QUASI-OPTIMALITY OF THE SUPG METHOD FOR THE
ONE-DIMENSIONAL ADVECTION-DIFFUSION PROBLEM
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Abstract. In this paper we propose quasi-optimal error estimates, in various norms, for the
Streamline- Upwind Petrov-Galerkin (SUPG) method applied to the linear one-dimensional advection-
diffusion problem. We follow the classical argument due to Babuska and Brezzi, therefore the goal
of this work is the proof of the inf-sup and of the continuity conditions for the bilinear stabilized
variational form, with respect to suitable norms. These norms are suggested by our previous work
[13], in which we analyze the continuous multi-dimensional advection-diffusion operator. We obtain
these results by means of function space interpolation.
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1. Introduction. In this work we shall consider the one-dimensional advection-
diffusion operator:

Lew:= —ew" +w', (1.1)

and, given a source term f, the related Dirichlet homogeneous boundary value prob-
lem:
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We assume the diffusion parameter € to be positive; when it is small, i.e., in the
advection-dominated regime, (1.2) represents one of the simplest examples of sin-
gularly perturbed boundary value differential problems. We think of it as a proto-
type of more general problems, where a skew-symmetric operator (represented by
the first-order derivative) is perturbed by a symmetric operator of higher order (the
second-order derivative in the example).

The associated variational problem reads

find w € H} = H;(0,1) such that

(1.3)

aE(u7v)= H—1<f7v)Hé VUEH&,
where a, (w,v) = ¢ fol w' (z)v' (x) dw+f01 w'(z)v(z) dr and f is assumed to be in H 1.
This problem fits into the Lax-Milgram framework, but its solution, when ¢ is small,
depends on the source term f in a very sensitive way with respect to the usual norms
on H} and H1; actually
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Nevertheless problem (1.2) is well posed for any € > 0, and indeed in [14] and [13] we
defined suitable norms || - ||y and || - ||y such that both the continuity and the inf-sup
conditions

ac(w,v) < kllw||wlv|lv, Yw € Hy,Yv € Hy, (1.4)

inf sup W, V) (w;v)

>v>0, (1.5)
weH ey [[wllwllvllv

hold true with k and - independent of €. The results in this paper are based on the
approach proposed in [13]: actually the analysis of [13] is more general, since it deals
with the multi-dimensional operator, where the advection term has an anisotropic
structure. In §2 we shall specialize the results of [13] to the simpler one-dimensional
problem (1.2).

It is well known that the standard Galerkin numerical method, when applied to
(1.2), is unstable (e.g., see [11]). The most popular methods for (1.2) are actually
the Streamline-Upwind Petrov-Galerkin (SUPG) method and its variants—e.g., the
Galerkin Least Squares (GaLS) method—introduced by Hughes and coworkers (see
[7] and [9]) in the eighties. In this work we shall consider the one-dimensional version
of SUPG, whose detailed presentation is postponed to §2. We only recall now that
even though these methods are quite satisfactory for practical situations, their error
analysis does not fit into the classical theory due to Babuska and Brezzi (see [1] and
[3] and (2.16)—(2.18) in the sequel); as a result it is usually very hard to prove that
these methods are gquasi-optimal, namely to show that the their numerical solution
up, is close to the exact solution u as the best fit of u in the trial space W}, (up to a
multiplicative constant C independent of ¢ and with respect to a suitable norm || - ||):

u—up|| <C inf |lu—wl.
= unll <C_inf [l wn|

More recent numerical methods for the advection diffusion problem are, among
others, the Residual-free Bubbles FEM (proposed in [6] and analyzed in [4], [5], [8]
and [12]) and the method with negative-order stabilization (see [2]). Those meth-
ods are closely related to SUPG—in some cases they lead to the same numerical
algorithm—but they actually improve the theoretical understanding of this subject;
for our purposes here, we only note here that those recent analyses are, roughly speak-
ing, close to the ideal Babuska-Brezzi framework, and the methods are proved to be
close to exhibiting the quasi-optimal behavior.

