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The PDEs

State variables:
- the absolute temperature
- the (small) displacement variables u (g5 (u) := (wi; + uj)/2,4,5 = 1,2, 3)
- the damage/phase parameter x € [O, 1]: x = 0 (completely damaged/non-viscous

phase), x = 1 (completely undamaged/viscous phase)

are ruled by the PDEs in 2 x (0, T") with Q C R? bded domain
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The PDEs xﬁ’g

State variables:
- the absolute temperature
- the (small) displacement variables u (g5 (u) := (wi; + uj)/2,4,5 = 1,2, 3)
- the damage/phase parameter x € [0, 1]: x = 0 (completely damaged/non-viscous
phase), x = 1 (completely undamaged/viscous phase)

are ruled by the PDEs in 2 x (0, T") with Q C R? bded domain
0: + x:0 + pf divu, — div(K(0)V0)) = g + a(x)e(u)Ve(uy) + x|
uy — div(a(x)Ve(ue) + b(x)Ee(u) — pfl) = f
. — ! 1 /
Xt + 10l oo 0)(xe) —div([VX["*Vx) +W'(x)2 —50 (X)e(u)Ee(u) +6
—_—

Apx

and the boundary conditions

K@)V -n=h, u=0, 9x=0 ondQx (0,7).
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Nonlinearities and data 'Zﬁf’g

In the PDEs
0: + x:0 + pf div(ue) — div(K(0)V) = g + a(x)e(ur) Ve(ur) + |xe|?
uy — div(a(x)Ve(ue) + b(x)Ee(u) — pf1) = f
o 1O e 0 (x6) + Apx + W'(x) 3 =¥ (x)e(w)Ee(u) + 6

we have

{ p ~» thermal expansion coefficient;

K ~~ heat conductivity;

[E ~~ elasticity tensor and V ~~ viscosity tensor;

a, b e C'([0,1];[0, +00));

W ~ Ijo.1) + 7, with v € C* ([0, 1]) and I[o, 1 indicator of [0, 1];

S S O OO

w € {0,1} ~» p = 1in damage (unidirectional/irreversible) and ;1 = 0 in phase
transitions (reversible);

{ £ volume force and g heat source.
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Our contribution [E.Rocca, Riccarda Rossi (WIAS prepr.1931, 2014)]
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Our contribution [E.Rocca, Riccarda Rossi (WIAS prepr.1931, 2014)] 'Zﬁ@"*é

B GLOBAL - in time - existence result for the FULL PDE system displaying the high
order dissipative terms on the right hand in side in the temperature equation:

0: + x0 + pf divu; — div(K(0)V0)) = g + a(x)e(us)Ve(uy) + |)(t\2
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Our contribution [E.Rocca, Riccarda Rossi (WIAS prepr.1931, 2014)] 'Zﬁf’g

B GLOBAL - in time - existence result for the FULL PDE system displaying the high
order dissipative terms on the right hand in side in the temperature equation:

0: + x0 + pf divu; — div(K(0)V0)) = g + a(x)e(us)Ve(uy) + |Xt\2

= The quadratic RHS challenging: neglected or considered only in the 1D case or for
local - in time - existence (cf., e.g., [Bonetti-Bonfanti (2003), (2007)], [Kre&i-Sprekels-Stefanelli
(2003)], [Luterotti-Stefanelli (2002)], [R.-Rossi (2008), (2014)], [R.-Heinemann (2014)])
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Our contribution [E.Rocca, Riccarda Rossi (WIAS prepr.1931, 2014)] 'Zﬁf’g

B GLOBAL - in time - existence result for the FULL PDE system displaying the high
order dissipative terms on the right hand in side in the temperature equation:

0: + x0 + pf divu; — div(K(0)V0)) = g + a(x)e(us)Ve(uy) + |Xt\2

= The quadratic RHS challenging: neglected or considered only in the 1D case or for
local - in time - existence (cf., e.g., [Bonetti-Bonfanti (2003), (2007)], [Kre&i-Sprekels-Stefanelli
(2003)], [Luterotti-Stefanelli (2002)], [R.-Rossi (2008), (2014)], [R.-Heinemann (2014)])

= The quadratic RHS is only estimated in L' (Q x (0,7))!
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Our contribution [E.Rocca, Riccarda Rossi (WIAS prepr.1931, 2014)] 'Zﬁ@’g

B GLOBAL - in time - existence result for the FULL PDE system displaying the high
order dissipative terms on the right hand in side in the temperature equation:

0: + x0 + pf divu; — div(K(0)V0)) = g + a(x)e(us)Ve(uy) + |Xt\2

= The quadratic RHS challenging: neglected or considered only in the 1D case or for
local - in time - existence (cf,, e.g., [Bonetti-Bonfanti (2003), (2007)], [Kre¢i-Sprekels-Stefanelli
(2003)], [Luterotti-Stefanelli (2002)], [R.-Rossi (2008), (2014)], [R.-Heinemann (2014)])
= The quadratic RHS is only estimated in L' (Q x (0,7))!
B low regularity of 6 due especially to the low regularity of ||
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Our contribution [E.Rocca, Riccarda Rossi (WIAS prepr.1931, 2014)] 'Zﬁ@’g

B GLOBAL - in time - existence result for the FULL PDE system displaying the high
order dissipative terms on the right hand in side in the temperature equation:

0: + x0 + pf divu; — div(K(0)V0)) = g + a(x)e(us)Ve(uy) + |Xt\2

= The quadratic RHS challenging: neglected or considered only in the 1D case or for
local - in time - existence (cf,, e.g., [Bonetti-Bonfanti (2003), (2007)], [Kre¢i-Sprekels-Stefanelli
(2003)], [Luterotti-Stefanelli (2002)], [R.-Rossi (2008), (2014)], [R.-Heinemann (2014)])
= The quadratic RHS is only estimated in L' (Q x (0,7))!
B low regularity of 6 due especially to the low regularity of ||
B low regularity of x; due especially to the quadratic term on the RHS in

1
Xt + 1O~ o001 (Xxt) + Apx + W' (x) 3 —gb'(x)e(U)Ea(U) +0
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Our contribution [E.Rocca, Riccarda Rossi (WIAS prepr.1931, 2014)] 'Zﬁf’g

B GLOBAL - in time - existence result for the FULL PDE system displaying the high
order dissipative terms on the right hand in side in the temperature equation:

0: + x0 + pf divu; — div(K(0)V0)) = g + a(x)e(us)Ve(uy) + |Xt\2

= The quadratic RHS challenging: neglected or considered only in the 1D case or for
local - in time - existence (cf,, e.g., [Bonetti-Bonfanti (2003), (2007)], [Kre¢i-Sprekels-Stefanelli
(2003)], [Luterotti-Stefanelli (2002)], [R.-Rossi (2008), (2014)], [R.-Heinemann (2014)])
= The quadratic RHS is only estimated in L' (Q x (0,7))!
B low regularity of 6 due especially to the low regularity of ||
B low regularity of x; due especially to the quadratic term on the RHS in

1
Xt + HOI(— o001 (xt) + Apx + W' (X) 3 —ib/(Xk(u)Eg(U) +0
{> need enhanced estimates on u in
uye — div(a(x)Ve(ue) + b(x)Ee(u) — pf1) = £

based on the higher regularity of x => A, x needed with p > d
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Brief model derivation — cf. [M. Frémond, Phase Change in Mechanics, 2012] 'Zﬁ@“‘é

The free-energy

F :/Q (9(1 —log0) + b(X)E(u)]gdu) + IV;dp + W(x) —0x — pgtr(s(u))) dz
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Brief model derivation — cf. [M. Frémond, Phase Change in Mechanics, 2012] 'Zﬁ@“‘é

The free-energy

F 2/9 (9(1 —log ) + b(X)E(u)]ge(u) + |V;<|P + W(x) —0x — pgtr(g(u))> dz

B e.g. b(x) = x in damage: the stifiness of the material decreases as x \, 0 (complete
damage)
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Brief model derivation — cf. [M. Frémond, Phase Change in Mechanics, 2012] %

The free-energy

F =/Q (9(1 —log ) + b(X)E(u)lge(u) + |VI>)<|P + W(x) —0x — patr(g(u))> dz

B e.g. b(x) = x in damage: the stifiness of the material decreases as x \, 0 (complete
damage)

B e.g.b(x) = 1 — x in phase transitions: the elastic contribution is present only in the solid
phase i.e. when x = 0 or in mushy regions (x € (0, 1))
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Brief model derivation — cf. [M. Frémond, Phase Change in Mechanics, 2012] %

The free-energy

F =/Q (9(1 —log ) + b(X)E(u)lge(u) + |VI>)<|P + W(x) —0x — patr(g(u))> dz

B e.g. b(x) = x in damage: the stifiness of the material decreases as x \, 0 (complete
damage)

