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1 Introduction

This work is devoted to the stability analysis of highly-regular isogeometric elements for the Stokes
problem.

Isogeometric analysis has been introduced in 2005 by T.J.R. Hughes and co-authors (see [18]) as a
novel technique for the discretization of Partial Differential Equations (PDE). This technique is having
a growing impact on several fields, from fluid dynamics [3, 9, 2, 5, 16], to structural mechanics [1, 13, 20]
and electromagnetics [11, 10]. A comprehensive reference is the book [12]. Isogeometric methodologies
are designed with the aim of a direct interface of the PDE solver to the Computer Aided Design
(CAD) system, in order to drastically reduce the error in the representation of the computational
domain by the use of the “exact” CAD geometry directly at the coarsest level of discretization. This is
achieved adopting B-Splines or Non-Uniform Rational B-Splines (NURBS) functions for the geometry
description as well as for the representation of the unknown fields. Splines and NURBS offer a flexible
set of basis functions for which mesh refinement (h-refinement) and degree elevation (p-refinement)
are very efficient. Beside the fact that in isogeometric analysis one can directly treat geometries
described by Splines and NURBS parametrizations, these functions are interesting in themselves since
they easily allow global smoothness beyond the classical C0-continuity of FEM. This feature allows k-
refinement, that is, one can refine the space keeping the maximum regularity Cp−1 when new knots are
inserted. Numerical tests shown in literature and the studies [19, 6, 15] proved that higher smoothness
is advantageous.

Isogeometric methods for the Stokes problem have been the focus of previous works [4, 7, 9].
The motivation of the present work is to study isogeometric distretizations that extend the Taylor-
Hood element, well-known in the finite element context ([25, 8]), to the isogeometric context. These
isogeometric Taylor-Hood (TH) elements are based on p + 1 degree NURBS velocity approximation
and p degree NURBS pressure approximation. The novelty, in the isogeometric framework, is that Cr

global regularity is allowed, up to r = p − 1. The stability of the isogeometric TH element is known
from the numerical testing in [4, 9] and has been proved but only for C0 regularity in [4] and for C1

regularity in [7]. We cover here the general case.
Our approach is based on an original result about the characterization of the full-rank condition

for the L2-scalar product of spline spaces. It states that given two univariate spline spaces S1 and
S2, possibly with different degrees and different knot vectors, if dim(S1) ≥ dim(S2), then the scalar
product

f ∈ S1, g ∈ S2 7→

∫

R

f(x)g(x) dx

is full rank if and only if the degrees-of-freedom density of S1 is larger or equal to the degrees-of-freedom
density of S2. This is quantified in a rigorous way in Theorem 3.10 and extended to multivariate
splines in Theorem 3.13. The full-rank characterization is then used to study the inf sup stability of
isogeometric spaces locally, at the macroelement level, and then globally, following the macroelement
technique [23, 24].

Besides the isogeometric TH element, our full-rank characterization indicate that many other iso-
geometric discretizations of the Stokes problem are stable. Among them, we focus on the interesting
case which is referred to as isogeometric subgrid (SG) element. This is designed on a velocity mesh
which is a subgrid of the pressure mesh, and allows for both velocity and pressure at the highest
regularity (typically (p + 1)-degree Cp-continuous velocities and p-degree Cp−1-continuous pressures),
in the spirit of k-refinement. Numerical tests show that also in this context the use of discrete fields
at highest regularity is beneficial and improves the accuracy versus degrees-of-freedom ratio.

The outline of the paper is as follows. After some preliminaries and notation on splines, NURBS,
and isogeometric analysis (Section 2), in Section 3 we present our characterization of the full-rank
L2-scalar product of spline spaces. This result is then used in Section 4 to prove the inf sup stability
of the TH and SG isogeometric elements. Finally, in Section 5 we perform two-dimensional and three-
dimensional numerical tests, confirming the stable behaviour of the isogeometric elements mentioned
above.
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2 Preliminaries

2.1 Spline spaces and notation

This section is devoted to a quick introduction of Spline spaces and to a presentation of the notation
we will use. We refer to , e.g., [14, 22], for more details.

Definition 2.1. Let p a non-negative integer and Ξ := (ξ1, ξ2, . . . , ξn+p+1) a knot vector such that
ξi ≤ ξi+1. A B-spline space Sp,Ξ is a space of functions f defined on R, denoted splines, that satisfy
the following conditions (codified in the knot vector)

1. f(x) = 0 if x 6∈ [ξ1, ξn+p+1[;

2. if ξi < ξi+1 then f is a polynomial of degree at most p in [ξi, ξi+1[;

3. let r be the maximum integer such that ξi = · · · = ξi+p−r−1 (with −1 ≤ r ≤ p − 1), then f has
r continuous derivatives at ξi; when r = −1 a discontinuity (left-jump) is allowed at ξi+1; the
quantity r is referred as regularity at the knot ξi and p− r is referred as multiplicity of the knot
ξi.

Furthermore, we introduce the vector Z = (ζ1, . . . , ζm) of knots without repetitions, and the vector
(r1, . . . , rm) of regularities, such that

Ξ = (ζ1, . . . , ζ1︸ ︷︷ ︸
p−r1 times

, ζ2, . . . , ζ2︸ ︷︷ ︸
p−r2 times

, . . . , ζm, . . . , ζm︸ ︷︷ ︸
p−rm times

),

with
∑m

i=1(p− ri) = n + p + 1. The vector Z induces a partition of [ζ1, ζm[ into elements [ζi, ζi+1[ . A
knot vector is said to be open when p − r1 = p − rm = p + 1.

Remark 2.2. By definition, all spline functions in Sp,Ξ, and their derivatives, are right-continuous
everywhere, and C∞ in R \ {ζ1, . . . , ζm}.

The dimension of the spline space Sp,Ξ is

dimSp,Ξ = (p + 1)(m − 1) −

m∑

i=1

(r1 + 1) = n. (1)

The spline space Sp,Ξ has a canonical basis {Bi} defined recursively over p by

Bi,0(x) =

{
1 x ∈ [ξi, ξi+1[,

0 otherwise,
(2)

Bi,k(x) =
x − ξi

ξi+k − ξi
Bi,k−1(x) −

x − ξi+k+1

ξi+k+1 − ξi+1
Bi+1,k−1(x), (3)

Bi = Bi,p, (4)

where, in (3), we assume 0/0 = 0. This basis has some noteworthy properties:

1. ∀i = 1, 2, . . . , n, ∀x ∈ R, Bi(x) ≥ 0;

2. Bi is non-null in [ξi, ξi+p+1[, then suppBi = {x ∈ R : Bi(x) 6= 0} = [ξi, ξi+p+1], where J is the
closure of J ;

3. the basis {Bi} is a partition of unity of the interval [ξp+1, ξn+1[, that is,
∑n

i=1 Bi(x) = 1 for all
x ∈ [ξp, ξn+1[.
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In some situations, spline spaces are considered as defined over the closed interval [ζ1, ζm]. In this
case the space Sp,Ξ contains the restrictions of the functions as defined above to [ζ1, ζm[ and extended
by continuity in ζm. However, for the results we shall present in Section 3, it is more convenient to
assume that splines are defined on R, which is our choice.

