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Possible choices of free energies
Let Ω ⊂ RN be a bounded domain with Lipschitzian
boundary, N being an arbitrary integer.
The classical GINZBURG-LANDAU FREE ENERGY:

GL[ϑ, χ] =

∫
Ω

(
GL(ϑ, χ) +

ν

2
|∇χ|2

)
dx

is substituted by a NONLOCAL alternative (cf. [van der
Waals, 1893 and Bates, Fife, Gajewski, Giacomin and
Lebowitz, ’97–2004]:

NL[ϑ, χ] =

∫
Ω

(
NL(ϑ, χ) +

∫
Ω

k(x , y)|χ(x)− χ(y)|2 dy
)

dx

with k(x , y) a given symmetric KERNEL accounting for
NONLOCAL INTERACTIONS .

EXAMPLE. k= the Newton potential −→ k(|x |) = κ|x |−1 in
3D.
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Relations between the two choices

The classical GINZBURG-LANDAU FREE ENERGY can be
obtained as a formal limit as m →∞ from the nonlocal
one

with the choice K (x , y) = mN+2k(|m(x − y)|2),
where k is a nonnegative function with support in [0,1].
This follows from the formula∫

Ω
mN+2k(|m(x − y)|2) |χ(x)− χ(y)|2 dy

=

∫
Ωm(x)

k(|z|2)

∣∣∣∣∣χ
(
x + z

m

)
− χ(x)

1
m

∣∣∣∣∣
2

dz

m→∞−→
∫

RN
k(|z|2) 〈∇χ(x), z〉2 dz =

ν

2
|∇χ(x)|2

for a sufficiently regular χ, where ν = 2
∫

RN k(|z|2)|z|2 dz
and Ωm(x) = m(Ω− x).
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Nonlocal free energy
with non-constant specific heat

We allow the specific heat in the non local free energy
F := NL =

∫
Ω F [ϑ, χ] dx to depend on χ:

F [ϑ, χ] =

∫
Ω

(
cV (χ)ϑ(x)(1− logϑ(x)) + ϑ(x)σ(χ(x))

+λ(χ(x)) + (β + ϑ(x))ϕ(χ(x))

+

∫
Ω

K (x , y) G(χ(x)− χ(y)) dy
)

dx ,
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

Nonlocal free energy
with non-constant specific heat
We allow the specific heat in the non local free energy
F := NL =

∫
Ω F [ϑ, χ] dx to depend on χ:

F [ϑ, χ] =

∫
Ω

(
cV (χ)ϑ(x)(1− logϑ(x)) + ϑ(x)σ(χ(x))

+λ(χ(x)) + (β + ϑ(x))ϕ(χ(x))

+

∫
Ω

K (x , y) G(χ(x)− χ(y)) dy
)

dx ,



Nonlocal phase
field models
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I cV (χ) ≥ c0 > 0 is the specific heat, β > 0;
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I e.g., in solid-liquid phase transitions it may be

cV (χ) = c0
V + χ(c1

V − c0
V ) , where c0

V is the specific

heat in the solid and c1
V in the liquid;
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V is the specific

heat in the solid and c1
V in the liquid;

I σ and λ are smooth functions;
I ϕ : R → R ∪ {+∞} is proper, convex, and l.s.c.;
I K : Ω× Ω → R describes nonlocal interactions;
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

Nonlocal free energy
with non-constant specific heat
We allow the specific heat in the non local free energy
F := NL =

∫
Ω F [ϑ, χ] dx to depend on χ:

F [ϑ, χ] =

∫
Ω

(
cV (χ)ϑ(x)(1− logϑ(x)) + ϑ(x)σ(χ(x))

+λ(χ(x)) + (β + ϑ(x))ϕ(χ(x))

+

∫
Ω

K (x , y) G(χ(x)− χ(y)) dy
)

dx ,

I e.g., in solid-liquid phase transitions it may be

cV (χ) = c0
V + χ(c1

V − c0
V ) , where c0

V is the specific

heat in the solid and c1
V in the liquid;

I σ and λ are smooth functions;
I ϕ : R → R ∪ {+∞} is proper, convex, and l.s.c.;
I K : Ω× Ω → R describes nonlocal interactions;
I G is an even function bounded on D(ϕ)
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I e.g., G(χ(x)− χ(y)) = |χ(x)− χ(y)|2 if ϕ = I[−1,1].
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Possible choices of ∂ϕ

