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4, Comnléments divers.

Lemme A.b. (Gronwall-Bellman}. Soit me LI(O,T;!H) tel gque. m30 p.p,
sur  ]o,7[ et soit & une constante 30 . '

——

Boit ¢ une fometion continue de [0,7] dens B yérifiant
: . 22

“d({t) e a + I mn(s) 4(s) ds pour tout te {o,7] . Alers
o .
J:n{s)ds L
#{t) s a e pour tout ts[ﬂ,'l‘] ' .
‘ . a
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Izm{s}ds
fonetion L w3 w(t) e est absolument continue, elle agt
-sz{s]da
décroissante. I'nr suite ¢{%t) e = 4{0} = a 3 il en résulte
t
Jom(s)ds

que 4{t)sy(t)sea e .

Lemme 4,5+ Soit me L (0,T;R) tel que m»0 pap. sur J0,T[ et
s0it 8 une constante 0 .

Soit ¢ une fonction continue de [0,T] dans R réri-

T
riant 2 o2(0)ed o2 4 chm(s) #(s) a5 pour tout t«[0,7] .

Wt
Alors |e{t)| cna + J m(s) ds pour tout te [0,T] .
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1 2 gt :
En effat soit wa(t) = 5(a+a) + Iom(s) {8} d8 , €20 ; 1
dws 1l .2 {w
done gg=(t) = mlt) #(t) peps sur Jo, [ et Z4°()L ¥ (61 &Ly, (6)
if
dy 11

pour t«[0,T] . Il en résulte gque E?itt)‘ n{t}/2 iws(t) v Om

wE(t)a-% EE peur tout tez[O,TJ ;s de sorte qua la fonction

g
t =->\ly (t) est absolument continue et Sw /§ (t) = -t s-gft) N B
E dat 2 " (t’ t i
[+

peps sur JO,T[ . Par suite %; Yé (&)« &—m(t) pips Bur O, T et
€ /2

t
fo (The /o (0) + -'-1/-_; Lm(.) ds .

On en déduit gque
t t

mi{g) de = a + ¢ + J m(s) dr
o )8

[o(t)]| ¢ /2 v (s /2 9 (0) + I

+]

pour tout +t& [0,T] et tout >0 ,

LemmaA.6+ Soit u una fonction de [tu.T] danq,aﬁ’;;;:ce de ]

Banach X _0n suppose que les foncti;:i,/;,déir-u(t) et Eﬂ
t —+ Bul(t)l nt dériyables & dro sn t._ . 'j

Alors

d+u(t
dt o
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64 Equations d"volution astoctbes aux opérateurs monotones

En effst, on peut toujours suppossr qua 0 ¢ D{A}
1'especaNgngendré par O(A) at poit A - M"\(H xH 1. A

dans H et Wintérieur de conv D{A ) relativnmant a ,u n'est pas vide, I}
an. résulte. d' PTA )

L #. Enfin 5(t)

SRl groupg engendrg par —A_ sul | D[Au}.

oit Hu
maximal rnnnntluna

eoincide avee le

REMARQUE 3,5,

huésqua A est o) opérakfur linSaira maximal monotone , la
propridté S(t).D(A) c D(A)
t = 5(tly_ est de clasae C

0 permet de conclura qua la fonction
F +-[ pour tout U, € 0{A), 51 on & de

8(t] ost un semi groupe
analvtigye. I1 n'sn est pas de m!ma dans ls cas nhyg lindaire. A 1'aide du
théorgfie 3.2, (ow 3.3.) on psut construire aisémant Vee oxemplos de semi
grolpes vérifiant ${t) D{A)CZD{A} S(t)uu ne foit
Pas de classe ¢! syr Jo, swf

2 - RESOLUTION DE L'EQUATION g% +Ataf, uo) = Uy # NOTION DE SOLUTION FAIBLE

DEFINITION 3.1,
“olent A un opérateur dﬁ Het e LI(D,T/H), Bn eppelle
solution forts de 1'équation EE-+ Au 2 £ toute fonction u e C([0,T]s H),
absolument continursur tout compact de ]Jo, T[ (et donc d'aprés l1e corvllaire
A 2 de 1'appendice, u vast dérivablg p+«p. sur _]U T[J. véritient y(t) éD(M 214
u:) * Ault) 3 F(8) | pap, sur Jo,T]

On dit qus v & CC[0,7]s H) st solution fatble ds 1*6quation RV

8'31 existe des suites -F e L0, T)H) et uot U[[D T} sH) telles tiue
du

v, soit une solution -Furtg da 1'équation dtn * D R

dsns L1{D,TiH) et U, * v uniformément sur [G,T].