Remark 2.3. In our examples we will often restrict, for the sake of simplicity, to the case where
the smoothness at the knots is constant. If r = r2 = . . . = rm−1 and the knot vector is open
(r1 = rm = −1), the spline space will be denoted by Sp,r,Z . If r = r1 = r2 = . . . = rm then we will use

the notation S̊p,r,Z .

Remark 2.4. Let p ≥ 1 and Sp,Ξ ⊂ C0(R), we define

∂Sp,Ξ =

{
∂

∂x
f : f ∈ Sp,Ξ

}
. (5)

Derivatives of continuous splines are splines, of lower degree and regularity. When Ξ = (ξ1, ξ2, . . . , ξn+p+1)
is an open knot vector we have in particular ∂Sp,Ξ = Sp−1,Ξ′ , where Ξ′ = (ξ2, ξ3, . . . , ξn+p), that is, we
obtain Ξ′ from Ξ removing the first and last knots.

Multivariate B-splines in d-dimensions are obtained by tensor-product multiplication of uni-variate
splines in each variable, thus a multivariate spline space is defined in terms of a vector of degrees
p = (p1, . . . , pd) and a vector of knot vectors Ξ = (Ξ1, . . . , Ξd):

Sp,Ξ = Sp1,Ξ1
⊗ · · · ⊗ Spd,Ξd

. (6)

In this case, the canonical basis is

Bi(x1, . . . , xd) = B1,i1(x1) . . . Bd,id
(xd), (7)

where i = (i1, . . . , id) and {Bj,i}i=1,...,nj
is the canonical basis of Spj ,Ξj

. To Ξ correspond the vector
of knot vector without repetitions Z = (Z1, . . . ,Zd) with Zj = (ζj,1, . . . , ζj,mj

). Therefore on the
so-called parametric domain

Ω̂ = [ζ1,1, ζ1,m1
[× . . . × [ζd,1, ζd,md

[ (8)

it is defined a partition

T̂Z =
{
[ζ1,j1 , ζ1,j1+1[× . . . × [ζd,jd

, ζd,jd+1[
}

i=1,...,d,
ji=1,...,mi−1.

(9)

The support of all splines of Sp,Ξ is included in the closure of Ω̂. As in the one-dimensional case, we
use the notation Sp,r,Z to denote Sp,Ξ if the degree is p and the regularity at the internal knots is r

in all tensor-product components and S̊p,r,Z if the regularity is r at all the knots.

2.2 NURBS and isogeometric analysis

A very short description of NURBS spaces and NURBS maps is given in this section. More on
isogeometric analysis can be found in [18, 12]

Non Uniform Rational B-Splines functions are quotients of spline functions. A NURBS space is
described by a spline space Sp,Ξ and a strictly positive weight function ω ∈ Sp,Ξ:

Np,Ξ =

{
f

ω
: f ∈ Sp,Ξ

}
; (10)

the weight ω is not shown in the notation because in this context it is assumed to be given as a datum
of the problem, and is not changed during mesh refinement or degree elevation. As above, Np,r,Z

denotes the special case of a NURBS space of degree p in all tensor-product components, on the mesh

T̂Z having internal knots of multiplicity p − r; the global regularity of Np,r,Z is then Cr.
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NURBS functions are a fundamental tool in computer graphics, see for example [21]. In the
isogeometric method the physical domain of interest Ω is given as the image of the parametric domain
Ω̂ through a continuous map F : Ω̂ → R

d whose components are in a NURBS space Np0,r0,Z0
and

thus share the same weight denominator ω. In this context, F and ω are considered data of the
problem. Typically, F is given at a coarse level of discretization, while refined NURBS spaces are used
for the discretization of unknown fields. Then, if Φ be is a space of scalar fields on Ω, its isogeometric
discretization is obtained invoking the isoparametric approach, that is, one considers the space

Φp,Ξ = {f ◦ F−1 : f ∈ Np,Ξ}, (11)

where Np,Ξ is a NURBS space that refines Np0,r0,Z0
. Discretization of vector fields is analogous: each

component is discretized as (11). The mesh TZ on Ω is defined by the image of the mesh T̂Z in the
parametric space:

TZ =
{

K = F (K̂) : K̂ ∈ T̂Z

}
. (12)

As usual in finite elements analysis, the vector of knot vectors Z is sometimes replaced by the family
index h that refers to the mesh size. The meanings of the symbols Th and Np,r,h are respectively TZ

and Np,r,Z where Z is such that

max {diam(K) : K ∈ TZ} ≤ h.

Note that, by convention, when two symbols contains the same family index h then they are defined
on the same partition Z. An addition assumption in isogeometric analysis is that all meshes Th are
refinements of the coarse mesh TZ0

= Th0
.

3 Rank of L
2-scalar product between spline spaces

3.1 Zeros and sign changes

We recall some definitions from [14].

Definition 3.1 (Sign change). A function f changes sign across x (equivalently, x is a sign change
of f) if ∀ǫ > 0 there exists x− ∈]x − ǫ, x[ and x+ ∈]x, x + ǫ[ such that f(x−)f(x+) < 0.

Definition 3.2 (Zero). A zero of a function f is a maximal closed interval z such that its interior is
a subset of f−1(0). The set of all zeros of f is denoted by Z(f).

Definition 3.3 (Zero multiplicity). Let Sp,Ξ be a given spline space and f ∈ Sp,Ξ. The multiplicity
z# of a zero z ∈ Z(f) is the maximum integer α such that for all open interval J ⊃ z and for all
L∞-neighborhood H of f there exists a g ∈ H ∩ Sp,Ξ that admits α sign changes in J .

According to the previous Definition 3.2, every x in the domain of f belongs to a zero of f , that is,
either x belongs to an interval zero [a, b] such that a < b, or {x} is an isolated zero of f . This unusual
definition of zero is complemented by the notion of of Definition 3.3. Notice that z# depends on f and
on the ambient space Sp,Ξ which is taken into consideration, not appearing in the notation.