Subdifferential case: ∂ϕ := ∂I[−1,1] = H−1:

−2 −1 0 1 2
−1

−0.5

0

0.5

1

X

B
E

T
A

Logarithmic case: ∂ϕ = log(1 + χ)− log(1− χ):

−1 −0.5 0 0.5 1
−5

0

5

X

B
E

T
A
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The PDE’s systems

I The internal energy balance over an arbitrary control
volume Ω′ is

d
dt

∫
Ω′

E [ϑ, χ] dx +

∫
∂Ω′
〈q,n〉ds = Ψ(Ω′),

where E = F − ϑ
∂F
∂ϑ

and

Ψ(Ω′) is the energy exchange through ∂Ω′

due to nonlocal interactions;
I the phase equation, which follows from the tendency

of the system to move towards local minima of the
free energy with speed proportional to 1/µ(ϑ)

µ(ϑ)
∂χ

∂t
∈ −δχF [ϑ, χ] .
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

The PDE’s systems

I The internal energy balance over an arbitrary control
volume Ω′ is

d
dt

∫
Ω′

E [ϑ, χ] dx +

∫
∂Ω′
〈q,n〉ds = Ψ(Ω′),

where E = F − ϑ
∂F
∂ϑ

and

Ψ(Ω′) is the energy exchange through ∂Ω′

due to nonlocal interactions;

I the phase equation, which follows from the tendency
of the system to move towards local minima of the
free energy with speed proportional to 1/µ(ϑ)

µ(ϑ)
∂χ

∂t
∈ −δχF [ϑ, χ] .



Nonlocal phase
field models
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Termodynamical consistency
The model is compatible with the
Second Principle of Thermodynamics .

Assuming that
ϑ > 0, using the expression of F into the entropy
S = −∂F/∂ϑ, and choosing the Fourier heat flux
q := −κ∇ϑ, with κ > 0, we obtain that the pointwise

Clausius-Duhem inequality St + div
(q
ϑ

)
≥ 0 holds true

provided that we choose

Ψ(Ω′) =

∫
Ω′

(−b[χ]χt + B[χ]t) dx , where

B[χ](x , t) :=

∫
Ω

K (x , y) G(χ(x , t)− χ(y , t)) dy ,

b[χ](x , t) := 2
∫

Ω
K (x , y) G′ (χ(x , t)− χ(y , t)) dy

(⇒ the entropy does not decrease along the solution
paths).
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The equation for ϑ

With these choices the internal energy balance becomes

(cV (χ(x))ϑ(x) + λ(χ(x)) + βϕ(χ(x))) t

+ 2χt

∫
Ω

K (x , y)G′(χ(x)− χ(y)) dy − κ∆ϑ(x) = 0

coupled with the initial-boundary conditions

ϑ(x ,0) = ϑ0(x) in Ω,

∂nϑ(s, t) = γ(s)(ϑΓ(s, t)− ϑ(s, t)) on Σ∞ := ∂Ω× (0,∞),

where ∆ is the Laplace operator, γ, ϑΓ ≥ 0 bounded. Let
κ = 1 in the following.



Nonlocal phase
field models
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The inclusion for χ

µ(ϑ(x))χt(x) + ϑ(x)σ′(χ(x)) + λ′(χ(x))

+ 2
∫

Ω
K (x , y)G′(χ(x)− χ(y)) dy + (β + ϑ(x))∂ϕ(χ(x))

3 c′V (χ(x))ϑ(x) (logϑ(x)− 1) ,

which we couple with the initial condition

χ(x ,0) = χ0(x) in Ω,

where χ0 is a given initial configuration.



Nonlocal phase
field models
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

The specific heat cV (χ)

Suppose for a moment to have a relaxed Stefan problem,
where thermodynamic equilibria are on the curve



Nonlocal phase
field models

P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

The specific heat cV (χ)
Suppose for a moment to have a relaxed Stefan problem,
where thermodynamic equilibria are on the curve
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(ϑ− ϑc) ∈ ∂I[−1,1](χ)
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The specific heat cV (χ)
Suppose for a moment to have a relaxed Stefan problem,
where thermodynamic equilibria are on the curve

χ ∈ H
(
c′V (χ)f (ϑ) + L

ϑc
(ϑ− ϑc)

)
with f (ϑ) := ϑ(logϑ− 1)

.
Then, c′V (χ) := c1

V − c0
V must have a positive sign , other-

wise χ = −1 would be the only stable equilibrium both for
low and high ϑ.