B e.g.b(x) = 1 — x in phase transitions: the elastic contribution is present only in the solid
phase i.e. when x = 0 or in mushy regions (x € (0, 1))

The pseudo-potential of dissipation

K(0)

1 1
P= ?W@\Q + §\Xt|2 + QG(X)E(ut)Va(ut) + pl(—o0,01(xt)

E. Rocca - STAMM 2014 - Poitiers - Page 5 (26)



Brief model derivation — cf. [M. Frémond, Phase Change in Mechanics, 2012] %

The free-energy

F :/Q (9(1 —log6) + b(x)s(u)lgis(u) + IVI>)<|p + W(x) —0x — pgtr(g(u))) dz

B e.g. b(x) = x in damage: the stifiness of the material decreases as x \, 0 (complete
damage)

B e.g.b(x) = 1 — x in phase transitions: the elastic contribution is present only in the solid
phase i.e. when x = 0 or in mushy regions (x € (0, 1))

The pseudo-potential of dissipation

K(0 1 1
P = " 90p 4 L 4 Laoetun) vetu) + ul—n)
B e.g. a(x) = x in damage and phase transitions: no viscosty when the material is

completely damaged or when we are in the solid phase i.e. when xy = 0
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The modelling

The momentum equation

P

uy —dive =f (a:ad+gnd: 4 Or

de(u)

B (ur) ) becomes

| i — div(a(x)Ve(uy) + b(x)Ee(u) — pf1) = f |
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The modelling

The momentum equation

P

uy —dive =f (a:ad+gnd: 4 Or

de(u)

B (ur) ) becomes

‘ uy — div(a(x)Ve(uy) + b(x)Ee(u) — pf1) = f ‘

The principle of virtual powers

B—-divH=0 (B: g—;+§—§,ﬂ= %) becomes

Xt + O~ oo,0)(xt) + Apx + W' (x) > =3V (x)e(w)Ee(u) + 0
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The modelling

The momentum equation

ui —dive =1 (U:ad—i-o”“i = 86’9(7;'“ +

OF
de(u)

) becomes

‘ uy — div(a(x)Ve(uy) + b(x)Ee(u) — pf1) = f ‘

The principle of virtual powers

B—-divH=0 (B: g—z—kg%,H: %) becomes

Xt + 010 () + ApX + W (x) 3 = 1/ ()= (w)Ee(u) + 0

The internal energy balance

et +divgq=g+o:e(ur)+ Bx: + H- Vxt (e:ffe%—{, q= 22

becomes

0; + x:0 + pf div u; — div(K(0)VE) = g+a(x)e(us)Ve(uy) + |xe|? ‘
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Our results
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Our results

[A previous result] [E.R., R. Rossi, M3AS (2014)]:

B global existence result in 3D in the degenerate case a(x) = b(x) = x

B within the small perturbations assumption, i.e. neglecting the quadratic terms
a(x)e(u;)Ve(uy) + |x:|? on the r.h.s. in the internal energy balance
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Our results 'Zﬁf’g

[A previous result] [E.R., R. Rossi, M3AS (2014)]:

B global existence result in 3D in the degenerate case a(x) = b(x) = x

B within the small perturbations assumption, i.e. neglecting the quadratic terms
a(x)e(u;)Ve(uy) + |x:|? on the r.h.s. in the internal energy balance

[The most recent result] [E.R., R. Rossi, WIAS preprint no. 1931 (2014)]:

B global existence result in 3D in the non-degenerate case = replace a and b by a + ¢,
b + ¢ in the momentum balance:

uy — div((a(x) + 6)Ve(ue) + (b(x) + 6)Ee(u) — pfl) =f  ford >0

B without the small perturbations assumption: we can handle the high order dissipative

terms a(x)e(u;)Ve(uy) + |x¢|* on the r.h.s. in the internal energy balance
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Our results 'Zﬁ@’g

[A previous result] [E.R., R. Rossi, M3AS (2014)]:

B global existence result in 3D in the degenerate case a(x) = b(x) = x

B within the small perturbations assumption, i.e. neglecting the quadratic terms
a(x)e(u;)Ve(uy) + |x:|? on the r.h.s. in the internal energy balance

[The most recent result] [E.R., R. Rossi, WIAS preprint no. 1931 (2014)]:

B global existence result in 3D in the non-degenerate case = replace a and b by a + ¢,
b + ¢ in the momentum balance:

uy — div((a(x) + 6)Ve(ue) + (b(x) + 6)Ee(u) — pfl) =f  ford >0

B without the small perturbations assumption: we can handle the high order dissipative

terms a(x)e(u;)Ve(uy) + |x¢|* on the r.h.s. in the internal energy balance

We need here a suitable weak formulation of the problem to have GLOBAL solutions in 3D
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Our results

0: 4 xt0 + pb div(ug) — div(K(0)V8) = g + a(x)e(us)Ve(uy) + |xt|?
uyy — div(a(x)Ve(ug) + b(x)Ee(u) — p1) = £
Xt + 1OI(—oo,01(xt) + Apx + W' (x) 3 =5V (x)e(u)Ee(u) + 6
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Our results 'Zﬁf’g

0t + xt0 + pf div(us) — div(K(0)VO) = g + a(x)e(us)Ve(us) + |Xt‘2
uyy — div(a(x)Ve(ug) + b(x)Ee(u) — p1) = £
Xt + 1OI(—oo,01(xt) + Apx + W' (x) 3 =5V (x)e(u)Ee(u) + 6

B Casep=1
B EXISTENCE OF ENTROPIC SOLUTIONS

B improved regularity of 6 under enhanced growth of K

B limit as p | 2 (from the p-Laplacian to the Laplacian) — a weaker notion of solution
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Our results xﬁ’g

0t + xt0 + pf div(us) — div(K(0)VO) = g + a(x)e(us)Ve(us) + |Xt‘2
uyy — div(a(x)Ve(ug) + b(x)Ee(u) — p1) = £
Xt + 1OI(—oo,01(xt) + Apx + W' (x) 3 =5V (x)e(u)Ee(u) + 6

B Casep=1
B EXISTENCE OF ENTROPIC SOLUTIONS

B improved regularity of 6 under enhanced growth of K

B limit as p | 2 (from the p-Laplacian to the Laplacian) — a weaker notion of solution

B Casep =0
- existence of entropic solutions

- improved regularity of € and improved formulation of heat eqn. under enhanced
growth of K
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Our results xﬁ’g

0t + xt0 + pf div(us) — div(K(0)VO) = g + a(x)e(us)Ve(us) + |Xt‘2
uyy — div(a(x)Ve(ug) + b(x)Ee(u) — p1) = £
Xt + 1OI(—oo,01(xt) + Apx + W' (x) 3 =5V (x)e(u)Ee(u) + 6

B Casep=1
B EXISTENCE OF ENTROPIC SOLUTIONS
B improved regularity of 6 under enhanced growth of K

B limit as p | 2 (from the p-Laplacian to the Laplacian) — a weaker notion of solution

B Casep =0
- existence of entropic solutions
- improved regularity of € and improved formulation of heat eqn. under enhanced
growth of K

Uniqueness:
Not known even in the isothermal case, due to doubly nonlinear character of x-eq.
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Definition of “Entropic” solutions: unidirectional case . 4{4’;
0r + x:0 + pf div(us) — div(K(0)V0) = g + a(x)e(us)Ve(ue) + |Xt\2
uy — div(a(x)Ve(ue) + b(x)Ee(u) — p1) = £

1
Xt + O~ oo 0)(xt) + Apx + W' (x) D —gb/(x)a(u)IEa(u) +6

We call (0, u, x) an entropic solution if it fulfills

- entropic formulation of heat egn. = entropy ineq. + total energy ineq.
- momentum equation pointwise

- weak formulation of y-eqn.: “generalized principle of virtual powers” if © = 1

E. Rocca - STAMM 2014 - Poitiers - Page 9 (26)



Definition of “Entropic” solutions: not unidirectional case 4{4’;
0r + x:0 + pf div(us) — div(K(0)V0) = g + a(x)e(us)Ve(ue) + |Xt\2
uy — div(a(x)Ve(ue) + b(x)Ee(u) — p1) = £

it Apx + W' (x) 3 — 28 (x)e(w)Ee(u) +0

We call (0, u, x) an entropic solution if it fulfills

- entropic formulation of heat egn. = entropy ineq. + total energy ineq.
- momentum equation pointwise

- x-equation holds pointwise if x = 0
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Entropic formulation of the heat equation
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Entropic formulation of the heat equation