Remark 3.4. With an abuse of notation, in the following we will refer to z as a zero only when z# ≥ 1.

Remark 3.5. We have the following one to one correspondence (see [14, Section 4]): x is a sign change
of f if and only if {x} is a zero of odd order

Definition 3.6. Let f ∈ Sp,Ξ. The zero count of f relative to Sp,Ξ is

Z#(f) =
∑

z∈Z(f)

z#. (13)
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The zero count Z#(f) is bounded by the number of sign changes in the coefficients of f with respect
to the canonical basis (2)–(4) (see [14, 17]). Thus, in general, we have the following result.

Corollary 3.7. For all f ∈ Sp,Ξ it holds

Z#(f) ≤ dimSp,Ξ − 1. (14)

In the next section we will also need the following corollary.

Corollary 3.8. Given f ∈ Sp,Ξ, there exist x0, . . . , xk with ξ1 = x0 < x1 < . . . < xk−1 < xk = ξn+p+1

and k ≤ n = dimSp,Ξ, and there exists C = ±1 such that for all i = 1, . . . , k

C(−1)if |[xi−1,xi[ ≥ 0. (15)

Proof. Set C = 1 and assume that f(x) ≤ 0 in a right neighborhood of ξ1 = x0. If this is not the case,
replace f with −f in what follows, and set C = −1.

We define x1, x2, . . . , xk as

xi = sup
{
x ∈]xi−1, ξn+p+1] : (−1)if |[xi−1,x[ ≥ 0

}
. (16)

Observe that for the assumption above, x1 is well defined. Let now i > 2. Assuming that xi−1 is
defined, and xi−1 < ξn+p+1, (16) and the right-continuity of f (see Remark 2.2) imply that

(−1)if |]xi−1,xi−1+ε[ > 0, (17)

for some ε > 0. Then the set
{
x ∈]xi−1, ξn+p+1] : (−1)if |[xi−1,x[ ≥ 0

}
is non-empty and (16) defines

xi.
This construction terminates after finite recursion steps with xk = ξn+p+1. Indeed, each xi, i =

1, . . . , k−1, belongs to ]ξ1, ξn+p+1[ and is, from definition, either the right endpoint of an interval zero
(if f |]xi−ǫ,xi[ = 0, for some ǫ > 0) or {xi} is an isolated zero (when (−1)i+1f |]xi−ǫ,xi[ > 0, for some
ǫ > 0). Using (14), we have k − 1 ≤ dimSp,Ξ − 1.

3.2 L
2-scalar product of splines in one-dimension

We first introduce a notation for restrictions of spline spaces.

Definition 3.9. Let Ξ := (ξ1, ξ2, . . . , ξn+p+1) be a given knot vector, S = Sp,Ξ the associated spline
space and J = [a, b[ such that ξ1 ≤ a < b ≤ ξn+p+1. We define

S⊂J = span{Bi ∈ S : Bi(x) = 0, ∀x ∈ R\J}, (18)

S∩J = span{Bi ∈ S : Bi|J 6= 0}, (19)

where {Bi} is the canonical basis of S.

It is easily seen that both S⊂J and S∩J are spline spaces, subspaces of S. Indeed,

S⊂J = Sp,(ξi,ξi+1,...,ξj),

where ξi−1 < a ≤ ξi and ξj ≤ b < ξj+1, while

S∩J = Sp,(ξi−p−1,ξi−p,...,ξj+p+1),

where, now, ξi−1 ≤ a < ξi and ξj < b ≤ ξj+1 (in the previous inequalities, ξ−1 = −∞ and ξn+p+2 =
+∞).
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Consider now two spline spaces S1 = Sp1,Ξ1
and S2 = Sp2,Ξ2

with Ξ1 := (ξ1,1, ξ1,2, . . . , ξ1,n1+p1+1),
Ξ2 := (ξ2,1, ξ2,2, . . . , ξ2,n2+p2+1). Let Z1 = (ζ1,1, . . . , ζ1,m1

) be the knot vectors without repetitions
corresponding to Ξ1. We want to study the L2-scalar product

f, g 7→

∫

R

f(x)g(x) dx (20)

which is well defined on S1 × S2. In particular we want to characterize when the rank of (20) is equal
to dimS2 = n2. This is equivalent to the property that

the matrix

(∫

R

B1,i(x)B2,j(x) dx

)

i=1,...,n1

j=1,...,n2

has full rank and n1 ≥ n2, (21)

where {B1,i(x)}i=1,...,n1
and {B2,j(x)}j=1,...,n2

are the canonical basis of S1 and S2, respectively. A
less straightforward, but more useful characterization is given in the next theorem, which is the key
tool for the next sections.

Theorem 3.10. Assuming that
[ζ2,1, ζ2,m2

] ⊆ [ζ1,1, ζ1,m1
] (22)

the following two properties are equivalent:

for all 1 ≤ i < j ≤ m1, dim S1∩[ζ1,i,ζ1,j [ ≥ dimS2⊂[ζ1,i,ζ1,j [; (23)

for all g ∈ S2, g 6= 0, there exists f ∈ S1 such that

∫

R

f(x)g(x) dx 6= 0. (24)

Proof. We begin by proving the implication (23)⇒(24). Then, let us assume (23), which by (22)
implies

dimS1 ≥ dim S2 (25)

and let 0 6= g ∈ S2. We also assume, for the moment, that

for all non-null f ∈ S1, |supp f ∩ supp g| > 0, (26)

where |J | is the measure of J .
Thanks to Corollary 3.8 applied to g we get x0, . . . , xk, with

k ≤ n2 = dimS2 (27)

such that
∀i = 1, . . . , k, C(−1)ig|[xi−1,xi[ ≥ 0. (28)

Given indexes s, t such that 1 ≤ s < t ≤ n1 +p1 +1, consider the knot vector (ξ1,s, . . . , ξ1,t), its related
space Sp1,(ξ1,s,...,ξ1,t) ⊂ S1, and the subspace

S∼
p1,(ξ1,s,...,ξ1,t)

=
{
v ∈ Sp1,(ξ1,s,...,ξ1,t) : ∀i = 1, . . . , k − 1, v(xi) = 0

}
. (29)

Observe that in (29) each zero condition v(xi) = 0 acts as a linear constraint; moreover, from (27) and
(25), the total number of such constraints (not necessarily independent) is k − 1 ≤ dimS1 − 1. This
gives

dimS∼
p1,(ξ1,0,...,ξ1,n1+p1+1)

≥ dimS1 − (k − 1) ≥ 1.

