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2. Subdifferential mappings

- (2.27), a similar estimate is obtained for 0%ufdx2. Th
X ¢ that

back to u

ltall =0y < COIf 2y + llu; |Fig

Taking a partition of Subordinate to a finite syste

the interior €s (2.26), one finally obtains estimate (2.23). Thus
) sttion 2.9 is complete. '

and using

. Bsmple=5: Let HY(Q) and H-Y(Q) be usual Soboley spaces on Q. As mentioned
~in Chapter I, Q) is the dual of H3(Q). Moreover the Laplace operator

—A is the canonical isomorphism from H(Q) onto HYQ). H Q) is a Hilbert
space with an inner product

(W, )= u,1v), VuveH )
“where J = — A and (,) Is the usual pairing between-H(}(Q) and H-YQ).
. Let j be a lower-semicontinuous proper convex function from R! into
J—o0, +-00] and let j = B. We shall assume that

lim j(r)/lr] = o0, \ (2.28)

frl= 0

Let ¢ : HY(Q) > ]~ o0, +-00] be defined by

o Sﬂ Ju(x)) dx if ue LY(Q) and j(u) e LX)

L +o0 otherwise

ROPOSITION 2.10. The function ¢ is convex and lower-semicontinuous on
“HQ). Moreover, fc dp(w), if and only if, feldp(u).

:'qof.-Pirst we shall prove that ¢ is lower-semicontinuous on HYQ). Let

¥ = H4Q) n L) be such that u, > u in H-YQ) and 5 Ju(x) dx < 2.
Q

must prove that g Ju(x)) dx <A. We have already seen in the proof of

position 2.8 that the function u ~ 5 J(u(x)) dx is lower-semicontinuous
0

(). Since every convex and lower-semicontinuous function on a Banach

is also weakly lower-semicontinuous, it suffices to show that the
ce {u,} is weakly compact in LY(Q). By Dunford-Pettis criterion for
Compactness in Ll-spaces (see e.g. N. Dunford and J. Schwartz [1],

- err—

4) it suffices to prove that the integrals S b, | dx are uniformly abso-

tinuous, i.e. there exists for every >0 some d such that 5 |, dx<e
T
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whenever meas.{T )< 5. Let M > 24/e and let R be such that j(r)/lrl = M
for jr] > R. Here we have used condition (2.28). If & < ¢/2R then we

have

Chapi- H Nonlinear operalors in Banach spaces

S u, (Ol dx < S (O dx + S ()] dx <

T R
{x€T; ()| =R} {xET; |unlx) <R}

< M S () dx + RS <
L+ ‘

as desired. = -
Now let 4 : HYQ) » HYQ) be the operator defined by

Au = {Jv; ve H{Q) and v(x) € B(u(x)), ae. xe}

where D(4) is the set of all ue H™(Q) n L) with the property that there
is some v € HYQ) such that v(x) € B(u(x)) a.e. on Q. We must prove that
A = Oo. : )

We need the following lemma.

LemuMaA 2.1. Let fe HYQ) n LYQ) and let ve HYQ). Let g LYQ) and
let h be measurable on Q such that

f(x) v(x) = h(x) = g(x), a.e x¢€ Q. (2.29)

Then heINQ) and (f,v) > S h(x) dx.
: Q
Proof of Lemma 2.1. Define,

n if v=zn
= v if jo]l €<n

—_—n if v<-—n

n
ANy

Let h,=h n and let g, =g Yn  Multiplying condition (2.29) by ¥ we obtain
: v v . : - v

fo, =y 2 8

Hence 0 <, — g, <fv, — &- Clearly, h,—g,—~h—g, ae on Q as
n— oo and

SQ , — g) dx < Sn fo, dx — Sg g, dx = (f, ) — SQ g, ax. (2.30)

(We recall that (,)-denotes the pairing between Hj and H -1) On the other
hand, v, — v in H}Q) and g, g in IY{Q). Again using Fatou’s lemma,
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2. Subdifferential mappings

from condition (2.30) we conclude that b — g e LY(}) and
{ G-9ax<, o gax
Q Q

which concludes the proof of Lemma 2.1.