In this work we actually prove a family of quasi-optimal error estimates for the
SUPG method for solving (1.2). We apply the general theory stated in §2, by showing
that the method verifies the continuity and inf-sup conditions (2.16)—(2.17) with re-
spect to suitable norms, by means of function space interpolation tools. In particular,
we show that the method is quasi-optimal (see (3.37)) with respect to a norm whose
part independent of ¢ is of differentiability-order 1/2, which is in accordance with [2],
[5] and [13].

We are restricting this analysis to the one-dimensional problem because we are
not able, at the present time, to deal with the anisotropic structure of the convection
term from the numerical point of view; on the other hand, we will not exploit other
special properties of the one-dimensional operator. We refer to §4 for a discussion on
further extensions of our approach.

The outline of the paper is as follows. In §2 we present the notation and as-
sumptions, we recall the results of [13] and specialize and extend them to the one-
dimensional case. In §3 we develop the error analysis for the SUPG method in the
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present setting. Finally, in §4, we give some comments about the results proved and
outline possible extensions.

2. Preliminaries. We denote by L? = L?(0,1) the usual Lebesgue space en-
dowed with the norm || - ||z, by L3 = L2(0,1) its subset containing zero mean-value
functions and by IIp : L? — L2 the L2-projection onto L3; we also denote by w
the mean value of a generic function w € L2, so that w = Ilow + w. Moreover
H' = H'(0,1) is the usual Sobolev space endowed with the norm || - ||z2 and semi-
norm | - |g1; HJ, denotes its subspace of functions w such that w(0) = w(1), while
H} denotes the subspace of functions vanishing at 0 and 1, endowed with the norm
| - |z finally H=1 = H=1(0,1) := (H})* denotes the dual space of Hi endowed with
the dual norm || - ||g-: and the usual pairing (-,-) = H—1<'v')H35 the dual (norm,
space, ...) is always denoted by the superscripted star. We shall make use of the
interpolation theory of function spaces; more specifically, we shall use the K-method
and we refer to [15] for its definition, notation and properties.

In the sequel C' denotes a generic constant whose value, possibly different at
various occurrences, does not depend on any other mathematical quantity appearing
in the analysis (e.g., €, 0, p, h, u, w, f, ¢). We also adopt the notational convention

axf = a<(Cp,
a~f << a=<Xfandf <a.

We now revise the analysis proposed in [13] and specialize it to the one-dimensional
case. Following [13] we define

lwlla, := elw|e + [[How|z> Vw € Ao := Hy, 2.1)
||w||A1 = |,w|H1 Yw € A1 = H&, )

where we have used ||IIpw|| 2 instead of the equivalent norm ||w'||g-1. Therefore one
has the equivalence between [[w||4, and [|[L.w]|a:, i.e.,

A=W,V
elw|m + || Tow||z2 ~ sup @ (w, v)

Yw € Hy; (2.2)
vEH} 0|

one half of (2.2)—the continuity of £.—is obvious, while the other half actually follows
from the coercivity £|w|3: < a.(w,w). By means of a duality argument we obtain
from (2.2) the other estimate

as(w,v)

|w|gr ~ sup Yw € Hy, (2.3)

veri €[Vl + [ Tov| 2

ie., ||lw|la, and [|Lcw||as are equivalent.

Both (2.2) and (2.3) state that £, is an isomorphism uniformly with respect to
€; the dependence on ¢ of the operator has been included into the norms themselves.

We briefly comment on (2.3): it allows control of the H} norm of the solution u
of (1.2) in terms of the source term f, despite the presence of the boundary layer near
x = 1. It is due to the structure of || - [|4s: when f € L§ , then || f|la; < [|f]|lz> and
actually there is no boundary layer; otherwise, if f € L? has a non-zero mean value,
then [| f[| 45 behaves asymptotically as e~1/2 for € = 0, and accordingly, the presence
of a thin layer on the related solution u makes |u|g1 behave in the same way.
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We can infer from (2.2)—(2.3) a family of intermediate estimates: given 6 and p
with0 < 0 < 1,1 < p < 400 and denoting by p' the conjugate of p, i.e., 1/p+1/p' =1,
by means of the interpolation theory we have (see [13])

a(w, v) Vw e HY, (24)

e lwlgr + lw'll(zr-1,22),, ~ sup

o veH359|U|H1 + V'l zr-1, 22

)1—0,p’

where we have also made use of the equivalence

)
lwll(a0,41),, =" Wl + [0l (7-1,22),,» (2.5)

that is the one-dimensional counterpart of [13, Proposition 2]. Condition (2.4) brings
our model problem into the framework (1.4)—(1.5).
We also proved the Poincaré-like estimate

lwllze 2 1w'llg-1,22),,0, Yo € Hp. (2.6)
and, as a consequence,

lwlize 2 [lwllag,a1)0, Yw € Hy & 6>1/20r (8,p) = (1/2,1), (2.7)