We also have
dim S∼

p1,(ξ1,s,...,ξ1,s+p1+1)
≤ dimSp1,(ξ1,s,...,ξ1,s+p1+1) = 1.
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Moreover, by reducing by one knot the knot vector (ξ1,s, . . . , ξ1,t) either the dimension of S∼
p1,(ξ1,s,...,ξ1,t)

decreases by one or is preserved, that is

dimS∼
p1,(ξ1,s,...,ξ1,t)

− 1 ≤ dimS∼
p1,(ξ1,s,...,ξ1,t−1) ≤ dimS∼

p1,(ξ1,s,...,ξ1,t)
,

dimS∼
p1,(ξ1,s,...,ξ1,t)

− 1 ≤ dimS∼
p1,(ξ1,s+1,...,ξ1,t)

≤ dim S∼
p1,(ξ1,s,...,ξ1,t)

.

Therefore we can then select s, t such that

dimS∼
p1,(ξ1,s,...,ξ1,t)

= 1 (30)

and
t − s is minimal. (31)

From now on, s and t are selected in order to fulfill (30)–(31). We have the following property:

if v ∈ Sp1,(ξ1,s,...,ξ1,t) and xi 6∈]ξ1,s, ξ1,t[ then v(xi) = 0. (32)

Indeed, all functions in Sp1,(ξ1,s,...,ξ1,t) vanish on R \ [ξ1,s, ξ1,t[, since Definition 2.1. Furthermore, if
xi = ξ1,s (for some i) then the minimality condition (31) implies ξ1,s < ξ1,s+p1

, giving v(xi) = 0
for all v ∈ Sp1,(ξ1,s,...,ξ1,t) (again from Definition 2.1). Indeed, if ξ1,s = ξ1,s+p1

then S∼
p1,(ξ1,s,...,ξ1,t)

=

S∼
p1,(ξ1,s+1,...,ξ1,t)

. Using (32) we can write

S∼
p1,(ξ1,s,...,ξ1,t)

=
{
v ∈ Sp1,(ξ1,s,...,ξ1,t) : ∀xi ∈]ξ1,s, ξ1,t[, v(xi) = 0

}
,

and so
#{xi : xi ∈]ξ1,s, ξ1,t[} ≥ dimSp1,(ξ1,s,...,ξ1,t) − dimS∼

p1,(ξ1,s,...,ξ1,t)

= dimSp1,(ξ1,s,...,ξ1,t) − 1.
(33)

Let f ∈ Sp1,(ξ1,s,...,ξ1,t) such that S∼
p1,(ξ1,s,...,ξ1,t)

= span{f}. From (30), supp f has to be an interval,

and from (31) it has to be the whole [ξ1,s, ξ1,t]. This means that all (non null multiplicity) zeros z ⊂
(ξ1,s, ξ1,t) of f ∈ Sp1,(ξ1,s,...,ξ1,t) are isolated zeros. Then we know that z = {xi}, for all xi ∈]ξ1,s, ξ1,t[
are (non null multiplicity) zeros of f . Because of Corollary 3.7 and (33), they are all the zeros of f
and that their multiplicity is 1. Thus they are the sign changes (see Remark 3.5) and

∀i = 1, . . . , k, C(−1)if |[xi−1,xi[ ≥ 0. (34)

Under assumption (26), recalling (28) and (34), we have
∫

R
f(x)g(x) dx 6= 0 and (24) is proved.

It remains to deal with the case when (26) does not hold. In that case the set

U =
⋃

f∈S1:|supp f∩supp g|=0

supp f, (35)

in non-empty. From its definition, U is the union of intervals of the form [ζ1,i, ζ1,j ]. Select a maximal
interval [ζ1,s, ζ1,t] such that ]ζ1,s, ζ1,t[⊂ R \ U . Then supp g has a connected component which is
contained in [ζ1,s, ζ1,t]. Precisely, from the definition above, if s > 1 then there is a basis function in
S1 with support [ζ1,s− , ζ1,s] such that

g is null on [ζ1,s− , ζ1,s[. (36)

Analogously if t < m1 there is a basis function in S1 supported in [ζ1,t, ζ1,t+ ] such that

g is null on [ζ1,t, ζ1,t+ [. (37)

Define

g̃(x) =

{
g(x), if x ∈ [ζ1,s, ζ1,t[,

0, if x ∈ R \ [ζ1,s, ζ1,t[.
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Since (36)–(37), g̃(x) ∈ S2⊂[ζ1,s,ζ1,t[. We can now replace S1 by S1∩[ζ1,s,ζ1,t[ and S2 by S2⊂[ζ1,s,ζ1,t[: then
hypothesis (23) and equation (26) hold. Thus, as we have proved above, there exists f ∈ S1∩[ζ1,s,ζ1,t[

such that
∫

R
f(x)g̃(x) dx 6= 0. However, still from (36)–(37), for all f ∈ S1∩[ζ1,s,ζ1,t[ we have

∫

R

f(x)g(x) dx =

∫

R

f(x)g̃(x) dx,

and (24) follows.
Finally, we prove the implication (24)⇒(23). Assume (23) does not hold. Then dimS1∩[ζ1,i,ζ1,j [ <

dimS2⊂[ζ1,i,ζ1,j [ for some [ζ1,i, ζ1,j [, and thus there exists a non-null g ∈ S2⊂[ζ1,i,ζ1,j [ which is L2-
orthogonal to S1∩[ζ1,i,ζ1,j [. Since, by definition, g = 0 in R\[ζ1,i, ζ1,j [ and

{v|[ζ1,i,ζ1,j [ : v ∈ S1∩[ζ1,i,ζ1,j [} = {v|[ζ1,i,ζ1,j [ : v ∈ S1},

for all f ∈ S1 we have

∫

R

f(x)g(x) dx =

∫

R\[ζ1,i,ζ1,j [

f(x)g(x) dx +

∫

[ζ1,i,ζ1,j [

f(x)g(x) dx = 0, (38)

that is, (24) fails.

The following statements focus on condition (23) for two special cases involving spaces of uniform
regularity (recall Remark 2.3). These results will be used in Section 4.3.

Proposition 3.11. Let S1 = S̊p1,r1,Z and S2 = Sp2,r2,Z be associated to the same partition Z =
(ζ1, . . . , ζm). Sufficient conditions for (23) are

1. dimS1 ≥ dimS2;

2. p1 − r1 ≥ p2 − r2.

