, ug, &s)} 50
converges, as 3 N\, 0, to the solution (w, u, £) of Problem (P,). So, it makes sense to
study the speed of this convergence. In order to perform that, we set Wg = wg — w,

ug = ug —u, g = & — £ and consider the problem obtained for these variables, by
subtracting side by side the equations of Problems (P, 3) and (P,). For all v € V' and
a.a. t € (0,7), the equalities

<8t2@5(t), U> + « (V@t@;(t), VU)H -+ ﬁ (ng(t), VU)H -+ <8tﬁ5(t), U>

_ <ﬁg(t), U> (9.1)

@ia(®). v} + (Vas(0), Vo) + (&), 0)  + (Gl @O0y

are satisfied, as well as the initial conditions
wp(0) = Wos,  Qws(0) =Tos,  Us(0) =Tog,
where ]?5 =fs—f= J?ﬁ(l) + ﬁ2),
=Y =W — 0 in L20,73V)
== f® — 0 m LY0,T; H)
(cf. (B), Wop := wops — wo, Vo := Vo s — Vo, and Uy g := U g — Up-

First estimate for the convergence error. Now, we want to show Theorem B.3]
so we assume all the needed hypotheses. Choose v = ug(t) in the equation (@.2) and
integrate over (0,t); by the monotonicity of v and the Lipschitz-continuity of g, we easily
derive

1. b 1, . b PN
IO+ [ 19T ds < S0l +e [N ds + [ wams. 09
0 0 t
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We integrate with respect to time the equation (@.1I):

(at{ﬁﬁ(t)? U)H +a (V{Eﬁ(t)’ v'U)H + 5 (1 * ng(t), VU)H + (aﬁ(t)a U)H
— (1% f3(),0) + (Tos + Tog, v)y + (Vo s, V), -

We set v = 0;wg and integrate over (0, ); keeping only the first two terms in the left-hand
side, we obtain

t
~ 2 Q ~ 2 Q ~ 2
[ 106 ds + IV < 5 19T

B (1% Vu(t), Vs(t))y + 6 / (Vun(s). V() ds— [ 20,5

t
+ / (15 T3 (5) + T, Quida(s) ) dis + / (1 F +0,8) 0o+ | Vi, V4.
0 t Q1
(9.4)

Due to the Young and Holder inequalities and the boundedness of {ws} in L*(0,T;V),
we have that

—8 (1 Vu(t), VBp(t)y < S6° / Vs (s) 5 ds + < IV@s(0)

- (9.5)
<o + 2 |vas 0l
and
t R t R )
5 [[(Fun(s), Va(s))ds < 8+ a [[Vas(6)] ds. (9.6)
0 0
—~ —~ «Q —~ —~
« Vwy sVoig < 19 ||Vw5(t)||§{ + ca ||Vw075||§{ ) (9.7)

Q¢
On the other hand, arguing as in the estimate of the term T, (¢) of (EI1]) we deduce that

t
/<1 « F57(s) + Tog, at@ﬁ(s)> ds
0

= (1+ J0) + B, () ) — /Ot@gl)(S)’ (s s (9.8)

2012 dosl2 4 130slz ) + L [ o@ss)]2
PG, s+ 100l + sl ) + 7 | 10@s()l3 ds

=</

a R t s R t R
+a IV @l + e [ ([ 10l ) ds+ ca [ 9001 ds

Finally, we observe that

/ (1 % f/y) T aoﬂ) Qg < ¢ (Hﬁgz))

2

- L[
Hlally) + 5 [1oassl s ©9)

LY(0,T;H)
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Now we add (@3] and ([@4); collecting also all the estimates in (@.3)—(@3), we find out
that

1, b Lt O
—||uﬁ<t>||§,+ [ 19 ds 5 [ 0@l s+ 5§ Ivaal

R,

< 2 -~ 2 -~ 2/ -~ 2
e+ ([T 172y Wl + sl + 1l

t
+c/ Hﬂg(s)szstc/(/ Ha@B(T)Hi{dT) ds+ca/|ymﬁ<s)|y§{ds.
0 0 0 0

At this point, it suffices to recall ([B.6)-(3.7) and apply the Gronwall lemma to obtain the
thesis of Theorem 3.3

