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E. Rocca

The model

» Discuss a phase transition model based on a dual formulation -
in the sense of Convex Analysis - of the energy balance

» Introduce the state variable: in particular, the entropy in place of
the temperature

» Describe equilibria by the internal energy functional in place of
the free energy

» Present our mathematical results: Existence and long-time
behaviour of solutions  for the resulting doubly nonlinear PDE
system
[E. Bonetti, M. Frémond, E.R., to appear on J. Math. Pure Appl.]
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Phase transitions and phase-field models

Phase transitions phenomena occur in several processes of physical
and industrial interest (like solid-liquid systems, solid-solid phase
transitions in SMA, damage in elastic material ).

Assume that the two phases can coexist at every point , then one
needs a parameter X characterizing the different phases (e.g. the
concentration of one of the two phases in a point).

To describe the system we use the basic laws of continuum
mechanics

» The generalized principle of virtual power for microscopic
forces by [M. Frémond, Non-smooth Thermomechanics, 2002]

» A dual formulation of the energy balance

together with a proper choice of our internal energy functional
(depending on the state variables) and of the pseudo-potential of
dissipation (depending on the dissipative variables).
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The state variables: (9, VJ', X, VX) = (s, Vs , X, VX) The model

Derivation of equations

The functional: w(ﬁ,VNﬁt,X, VX) = E = Ep(s, X, VX) + EH(%t).
We choose

Er(s, X, VX) = a(s — A(X)) + o(X) + B(X) + %|V><|2
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» o and X are smooth functions accounting for the non-convex part
and the latent heat in Ep, v > 0 an interfacial energy coefficient

» 3:R— [0, 0] is @ general proper convex and
lower-semicontinuous function

» a: R — [0,400) is convex, increasing, and suitably regular
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The state variables: (9, VJ', X, VX) = (s, Vs , X, VX) The model

The functional: W(9, Vo', X, VX) = E = Ep(s, X, VX) + E(Vs ).
We choose

Ep(s,X, VX) = a(s — A(X)) + o(X) + B(X) + %\fo
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The state variables: (9, VJ', X, VX) = (s, Vs , X, VX) The model

The functional: W(9, Vo', X, VX) = E = Ep(s, X, VX) + E(Vs ).
We choose

Ep(s,X, VX) = a(s — A(X)) + o(X) + B(X) + %\fo

where

» o and X are smooth functions accounting for the non-convex part
and the latent heat in Ep, v > 0 an interfacial energy coefficient

» 3:R— [0, 0] is @ general proper convex and
lower-semicontinuous function
» a: R — [0,400) is convex, increasing, and suitably regular

It corresponds
to the following general free energy functional:

Wp (9,X, VX) = —a" (9) — A(X)0 + o(X) + B(X) + %\VX|2

» a* : R — R is the convex conjugate of a



Phase-field systems:

The internal energy: a dual formulation a dual approach
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The state variables: (9, VJ', X, VX) = (s, Vs , X, VX) The model

The functional: W(d, V9", X, VX) = E = Es(s, X, VX) + En(VS ).
We choose

Ep(s,X, VX) = a(s — A(X)) + o(X) + B(X) + %\fo

where

» o and X are smooth functions accounting for the non-convex part
and the latent heat in Ep, v > 0 an interfacial energy coefficient

» 3:R— [0, 0] is @ general proper convex and
lower-semicontinuous function

» a: R — [0,400) is convex, increasing, and suitably regular
It corresponds
to the standard one in case‘ a*(9) = cvi(logy — 1) ‘:

Wp (9, X, VX) = ey (L — logd) — A(X)? + o(X) + B(X) + g\wz



The History part of the internal energy




The History part of the internal energy Phase-field systems:

a dual approach

E. Rocca

The model

e We refer to the theory introduced in 1968 by [Gurtin and Pipkin] in
order to model the fact that it is not reasonable to observe an

immediate responce of the material to a disturbance at a distant
point



The History part of the internal energy Phase-field systems:

a dual approach

E. Rocca

e We refer to the theory introduced in 1968 by [Gurtin and Pipkin] in e
order to model the fact that it is not reasonable to observe an
immediate responce of the material to a disturbance at a distant
point
e In our dual formulation, we consider as state variable the
summed past history of V& (¢ = JE /9s) up to time t:

Vs (r): = /OT V[9E /8s](t — ¢)de.