Proof. Observe that dimS1∩[ζi,ζi+1[ is p1 + 1 for elements [ζi, ζi+1[ that are far enough from the
endpoints ζ1 and ζm. Precisely, when both i and m − i are ≥ ⌈(p1 + 1)/(p1 − r1)⌉. Otherwise
dimS1∩[ζi,ζi+1[ is less than p1 + 1. In order to prove (23) we consider the following cases:

1. if dim S1∩[ζs,ζs+1[ < p1 + 1, dimS1∩[ζt−1,ζt[ < p1 + 1 then S1∩[ζs,ζs+1[ = S1 and

dimS1∩[ζs,ζt[ = dimS1 ≥ dimS2 ≥ dimS2⊂[ζs,ζt[,

from hypotesis 1;

2. if dim S1∩[ζs,ζs+1[ = dimS1∩[ζt−1,ζt[ = p1 + 1 then

dim S1∩[ζs,ζt[ = p1 + 1 + (p1 − r1)(t − s − 1)

≥ p2 − r2 + (p2 − r2)(t − s − 1) ≥ S2⊂[ζs,ζt[;

3. if dim S1∩[ζs,ζs+1[ = p1 + 1, dimS1∩[ζt−1,ζt[ < p1 + 1 then

dimS1∩[ζs,ζt[ = (p1 − r1)(m − s)

≥ (p2 − r2)(m − s) ≥ S2⊂[ζs,ζt[;

4. if dimS1∩[ζs,ζs+1[ < p1 + 1, dimS1∩[ζt−1,ζt[ = p1 + 1 then this case is specular to the previous
one.
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Another interesting case is when the partition Z1 corresponding to S1 is a refinement of the partition
Z2 corresponding to S2. In particular given Z2 = (ζ2,1, . . . , ζ2,m2

) consider Z1 = (ζ1,1, . . . , ζ1,m1
),

m1 = 2m2 − 1, defined by

Z1 =

(
ζ2,1,

ζ2,1 + ζ2,2

2
, ζ2,2, . . . . . . ,

ζ2,m2−1 + ζ2,m2

2
, ζ2,m2

)
. (39)

Proposition 3.12. Given Z1 and Z2 as above, let S1 = S̊p1,r1,Z1
and S2 = Sp2,r2,Z2

. Sufficient
conditions for (23) are

1. dimS1 ≥ dimS2;

2. 2(p1 − r1) ≥ p2 − r2.

Proof. We reason as in the proof of Proposition 3.11 and consider the cases:

1. if dim S1∩[ζ1,s,ζ1,s+1[ < p1 + 1, dimS1∩[ζ1,t−1,ζ1,t[ < p1 + 1 then S1∩[ζ1,s,ζ1,s+1[ = S1 and

dimS1∩[ζ1,s,ζ1,t[ = dimS1 ≥ dimS2 ≥ dimS2⊂[ζ1,s,ζ1,t[,

from hypothesis 1;

2. if dim S1∩[ζ1,s,ζ1,s+1[ = dim S1∩[ζ1,t−1,ζ1,t[ = p1 + 1 then

dimS1∩[ζ1,s,ζ1,t[ = p1 + 1 + (p1 − r1)(t − s − 1)

≥ p2 − r2 + (p2 − r2)

⌊
t − s − 1

2

⌋
≥ S2⊂[ζ1,s,ζ1,t[;

3. if dim S1∩[ζ1,s,ζ1,s+1[ = p1 + 1, dimS1∩[ζ1,t−1,ζ1,t[ < p1 + 1 then

dimS1∩[ζ1,s,ζ1,t[ = (p1 − r1)(m − s)

≥ (p2 − r2)

⌊
m − s

2

⌋
≥ S2⊂[ζ1,s,ζ1,t[;

4. if dimS1∩[ζ1,s,ζ1,s+1[ < p1+1, dim S1∩[ζ1,t−1,ζ1,t[ = p1+1 then this case is specular to the previous
one.

Using the same approach of Proposition 3.12, it is possible to show criteria for partitions of any
meshsize ratio. In particular if Z1, Z2 are refinements of a common Z0 respectively obtained by dividing
each element in k1, k2 uniform elements then the hypothesis 2 would be k1(p1 − r1) ≥ k2(p2 − r2).

3.3 L
2-scalar product of splines in d-dimensions

Thanks to the tensor-product structure, the multi-dimensional cases of interest can be easily reduced
to the one-dimensional case addressed in Theorem 3.10.

Theorem 3.13. Given the two d-dimensional tensor-product spline spaces S1 = Sp1,Ξ1
= Sp1,1,Ξ1,1

⊗
· · · ⊗ Sp1,d,Ξ1,d

and S2 = Sp2,Ξ2
= Sp2,1,Ξ2,1

⊗ · · · ⊗ Sp2,d,Ξ2,d
such that

∀i = 1, . . . , d, ∀Sp1,i,Ξ1,i
and Sp2,i,Ξ2,i

condition (22) holds, (40)

then, the following propositions are equivalent

∀i = 1, . . . , d, (23) holds for the spaces Sp1,i,Ξ1,i
and Sp2,i,Ξ2,i

, (41)

∀g ∈ S2, g 6= 0, ∃f ∈ S1 such that

∫

Rd

f(x)g(x) dx 6= 0. (42)

10



Proof. All functions g ∈ S2 admit a decomposition of the form

g(x) =
∑

i

βiBi(x) =
∑

i

βi

d∏

j=1

Bj,ij
(xj), (43)

where {Bj,i} is the canonical basis of Sp2,j ,Ξ2,j
.

It is easy to see that (41) implies (42). Indeed, by Theorem 3.10, and recalling the equiva-
lence between (21) and (24), ∀j = 1, . . . , d there exist functions B∗

j,i ∈ Sp1,i,Ξ1,i
such that ∀i, k =

0, . . . , dimSp2,i,Ξ2,i
〈B∗

j,i, Bj,k〉 = δi, k. Let 0 6= g ∈ S2 as in (43), then setting

f =
∑

i

βi

d∏

j=1

Bj,∗
ij

(xj), (44)

and applying the Fubini-Tonelli theorem gives

∫

Rd

g(x)f(x)dx =
∑

i

β2
i > 0. (45)

We have now to prove that (42) implies (41). Assume (41) does not hold. Therefore, by Theorem
3.10, for some k there exist a non-null q̃k ∈ Sp2,k,Ξ2,k

such that ∀fk ∈ Sp1,k,Ξ1,k
,
∫

R
q̃k(xk)fk(xk) dxk = 0.