Second estimate for the convergence error. Our aim is to prove Theorem [3.4]
whose hypotheses are assumed to be satisfied. Thus, we can apply Theorems and 2.4]
to get a bound

||UB||LOO(Q) + ||u||L°°(Q) + ||§B||Loo(Q) + ||§||Loo(Q) < Ca (9.10)

with ¢, which is independent of 5. Now, if 7 is a maximal monotone graph which reduces
to a single-valued function in its domain, then D(y) is an open interval (a, b) and, if
b < +oo, then y(r) /400 as r 7 b; similarly, if a > —oo then y(r) \, —oco as r N\ a. In
any case, the condition (@.I0) implies the existence of some compact interval K C D(v)
such that ug(Q) C K for all 3 > 0, u(Q) C K. Since v is assumed to be locally Lipschitz-
continuous (cf. ([3.9)), thanks to ([B.8) we immediately deduce that

1€ — g”LOO(QT;H) < cllug — u”Loo(o,T;H) <cf.

Moreover, by suitably modifying g we can set Eﬁ = 0 in equation (@.2), without loss of
generality.

We start by taking v = dyws in ([@J)), v = Gug in (Q.2), integrating both equations
over (0,t) and adding side by side. Thanks to the Lipschitz-continuity of g and the Young
and Holder inequalities, it is straightforward to obtain

1 R t R t R 1 R
31005015 + o [ 1901 ds-+ [ o)1 ds + 5 Va0l

3 2 a [* PN 2 . 2 AR 2
< EHwﬁ”LQ(O,T;V)_'__ IV O,ws(s)|5 ds + ¢ . Huﬁ(S)HHdS—i_é . [0up ()| ds

O{ —~ 112 (6% t ,\ 2
2 ||8twﬁ||L2(O,T;H> +3 [Ivamuol ds

L2(o V")

*/OHJ?/?)(s) N0@(3)] s+ 5 Wl + 5 19l

Taking into account conditions ([B.6]), (8.I2) and the previous estimate (B.8]), we easily
have

Loig~
S0 + 5 [ 1v0@a) ds+ 3 [ 0@ ds + 5 19T

e+ [ |6, 1006l i
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whence, by ([B.0) and a generalised Gronwall lemma (cf., e.g., [2, Lemme A5, p. 157]), we
infer that
1@sllw. o 0.0 0.0vy + @8l 0.1y pnee 0.0y < €5 (9.11)

where the constant ¢ obviously depends on .
Next, observe that the assumptions on the data are strong enough to guarantee that
([@J) and (@2) can be reformulated as
Py — alO iy = BAws — Oyiis + f3  ae. in Q (9.12)

Oug — Aug + g(ug) — g(u) = Qwp a.e. in Q (9.13)
along with the homogeneous Neumann boundary conditions for both wsz and ugs.

In view of (@II)), by a comparison of terms in (@.I3) it is standard to deduce that

| Aug|| ;- 0T S ¢ [ and consequently, owing to elliptic regularity estimates, we obtain

||aﬁ||L2(0,T;W) < Caﬁ- (914)
At this point, let us emphasize that for the proof of (O.I1]) and ([@.I4]) we have just used

the control (3.6) on the difference fjs.

We now pay attention to the equation (OI2)) and multiply both sides by —Adwg,
which belongs to L*(Q) (cf. (ZI7)), and integrate, also by parts, over Q;. By means of
the Holder and Young inequalities, we infer that

1 R t R 1 N /82 t
3190501 + o [ 1A ds < 5 IVl + o [ 1 aws(e)l ds

2

2 [t . 2 a [! .
= [ 10l ds+ = |7 5 [ 18adsos, as
@ Jo o ) 2.Jo

L2(0,T;H
t
+/0 HVJ?EQ’@)HH IV 0 s(s) ||y ds.

Hence, recalling the uniform boundedness of {wg} in L*(0,T; W), we use 3.12), (@11,
(BII) and apply the generalised Gronwall lemma as before to obtain

t
Vom0 + [ 180050 ds < e

Now, by virtue of ([A1]) and (BI2]) we also infer
|Aws(t)||,; <cpB  forall t €[0,T].

Then, standard elliptic regularity properties and the previous estimates (Q.11]) and (@.14])
lead us to (3.I3)), thus completing the proof of Theorem [3.4
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