Dégegaons d'abord qualgues astimstions Slfmentaires

LEMME 3.1,
Solent A un gne g .,- 008 bl B L O, TaH) 4.2t v

des solutfons fa1bles des equations -‘-ﬁ- + Au af st EF + Av.a g. 0 na

(28) |ult]-vl’tl| ¢ Juts)- v{s}l + f ]f‘[u)-gtu)]du VOgasgtgT
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Lem kP Conwess @ PYGF“@ S2Q blmoarhmg effect on initial data
Abinavic wna $Kuz e {-enrte w condaziom Pk
Recall that 4 = d¢ is maximal monotone in H x H and D(4) = D).

Consider the Cauchy problem
—d-;+6go(u)af, O<t<T

(2.3)
u(0) = u,.

The main result is

THEOREM 2.1. Let f be given in LXO0, T; H) and u,c D(A). Then problem

(2.3) has a unique solution ue C{0, T: H) which satisfies

ue Wb, I'; H) for every 0 < 6 < T. 2.4)

u(t)e D(4), a.e. te]0, Tl (2.5)

V}‘i—“ e L0, T; H), o(u) e LY0, T). (2.6)
Hem@, £ v 3 Stven sofutiem. S
Moreover, if u, € D(p) then

% e L¥0, T'; H), -ptu) € L=(0, T). 2.7)

In order to prove Theorem 2.1 we need the following lemma Wthh
also is of interest for other problems.

LemMA 2.1, Let ue WY¥0, T; H) be such that u(t) e D(d¢) a.e. on 10, T[
and there exists ge L¥0, T; H) such that

g(t)eatp{l(t)), ae. tel0, T[.

Then, function t - @(u(t)) is absolutely continuous on [0, T] and the
follow:ng equality holds 3.¢.iwn (U P

2
—d—;fp(u(:))=(m. a0 ) ac. 1€]0, T[>

Jor all Boexe do(ul?).

Praof As usual we denote by (8¢), the operator 1711 — (1 + Ad¢)™Y).
Prom Theorem 2.2, in Chapter II, we have

(@9), = 3¢, for all 1 > 0.

early, the function ¢ — ¢,(u(¢)) is a.e. differentiable on ]0, 7T and by defi-
tion,

E@A(u(t)):_* ((aga_)a_u(l), %(r} ) ae. tel0, TT.
© Note that [(’Ete)ﬂ[t)] < @S u®)] < (g
| ond (34),0(0) — (3y) (w(®) for see. te(oT)

B dovnnsted wewvera ernce Hn,q 0 rean

I partieuRar ons con toke b g(‘&) .

whemee

(%LP)A(V) — (29)°(w) i C(0,T; H) by the Lekesque
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Chap. IV Nonlinear differential equations in Hilbert spaces

Consequently,

¢ d
0.a) — 0,0 = { (Gt - ) des 5,120,
Passing to the limit A — 0, yields
_ d o du
oat) — outs) = { {Goyutd. - e
5
which implies that the functioﬁ t = ¢(u(2)) is absolutely continuous on [o, 7.

Let £,€10, T[ be such that u(r) and @(u(r)) are differentiable in £ = t, and
u(t,) € D{0g). Let h be arbitrary in Oo(u(ty)). We have

o(v) — plulty) = (h, v — ulty)), for all ve H.

By taking v = u(fo + &) one finally obtains
o (o= €)) - @ (uita)
> (& ,u(toac_)-éu@

& en—(n 9
== olutto) = (h, = (ra))

WO MGy !ra\j * % an
which conicludes the proof. . -
P E‘\Q- '{:WQ VAL Q\&Ce&t ALS .,

 ——>  Proof of Theorem 2.1. Let x, be any element in D(8¢p) and let y, be such that

yo € 0¢(xg). If we introduce the new function @) = @(u) — @(xg) —
— (Yoo u — x)¥then Eq. (2.3) is equivalent to the equation

du ~
— -+ 8p(w) 2. £(2) — Yo
dt
Hence, we may assume without loss of generality that

min {o(); u & H} = ¢(xe) = 0.

First we shall assume that u, € D(d¢) and fe W0, T; H), i.e., f and
%L belong to L0, T; H). From Theorem 2.2 in Chapter III, problem
!