Then for all choices of 0 6= qi(xi) ∈ Sp2,i,Ξ2,i
i = 1, . . . , k−1, k+1, . . . , d, the function q(x) =

∏d
i=1 qi(xi)

is in S2. Using the Fubini-Tonelli theorem again, it follows that for all f ∈ S1

∫

Rd

q(x)f(x)dx = 0. (46)

The following corollary concerns a full-rank condition that involves derivatives. It will be used for
the stability analysis of the Stokes problem. Recall the notation of (5).

Corollary 3.14. Let S1 = (Sp1,Ξ1
)d be a d-dimensional space of vector valued splines, and S2 = Sp2,Ξ2

be a space of continuous d-dimensional scalar-valued splines. Assume (40) and, for all i = 1, . . . , d,
let Ξ2,i be an open knot vector. If

{
∀i = 1, . . . , d, (23) holds for the spaces Sp1,i,Ξ1,i

and ∂Sp2,i,Ξ2,i
,

∀i = 1, . . . , d, (23) holds for the spaces Sp1,i,Ξ1,i
and Sp2,i,Ξ2,i

,
(47)

then for all non-constant g ∈ S2 there exists f ∈ S1 such that

∫

Rd

f(x) · ∇g(x) dx 6= 0. (48)

Proof. Recalling Remark 2.4, the implication follows immediately from Theorem 3.13, since

∫

Rd

f(x) · ∇g(x) dx =
d∑

i=1

∫

Rd

fi(x)
∂

∂xi
g(x) dx.

11



4 Application to the Stokes problem

4.1 Setting of the problem

The usual notation of Hilbert spaces is adopted: L2(Ω) is the space of the square integrable functions
on Ω, H1(Ω) is the subspace of L2(Ω) of the functions whose first order partial derivatives are in L2(Ω),
H1

0 (Ω) is the subspace of H1(Ω) of the functions with zero trace on the boundary ∂Ω, L2
0(Ω) is the

subspace of L2(Ω) of the functions with zero mean value and H−1(Ω) is the dual of H1
0 (Ω).

The mathematical formulation of the Stokes problem is: find the velocity u : R
d → R

d and pressure
π : R

d → R such that
−ν∆u + ▽π = f in Ω,

▽·u = 0 in Ω,

u = 0 on ∂Ω,

(49)

where f : Ω → R
d is given and the viscosity parameter ν is strictly positive and assumed constant in

this paper. For the sake of simplicity, we only consider homogeneous Dirichlet boundary condition in
(49).

For f ∈
(
H−1(Ω)

)d
, the corresponding variational form is: find u ∈ H1

0 (Ω)d and π ∈ L2
0(Ω) such

that

ν〈▽u, ▽w〉 − 〈▽·w, π〉 = 〈f , w〉 ∀w ∈ H1
0 (Ω)d, (50a)

〈▽·u, q〉 = 0 ∀q ∈ L2(Ω). (50b)

The key ingredient for the stability and well-posedness of Galerkin discretizations of (50) is the inf-sup
condition (see [8])

inf
q∈Ph

sup
w∈Vh

〈▽·w, q〉

‖w‖H1(Ω)d‖q‖L2

≥ Cinf sup, (51)

where Vh ⊂ H1
0 (Ω)d and Ph ⊂ L2(Ω) are the spaces of discrete velocities and pressures corresponding

to a mesh Th, and Cinf sup is a strictly positive constant independent of h. In this work, we will take into
consideration various NURBS-based discrete spaces. Note that standard B-Spline spaces are included
in the NURBS formalism.

4.2 The macroelement technique for NURBS spaces

For the proof of (51) we will make use of the so-called macroelement technique, developed in [23, 24]
for the stability analysis of finite element discretizations based on quadratic C0 velocities and linear
C0 pressures. When applying the macroelement technique in this context, one first make use of the so
called Verfürth trick. It states that under common properties of the discrete spaces Vh and Ph defined
on a mesh Th = {K}, and assuming, for the sake of simplicity, Ph ⊂ H1(Ω), the inf sup condition (51)
is implied by the weaker inf sup condition: ∃CVerf > 0 such that

inf
q∈Ph/R

sup
w∈Vh

〈w, ▽q〉

|w|H1(Ω)d |q|h
≥ CVerf , (52)

where |q|h is a mesh dependent norm on Ph defined by

|q|2h =
∑

K∈Th

h2
K |q|2H1(K) (53)

with hK = diam(K).
The macroelement technique consists in reducing the global inf sup stability condition to a local

inf sup condition for a class of sub-meshes, the macroelements. A macroelement M is a subset of Th

12
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Figure 1: Examples of a 3 × 3 macroelement M, its domain M is the shadowed area inside Ω on the
right and the pre-image M̂ ⊂ Ω̂ of M is on the left.

such that all elements in M are adjacent. In our case, we will select macroelements formed by a tensor
product array of elements, grouping L × . . . × L = Ld elements (L in each direction), as shown in
Figure 1. We will select L suitably in the next Theorems 4.2–4.4. To each macroelement M ⊂ Th are
associated a domain M = ∪K∈MK and two discrete spaces

VM = {w ∈ Vh : suppw ⊂ M}, (54)

PM = {q|M − |M |−1

∫

M

q(X) dx : q ∈ Ph} (55)

Proposition 4.1 (Macroelement technique [23, 24, 7]). If there exist constants Coverlap, Celem,
Cmacro > 0 such that for all h it is possible to exhibit a collection of macroelements Mh with the
following properties

• ∀K ∈ Th, there exists a macroelement in Mh containing K;

• ∀K ∈ Th, there are at most Coverlap macroelements in Mh containing K;

• ∀M ∈ Mh, M contains (at most) Celem elements K ∈ Th;

• ∀M ∈ Mh,

inf
q∈PM

sup
w∈VM

〈w, ▽q〉

|w|H1(Ω)d |q|h
≥ Cmacro, (56)

where |q|2h =
∑

K∈M h2
K |q|2H1(K).

then ∃CVerf > 0 such that (52) holds.