6ll(a0,a0);, S 1Pll2Vo € HT & 6> 1/20r (6,p) = (1/2,1). (2.8)

Finally, we show the relation between the fractional order norm appearing in the
equivalence (2.4) and a more usual Besov norm. We focus our attention on the case
6 = 1/2, which will be of special interest in the sequel; the case of a generic 6 is similar
but more technical (in order to obtain the optimal dependence on 6).

PROPOSITION 2.1. For 1 < p < +o00, we have

(L?,Hy)12p = {w € L*|w' € (H *,Lg)12p}
and also
wllz2,t28) s, = lollze + 10l =1 23), (2.9)

for any w € (LZ,H#)I/Q,I,.
Proof. Let w be a generic function in L? and p # +00; we have, by definition and
by the triangle inequality,

p dt:| 1/p

+oo
folgzngynnn < [ [ (2 o0lse + 2 n @)

P dt:| l/p

: [/ (7 o @l + 82l )

P dt 1/p
t

+o0 .
T (Ol + 22 @l )
1
=I+1II

for any wo(t) and wy(t) with w = wo(t) + wi(t), wo(t) € L?, wi(t) € Hy and
0 <t < 4o00; I and IT actually depend on wo(t) and wy (). Moreover we assume, for
0 < t < 1, that wo(t) € L3, yielding ||wo(t)||z2 = ||wh(t)||z-1- Recalling the notation
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w1 (t) = wi (t) + Mow (t), where wy (t) = W, we use the continuity of the mean value
in L2 for w and the Bramble-Hilbert lemma for Tlyw; () to get

llwr @l < Nfwi @l + [ ows (t)]| a1
< fwi ()l 2 + Mows () e
S lwllzz + llwy (B2

Therefore we have

t

+ [ / (0Pl %]/ (2.10)

1 ) ) pdt]'”
<[ (21O + 221 le) 5] 4 e

! A A e dt]"”
r< [ (et + 0 0l)”

Now the key point is that, for any decomposition w' = ¢o(t) + ¢1(t), ¢o(t) € H™1,
#1(t) € L on 0 < t < 1, we can define wg(t) and w1 (¢) that satisfy wg(t) = ¢o(t),

) = ¢1( ) and all the conditions given above: simply take, for any 0 < ¢t < 1,
wi (t) as the primitive of ¢ (t) with w(t) = W, and wo(t) = w — wy(¢). In particular

¢1(t) € Ly yields wy (t) € Hy. Therefore we can rewrite (2.10) in terms of ¢o(t) and
P1 (t)a
1 pdi1t?
x| [ (e 10l + 02l 0lz) F ]+ ol (211)
0
and take the infimum with respect to ¢o(t) and ¢ (t), obtaining
I 2 lw'll(m-1,02),,, T llwllz2- (2.12)

Otherwise, taking wq(t) = w and w;(t) = 0 for 1 < ¢ < +o0o we have

+o0 pdt l/p
12w 2 —]
G

2
< —lwllze-
p

II<

(2.13)

Therefore (2.12) and (2.13) yield ||w||(L2,H1 Yo 3 lwllL2 +l[w'llz-1,22), , ,» and the

inclusion {w € L*|w' € (H™, L§)1/2,,} C (L?, H})1/2,p- With obvious modification
one could deal with the case p = +o0.
The remaining part, i.e., the inclusion

(L*,Hy)1/2p C{w € L?lw' € (H™Y, LY)1/2,p }

and the related estimate, is given by the interpolation theorem [15, §1.3.3 (a)], since
the derivative operator is both continuous from H}, into L§, and from L? into H~'.
a