(2.3) has a unique solution ue C(0, T} H) such that% e L*(0, T; H).
We multiply Eq. 2.3 by t—qdz- By Lemma 2.1 we have
t

du % d du :
J8 P 8 sy =i, Y, ae tel, TI
| dt dt(p(u) (f dt) ] [

% € ove tekes P(V)= @ (xo+V) (%) - (yo,v), than
W"lihré = @(0\: 0 aY\d %% + 'aq?(\a‘) B .{,({'),90 with V(O): thg—Xo




2, Smoothing effect on initial data

Hence

T
S t
O

therefore, also o

du | T

“dr+ To(u(T)) = S

:( ), %) dt + S: o) dt

]

S:: tl %:— r dr < S: L f()2 de +- 28:(;0(11(!)) dt - (28)

because (1) is nonnegative on H.
Next, we have

@(1)) < (y(2), u(t) — xo) for all ¥(z) € dp(u(r)).

In other words

o) < (f(r) - fi—‘;(_:), u(t) —xn), ae. e, TL
Finally

T 1 T

So P de < | u(0) - xa|2+g LA lu®) — x,lde.

. On the other hand, by multiplying Eq. (2.3) with u(f} — x, and integrating
- over 0, [ one gets

4hic comen |
I(t) — xo] < [1(0) — o +ST foldn, 0<e<T ( s gomgs o the
1) . '

weak < qu& W
and therefore © ' ‘S

ST o) dr < g(lu(ﬂ) —x+ ST ) d:)z - @9

Combining estimates (2.8) and (2.9)_we obtain

g T T 2
< r|f(r)|2dr-+(|uo~—xo|+§ 70 dx) . @i

0

T
S t
]

Now we assume that u, EDE@) and Lfe L¥0, T; H). Since D(8¢) is a < D(Blp)

% densc subset’*w, there exists {x,} = D(d¢) such that lim x, = u,. Let ] IE

=00 G

{fs} = W20, T H) be such that im f, = f in L¥0, T; H)? and denote by u, : iy

1 tlll;e corresponding solutions of Eq. (2.3). By the monotonicity of dp one BN
g obtains

X ) — 0] < =l £ {14 — @ ds 0 <1< T (usual eshimate)
 we recall thet TX =% a3 A\O Lor all x€D(3¢

du |
E;“ ()

L
} ® 06 an &xeviace ONe (an avove that B Sumchions . P in
J} the CaMOQMj PYDBE\@M %‘Cr’n +{m = 'F N (OJT); 'E“(D)=0

 YdS & quane {41 in dhe above wnditiens,

1

.

.
i
i
i
L}
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 the etate

wWovized: ' 1 o
. NZ/% zed () < @y + —S IfOrd, 0<t<T 2.1
‘Pro‘blnm . 2 ) |
-l | Let ¢ be positive and sufficiently small. From relation (2.11) we have
Uan € D(’&LQ)

1 de 42
fnEW? {0}-; H)} 2
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Chap. IV Nonlinear differential equations in Hilbert spaces

Hence lim u,(t) = u(f) exists uniformly on [0, T]. Since lim du,  du

n=+co A— o dt - dt

in the sense of H-valued vectorial distributions on )0, 7T, estimate (2.10)
implies that\!;% e L¥0, T; H).*
!

In particular, it follows that (¢} is absolutely continuous on every com-
pact of |0, T[. By using a standard argument (as in the proof of Theorem 2.2
Chapter III}, one deduces that u satisfies Eq. (2.3) on 10, T1. -
HQN"Q , 'H'\P- / Now, we assume that u, € D(¢). By using again Eq. (2.3) we get

proceduve
Isabit

-PDYYY\Q‘Q . Hence
Actuatiu , one 1

Show 2
Y‘ePfoolmn. J

, ae tel0,T[.

du |2 d du
13‘ -Faqo(u)élfll-a—;

"+ Lowey < Lisor ae 161011 -
ds 2

du
G )

t
which implies that the function ¢ — @(u(?)) — —;—S | f(5)|2 ds is monotone -
o ‘

on e nonincreasing over [0, T]. Since u, € D(g) one deduces that

2

iST \ %(:) dt < @) + %S: |f12 dt.

then Lot Hence du e LX0, T; H) and o(u)e L*(0, T). This completes the proof
M 0. d -
IEOREM 2.2. We are given
1y € D(A), Y= W0, T; H).
Then the solution u(t) for proklem (2.3) satisfies
- u(?) e D(0p) for every tel), T
d+
d—u(r) + (o= f(O)X =0, Ytel0o, T,
t

dt
* Actu.altaj, it turns out thet
Wy —> U weak€y n 2(5,T; 1) ovall Ee(oj—);
Ely — W weskly in ZOT;H) '
Comd 0w can chack that w=ytu soein (0,T).

e

e L=(0, T; H).