Then, one can prove that (56) holds for suitable isogeometric spaces Vh and Ph (that is, constructed
by NURBS as discussed in Section 2.2). For w ∈ VM and q ∈ PM let

ŵ = w ◦ F, q̂ = q ◦ F,

ŵS = ω(w ◦ F ), q̂S = ω(q ◦ F ) − |M̂ |−1

∫

cM

ω(q ◦ F ) dx.
(57)

The functions ŵS and q̂S are splines on M̂ = F−1(M), that we assume be defined on the whole
R

d, after zero extension. We define SV,M to be the spline space spanned by {ŵS}, and define SP,M as
the span of {q̂S}. ; in this way SP,M is the intersection of a spline spaces whose function are supported

in M̂ = F−1(M) with L2
0(R

d). We recall that, having adopted the isoparametric paradigm, on each
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macroelement the components of the the velocity field belong to the same discrete space, that is, there
exists a spline space W (dependent on M) such that SV,M = W d. Furthermore we assume that the
meshes are shape-regular, that is

∃Cshape : ∀Th, ∀K ∈ Th,
hK

ρK
≤ Cshape, (58)

where hK is the diameter of the element K and ρK is the maximum diameter of a contained circle.
Under the assumptions above the inf sup condition (56) can be reduced to the condition

∀q̂S ∈ SP,M, ∃ŵS ∈ SV,M :

∫

Rd

ŵS(x) · ∇q̂S(x) dx 6= 0. (59)

Indeed by (59) it follows that ∀M ∈ Mh there exists CS(M) > 0 such that

inf
q∈PM

sup
w∈VM

〈ŵS , ▽q̂S〉

|ŵS |H1(bΩ)d |q̂S |h
≥ CS(M), (60)

where |·|2h =
∑

K∈M h2
K |·|2

H1( bK)
, with K = F (K̂) , is a norm on the space SP,M, since the null-average

property. A positive lower bound on CS(M) is obtained by the following compactness argument. Let
Ψ be the inclusion of the macroelements in the unit sphere of R

dL obtained by using the lengths of
their edges as coordinates and then normalizing (recall that we are considering macroelements made
of Ld elements, see Figure 1). The function CS(M) is scaling invariant and thus can be factorized as

CS = ĈS ◦ Ψ. From the regularity conditions (58) it follows that the image of the macroelements of

interest in the sphere of R
dL is in fact included in a compact set, where ĈS is well defined, continuous,

and strictly positive. This implies the existence of a constant CS > 0 such that for all M ∈ Mh,
CS(M) ≥ CS .

From (60), by using norm equivalences and approximating the weight ω by a macroelement-wise
constant it follows that ∃h̃, ∃CN > 0 such that ∀h < h̃, ∀M ∈ Mh

inf
q∈PM

sup
w∈VM

〈ŵ, ▽q̂〉

|ŵ|H1(bΩ)d |q̂|h
≥ CN . (61)

Furthermore, approximating F by a linear map on each macroelement (F is piecewise C∞) and
using again norm equivalences it follows that ∃h̄, ∃CVerf > 0 : ∀h < h̄, ∀M ∈ Mh

inf
q∈PM

sup
w∈VM

〈w, ▽q〉

|w|H1(Ω)d |q|h
≥ Cmacro. (62)

In conclusion, for any NURBS space pair satisfying the assumptions above and (59) the inf sup stability
condition holds, at least for h < h̄. More details of this construction can be found in [7].

4.3 Examples of inf sup stable NURBS spaces

Two families of NURBS space pairs that fulfill (59) are presented in this section. The first family
is an extension of the classical Taylor-Hood finite element, and has been already tested in [4, 9] and
studied in [4, 7] for C0 and C1 regularity. It is originated by (p + 1)-degree velocities and p-degree
pressures defined on the same mesh, typically with the same global regularity. We refer to this family
by isogeometric TH element. For the second family the velocity field is defined on a subgrid of the
pressure grid, e.g., by subdividing each pressure element into 2d velocity elements. This construction
allows us to take both fields as NURBS with highest smoothness, for example (p + 1)-degree Cp

continuous velocities and p-degree Cp−1 continuous pressures. This family is referred as isogeometric
SG element.

We adopt the notation and assumptions of Section 2.2. In particular, the geometrical map is
F ∈ Np0,r0,Z0

and all the NURBS spaces introduced in Theorem 4.2 and 4.4 are refinement of Np0,r0,Z0
.
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Theorem 4.2 (Isogeometric TH element). Let pV , rV , pP , rP ∈ R such that





pV > rV ≥ 0

pP > rP ≥ 0

pV − rV > pP − rP ;

(63)

then there exists h̄ = h̄(Ω, Cshape, pV , rV , pP , rP ) such that the TH pair

VpV ,rV ,h =
{
f ◦ F−1 : f ∈ (NpV ,rV ,h)d

}
, (64)

PpP ,rP ,h =
{
g ◦ F−1 : g ∈ NpP ,rP ,h

}
, (65)

satisfies the inf sup condition (51) for all h ≤ h̄.

Proof. By the results summarized in Section 4.2, it is sufficient to exhibit a family of macroelements
Mh such that (59) holds. We will select macroelements made by Ld elements. To each macroelement
M ∈ Mh is associated the vector of knot vectors (without repetitions) ZM = (Z1,M, . . . ,Zd,M) where

Z1,M = (ζ1,i1 , . . . , ζ1,i1+L)

...

Zd,M = (ζd,id
, . . . , ζd,id+L),

such that M̂ = [ζ1,i1 , ζ1,i1+L] × . . . × [ζd,id
, ζd,id+L]. Then, the spaces SV,M and SP,M that appear in

(59) can be written as

SV,M = (S̊pV ,rV ,ZM
)d,

SP,M = SpP ,rP ,ZM
∩ L2

0.

Recalling Corollary 3.14, it is sufficient to show that condition (23) holds, in each tensor component i,
for the pairs of spaces S1, S2 with

S1 = S̊pV ,rV ,Zi,M
, S2 = SpP ,rP ,Zi,M

,

and
S1 = S̊pV ,rV ,Zi,M

, S2 = ∂SpP ,rP ,Zi,M
= SpP −1,rP−1,Zi,M

.

All the pairs above have already been considered in Proposition 3.11, and since (63) we only have
to require dimS2 ≤ dimS1. It is easy to check that the last condition holds in both cases selecting
L ≥ rV +rP +2

(pV −rV )−(pP−rP ) (notice that L ≥ pV + pP suffices).

It is clear that we can easily define Mh such that the macroelements, as described above, cover
the whole domain, and, taking h small enough, the map F is C∞ on each M̂ .

Remark 4.3. In particular the pair Vp+1,r,h and Pp,r,h is inf sup stable for any 0 ≤ r ≤ p − 1. This is
the most interesting choice because it balances the error in the velocity and pressure terms and will
be tested in Section 5.

To introduce the SG family of elements, we consider the mesh Th and its refinement Th/2, which

is obtained subdividing each element K ∈ Th into 2d elements in a uniform way.
Then we have the following result.