Replace 0; 4 x:0 + pf div(u;) — div(K(0)V0) = g + a(x)e(u:)Ve(uy) + |x:| by

The entropy inequality
[ s +p— [ paivtune
Qx(0,T) Qx(0,T)
+f] 0)/V log(0)|2¢ — K(6)V 0g(0)V's)
Qx(0,T)

//QX(O (9 + a(x)e(ue)Ve(ue) + [xe|*) & da:dt—i-// h% dsdt

o0 x(0,T)

< [/ log(@)cp] forallo € C°(Q x (0,T)) & > 0;
Q 0
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Entropic formulation of the heat equation

Replace 6; + x:0 + pf div(u;) — div(K(0) V) = g + a(x)e(u:)Ve(us) + |x¢|* by

The entropy inequality

//Qx(o T)(log(@) +x)pt — //QX(O,T) pdiv(ue)e

+f] (6)| log(B)]2¢ — K(6)V log(6)V's)
Qx(0,T)

//QX(O (9 + a(x)e(ue)Ve(ue) + [xe|*) & da:dtJr// h% dsdt

o0 x(0,T)

< [/ log(e)cp] forallp € C (L x (0,T)) & > 0;
Q 0

The total energy inequality

£, w01 <EG w0+ [[ g+ [f h
Qx(0,T) o0 x(0,T)

where

£(0,u,ur,x) = /Q (0+ 3b00=(B() + Jjuil® + L[VxI + W(x))
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The entropy inequality

- cf. [Feireisl 2007] (heat conduction in fluids)

- cf. [Feireisl-Petzeltova-R. 2009] (full Frémond’s model of phase transitions)

(00 + xeb + pB div(ue) — div(K(O)VE) = g + a(x)e(un)Ve(u) + |xel*) x §

with ¢ € C2° (2 x (0,T))
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The entropy inequality

- cf. [Feireisl 2007] (heat conduction in fluids)

- cf. [Feireisl-Petzeltova-R. 2009] (full Frémond’s model of phase transitions)

(00 + x84 pB div(e) — div(K(0)V0) = g + a(x)e(w)Ve(ue) + [xel*) x ¢

with ¢ € C2° (2 x (0,T))

Integrate by parts in space

// (0 log(0) + xt + pdiv(uy)) ¢
Qx(0,T)

/ / (0)V log(6)Vp — K(H)%Vlog(@)ve)
Qx(0 T)

:// (9 + a()e(u)Ve(w) + x| L dmdt—i—// h? dsd
Qx(0,T) ¢ o0 x(0,T) 0
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The entropy inequality 'Zﬁ@’g

- cf. [Feireisl 2007] (heat conduction in fluids)

- cf. [Feireisl-Petzeltova-R. 2009] (full Frémond’s model of phase transitions)

(00 +xe6 + p div(w) — div(K(0)V0) = g + a()=(u)Ve(w) + [xel’) x &

with ¢ € C2° (2 x (0,T))

Integrate by parts in time

//wa T)(log(0)+x)w —//QX(O’T) pdiv(ue)p
/ /ﬂ o T) 0) £V 10g(6) V0 — K(6)V log(6) V)
I T)(g+a(x>e<utws<ut>+w)gdxm /[ iasa

o0 x(0,T)
T
= U log(ﬁ)w]
Q 0
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The entropy inequality 'Zﬁf’g
- cf. [Feireisl 2007] (heat conduction in fluids)

- cf. [Feireisl-Petzeltova-R. 2009] (full Frémond’s model of phase transitions)

(00 +xe6 + p div(w) — div(K(0)V0) = g + a()=(u)Ve(w) + [xel’) x &

with p € C2°(Q x (O,T)),

.. just as an INequality

//QX(O’T)(log(G) + X)er — //QX(O,T) pdiv(ue)ep

+ //QX(QT) (K(0)|V log(0) > — K(0)V log(0) Vi)
2\ P . ®
+//QX(O’T)(Q+a(X)€(ut)V6(ut)“F|Xt‘ )y d dt+//am(0mh9 dsdt

< [ / log(G)w]oT
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The total energy inequality

(utt—dlv )Ve(ue) + b(x)E ()—p91):f) X gt

0: + x:0 + pf div(us) — div(K(0)VE) = g + a(x)e(us)Ve(u) + ‘Xt|2> X 1+

/N

7 1 /
(Xt + B0 e (x0) + Apx + T () 3 =31 (x)=(w)Ee(u) + 0) X X1

~~ total energy balance

£(0, u, ur, x)(T) :8(0,u,ut,x><0)+// (f-ut+g>+// h
Qx(0,T) 00x(0,T)
with

(0+ L6002 (W E() + Suel* + 19X + W(x)