We recall that (L2, H#)l /2,p is the space of functions whose periodic extension,

say, on (—1,2), belongs to 32/2( 1,2).
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It is useful for the sequel to notice that (2.6) and (2.9) give a variant of (2.5), as
stated in the following corollary.
COROLLARY 2.2. We have

||w||(A0,A1)1/2,1 = 61/2|w|H1 + ||w”(L2,H3¥)1/2,1 Yw € Hé (214)

Now we turn our attention to the numerical solution of (1.2). We briefly recall
the general error estimation theory, due to Babugka and Brezzi (see [10, Proposition
5.5.1]). Let u be the solution of (1.2); the finite element formulation reads

(2.15)

find up € Wy, such that
ae,n(Un,Vh) = ([, Vn) Yop, € Vp,

where the spaces Wy, and V}, are finite-dimensional subsets of Hg, while ac,n, and
fn give a consistent discretization of the continuous problem, namely a.p(u,vy) =
(fn,vn), Yo, € Vj,. If there exist constants K < +o00 and 7 > 0, independent of € and
h, such that

ae,n(u — wp,vp) < Ellu —wpllwpllonllv,  Ywr € Wi, Yo, € Vi, (2.16)
and

inf sup Ge.n(Wh, Uh) > 7, (2.17)

wh €Wny, eV W llw,nllvellve, —

then the method is quasi-optimal:

]

llu—unllwn < 5" +1) inf fu—wnllwa. (2.18)
whEWh

The notation || - ||w,s refers to a norm on the space W (we postpone the definition of
W to (3.20)), which can depend on the discretization. Conditions (2.16)—(2.17) are
the analogs of (1.4)—(1.5), and this motivates our interest in (2.4). In order to verify
them, we shall look for norms || - ||w,, and || - ||y, that are the discrete counterparts
of the ones in (2.4).

We shall consider the very simple case of a uniform subdivision of (0,1) into N
open elements T of size h = N~1L:

TiETi’h ={.’L‘(Z—1)h<$<lh} Vi=1,2,...,N, (219)
and the corresponding space of continuous piecewise linear elements:

v € Hy : v|r, is affine
Vi=1,...,N

Wy =V, = { ; (2.20)

the SUPG method, proposed by Hughes and coworkers in [7], adds a weighted residual
stabilization to the continuous variational problem:

N
ae,p(w,vp) = ac(w,vp) + Z 7'/ (Lew)(z) vy (z) dz
=1 T (2.21)

N
non) 1= (L) + 307 [ f(@)vi @) do
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this definition requires both f and w to be regular in the interior of the elements,
which is not restrictive for applications. The amount of streamline! diffusion T, is
a parameter of the method and its value is a relevant point. It could depend on &
and h; here we assume that the problem is advection-dominated, namely € < h, and
therefore a usual assumption is that

7~ h. (2.22)

We shall return to a more detailed discussion of the optimal value of 7 in §4.

3. Main results. This section is devoted to the error analysis of the SUPG
method in the framework (2.16)- (2.18).

First, we analyze the inf-sup condition (2.17).

LeEMMA 3.1. The SUPG method (2.19)—(2.22) satisfies the estimates:

a w ()

clwnlam + [Townllz < sup 2=nEm) g ey (3.1)
v EWp |’Uh,|H1

|wp |1 < sup ae,h (101, 01) Vwp, € Wh. (3.2)

v EWh 6|Uh|H1 + ”HOUh”L2

Proof. First, recall that any w, € W), is piecewise linear, therefore the higher
order term in (2.21) vanishes:

1 1
ae,n(wh,vp) = (€ + 7')/ w, (z)vy, (z) dz +/ wh, (z)vp(z) dz Yo, € V.
0 0

Thanks to the coercivity of a. p:
elwnlf < aen(wh, wh), (3.3)

we have immediately

glwp|gr X sup w. (3.4)
v EWp |’Uh|H1

We have therefore to prove that

Mowllzs < sup 2en{0n0h) (3.5)
€Wy |Un|m
In order to do this, we shall define wy, € W}, depending on wy,, such that
ae,n(wh, @) = | Mown |7z, (3.6)
|Wh| 1 = [ITlown || L2; (3.7
such a wy, is the solution of the discrete variational problem
1
ae,h(Vn, W) =/ (Hown)(z)vn(z)dz  Yvp € Wh. (3-8)
0