0

0

f(θ)

θ

0

0

c
V
(χ)

 ICE  WATER  GAS 
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

The specific heat cV (χ)
Suppose for a moment to have a relaxed Stefan problem,
where thermodynamic equilibria are on the curve

χ ∈ H
(
c′V (χ)f (ϑ) + L

ϑc
(ϑ− ϑc)

)
with f (ϑ) := ϑ(logϑ− 1)

.
Then, c′V (χ) := c1

V − c0
V must have a positive sign , other-

wise χ = −1 would be the only stable equilibrium both for
low and high ϑ.

0

0

f(θ)

θ

0

0

c
V
(χ)

 ICE  WATER  GAS 

Hence, the model is appropriate for ice-water phase tran-
sitions (and also phase changes in alloys), but not, e.g.,
for water-vapour phase changes (where c1

V < c0
V ).
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Hypothesis

Assume that there exist c0, ϑ̄Γ, µ∗ > 0 such that

(i) ϕ : R → R ∪ {+∞} is proper, convex, and l.s.c.;

(ii) σ, λ ∈ W 2,∞(D(ϕ));

(iii) G ∈ W 2,∞(D(ϕ)−D(ϕ)), G(z) = G(−z) for all
z ∈ (D(ϕ)−D(ϕ)), and K ∈ L∞(Ω× Ω) :
K (x , y) = K (y , x) a.e. in Ω× Ω;

(iv) cV ∈ W 2,∞(D(ϕ)) such that cV (z) ≥ c0 > 0 for all
z ∈ D(ϕ);

(v) γ ∈ L∞(∂Ω) is non-negative and ϑΓ ∈ L∞(Σ∞),
(ϑΓ)t ∈ L2

loc(Σ∞), ϑΓ ≥ ϑ̄Γ > 0 a.e. in Σ∞;

(vi) There exist constants ψ∗ > ψ∗ > 0 such that
ψ∗ ≥ ψ1(x) ≥ ψ∗ a. e., where ψ1 ∈ H1 is the
eigenfunction with unit H-norm corresponding to the
smallest eigenvalue λ1 ≥ 0 of

−∆ψ1 = λ1ψ1 in Ω, ∂nψ1 + γψ1 = 0 on ∂Ω .

(vii) µ is locally Lipschitz, µ∗(1 + τ) ≤ µ(τ) ∀ τ ∈ R+.
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

Hypothesis
Assume that there exist c0, ϑ̄Γ, µ∗ > 0 such that

(i) ϕ : R → R ∪ {+∞} is proper, convex, and l.s.c.;

(ii) σ, λ ∈ W 2,∞(D(ϕ));

(iii) G ∈ W 2,∞(D(ϕ)−D(ϕ)), G(z) = G(−z) for all
z ∈ (D(ϕ)−D(ϕ)), and K ∈ L∞(Ω× Ω) :
K (x , y) = K (y , x) a.e. in Ω× Ω;

(iv) cV ∈ W 2,∞(D(ϕ)) such that cV (z) ≥ c0 > 0 for all
z ∈ D(ϕ);

(v) γ ∈ L∞(∂Ω) is non-negative and ϑΓ ∈ L∞(Σ∞),
(ϑΓ)t ∈ L2

loc(Σ∞), ϑΓ ≥ ϑ̄Γ > 0 a.e. in Σ∞;

(vi) There exist constants ψ∗ > ψ∗ > 0 such that
ψ∗ ≥ ψ1(x) ≥ ψ∗ a. e., where ψ1 ∈ H1 is the
eigenfunction with unit H-norm corresponding to the
smallest eigenvalue λ1 ≥ 0 of

−∆ψ1 = λ1ψ1 in Ω, ∂nψ1 + γψ1 = 0 on ∂Ω .

(vii) µ is locally Lipschitz, µ∗(1 + τ) ≤ µ(τ) ∀ τ ∈ R+.