Phase-field systems:
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The model

e We refer to the theory introduced in 1968 by [Gurtin and Pipkin] in
order to model the fact that it is not reasonable to observe an
immediate responce of the material to a disturbance at a distant
point

e In our dual formulation, we consider as state variable the
summed past history of V& (¢ = JE /9s) up to time t:

Vs (r): = /OT V[9E /8s](t — ¢)de.

e Following the idea of Gurtin and Pipkin we choose as History part
of the internal energy:

EH(V‘S‘);:%/O T () Vs (r) - Vs (r) dr

where
e h: (0,+00) — (0,+400) denotes a continuous, decreasing

“+oo
function such that/ 2 h(r)d7 < co.
0
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Take the caloric part of the entropy m

o If we consider the standard caloric part of the Free Energy
a*(9) = cv¥(logv — 1), cy constant [standard Ginzburg-Landau
Free energy functional]

—

a(u) = exp(cu) for some c € R

e Since, ¢, in the applications may also not be constant, we can
allow every form for ¢, = ¢, (¢) such that a*(9) is convex - e.g., if
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The model

Take the caloric part of the entropy m

o If we consider the standard caloric part of the Free Energy
a*(9) = cv¥(logv — 1), cy constant [standard Ginzburg-Landau
Free energy functional]

—

a(u) = exp(cu) for some c € R

e Since, ¢, in the applications may also not be constant, we can
allow every form for ¢, = ¢, (¢) such that a*(9) is convex - e.g., if
cv(¥) =97, for ¥ € (0,9) with & > 0 - since
cv(9) = —0 (0°W/99?), then we have a* () = 97/ [o(o + 1)]
—

a(uy=u - /(c+1)
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The pseudo-potential of dissipation

The dissipative variables: (V9,X;) = (Vu, X{) being u = s — A(X)
The pseudo-potential: ®(Vd, X;) = p = p(Vu, Xy).

We choose:

o/(u)

_ } 2 a M) 2
p(Vu,X;)—2|Xt\ +— [Vul

Justification of this choice.
- We use the relation linking ¢ and p - i.e.

\ (VI Xt) = p*(V0, Xt) = supg,{(VU, VI) — p(Vu, X¢)} \

g__Op . 9 — _
Then we have Vi = AV’ indeed V¥ = Va(u) = o/(u)Vu
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The pseudo-potential of dissipation

The dissipative variables: (V9,X;) = (Vu, X{) being u = s — A(X)
The pseudo-potential: ®(Vd, X;) = p = p(Vu, Xy).

We choose:

o/(u)

_ } 2 a M) 2
p(Vu,Xt)_2|Xt\ +— [Vul

Justification of this choice.

- We use the relation linking ¢ and p - i.e.
| O(VD,X) = p' (VI X4) = supg, { (Vu, V) — p(Vu, X1)} |

g__Op . 9 — _
Then we have Vi = AV’ indeed V¥ = Va(u) = o/(u)Vu

- Hence, the choice of p corresponds to the general choice of the
pseudo-potential of dissipation

1 2 1 2
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The dissipative variables: (V9,X;) = (Vu, X{) being u = s — A(X)

The pseudo-potential: ®(Vd,X:) = p = p(Vu, Xi). The model
We choose:
1 "(u
(VU %) = gl + S wup

Justification of this choice.

- We use the relation linking ¢ and p - i.e.
| O(V9,X0) = p*(V,X1) = Supg, {(VU, V) — p(Vu, X1)} |
op
a(vu)’

- Hence, the choice of p corresponds to the general choice of the
pseudo-potential of dissipation

- Then we have Vi = indeed VY = Va(u) = o'(u)Vu

1
S(VI, Xt) = EMZ +

1 2
2@y

- In case a(u) = cexp(u) leads to the standard case

1 1
S(VI, Xt) = 5|><t\2 + %Nmz.
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Here

» B is an energy density per units of concentration X
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» A and a are the volume and surface amounts of mechanical
energy provided to the system by microscopic actions
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Principle of virtual power for microscopic motion
For any subdomain D C Q and any virtual microscopic velocity v,
Pim(D,V) + Pext(D,V) = 0,

where (B and H new interior forces)

Pint(D, V) := —/(Bv +H-Vv),

Pext(D, V) ::/A-v+/ a-v=0.
D oD
Here

» B is an energy density per units of concentration X

» His an energy flux per density

» A and a are the volume and surface amounts of mechanical
energy provided to the system by microscopic actions
(e.g. electrical, chemical, or radiative external actions).