5(95u7 ut:X) = /

Q
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The total energy inequality

(utt — div(a(x)Ve(uy) + b(x)Ee(u) — pf1) = f) X Wyt

0: + x:0 + pf div(us) — div(K(0)VE) = g + a(x)e(us)Ve(u) + ‘Xt|2> X 1+

/N

1
(3 + MO o1 (x) + Apx + W' (X) 3 =58 ()e(w)E=(w) +0) X X1
~ total energy INequality
E0. w0 <EGuw O+ [[ g [[
Qx(0,T) o0 x(0,T)

with

20w ) = [ (04 3b00ES() + 3uf® + 2V + W)
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Generalized principle of virtual powers 'Zﬁ@"*é

! 1 / .
Xt +p0I(—oo,0)(xt) +Apx+W'(x) 3 —56 (e(W)Ee(u)+0  inQx(0,T), (eq,)
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Generalized principle of virtual powers 'Zﬁ@"*é

e A+ W) 3 —%b’(x)a(u)Ea(u) 10 aeinQx(0,T),

(eqy)
e If 1L = 0 (no unidirectionality, e.g. phase transitions) ~- (eqX) can be formulated pointwise
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gah

Generalized principle of virtual powers

! 1 / .
Xt 4+ 01— oo,01(xt) FApx+W'(x) 2 _§b (x)e(u)Ee(u)+0 inQ2x(0,7), (eq,)

e If 1L = 0 (no unidirectionality, e.g. phase transitions) ~- (eqX) can be formulated pointwise

e If 1 = 1 (unidirectional case, e.g. damage case) for (eq, ) to make sense a.e. in
Q x (0,7, we need to estimate separately A,x and 5(x)

B Could be done by testing (eq, ) by O (Apx + B(x)) (cf. [Bonfanti-Frémond-Luterotti
2000])

B Would involve an integration by parts in time of

/ 00,(Apx + B(x))

NOT doable, because of the low time-regularity of 6.
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Generalized principle of virtual powers: the unidirectional case 'Zﬁ@";

1
Xt + Ol oo 0] () + Apx + W'(x) 3 =56 (Ve(WEe(w) +6  inQx (0,7)

i)

~ (A0 + 38 00=(WE(w ~0) € 01 (1)

I~ o0,0(v) = = (xe+Apx+W'(x) + 3b'(x)e(u)Ee(u) — 6) v for all test functs v< 0

T—oo0(xt) < = (xe+Apx+W'(x) + 50" (x)e(u)Ee(u) — 0) x:
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The weak formulation of the x-eq.: “generalized principle of virtual powers” 'Zﬁ@“‘é

I 0e(Be(u) 16 inQx(0,T) (eqy)

Xt +0I(—co,01(xt) + Apx +W'(x) 3 — 3
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The weak formulation of the x-eq.: “generalized principle of virtual powers” 'Zﬁ@“}

I 0e(Be(u) 16 inQx(0,T) (eqy)

Xt + 01000 (Xe) + Apx+W'(X) 3 =3

Definition c.f. [Heinemann-Kraus 2010....]

We call x a weak solution to (eq, ) if:
xt(z,t) <0  foraa. (z,t) € 2x (0,7) (unidirectionality), e.g. in damage +
_ 1
/ (Xtv +[Vx|P 2V - Vo + W (x)v + ib'(x)s(u)Es(u)v - G(t)v) dz >0
Q

for all test functs v<< 0 +

/I bl [ Gioxor + w ) o
< [ Gox@r +wo) g+ [f e (-5¥ Cos(wE=(w +0) dzar

forall0 < s<t<T.
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Assumptions

Hypothesis (1).
The function K : [0, +00) — (0, +00) is continuous and
co(14+0%) <K(0) <c1(1+v0%) fork>1
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Hypothesis (1).
The function K : [0, +00) — (0, +00) is continuous and
co(14+0%) <K(0) <c1(1+v0%) fork>1

Hypothesis (lI).

p>d, aeCYR),be C?(R) aresuchthata(z), b(z) > co >0, forallz € R
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Assumptions 'Zﬁf’g

Hypothesis (1).
The function K : [0, +00) — (0, +00) is continuous and
co(14+0%) <K(0) <c1(1+v0%) fork>1