!In the one-dimensional case there are no streamline directions; we are just following the general
terminology.
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To verify (3.7), we define w € H} as the solution of
—(e+ )" — @' = Town, (3.9)

such that ac p (v, Wy — w) = 0 for all vy, € Wj; moreover (3.9) has the same structure
as (1.2), with e + 7 ~ h instead of €, so that we can make use of the analogue of (2.3):

@l < sup (e +7) [y @ (@0 (2)dz — [, @ (z)v(z) do
~ ven} (e + 7)ol + [|Hov]|r2

fol Mowp, (z)v(z) dzx
= sup
vert €+ 7)[v]m + [[Movl| 2
Jo Town(@)v(z) dz (3.10)

sup
veH} |ITov|| .2

fol Mowp (2) v (z) dx
= sup

veH} [ITLov]| £

IA

= [|Hown || L2-
We also need to introduce the nodal interpolant wy € Wy of w, which satisfies
| — wr| g + b7 Y| — wy||p2 = |@| g1 (3.11)

Therefore we have, by using the coercivity of a p, (3.8), (3.9) and (3.11),

)
| — @3 = (€ +7) " ach (@ — Wh, @ — W)
= (e+7) " ae,n (W — W, W — Wy)
<@ — @h|m [|@ — Brlg + (e + 1)@ — Br 2]
2@ — Wh| g1 |0 1,
that gives |@ — Wp|gt X |@|g1, and then, by using (3.10),
|Wh|g < |@]gr + |@ — Wh| g
= [@]
= [[Mownl| L2,
which gives (3.7); (3.6) follows immediately from (3.8) and (3.1) is satisfied.

We obtain (3.2) from (3.1) by a duality argument: we now associate to a generic
wyp, € Wy, the function wy, € Wy, which satisfies

1
e, p(Vh, W) = / wi(z)vy (z)dz Yop, € Wh,. (3.12)
0

The left-hand side of (3.12) is the dual of a. ,(wp,vy): we can proceed as before to
obtain the analog of (3.1); in particular,

~ B W (or &
elwn|m + [Town||rz X sup M
oneWsn  |Un|mH1

1, !
d.
sup Jo w, (x)vy, (x) dz

vhEWHR |’Uh,|H1

= |wh|H1;
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then

wplgs = Do U@V (z) do
|wh|m
ae,n(Wh, W)
|wh|H1
ae n(wp, W)
= elwp|m + || Town || L2

which gives (3.2). O

The estimates (3.1)—(3.2) state inf-sup conditions with respect to the same norms
as in (2.2)—(2.3). Focusing on (3.1), for example, we see that one could replace
g|lwp|g1, on the left-hand side, with (e + 7)|wp|g1, as it seems natural from (3.3)-
(3.4). Actually this leads to an equivalent estimate at the discrete level, because of
the inverse inequality (¢ + 7)|wp|m =< ||[Hown||z2- On the other hand, in order to
obtain in the sequel a meaningful error estimate (2.18), our aim here is to make use
of the “natural” norms (for the continuous problem).

Let us now define the discrete counterpart of (2.1):

”wh“AO,h = 6|wh|H1 + ||H0’u]h||L2 Ywy, € AO,h = Wh, (3 13)
”wh”Al,h = |wh|H1 V'wh € Al,h = Wh-

We construct, from (3.1)—(3.2), a family of intermediate inf-sup conditions by means
of function space interpolation.

PROPOSITION 3.2. Let 0 < 0 < 1,1 <p < +oo The 1-D SUPG method (2.19)—
(2.22) satisfies the estimates:

Qg , h \Wh, Up
nllae ot e, < sup oz tn)
vp EWR ||Uh||(A0,h7A1,h)1_g,Pl

Ywy € Wy, (3.14)

where 1/p+1/p' = 1.
Proof. The bilinear form a. p : Wj, x Wj, — R induces the linear operator L. 4 :
Wy, — W in the usual way:

wr (Le,nwh, Vn)yy, = Gen(Wh,vn) VYwn, vy € Wy

which turns out to be invertible, thanks to (3.1)—(3.2); in particular
12 hénlla0n = (I6nllas,, (3.15)
125 nllar, = l16nllag . (3.16)
for any ¢, € W;. Therefore, by means of interpolation (see [15, §1.3.3 (a)]), we obtain
L2 henll (Ao s arnye, = NN0nllas , a5 ,00,- (3.17)