In absence of external actions, we derive an equilibrium equation in Q

B —-divH=0

Phase-field systems:
a dual approach

E. Rocca

Derivation of equations



Principle of virtual power for microscopic motion
For any subdomain D C Q and any virtual microscopic velocity v,
Pim(D,V) + Pext(D,V) = 0,

where (B and H new interior forces)

Pint(D, V) := —/(Bv +H-Vv),

Pext(D, V) ::/A-v+/ a-v=0.
D oD
Here

» B is an energy density per units of concentration X

» His an energy flux per density

» A and a are the volume and surface amounts of mechanical
energy provided to the system by microscopic actions
(e.g. electrical, chemical, or radiative external actions).

In absence of external actions, we derive an equilibrium equation in Q

B —-divH=0

with the natural associated boundary condition on 02

H-n=0.
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The phase inclusion

Using the constitutive laws

B —

=

ox

9p
Xy’

e
—o(VX)
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The phase InC|USIOn a dual approach
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Derivation of equations

Using the constitutive laws

_ OB Op | OE
B= ax T X’ —o(VX)
and recalling

Ep(S, X, VX) = a(s — A(X))+a(X) + B(X) + %|V><|2

I
] Xt — VAX + B(X) + o' (X) — a(s — A(X))N(X) 20 inQ \

‘and@nX:Oonaﬂ‘

» a=a and 8 = 9B.
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Subdifferential case: 3 := 93 = A1,y
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Possible choices of the potentials B

Subdifferential case: 3 := 93 = A1,y

Logarithmic case: 3 := 93 = log(1 + X) — log(1 — X):

5

BETA

-1 1 2

0
X

xo
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The first Principle of Thermodynamics

For any subdomain D C Q and in absence of external actions, it reads

d

o | Ed2=-P(Dx).

If, in agreement with [Frémond, 2002], we take the following form for
the power of internal actions

P(D, ) /(BXH—H Vi) dQ,

and remember that

OE = Op _ OE
x o H_a(vx)’

B =
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The first Principle of Thermodynamics

For any subdomain D C Q and in absence of external actions, it reads

d

o | Ed2=-P(Dx).

If, in agreement with [Frémond, 2002], we take the following form for
the power of internal actions

P(D, ) /(th+H Vi) dQ,

and remember that

OE  9p H— OE
X X’ T o(VX)’

B =

we get exactly that there exists g such that

)= op OE
E: +divg = a—XXt—Fa—X1 Xt + V)

VXt in Q.

Phase-field systems:
a dual approach

E. Rocca

Derivation of equations



The energy balance

The first principle of thermodynamics hence reads
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The first principle of thermodynamics hence reads

Derivation of equations

OE OE .
E: +divg = X — Xt + 8(VX) ——VX; +X} inQ.

With E = Ep(s, X, VX) + En(Vs ) and

Ep(S, X, VX) = a(s — A(X))+a(X) + B(X) + g|v><|2

1

—t too ~t —~t
En(Vs )= E/o h(r)Vs (1) - Vs (1)dr

and, denoting by u = s — A(X), it gives:



Phase-field systems:

The energy balance a dual approach

E. Rocca

The first principle of thermodynamics hence reads

Derivation of equations

OE OE .
E: + divg = X — Xt + 8(VX) —— VXi + X2 inQ.

With E = Ep(s, X, VX) + En(Vs ) and

Ep(S, X, VX) = a(s — A(X))+a(X) + B(X) + g|v><|2

1

—t too ~t —~t
En(Vs )= E/o h(r)Vs (1) - Vs (r)dr

and, denoting by u = s — A(X), it gives:

a(u) (s +divQ) = " + o/ (u)| Vul + 2 in Q|

where we have chosen

. :L:— o TMYT T —
Q=ts=- hovE@ar-w

e a(u) = a'(u) (: 9= %’i), it %/Om () |95 (7)|
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Assume that in

a(u) (st +divQ) =™ + o/(u)|Vul* + X2
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a(u) (st +divQ) = ' + o/ (u)|Vul? 4+ x2 e
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absolute temperature), o’ > 0 (@ is convex), and



Thermodynamical consistency
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Assume that in

Thermodynamical

[a(u) (st +divQ) = 1™ + o' (u)| Vul + ¢

e a(U)=a(s = AX))=a'(s — \X)) = Z—E(: 9) > 0 (Jis the

absolute temperature), o’ > 0 (@ is convex), and

o M <: % fo' o h(T);j—T‘V\SI(T)‘Z d7'> >0

e This can be done introducing the auxiliary kernel k such that
h = —k/,withk, k’, k" € L}(0, +00) and lim, _ ;. k() = 0, then
(= 1 e k”(r)\V\SI(r)\Z d7 with k” > 0 (being h decreasing),
and hence r'™ > 0