Nonlocal phase
field models
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Existence theorem

Let the initial data satisfy the condition

ϑ0 ∈ H1(Ω) ∩ L∞(Ω) , ∃ϑ∗ > 0 : ϑ0(x) ≥ ϑ∗ a. e. in Ω ,

χ0 ∈ L∞(Ω) , ∃C0 > 0 : χ0(x) ∈ DC0
(ϕ) a. e. in Ω ,

where DC(ϕ) = {χ ∈ D(ϕ) ; ∂ϕ(χ) ∩ [−C,C] 6= ∅}.Then
there exists at least one pair (ϑ, χ) solving our problem
and such that

ϑ ∈ L∞(Q∞) , ϑt ,∆ϑ ∈ L2
loc(0,∞ ; L2(Ω)) ,

ϑ(x , t) > 0 a. e. in Q∞ := Ω× (0,∞) ,

χ ∈ L∞loc(Q∞), χt ∈ L∞(Q∞);

∃C > 0 : χ(x , t) ∈ DC(ϕ) a. e. in Q∞ .

Moreover, there exist two positive constants ϑ and ϑ
(independent of t) such that:

ϑ < ϑ(x , t) < ϑ for a. e. (x , t) ∈ Q∞.
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

Existence theorem
Let the initial data satisfy the condition

ϑ0 ∈ H1(Ω) ∩ L∞(Ω) , ∃ϑ∗ > 0 : ϑ0(x) ≥ ϑ∗ a. e. in Ω ,

χ0 ∈ L∞(Ω) , ∃C0 > 0 : χ0(x) ∈ DC0
(ϕ) a. e. in Ω ,

where DC(ϕ) = {χ ∈ D(ϕ) ; ∂ϕ(χ) ∩ [−C,C] 6= ∅}.Then
there exists at least one pair (ϑ, χ) solving our problem

and such that

ϑ ∈ L∞(Q∞) , ϑt ,∆ϑ ∈ L2
loc(0,∞ ; L2(Ω)) ,

ϑ(x , t) > 0 a. e. in Q∞ := Ω× (0,∞) ,

χ ∈ L∞loc(Q∞), χt ∈ L∞(Q∞);

∃C > 0 : χ(x , t) ∈ DC(ϕ) a. e. in Q∞ .

Moreover, there exist two positive constants ϑ and ϑ
(independent of t) such that:

ϑ < ϑ(x , t) < ϑ for a. e. (x , t) ∈ Q∞.



Nonlocal phase
field models
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Uniqueness theorem

Let the same Hypotheses hold, and let (ϑ1, χ1), (ϑ2, χ2)
be solutions to our problem associated with respective
boundary and initial data ϑΓ1, ϑ01, χ01 and ϑΓ2, ϑ02, χ02.
Put θ̂ = ϑ1 − ϑ2, χ̂ = χ1 − χ2, θ̂Γ = ϑΓ1 − ϑΓ2,
χ̂0 = χ01 − χ02, θ̂0 = ϑ01 − ϑ02.

Then for every T > 0 there exists a constant
CT > 0 such that∫ T

0

∫
Ω
|θ̂(x , t)|2 dx dt + max

t∈[0,T ]

∫
Ω
|χ̂(x , t)|2 dx

≤ CT

(
|θ̂0|2H + |χ̂0|2H +

∫ T

0

∫
∂Ω
γθ̂2

Γ(x , t)ds dt

)
.
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Scheme of the proofs

I Truncate our PDE’s system in the logarithmic
functions in ϑ

I Prove existence of solutions to the approximating
system by a Faedo-Galerkin scheme and a fixed
point argument

I Find uniform estimates (w.r.t. the truncation
parameter and to time) on such a solutions using the
properties of differential inclusions and a Moser
iteration scheme

I Prove the positivity of temperature and a uniform in
time lower bound by a maximum principle result

I Prove uniqueness using a L1-Lipschitz continuity of
the solution operator associated to the differential
inclusion related to the phase variable
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PROPOSITION (DI). Let T > 0, QT := Ω× (0,T ),

ϑ ∈ L1(QT ) and χ0 ∈ L∞(Ω), χ0(x) ∈ DC(ϕ) a. e. in Ω,
I α : R → R be a Lipschitz continuous in R and bdd

from below,
I f = f [χ, ϑ] : L1(QT )× L1(QT ) → L∞(QT ) be a bdd

(by the constant C) and Lipschitz continuous
w.r.t. the first variable.