Now we continue the proof of Proposition 2.10 by showing that
Acdg. Let f € Au. This implies that f—=Jv where v e HY(Q) and v(x) € f(u(x))
ae xeQ. Let we H{Q) n LYQ) be such that jw) e L{Q) (.e. w e D(@)).
Since f = d&j we have

f : j(w) — ju) = v(w — u), ae. on Q.
We apply Lemma 2.1. with f=u—w, h = j(u) — j(w) and g = —cilul —

— ¢g — j(w) where ¢; and ¢, are some constants such that j(r) = —alri — ¢ca
for all r € R (see Proposition 2.1). Hence j(u) e L{Q) and

S j(w) dx —S i) dx = (v, w — u) = (Jf, w — 1)
0 O

which shows that f € dp(u). The arbitrariness of f implies that 4 = 9. Next
we shall prove that A is maximal monotone in HYQ). Let f, be given in
H-YQ). We must show that there are u€ HYQ) n LYQ) and ve H)Q)
such that

u L Jo=Ff, v(x)epux), ae xe

- or equivalently

)+ Jv=fy (2.31)
where y = -1 Consider the approximate equation
P(v;) + Jua=fo ’ (2.32)

where 7, = A3(1 — (1 + Ay)™). We have already seen that y, is Lipschitz
on X —R!. Recalling that J =—A it follows using standard arguments that
Eq. (2.32) has a unique solution v, € H(Q) for every 4 > 0. We multiply
k- Eq. (2.32) by v; and integrate over Q. We obtain

S |grad v, ? dx+§ 2:(0); dx = (fo, v2)- (2.33)
Q ¢

ithout any loss of generality we may assume that 0 € y(0). (We note that
nd}tion (2.28) implies that D(y)=R" in virtue of Proposition 2.6.) Then the
t inequality implies that v, is bounded in H¥() as 4 > 0. Thus a subse-
ence (denoted again v;) can be extracted from {v,} such that v, —=vin HYQ),
d v, - v in L¥Q). Extracting further subsequences if necessary we may
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Chap. II Nonlinear operators in Banach spaces

also assume that
p(x) = v(x), ae. xeQ

! '. I+ A9 (x) - v(x), ae. xeQ (2.34)

O B because lim (1 4 Ay) v = v, for every veD(—y) = Rt
il ) A= 0
c We set f; = v,(v;) and w; = (1 + Ay) v, We note that f,(x) &€ p(w(x)
| a.e. xe€Q and f,eIXQ). In particular this implies that Jivi e LXQ)
it and by (2.33)
el :
) S fin,dx <C, V1>0 (2.35)
| Y0 .

; where C is some positive constant. On the other hand, for some vo € D(j) 1
S we have

JEGD i)+ () = ods,  VoefUL). .
Next by (2.34) and (2.35), ‘

Sﬂ Jfl) dx < C.

4

P Using once again the Dunford-Pettis theorem, we find that {f,} is weakly
; compact in LXQ). Consequently we may assume that :

fi—=f in LYQ) as 2 — 0.

o Passing to limit through {A} in Eq. (2.32) we obtain f+Jv=f,. To 3§

ERREE conclude the proof it remains to be shown that f(x) & ¥(v(x)) a.e. xeQ. It 7
Bl suffices to prove that for every N, f(x) € y(v(x)) a.e. xe Oy={xeQ; [v(x)|< %
P < N}. According to Egorov’s lemma for every & > 0 there is E < Q, such §
) that meas. E < &, v,(x) — v(x) uniformly on Qu/E. (We note that v, >0 §
4 a.e. on Q in virtue of (2.34.)) Thus no loss of generality results in assuming 4
R that v, — v uniformly on Q and ve L*(Q). Let g : R - ]— oo, + 0] be such 3
o : that dg = y. Then ]

S FiX00,(0) — 5(x)) dx>§ g, () dx—s g(5(x)) dx
Q 0 0

for every v € L*(Q). Again using Fatou’s lemma we get

§, Feo) — enax > | s(etyax — | g0 ax
Q ) Q “0

;5 | s ‘FA - weak&j n ().
b 70 .
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