Dividing by a(u) > 0 the internal energy balance, we get

st + div (%) =s+divQ >0,

that is just the‘ pointwise Clausius-Duhem inequality
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e Use the following energy conservation principle

a(u) (st +divQ) =™ + o/ (u)|Vul? + x?

where u = s — A\(X)
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The PDE equation for u

e Use the following energy conservation principle

a(u) (st +divQ) =™ + o/ (u)|Vul? + x?

where u = s — A\(X)
e Divide by a(u)

Phase-field systems:
a dual approach

E. Rocca

ypothesis

of solutions in

Case o Lipschitz
inuous

ce-uniqueness
An idea of the proof

The long-time behaviour

of solutions




Phase-field systems:

The PDE equat'on fOr u a dual approach

E. Rocca

e Use the following energy conservation principle

The PDE system

a(u) (st +divQ) =™ + o/ (u)|Vul? + x?

where u = s — A\(X)
e Divide by a(u)
e Use the small perturbations assumption (cf. [Germain]) - which

allows to neglect the higher order dissipative contributions on the
right hand side - smaller with respect to the other terms
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e Use the following energy conservation principle

The PDE system

a(u) (st +divQ) =™ + o/ (u)|Vul? + x?

where u = s — A\(X)
e Divide by a(u)
e Use the small perturbations assumption (cf. [Germain]) - which

allows to neglect the higher order dissipative contributions on the
right hand side - smaller with respect to the other terms

e Recall the form of the entropy flux
't
Q= 7/ k(t —7)Ve(u(r))dr — Vu

we obtain the following equation for u

(u+200)) — Au —div /I k(t = 7)Va(u(r))dr =0.
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We generalize now the system:

» let « = Oa be a general maximal monotone graph  (maybe also
multival Ued) The PDE system

Take the auxiliary variable and suppose the past

history term dIV/ k(t — 7)Va(u(r))dr to be known - put it on the

right hand side.

Aim:_find suitably regular (u, X) solving in a proper functional
framework the following initial-boundary value problem:

U+20)) —Au+kxa(u))dr InQ2x(0,T)
Oh(u+k=*a(u))>g ondQx(0,T)

Xt — vVAX + B(X) + o' (X) = X (X)a(u) 20 inQx (0,T)
hX=0 ondQx(0,T)

u(0) =up, X(0)=Xo iInQ

where (k * a(u))(t) := [ k(t — s)a(u)(s)ds.
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We generalize now the system:

» let « = Oa be a general maximal monotone graph  (maybe also
multival Ued) The PDE system

Take the auxiliary variable and suppose the past

history term dIV/ k(t — 7)Va(u(r))dr to be known - put it on the

right hand side.

Aim:_find suitably regular (u, X) solving in a proper functional
framework the following initial-boundary value problem:

U+20)) —Au+kxa(u))dr InQ2x(0,T)
Oh(u+k=*a(u))>g ondQx(0,T)

Xt — vVAX + B(X) + o' (X) = X (X)a(u) 20 inQx (0,T)
hX=0 ondQx(0,T)

u(0) =up, X(0)=Xo iInQ

where (k x a(u))(t) := /C} k(t —s)a(u)(s)ds. We must suppose from
now on )\’ constant (= 1 for simplicity).
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Our main results

» Existence of (weak) solutions

» under general assumptions on the nonlinearity «, for a graph 3 with
domain the whole R and with at most a polynomial growth at co

> in case o = exp and for a general 8
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Our main results

» Existence of (weak) solutions

» under general assumptions on the nonlinearity «, for a graph 3 with
domain the whole R and with at most a polynomial growth at co

> in case o = exp and for a general 8

» Long-time behaviour of solutions: analysis of the w-limit in
both cases
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Our main results

» Existence of (weak) solutions

» under general assumptions on the nonlinearity «, for a graph 3 with
domain the whole R and with at most a polynomial growth at co

> in case o = exp and for a general 8

» Long-time behaviour of solutions: analysis of the w-limit in
both cases

» Uniqueness of solutions in case « is Lipschitz-continuous and
for a general 3
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» Q c R® bdd connected domain with Lipschitz boundary I := 9Q

» t€[0,00], Qi :=Q x (0,t), & :=T x (0,1),

» V:=HYQ) — H:=L%Q) =H' — V' the Hilbert triplet. Van yphess
Suppose moreover that
B, @ : R — [0, +o0] are proper, convex, l.s.c. function, « := da, § := 83