There exists a unique solution χ ∈ L∞(QT ) to

α(ϑ)χt + ∂ϕ(χ) 3 f [χ, ϑ], χ(x ,0) = χ0(x) a. e. in Ω

such that χ(x , t) ∈ DC(ϕ) a.e. in QT , χt ∈ L∞(QT ), and

|f [χ, ϑ](x , t)− α(ϑ(x , t))χt(x , t)| ≤ C a. e. in QT .



Nonlocal phase
field models
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Remark

• We have the L1-Lipschitz continuity in case f is also
Lipschitz continuous w.r.t. ϑ: there exists M > 0 such
that the solutions χ1, χ2 ∈ L∞(QT ) associated with
χ01, χ02 ∈ DC(ϕ), ϑ1, ϑ2 ∈ L1(QT ) satisfy a. e. in Q∞:

|(χ1 − χ2)t(x , t)|+
∂

∂t
|(χ1 − χ2)(x , t)|

≤ M
(
|(ϑ1 − ϑ2)(x , t)|+ |(f [χ1, ϑ1]− f [χ2, ϑ2])(x , t)|

)
.

In case f is also Lipschitz continuous w.r.t. ϑ,
integrating over Ω× (0, t) and using Gronwall lemma,
we obtain the L1-Lipschitz continuity.

• Only if ϕ is C1 with locally Lipschitz continuous
derivative it can be extended to Lp(QT ) for p > 1.

• Strong continuity L1(QT ) → Lp(QT ) of the solution
mapping for p <∞ follows however from the uniform
L∞-bound.
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

Remark

• We have the L1-Lipschitz continuity in case f is also
Lipschitz continuous w.r.t. ϑ: there exists M > 0 such
that the solutions χ1, χ2 ∈ L∞(QT ) associated with
χ01, χ02 ∈ DC(ϕ), ϑ1, ϑ2 ∈ L1(QT ) satisfy a. e. in Q∞:

|(χ1 − χ2)t(x , t)|+
∂

∂t
|(χ1 − χ2)(x , t)|

≤ M
(
|(ϑ1 − ϑ2)(x , t)|+ |(f [χ1, ϑ1]− f [χ2, ϑ2])(x , t)|

)
.

In case f is also Lipschitz continuous w.r.t. ϑ,
integrating over Ω× (0, t) and using Gronwall lemma,
we obtain the L1-Lipschitz continuity.

• Only if ϕ is C1 with locally Lipschitz continuous
derivative it can be extended to Lp(QT ) for p > 1.

• Strong continuity L1(QT ) → Lp(QT ) of the solution
mapping for p <∞ follows however from the uniform
L∞-bound.



Nonlocal phase
field models
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MAXIMUM PRINCIPLE RESULT.

Fix a final time T > 0 and sufficiently regular and bdd r ,
h1, h2, γ, uΓ, u0 : γ, r ,uΓ ≥ 0, a(x , t) ≥ a∗ > 0, and
u∗ψ∗ < u∗ψ1(x) ≤ u0(x) ≤ u∗ a. e.
Then the following PROBLEM in QT (for all w ∈ H1)

∫
Ω

autw dx +

∫
Ω
〈∇u,∇w〉dx +

∫
∂Ω
γ(u − uΓ)w ds

=

∫
Ω
(r(x , t) + h1(x , t) u + h2(x , t) u | log |u||) w dx ,

u(x ,0) = u0(x) a. e.

has a unique solution and it holds

u∗ψ1(x)e−H(t) ≤ u(x , t) ≤ K eH(t) a. e. ,

where H(t) = A
a∗

∫ t
0

(
1 + eBτ

)
dτ , and K , A, and B

depend only on the data (not on T).
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MOSER ITERATION SCHEME.

Let the following assumptions hold true:

(i) H : L∞loc(Q∞) → L∞loc(Q∞) satisfy ∀u ∈ L∞loc(Q∞)

u(x , t)H[u](x , t) ≤ H1|u(x , t)|+H0|u(x , t)|2 a. e. in Q∞,

(ii) h, γ are suff. regular, γ ≥ 0, a,at ,u0,uΓ are
sufficiently regular and bdd functions :
0 < a0 ≤ a(x , t), |at(x , t)| ≤ a1 a.e. in Q∞,

(iii) there exists u ∈ L∞loc(Q∞) ∩ L2
loc(0,∞; H1) solution of

a(x , t)ut −∆u = H[u] a. e. on Q∞
∂nu(x , t) + γ(x) (h(x , t ,u(x , t))− uΓ(x , t)) = 0 a. e. on Σ∞
u(x ,0) = u0 a. e. in Ω ,

∫
Ω |u(x , t)|dx ≤ E0 a. e. in (0,∞) .