By means of [15, §1.11.2], we also have that the norm on (Aj ,, Ag ,)e,p is actually
equivalent to the dual norm on (A1 x,Ao,n)ep = (Ao,h, A1,n)1-0,p'; DOtice in partic-
ular that, for the case p = 1 and p’ = +o00, the mentioned result follows because
(A1,h,A0,h)0, 400 = (ALh,AO,h)g,Jroo in the algebraic sense: actually from the alge-
braic point of view Ay, = A1, = V3, we are just defining norms that have a different
dependence on the parameter €. Finally

”wh”(Ao,h,A1,h)e,p = ||£5;hwh||(A0,haAl,h)I_9,p . (3'18)
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that is just (3.14). O

Now we turn our attention to the continuity of a. p (i.e., estimate (2.16)), that
is, contrary to expectation, the most difficult point. For the sake of clarity, we write
acp(-y-) = ac(+,-) +s(,-) +c(-,-), where s : H x Hy — R denotes the stabilizing term

1
s(w,v) := 7'/0 w'(x)v'(z) dz (3.19)

while the term ¢(-,-) makes the numerical formulation consistent; it requires the trial
functions w to be regular inside any element: therefore we set

W= {w € Hyluwly, € LX(Ty), i = 1,.. .,N} , (3.20)

equipped with the graph norm, and we define ¢: W x H} — R as

N
c(w,v) = —TEZ/ w" (z) v (x) d. (3.21)
i=1 7T
First, we consider ac(-,").
LEMMA 3.3. Assume 0< 6 <1,1<p< 400, and 1/p+1/p' =1; we have

as(w,vh) < ||w||(A0,A1)9,p”Uh”(Ao,h,Al,h)l_g,p/ Yw € H&,Vvh € Why,. (3.22)

Proof. Let L. : HE — W} be the linear operator given by
Wy (st,vh)wh == a.(w,vy) Yw € Hy,Yuy, € W,

(notice that it differs from £, because we are now considering discrete test functions).
The Cauchy-Schwarz inequality gives, for any w € H},

1 £ewllag, = llwlla,,

1,h —

and

1 Lewllaz, = llwlla,;

0,h —
therefore, proceeding as in the proof of Lemma 3.2, we obtain
I1Lcwll(arn.40,0)5, 2 1wlliae,41)0.,-

which is (3.22). O
We need the following inverse inequalities for the forthcoming analysis.
LeMMA 3.4. We have

hllvpllee < lloplla-1 Yon € Wh. (3.23)
Proof. Actually (3.23) follows from ||v}, ||z = ||(TTovs)' || L2, [|v}|la-1 = || Tovn|| L2,

and from the more usual inverse inequality A||(Tlovp)'||z2 = [|Tovp]||g2- O
LEMMA 3.5. We have

h||”;l||(L2,H&)1/2,+°o < ||U;z||(H—1,L2)1/2,+oo Yon, € Wh. (3.24)
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Proof. We shall show that

hlloll 2 a3y, e e 302N -1 Yon € Wi, (3.26)

hlvhll(z2,m13), 0 s 3 B P IVRIIL2 YR € W, (3.25)

which give (3.24) by means of the interpolation theorem [15, §1.3.3 (a)]. We only
focus on (3.25), as (3.26) follows from (3.25) and (3.23).
We have, by definition,

/ -1/2 1/2
||vh||<L2,H3>1,2,+msogggw(t oo @®)llz2 + /2161 (8) 1 ) (3.27)

for any ¢0(t) and ¢ (t) with 1);1 = ¢ (t) + h1 (t), ¢0(t) S L2, d1 (t) € H& and 0 <t <
+00. We choose now suitable ¢o(t) and ¢ (t). If ¢ > h it suffices to take ¢o(t) = v},
and accordingly ¢4 (t) = 0, to obtain