=1 B[} Vr €R, € € B(r), and for some 5 > 0

€] < cg +cpmin{[r[77,

o € C*R), o" €L™(R)

ke W*'(R), k(0)>0, v>0

FOV) = [V [glvv,, vev, Few(oTv)
Q r

U € H, a(uo) € Ll(Q)7 Xo €V

being ¢ and cj two positive constants depending only on 3.
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Phase-field systems:

Maximal monotone operators in ~ V'-V a dual approach

E. Rocca

Associate to @ the functionals ay and ay (defined on H and V
respectively)

Main Hypothesis

an(v) = /Qa(v(x))dx if veH and a(v)elY(Q),
an(v)=+oco if veH and a(v)¢LY(Q),
ay(v)=apu(v) if vev.
Their subdifferentials (cf. [Barbu, '76])
A=y yidy: V — 2"

and (cf. [Brezis, '73])
aHaH :H— 2H

are maximal monotone operators.
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Existence result for a general «

PrRoBLEM 1. Find (u, X, ¢, &) with the regularity properties
ueHY (0, T;V)NL*0,T;V), ¥ € L*(0,T;V’)
k+9 € L?0,T;V)NnC®([0,T];H),
X € HY(0,T;H) NL>®(0,T;V), £ € L™(0,T; LY~ 7(Q)),
and satisfying
O(u+X)+Au+Ak9)=F inV', ae.in(0,T), (1)
AX+VAX)+E+0'(X)—9=0 inV', aein(0,T), (2
9 € A(u) inV ae in(0,T), ¢¢cp(X) ae. inQr,
u(0) =up, X(0)=Xo a.e.inQ.
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Existence result for a general «

PrRoBLEM 1. Find (u, X, ¢, &) with the regularity properties
ueHY (0, T;V)NL*0,T;V), ¥ € L*(0,T;V’)
k+9 € L?0,T;V)NnC®([0,T];H),
X € HY(0,T;H) NL>®(0,T;V), £ € L™(0,T; LY~ 7(Q)),
and satisfying
O(u+X)+Au+Ak9)=F inV', ae.in(0,T), 1)
IX+VvAX)+ &+’ (X) =9 =0 inV', ae.in(0,T), (2
9 € A(u) inV ae in(0,T), ¢¢cp(X) ae. inQr,
u(0) =up, X(0)=Xo a.e.inQ.
THEOREM 1. Let T be a positive final time and let HYPOTHESIS 1 be

satisfied, then PROBLEM 1 has at least a solution (u, X, %, £) on the
time interval (0, T).
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> ‘ a(u) =exp(u)(=9) ‘: we recover the model proposed by
[Bonetti, Colli, Frémond, '03]

(U+X) — A(u+kxexp(u))=r
Xt — vVAX + B(X) + o' (X) — exp(u) > 0.
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(U+X) — A(u+kxexp(u))=r
Xt — vVAX + B(X) + o' (X) — exp(u) > 0.

Existence of solutions in
finite time

With the choice q = —xV(a?(u)) we recover the model proposed
by [Bonetti, Colli, Fabrizio, Gilardi, '06]

(u+X) — A(exp(u) + k = exp(u)) =r
Xt — vAX + B(X) + o' (X) — exp(u) 3 0
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[Bonetti, Colli, Frémond, '03]
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Xt — vVAX + B(X) + o' (X) — exp(u) > 0.
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finite time
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» | a(u) = —1/u | we recover, e.g., the Penrose-Fife system
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> ‘ a(u) =exp(u)(=9) ‘: we recover the model proposed by
[Bonetti, Colli, Frémond, '03]

(U+X) — A(u+kxexp(u))=r
Xt — vVAX + B(X) + o' (X) — exp(u) > 0.

Existence of solutions in
finite time

With the choice q = —xV(a?(u)) we recover the model proposed
by [Bonetti, Colli, Fabrizio, Gilardi, '06]

(u+X) — A(exp(u) + k = exp(u)) =r
Xt — vAX + B(X) + o' (X) — exp(u) 3 0

» | a(u) = —1/u | we recover, e.g., the Penrose-Fife system

Choices of g3

» The growth condition of g(r) at most like a power (6 — ) (n > 0)
as |r| /" oo is needed only in the 3D (in space) case

» This condition exclude the choice E = ljo,1), but it includes the
smooth double-well potential 3(X) + o/(X) ~ X — X, e.g.
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The case « Lipschitz continuous

PROPSITION 1. Suppose, beside HyPoTHESIS 1 that D(a) = R.Then
J(t) € LY(Q) for all t € [0, T] and the relation ¥ € A(u) can be

rewritten as

¥ € a(u)

a.e.in Qr.
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The case « Lipschitz continuous

PROPSITION 1. Suppose, beside HyPoTHESIS 1 that D(a) = R.Then
J(t) € LY(Q) for all t € [0, T] and the relation ¥ € A(u) can be

rewritten as
9 € a(u) a.e.inQr.