Then there exists C∗ > 0, depending on the data (but not
on a1, H0, H1, E0) such that, for a. e. t > 0, it holds:

|u(t)|L∞(Ω) ≤ C∗ (1 + H0 + a1)
1+N/2 (1 + H1 + E0).
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An approximating problem

TECHNIQUE: approximations such that µ 7→ µ%,
1− logϑ 7→ f%(ϑ), ϑ 7→ |ϑ|, a priori estimates, derive
bounds for ϑ which will allow us to conclude that the
solution of the modified problem satisfies also the starting
equations. For some % > 0 sufficiently large, ϑ ∈ R, take

µ%(ϑ) =

{
µ(|ϑ|) for |ϑ| ≤ % ,
µ(%) + µ∗(|ϑ| − %) for |ϑ| > % ;

f%(ϑ) =


1 for ϑ ≤ 0 ,
1− logϑ for 0 < ϑ < % ,
1− log % for ϑ ≥ % ,

Then, via Faedo-Galerkin method, for T > 0, we find a
pair (ϑ, χ) solving a. e. in QT the system coupling the
same equations as before for ϑ, the same I.B.C. with
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P. Krej čı́, E. R.,
J. Sprekels

The free energy
Local and nonlocal free
energies

Our choice: the nonlocal
free energy

The PDE’s
system
Termodynamical
consistency

The equation for the
temperature

The inclusion for the
phase variable

Hypothesis

Main results
Existece result

Uniqueness result

Idea of the the
proofs
First auxiliary result

Second auxiliary result

Third auxiliary result

An idea of the proof of
existence

Open problems

An approximating problem
TECHNIQUE: approximations such that µ 7→ µ%,
1− logϑ 7→ f%(ϑ), ϑ 7→ |ϑ|, a priori estimates,

derive
bounds for ϑ which will allow us to conclude that the
solution of the modified problem satisfies also the starting
equations. For some % > 0 sufficiently large, ϑ ∈ R, take

µ%(ϑ) =

{
µ(|ϑ|) for |ϑ| ≤ % ,
µ(%) + µ∗(|ϑ| − %) for |ϑ| > % ;

f%(ϑ) =


1 for ϑ ≤ 0 ,
1− logϑ for 0 < ϑ < % ,
1− log % for ϑ ≥ % ,

Then, via Faedo-Galerkin method, for T > 0, we find a
pair (ϑ, χ) solving a. e. in QT the system coupling the
same equations as before for ϑ, the same I.B.C. with



Nonlocal phase
field models
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An approximating problem
TECHNIQUE: approximations such that µ 7→ µ%,
1− logϑ 7→ f%(ϑ), ϑ 7→ |ϑ|, a priori estimates, derive
bounds for ϑ which will allow us to conclude that the
solution of the modified problem satisfies also the starting
equations. For some % > 0 sufficiently large, ϑ ∈ R, take

µ%(ϑ) =

{
µ(|ϑ|) for |ϑ| ≤ % ,
µ(%) + µ∗(|ϑ| − %) for |ϑ| > % ;

f%(ϑ) =


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1− logϑ for 0 < ϑ < % ,
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Then, via Faedo-Galerkin method, for T > 0, we find a
pair (ϑ, χ) solving a. e. in QT the system coupling the
same equations as before for ϑ, the same I.B.C. with
µ%(ϑ)

β + |ϑ|
χt + ∂ϕ(χ) 3 − 1

β + |ϑ|
(
c′V (χ)ϑf%(ϑ)

+λ′(χ) + ϑσ′(χ) + b[χ]
)
. (ChiR)
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Use the first auxiliary result

The equation (ChiR) is of the form of the differential
inclusion introduced before with

α(ϑ) =
µ%(ϑ)

β + |ϑ|
≥ µ∗(1 + |ϑ|)

β + |ϑ|
≥ µ∗ min

{
1,

1
β

}
,

f [χ, ϑ] = − 1
β + |ϑ|

(
c′V (χ)ϑf%(ϑ) + λ′(χ) + ϑσ′(χ) + b[χ]

)
.