Theorem 4.4 (Isogeometric SG element). Let pV , rV , pP , rP ∈ R such that





pV > rV ≥ 0

pP > rP ≥ 0

2(pV − rV ) >pP − rP ,

(66)
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then there exists h̄ = h̄(Ω, Cshape, pV , rV , pP , rP ) such that the SG pair

VpV ,rV ,h/2 =
{
f ◦ F−1 : f ∈ (NpV ,rV ,h/2)

d
}

, (67)

PpP ,rP ,h =
{
g ◦ F−1 : g ∈ NpP ,rP ,h

}
; (68)

satisfies the inf sup condition (51) for all h ≤ h̄.

Proof. The proof is in fact analogous to the one of Theorem 4.2, with the difference that Proposition
3.12 is used now instead of Proposition 3.11. The details are omitted.

Remark 4.5. Now the SG pair Vp+1,p,h/2 and Pp,p−1,h is the most interesting one, since it is inf sup
stable, it uses NURBS functions with maximal regularity for both spaces, and velocity-pressure errors
are balanced. This will be tested in Section 5.

Remark 4.6. Using the same kind of macroelements as in the Theorems 4.2–4.4 one can derive sufficient
conditions for the stability of a wider class of methods. For instance it is possible to insert low regularity
interfaces in the domain as long as they are at least one macroelement apart, such that it is still possible
to cover the domain by macroelements. This will be tested in Section 5. Furthermore, macroelements
with variable internal regularity can be built and studied from the general result of Theorem 3.10.

5 Numerical testing

In this section we perform numerical testing of the isogeometric elements introduced and studied in
Section 4.3.

5.1 Two-dimensional benchmarks

In the first test problem we aim to confirm numerically and compare the accuracy of the proposed
TH and SG isogeometric elements. We solve the Stokes problem (49) with homogeneous Dirichlet
boundary condition on the quarter of annulus (see Figure 2). The coarse mesh is made by a single
element where the NURBS parametrization F is C∞. The forcing term f is set in order to have exact
solution

u =




2y(x − y)(x2 + y2 − 4)(x2 + y2 − 1)
(x5 − 2x4y + 6x3y2 − 5x3 − 8x2y3 + 10x2y

+5xy4 − 15xy2 + 4x − 6y5 + 20y3 − 8y)

−2y2(x − y)(x2 + y2 − 4)(x2 + y2 − 1)
(5x4 − 4x3y + 6x2y2 − 15x2

−4xy3 + 10xy + y4 − 5y2 + 4)




, (69)

π = e
y
x − e

x−y

x+y . (70)

In Figure 3 we show the numerical errors ‖u − uh‖H1
0
(Ω) and ‖π − πh‖L2(Ω) versus the total number

of degrees of freedom ndof , for the isogeometric TH pair Vp+1,r,h and Pp,r,h. Uniform refinement in
radial and angular direction is performed. It is seen that the tested TH elements deliver the expected

order of approximation, that is, n
(p+1)/2
dof . We compare the two cases r = 0 and r = p − 1 and observe

that, as expected, the smooth approximation delivers a more accurate solution when ndof is the same.
In Figure 4, we repeat the same tests for the isogeometric SG elements Vp+1,p,h/2 and Pp,p−1,h,

only considering the smoothest approximation. Observe the optimal error decay in all cases, the
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Figure 2: Two-dimensional domain for the benchmarks of Section 5.1
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Figure 3: Error plots for the isogeometric TH element Vp+1,r,h and Pp,r,h in the two-dimensional
benchmark.

10−2

10−4

10−6

10−8

10−10

10−12

101 102 103 104

3
2

5
2

7
2

ndof

‖π − πh‖L2(Ω)

10−2

10−4

10−6

10−8

10−10

102 103 104

3
2

5
2

7
2

ndof

‖u − uh‖H
1
0
(Ω)

p = 2 p = 4 p = 6

Figure 4: Error plots for the isogeometric SG element Vp+1,p,h/2 and Pp,p−1,h.
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10

Figure 5: Driven cavity. On the left, velocity streamlines on the midsurface z = 0.15. On the right,
pressure on the same midsurface, with 20 contour levels between −150 and 150.

isogeometric SG velocity approximation being more accurate, given ndof , than the isogeometric TH

approximation. This is consistent with the known result that smoothest spline or NURBS give the
highest accuracy per degree-of-freedom when approximating smooth functions (see [15]).

5.2 Three-dimensional benchmark

We consider now two different benchmark with the aim of studying the numerical stability of the new
SG element.

The first problem is the Stokes flow in a driven cavity. The domain is the cuboid [0, 1] × [0, 1.5]×
[0, 0.3]. Homogeneous Dirichlet boundary condition is imposed on the lateral boundary, while on the
other two faces y = 0 and y = 1.5 the velocity is set to (−1, 0, 0) and (1, 0, 0), respectively. The discrete
solution is obtained by a SG element on a 8× 8× 8 grid for the pressure, 16× 16× 16, for the velocity.
The pressure degree and regularity are pP = 2 and rP = 1, while for the velocity unknown we select
pV = 3 and rV = 2. The total number of degrees of freedom is 15738 (14739 for the velocity and 999
for the pressure ). The result of this simulation is depicted in Figure 5. It is observed, in particular,
that the pressure field is stable and correctly approximates the singularities at the four edges where
the boundary datum is discontinuous.

In the second test problem we simulate the Stokes flow in a three-dimensional pipe. The pipe inlet
is the rectangle [−0.5, 0.5]× [−0.25, 0.25] in the plane x = −2. The rectangular cross section is twisted
in the central part x ∈ [−1, 1] by π

2 , see Figure 6 (left). The problem is designed in order to test the
case of a geometry parametrization which is only C0 at some interfaces: this happens between the
first and the middle twisted part (at x = −1) and between the twisted and last part of the pipe (at
x = 1). Our macroelement stability analysis covers this case (see Remark 4.6). The fluid is drawn by a
unitary surface load at the ends of the pipe and homogeneous Dirichlet boundary condition is imposed
on the lateral surface of the pipe. We test the the SG element on a 18 × 6 × 6 grid for the pressure,
36× 12× 12 subgrid for the velocity field. The pressure degree and regularity are pP = 3 and rP = 2,
the velocity degree and regularity are pV = 4 and rV = 3. The total number of degrees of freedom is
29073 (27048 for the velocity and 2025 for the pressure). The results of this simulation are shown in
Figure 6, 7.
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Figure 6: Twisted pipe. On the left, the domain. On the right, velocity streamlines originated from
the inlet midline x = −2, y ∈ [−.5, .5], z = 0.

Figure 7: Twisted pipe. On the left, 5 contour surfaces of the pressure between −0.9 and 0.9. On the
right, 10 pressure contour lines betwen −0.1 and 0.16 on the midsection x = 0.
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