PROPOSITION 2. Let us prescribe, in addition to HYPOTHESIS 1, the
following hypothesis

« is a Lipschitz continuous function on R .

Phase-field systems:
a dual approach

E. Rocca

Case v Lipschitz
continuous:
existence-uniqueness



The case « Lipschitz continuous

PROPSITION 1. Suppose, beside HyPoTHESIS 1 that D(a) = R.Then
J(t) € LY(Q) for all t € [0, T] and the relation ¥ € A(u) can be
rewritten as

Y € a(u) a.e.inQr.

PROPOSITION 2. Let us prescribe, in addition to HYPOTHESIS 1, the
following hypothesis
« is a Lipschitz continuous function on R .

Then, PROBLEM 1 (where relation ¥ € A(u) in V' can be rewritten as

¥ € a(u) a.e. in Qr, due to PROPOSITION 1) admits a unique solution

with the further regularity:

u, ¥ € H'(0,T;V')NL3(0,T; V) NC°([0, T]; H).
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The case « Lipschitz continuous

PROPSITION 1. Suppose, beside HyPoTHESIS 1 that D(a) = R.Then
J(t) € LY(Q) for all t € [0, T] and the relation ¥ € A(u) can be
rewritten as

Y € a(u) a.e.inQr.

PROPOSITION 2. Let us prescribe, in addition to HYPOTHESIS 1, the
following hypothesis
« is a Lipschitz continuous function on R .

Then, PROBLEM 1 (where relation ¥ € A(u) in V' can be rewritten as

¥ € a(u) a.e. in Qr, due to PROPOSITION 1) admits a unique solution

with the further regularity:
u, ¥ € H'(0,T;V')NL3(0,T; V) NC°([0, T]; H).

Note: PRoPOSITION 2 still holds true under the following weaker
assumptions on the data

k e WH(0,T), k(0) >0,k =0ifk(0) =0,
(B proper, convex, l.s.c., without growth conditions,
Fel?0,T;V)), v>0.
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REMARK 1. In case a = exp (cf. [Bonetti, Colli, Frémond, 2003]) one
can prove the existence of solutions on [0, T] under the following more
general assumptions on 3

’y > 0if D(3) is bounded and v > 0 if D(3) is unbounded.
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REMARK 1. In case a = exp (cf. [Bonetti, Colli, Frémond, 2003]) one
can prove the existence of solutions on [0, T] under the following more
general assumptions on 3

’y > 0if D(3) is bounded and v > 0 if D(3) is unbounded. ‘

Moreover, in this case, due to PROPOSITION 1, the relation ¢ € a(u) Case o Lipsehiz
holds true a.e. and the solution has the following regularity evstonce-uniqueness

ueHY0,T;V)NL%0,T;V), ¥el”*Qr),
X e H'(0,T;H), vXelL>®(0,T;V)nL¥30,T;W>*3(Q)),
€eL”%(Qr), k(0)(1#9)€L®(0,T;V).
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REMARK 1. In case a = exp (cf. [Bonetti, Colli, Frémond, 2003]) one
can prove the existence of solutions on [0, T] under the following more
general assumptions on 3

’y > 0if D(3) is bounded and v > 0 if D(3) is unbounded. ‘

Moreover, in this case, due to PROPOSITION 1, the relation ¢ € a(u) Case o Lipsehiz
holds true a.e. and the solution has the following regularity evstonce-uniqueness

ueHY0,T;V)NL%0,T;V), ¥el”*Qr),
X e H'(0,T;H), vXelL>®(0,T;V)nL¥30,T;W>*3(Q)),
€eL”%(Qr), k(0)(1#9)€L®(0,T;V).

REMARK 2. In [Bonetti, E.R., '07] the long-time behaviour of solutions
has been studied for this system.