Hypothesis (lI).

p>d, aeCYR),be C?(R) aresuchthata(z), b(z) > co >0, forallz € R

=1

Hypothesis (lll). The potential is W = I[g 1} + 7, where ¥ € ci([o,1]), v=7
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Assumptions

Hypothesis (1).
The function K : [0, +00) — (0, +00) is continuous and
co(140%) < K@) <ecr(1+v0%) fork > 1

Hypothesis (lI).

p>d, aeCYR), be C3(R) aresuchthat a(z), b(z) > ¢z >0, forallz € R

=1

Hypothesis (lll). The potential is W = I[g 1} + 7, where ¥ € cl([0,1]), ~v=7

Hypothesis (IV).
feL?0,T;L%(Q),
g € LY0,T; LY (Q) N L2(0, T; HY(Q)'), h e LY(0,T; L3(8Q)) g, h >0,
6o € LY(Q), igf@g >0. >0, loghy e L1(Q),

w € H3(Q), vo € L2(%RY), xo0 € W'P(Q), Blxo) € L'(Q)
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Existence of “Entropic solutions”

Under Hyp. (I)—(IV), there exists

6 € L>=(0,T; L' (Q)) N L*(0,T; H' (), log6 € BV([0, T); W *<(Q)*), 6 > ¢ >0
u e H'(0,T; Hy () N WH™(0,T; Hy (% RY)) N H?(0,T; L* (2 RY))
X € L0, T; WHP(Q)) N H' (0, T; L*(%2))

solving the Cauchy problem for

the entropy inequality
the total energy inequality
the weak momentum equation (a.e. in Q x (0, 7))

the generalized principle of virtual powers for the phase if ;© = 1 or the pointwise

equation if u = 0

E. Rocca - STAMM 2014 - Poitiers - Page 18 (26)



Estimates for 6 (1)

.. atrick from [Feireisl-Petzeltova-R. 2009]
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Estimates for 6 (1)

.. atrick from [Feireisl-Petzeltova-R. 2009]
B 0 e L*0,T; H'(Q)) derives from (o € (0, 1))

// (00040 v () —div( K() V0) = g+alx)e(u)Ve(u) +Hl?) x0°

~ OF
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Estimates for 0 (l)
.. atrick from [Feireisl-Petzeltova-R. 2009]
B 0 e L*0,T; H'(Q)) derives from (o € (0, 1))

// (Gt—&—XtG—i—pQ div(ug)—div( @ Vo) = g+a(x)8(ut)Vs(ut)+|Xt|2) x !

~ OF

B The quadratic terms go to the left-hand side (they are nonnegative on LHS)!

a(x)e(u)Ve(u, vil?) 0%t dads — K(O)VOV(0“1) dzds
//Mw)(ﬁ (e Ve(us) + [xel?) // (O)VOv(e°)

Qx(0,t)

~ laxon |volrta)/212 qzds

= /le(t)adx f/ l9(())ad36+OKterms
Qo QQ

estimate by |.h.s. via Gagliardo-Nirenberg

m Get [[o, o VOO 2 dads < C,hence [y, o, [VO* dzds < C
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Estimates for 6 (Il) 'Zﬁ@"*é

B log(0) € BV([0, T]; WH9t<(Q)*) derives from

// (00040 v () —div( K() V6) = gra(x)e(u)Ve(u) il x ¢

~ 9"
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Estimates for 6 (Il) 'Zﬁf’g

B log(0) € BV([0, T]; WH9t<(Q)*) derives from

// (Gt—&—Xt@—i—pH div(us)—div( @ Vo) = g+a(x)6(ut)Vs(ut)+|Xt|2) X%

~ 9"

B Hence a comparison estimate for d; log(#) tested with fets. v € Wh4T¢(Q)

01108(6) = —x: — pdiv(u) + g+ alV)=(ur)Ve(ur) + i)
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Estimates for 6 (Il) 'Zﬁf’g
B log(0) € BV([0, T]; WH9t<(Q)*) derives from

// (Gt—&—Xt@—i—pH div(us)—div( @ Vo) = g+a(x)6(ut)Vs(ut)+|xt|2) X%

~ 9"

B Hence a comparison estimate for d; log(#) tested with fets. v € Wh4T¢(Q)