7 2 o) llez + 21 (D) lms < B2 |hlle Yon € W, (t > h case)
Otherwise, when ¢t < h, set § = §(t,z) := min{z,1 — z,¢/2} and

z+4d

a@ =t [
z—4
the effect of this definition is shown in Figure 3.1. As a result, one has
N 1/2
12 go (B2 + /2|1 (®) |20 = [Z (Whlres —vhlm)®|
=0

where v}, |1, = v},|7y,, := 0 by convention, and

N 5 N
2
(Wbl —vil)” 2D (Whlz)
=0 i=0

K2
= h™|vglI2
therefore

t7 2 go ()2 + /2|61 )l < B3|z Von € Wh. (t < h case)

Collecting the (t > h case) and (t < h case) with (3.27), we obtain (3.25). O
LEMMA 3.6. Assume 1/2 <0 <1and1<p<+4o0, orf=1/2andp=1; we
have

s(w,vn) X lwll(ag,41) , 108l (40 4,41 1), YW E Hj, Vv, € Wy, (3.28)

where 1/p+1/p' = 1.
Proof. Let w € Hy and v, € W),. Assume for a moment that the estimates

s(w,vn) 2 Nw'll(m-1,02), 0 VRl (-1, 22)1 5 4o s (3.29)
s(w,vn) 2 [lw'l|z2 llopll -1, (3.30)
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Fi1G. 3.1. Construction of ¢o(t) and ¢1(t) inside the proof of Lemma 3.5

hold true. Therefore, recalling (2.5) and as ||11h||(,40,A1)1/2,Jr<>o < ||vh||(A0,haA1,h)l/2,+oo’
we also have

S(W,Uh) = ||w||(Ao,A1)1/g,1||vh||(Ao,h,A1,h)1/2,+oo7
s(w,vh) = ||w||A1”Uh||AO,h7

and we can apply a new interpolation, with parameters 0 < n <1 and 1 < ¢ < 400,
reasoning as in the proof of Lemma 3.3, in order to obtain

S(U),’Uh) j ||w”((A07A1)1/2,17A1)n,q”vh”((AO,hvAl,h)1/2,+°°’A0’h)n,q"

where 1/¢+ 1/¢' = 1. This gives (3.28), thanks to the reiteration theorem (see [15,
§1.10.2]), with 6 = 1/2+n/2 and p = q.
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First, let us focus on (3.30): it follows from the Cauchy-Schwarz inequality, from
Lemma 3.4 and from (2.22).
Now we focus on (3.29). The Cauchy-Schwarz inequality yields

s(w,vp) = ||w'||(H_17L2)1/2’1||T1);1||(H—17L2)T/2)1, (3.31)
and, of course, we have

' ll(z-1,22),/50 < W' ll(m-1,12), 0,5 (3.32)
0/1/

on the other hand, thanks to [15, §1.11.2], (2.22) and Lemma 3.5, we also have

||7_'U;z||(H—1,L2){/2’1 = ||7_U;z||(L2,H(})1/2,+°°
=2 onlla-1,02), 5 4o (3.33)

= ||U;1||(H—1,L3)1/2,+oo '

Finally, (3.31)—(3.33) give (3.29). O

It is worth noting that the stabilizing term s(-,-) is continuous, with respect to
the norms || [|(4,,4,),, and [ [l(4o.4,41 4),_,,.» for any value of 6 and p; nevertheless
the uniformity with respect to £ requires the restrictions stated in Lemma, 3.6. In this
sense, these restrictions are optimal: notice that the norms in the left-hand side of
(3.24) can not be replaced by stronger norms, since vy, is discontinuous.

In order to deal with ¢(-,-), we define an ad hoc semi-norm:

N
Yica T Jp, 6(@) vy, (x) da
l¢llo—1p = sup ;
v EW ”’Uh”(Ao,h,Ath_g,pl

(3.34)

the continuity of ¢(:,-) follows immediately.
LEMMA 3.7. Assume 0< 6 <1,1<p<+4o00, and 1/p+1/p' =1; we have

c(w,vn) 2 ellw o1 pllvnllcagn,asm (3.35)

The framework is complete: we can now state our main result.