THE CASE v, k = 0 has been studied in [Bonetti, Frémond, 2003] and
in [Bonetti, in “Dissipative phase transitions” (ed. P. Colli, N.
Kenmochi, J. Sprekels), 2006]
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regularizing « and 8 = a. and . (their Yosida approximation).
(i) Test“formally” (1) x 9 + (2) x X; ("9 € a(u)”):

» handle fS(F, ¥ — (9)q) by means of k(0) [V(1 * 19)(t)|ﬁ on the l.h.s.
and by Poincaré inequality
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The case « “general”. Approximate the problem:
regularizing « and 8 = a. and . (their Yosida approximation).
(i) Test“formally” (1) x 9 + (2) x X; ("9 € a(u)”):

» handle fS(F, ¥ — (9)q) by means of k(0) [V(1 * 19)(t)|ﬁ on the l.h.s.
and by Poincaré inequality
> estimate fg(F, (¥)q) testing (2) x 1 and using
1B(X)| < ¢ + cg/|B(X)| (cf. HYPOTHESIS 1) nidea o theprccl

This gives |V(1 * 9) Lo (0,7:H), [X[H1(0,7H)nLoe(0,7:v)s
1B(X)|Le0,7:12(0)) < C-
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The case « “general”. Approximate the problem:

regularizing « and 8 = a. and . (their Yosida approximation).
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The case « “general”. Approximate the problem:

regularizing « and 8 = a. and . (their Yosida approximation).
(i) Test“formally” (1) x 9 + (2) x X; ("9 € a(u)”):
» handle [;(F,9 — (9)q) by means of k(0) [V(1 * 9)(t)|3 on the Lh.s.
and by Poincaré inequality
> estimate fé(F, (¥)q) testing (2) x 1 and using
1B(X)| < ¢ + cg/|B(X)| (cf. HYPOTHESIS 1) nidea o theprccl
This gives [V(1 % 9)[Lee 0,11, [Xlh1(0,1:H)nLo(0.Tv)
1B(X)|Le0,7:12(0)) < C-
(i) Estimate 3(X) in L°°(0, T;L*3(Q)) by using |3(s)| < cs + cjs|?,
p < 5 (cf. HyPOTHESIS 1), the Sobolev embedding in 3D
domains, and the boundedness of X in L>°(0,T; V)

(iii) Then (1) x u gives |u| .1 -H)AL2(0.Tv) < C and, by comparison,
L>°(0,T;H)NL%(0,T;V)
[0 207wy S C
(iv) Pass to the limit proving a strong convergence of VX. in H by a
p g g g Y

Cauchy argument and identify 5 and « by means of monotonicity
arguments
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The case «a(u) = exp(u). The system can be rewritten as

O (log¥ + X) + A(logv) + Ak «x9) =F a.e.in Qr, (aL)
X +VvAX) + B(X)+0'(X) -9 >0 ae.inQr. (2L)
The main issue here is to prove sufficient regularity in 1 to pass to the
limit in the “approximation scheme”.
(i) Testing “formally” (1L) x ¥ + (2L) x X; we get

An idea of the proof
92 € L=(0,T;H)NL*(0,T;V)
(ii) Using the 3D Gagliardo Nieremberg inequality

1/2 1/2,3/5 1/2,2/5
192|107y < CIOY2 I/ *(19Y2(Z/° W e V.

we get ¥ € L3(Qr) (more than L) which is sufficient to pass to
the limit but not to get uniqueness of solutions, which follows
instead authomatically in case « is Lipschitz continuous on R

(iii) Note that in this case we do not need to estimate ¢ from the
second equation, hence we do not have restrictions on the
growth of 3



The long-time behaviour of solutions for general Q@

THEOREM 2. Let HYPOTHESIS 1 hold and suppose that
(i) k € WH(0, 00) is of strongly positive type, i.e. 35 > 0 such that

k(t) :=k(t) —nexp(—t) is of positive type

(i) r, h sufficiently regular, lim)|_ 4o |r|*2§(r) = 4o00.
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THEOREM 2. Let HYPOTHESIS 1 hold and suppose that
(i) k € WH(0, 00) is of strongly positive type, i.e. 35 > 0 such that

K(t) := k(t) — nexp(—t) is of positive type
(ii) r, h sufficiently regular, limj|_ |r|’2§(r) = +4o00.
Then, the w-limit of a single trajectory (u, X):
w(u, X) :={(Uss, Xoc) € H x V : there exists t, /" oo,
The long-time behaviour

(u(tn),X(tn)) — (umyxoo) in V/ X H} of solutions

is a nonempty, compact, and connected subset of V' x H.
V¥ (Uso, Xoo) € w(U, X) e € V', €xo € LYC1(Q)
S.t. (Usoy Xoo, oo, Vo) SOIVES

um:i(—/xoﬁ—cﬁ—m) a.e.in Q,
€] Q

VAX oo 4 €oo + 0/ (Xoo) =¥ =0 inV/,

o € f(Xo) a.e.inq ﬁmeA(ﬁ (—/.Xoo+co+m>> inV’,
JQ

where ¢o := [, Uo + [, Xo, m:= [;7 ([, r(s) + [ h(s)) ds.