By Hypothesis f [ϑ, χ] is bdd for all ϑ, χ ∈ L1(QT ),
χ ∈ D(ϕ). Hence, the assumptions of PROPOSITION (DI)
are satisfied. We thus may define the solution mapping

A% : L1(QT ) → L∞(QT ) : ϑ 7→ χ ,

which with each ϑ ∈ L1(QT ) associates the solution χ to
(?? ) with fixed initial condition χ0.
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Uniform estimates

We first notice that PROPOSITION (DI) yield

|χ|L∞(QT ) + |χt |L∞(QT ) + |ϕ(χ)t |L∞(QT ) ≤ c(1 + log %) .

We may test with ϑt the equation for ϑ and integrate over
(0, t) with t ∈ (0,T ], obtaining

|ϑt |L2(0,T ;L2(Ω)) + |ϑ|L∞(0,T ;H1(Ω)) ≤ c(1 + log %),

with c independent of %. It remains to prove the positivity
and a uniform upper bound for the ϑ-component of the
solution to the approximating problem.



Nonlocal phase
field models
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Use the second auxiliary results

(ChiR)×χt inserted in the equation for ϑ gives:

Choosing in the Maximum principle result u = ϑ, and

a(x , t) = cV (χ), r(x , t) =
µ%(ϑ)

1 + |ϑ|
χ2

t ,

h1(x , t) = σ(χ)t + sign(ϑ)
(
ϕ(χ)t +

µ%(ϑ)

1 + |ϑ|
χ2

t

)
,

h2(x , t) = c′V (χ)
f%(ϑ)− 1
| log |ϑ||

χt ,

we get ϑ > 0 a. e. in QT , hence we can remove the
absolute value from the truncated problem.
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Open problems

Use the third auxiliary results

Apply the MOSER ITERATION SCHEME to

cV (χ)ϑt −∆ϑ = −c′V (χ)χtϑ− b[χ]χt − (λ(χ) + βϕ(χ))t ,

with the choices u = ϑ, a(x , t) = cV (χ), and

H[u] = −c′V (χ)χt u − b[χ]χt − (λ(χ) + βϕ(χ))t .

Since uH[u] ≤ c (1 + log %) (|u|+ |u|2) , hence
H0,H1 = c(1 + log %), a1 = c0, and so

a1 + H0 + H1 + E0 ≤ c (1 + log %) ,

where, in order to determine the dependence on % of E0

we test the ϑ equation by ψ1. Hence, we have

|ϑ(x , t)| ≤ c̄(1 + log %)2+N/2,

with c̄ independent of %. Choosing % such that

% > c̄(1 + log %)2+N/2,

it follows that ϑ, χ are also solutions of the starting
equations.
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a1 + H0 + H1 + E0 ≤ c (1 + log %) ,

where, in order to determine the dependence on % of E0

we test the ϑ equation by ψ1.

Hence, we have

|ϑ(x , t)| ≤ c̄(1 + log %)2+N/2,

with c̄ independent of %. Choosing % such that

% > c̄(1 + log %)2+N/2,

it follows that ϑ, χ are also solutions of the starting
equations.



Nonlocal phase
field models
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Open related problems

• To study more general nonlocal systems including
the case of a vectorial phase variable χ and the
dependence on ϑ and χ in the heat conductivity

(cVϑ+ λ(χ) + βϕ(χ)) t + 2χt

∫
Ω

K (·, y)G′(χ(·)− χ(y))dy

− div (κ(ϑ, χ)∇ϑ) = 0

(cf. [P. Colli, P. Krejčı́, E. R., J. Sprekels, work in
progress]).

• To study the long-time behaviour of solutions:
♦ in case of analytical potentials there are basically two

results [Feireisl, Issard-Roch, Petzeltová, 2004] and
[Grasselli, Petzeltová, Schimperna, to appear]
employing the Lojasiewicz-Simon technique;

♦ it does not apply to the case of ϕ = IK , e.g. One
recent contribution in this direction is given by the
paper [Krejčı́, Zheng, 2005] in case of no nonlocal
terms are present in the equations.
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paper [Krejčı́, Zheng, 2005] in case of no nonlocal
terms are present in the equations.



Nonlocal phase
field models
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