THEOREM 3.8. Assume that f € L?,1/2< 0 <1 and1<p< 400, or§ =1/2
and p=1. The 1-D SUPG method (2.19)—(2.22) satisfies the classical continuity and
inf-sup conditions (2.16)—(2.17) with respect to the norms

lwllwip == llwll(ag,41)., +Ellw” llo-1,p,

||vh||Vh = ||Uh||(A0,h)Al,h)1—6,p’ :

Proof. The continuity (2.16) follows from Lemmas 3.3, 3.6 and 3.7. Moreover,
since ||wh||(Ao,A1)a,p S ||wh||(A0,haA1,h)0,p and El"wmng,l,p = 0, V’Uh € Wh, we get

llwllw,n < llwll(ao,n,41.1)6.p (3.36)

whence the inf-sup condition (2.17) follows from Proposition 3.2 and (3.36). O
As a result, we can state the quasi-optimality (2.18) of the 1-D SUPG method
with respect to the norm || - ||w,n (for 1/2 <8 <1 or § = 1/2 and p = 1); the most
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interesting case is for # = 1/2: thanks to (2.6) and (2.9) we can state the following
result.

COROLLARY 3.9. Assume that f € L?; let u be the solution of (1.2) and uy be
the numerical solution given by the 1-D SUPG method (2.19)—(2.22). Then,

e lu —up|gp + |lu— Uh||(L2,H;§E)1/2,1 +ell(w—un)"l 1721

H 1/2
2, [8 PJu = wnlm + llu = wnllz2,my), 00 + €0 = wn)" 12,

(3.37)

Estimate (3.37) is interesting because the norm appearing there is “natural” for
the problem, in the sense that e/2|u| g1 + lullz2,m3,), ), + €l l=1/2,1 does not grow
as a negative power of ¢ when ¢ — 0. Actually it is not uniformly bounded with
respect to €, but it behaves as log(¢), in the worst case. Indeed we have

N N
ZT/ su"(x)vg(m)dx=+27'/ u'(z) vy, (z) dz

N
- Z 7 [ fo,(z)de
i=1

T;

(3.38)

= s(u,vn) + [Ifll2ll7vh L2

This, together with (3.28), (2.22) and (3.23) yield eflu"||-1/21 = [|ull(a,41)1/n, +
| f|lz2; then, thanks to (2.4), (2.5), (2.8), (2.14) and [13, equation (22)], we finally get

e lulm + llullzz,my), o, + el |-1/2,0 < (14 [loge]) If 122 (3.39)

Usually, one can infer the convergence of the numerical method from an esti-
mate like (2.18) (in particular, (3.37). This is not the case here. We recall that we
are interested in uniform convergence with respect to £, in the advection-dominated
regime € < h. In fact, since we are using piecewise linear elements, we easily
see that ||(u — up)"|l—1/2,1 = llu”ll-1/2,1. Furthermore, e'/2|u — up|g, as well as
[|u — Uh||(L2,H;E)1,2,1a cannot vanish uniformly with respect to ¢ when A — 0. This
because the boundary layer can not be captured within the discrete space W}, when
€ < h. On the other hand, this is not surprising: convergence results are indeed
obtained from estimates like (2.18) by assuming ezxtra regularity on the solution u. In
our case, this is not possible since, for example, ||u[|(4,,4,),, is strongly dependent
on ¢ for § > 1/2.

4. Conclusion and further extension. In this paper we proved the quasi-
optimality of the SUPG method for the one-dimensional advection-diffusion problem
on a uniform grid. Actually it is a very simple case; most of our analysis is based
on our previous work [13] and therefore it is suitable for an extension to the multi-
dimensional case; in other parts it depends on some special properties of the one-
dimensional problem. We do not know at the moment whether the SUPG method
preserves its quasi-optimality in the two-dimensional case, or whether a modification
of the method is required for the purpose; we shall focus on possible extensions of the
theory in further works.

We have assumed the amount of streamline diffusion (or, better, artificial diffu-
sion) T to be proportional to the mesh size h. It is well known that, from a practical
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point of view, the particular choice of 7 is relevant for the accuracy of the method.
Our analysis does not give any suggestion for this, because, for the sake of simplicity,
our final estimate implicitly contains generic constants whose dependence on 7 is not
investigated. This investigation is indeed a very technical task, but one could perform
this kind of analysis by a computational procedure: this has been done in a previous
work [14] (see in particular §3 therein) where we perform a fine-tuning of 7 based on
a similar idea.
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