Convergence of the whole trajectories for special P Guat spprosen
nonlinearities
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PROPSITION 3. Under the assumptions of THEOREM 2, letting
o'(X) = 9 and supposing that

« is not multivalued,

we can conclude in addition to THEOREM 2 that X is constant a.e.

in
Q.

proof
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PROPSITION 3. Under the assumptions of THEOREM 2, letting
o’'(X) = Y¢ and supposing that

« is not multivalued,

we can conclude in addition to THEOREM 2 that X is constant a.e. in
Q. Moreover, if we assume in addition that
1

The long-time behaviour
|Q| (Co + m)) ? of solutions

(B + ais injective, where a(-) := —« (_(.) +

then the couple (U, X0 ) € w(u, X) is uniquely determined as the
solution of the following system

Uoo = —Xoo + i(c +m)
oo — [ ‘Q| 0 )
B(Xso) — <7Xoo + |—§12‘(co + m)> > -9 ae.inQ,

being co and m defined as before.
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PROPSITION 3. Under the assumptions of THEOREM 2, letting
o’'(X) = Y¢ and supposing that

« is not multivalued,

we can conclude in addition to THEOREM 2 that X is constant a.e. in
Q. Moreover, if we assume in addition that

1

B + ais injective, where a(-) := —« (—(-) + Q)

The long-time behaviour
(Co + m)) ? of solutions

then the couple (U, X0 ) € w(u, X) is uniquely determined as the
solution of the following system

u Xoo + = (co +m)
oo — Ao ~7\to ;
€

B(Xs) — <7Xoo + |—§12‘(co + m)> 5 -9 ae.inQ,
being co and m defined as before. In particular, the whole trajectory
(u(t),x(t)) tends to (Uoo, Xoo) Weakly in H x V and strongly in V' x H
ast / oo.
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Regarding well-posedness in finite time intervals a dual approach

E. Rocca

— To prove uniqueness in case of a general « (not
Lipschitz-continuous). Problem: the doubly-nonlinear character
of the system.

— To study the case of two general multivalued operators  « (asin
our case) and 3 in the phase equation (e.g. 8 = 9l 1))
— To study the general inclusion
Open related

problems

a(u) (U 4 £x¢) +divg 3 X7

without the small perturbations assumption for a suitable
nonlinear function « and suitable choices of the heat flux q
and of the phase dynamics (cf. [Feireisl, 2005] for an entropy
inequality appoach and a different notion of solution)
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— To study the convergence of the whole trajectories
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— To study the convergence of the whole trajectories  in case the
anti-monotone part ¢’ is present in the phase equation: no
uniqueness of the stationary states is expected

—VAX oo + B(Xoo) + 0’ (Xoo) 3 eXp(Uso)

by employing the Lojasiewicz technique in case of analytical
potentials (cf., e.g., [Aizicovici, Feireisl, 2001] — Caginalp model
with memory; [Feireisl, Schimperna, 2005] — Penrose-Fife
systems; [Grasselli, Petzeltova, Schimperna, 2007], etc.).
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— To study the convergence of the whole trajectories  in case the
anti-monotone part ¢’ is present in the phase equation: no
uniqueness of the stationary states is expected

—VAX oo + B(Xoo) + 0’ (Xoo) 3 eXp(Uso)

by employing the Lojasiewicz technique in case of analytical

potentials (cf., e.g., [Aizicovici, Feireisl, 2001] — Caginalp model

with memory; [Feireisl, Schimperna, 2005] — Penrose-Fife

systems; [Grasselli, Petzeltova, Schimperna, 2007], etc.). Or use S,
other techniques , cf. [Krej¢i, Zheng, 2005] — phase-relaxation RISERES
systems with non-smooth potentials

— To study the existence of the attractors : in case « Lipschitz
continuous — uniqueness of solutions and in case a = exp or
more general a’s < no uniqueness, cf. the theories of J. Ball,
Vishik, etc.

— The problem both for recovering uniqueness of solutions and
existence of the attractor is the lack of regularity of the
¥-component
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