01108(6) = —x — pdiv(w) + 7 (9 + a()e(w)Ve(w) + |l

m 0 c L*0,T; HY(Q)) & 8: log(9) € BV([0, T]; WH4T<(Q)*) give strong
compactness for 6 via Aubin-Lions Theorem
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Enhanced regularity for u 'Zﬁf“}

B uc HY(0,T; HE(Q;RY)) n Whe(0, T; Hg (Q;RY)) derives from

/ / ‘ (utt — div((a(x)Ve(us) + b(x)Ee(u)—pf1) = f) x (= div(e(wr)))
where
in // div(a(x)Ve(u;)) div(e(us)) we calculate div(a(x)Ve(uy))
~~ need for V bded in L” (), p > d

in // div(—p#1) div(e(us)) ~» need for 6 bded in H' ()
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Enhanced regularity for u 'Zﬁ@’g

B uc HY(0,T; HE(Q;RY)) n Whe(0, T; Hg (Q;RY)) derives from
[ (s = div((a Ve + b0E=(w)—po1) = £) x (- divi(e(a))
where
in / / div(a(x)Ve(us)) div(e(us)) we caloulate div(a(x)Ve(u;))
~ need for V bded in L* (), p > d

in // div(—p#1) div(e(u;)) ~» need for 6 bded in H'(£2)

W Still, the right-hand side of

0: + x0 + pf div(uz) — div(K(0)V0) = g + a(x)e(us)Ve(us) + |Xt|2

is only ", because |x:|*> € L' = entropic formulation still needed
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Enhanced regularity for u 'Zﬁf’“é

B uc HY(0,T; HE(Q;RY)) n Whe(0, T; Hg (Q;RY)) derives from
[ (s = div((a Ve + b0E=(w)—po1) = £) x (- divi(e(a))
where
in / / div(a(x)Ve(u)) div(e(u;)) we caloulate div(a(x)Ve(uy))
~+ need for V bded in L”(Q), p > d

in // div(—p#1) div(e(u;)) ~» need for 6 bded in H'(£2)

W Still, the right-hand side of

0: + x:0 + pf div(u;) — div(K(0)V8) = g + a(x)e(u)Ve(ue) + |x¢|”

is only ", because |x:|*> € L' = entropic formulation still needed

B Limit passage as p | 2 possible, convergence to a weaker notion of sol. (worst energy
inequalities), only if n = 1
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Rigorous proof ‘ mj

B All the estimates can be made rigorous via time-discretization

B Time-discrete scheme carefully tailored to nonlinear estimates of heat equation

W fully implicit ~~ essential for strict positivity

B eqgns. tightly coupled = existence via fixed point theorem

W discrete versions of total energy inequality & entropy inequality hold — estimates
& passage to the limit = conclusion of existence proof

B Compactness
B Limit passage via lower semicontinuity + maximal monotone operator techniques

B Note that the fact that the inqualities can be proved at a discrete level could be useful for

numerics
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Advantages and further developments

B Motivated by Thermodynamics and promising in other contexts:
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Advantages and further developments 'Zﬁ@’g

B Motivated by Thermodynamics and promising in other contexts:

W it is possible to make a strongly nonlinear system mathematically tractable by means
just of the use of the standard principles of Thermodynamics
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Advantages and further developments xﬁ’g

B Motivated by Thermodynamics and promising in other contexts:
W it is possible to make a strongly nonlinear system mathematically tractable by means
just of the use of the standard principles of Thermodynamics

W the regularity of solutions and initial data is just the one suggested by the energy
and entropy estimates. Hence we respect the physical conditions
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just of the use of the standard principles of Thermodynamics

W the regularity of solutions and initial data is just the one suggested by the energy
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Ml it can be applied in different context: liquid crystals

[Feireisl-R.-Schimperna-Zarnescu], two phase fluids [Eleuteri-R.-Schimperna], etc.
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Advantages and further developments 4{4’3

B Motivated by Thermodynamics and promising in other contexts:
W it is possible to make a strongly nonlinear system mathematically tractable by means
just of the use of the standard principles of Thermodynamics

W the regularity of solutions and initial data is just the one suggested by the energy
and entropy estimates. Hence we respect the physical conditions

Ml it can be applied in different context: liquid crystals

[Feireisl-R.-Schimperna-Zarnescu], two phase fluids [Eleuteri-R.-Schimperna], etc.

B Future perspectives:

B Weak-strong uniqueness for this model [R.-Rossi]

B Temperature-dependent damage processes with phase separation in

thermoviscoelasticity [Heinemann-Kraus-R.-Rossi]
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