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Abstract. In this paper we propose an inf-sup test to identify and measure
the stability of various finite element methods for the solution of multi-
dimensional convection-diffusion problem.

1 Introduction

It has been recognized that many problems in fluid mechanics cannot be
solved efficiently using standard finite element discretizations. In particular
we refer to the convection-diffusion problem

{ −ε�u+ β · ∇u = f in �

u = 0 in ∂�,
(1)

where� is a convex and polygonal subset ofR
2 with diam(�) = 1, ε > 0

is the diffusion parameter,β ∈ R
2 represents the constant velocity field and

the source termf belongs toL2. This is, with respect toε, a linear singularly
perturbed boundary value problem; when the convection term (hyperbolic in
nature) is dominant in this system(ε � ‖β‖) standard methods introduce
non-physical oscillatory solutions. In recent years various techniques to
obtainrobust methods that work for all values ofε have been proposed (see,
for example, [9]).

In this paper we propose an automatic procedure to measure the sta-
bility properties of a given method. Generally the numerical testing of a
given algorithm is accomplished by solving model problems (i.e., choosing
a particular source term) that present some typical features. The procedure
we present now constitutes in some sense a deeper approach, as it tries to



234 G. Sangalli

identify automatically the most critical configuration. This is obtained by
performing a proper eigenvalue investigation on the discrete operator that
represents the numerical scheme under analysis. A similar technique has
already been presented in [2], although a different theoretical justification
was proposed and the simpler one-dimensional convection-diffusion equa-
tion was considered.

Similar procedures are also used in other contexts: for instance, in in-
compressible elasticity (see [4]), in the plate problem (see [6]), and in the
case of conservation laws when a finite difference scheme is evaluated by
performing a numerical Von Neumann analysis.

Here the idea is to investigate numerically a stability condition for the
numerical operator that holds true for the exact differential operator. Be-
cause of the particular singularly perturbed behavior of (1), it is impossible
to prove a stability condition, with uniformity with respect toε, that involves
derivatives on the whole domain�. So in the following analysis we con-
sider a stability condition which holds on a proper subdomain that excludes
exponential boundary layers, i.e., narrow regions near the outflow bound-
ary where the exact solution changes very rapidly. This is inspired by the
local analysis developed by Johnson et al. (see [7] and its references) and
by boundary layers theory (see, for example, [8]).

The paper is divided into three sections. In the first we present the theo-
retical result for the analytical solution, which motivates our choice of the
proposed test. In the second the test is presented in a general context. The
last section is devoted to numerical examples.

2 Behavior of the exact solution

Throughout the sequelC always denotes a positive constant independent
of ε andf (not necessarily the same at all occurrences),L2 (�) = H 0 (�)

andHk(�), with k integer, denote the usual Sobolev spaces, equipped with
usual norms and seminorms;H 1

0 (�) denotes the subset ofH 1 (�) whose
elements vanish on the boundary. Finally, given a non-negative functionψ

on�, we define theψ-weighted norm (or seminorm)

‖v‖2
ψ :=

∫
�

v2ψ dx.

We consider the weak formulation of(1); this is obtained by multiplying
the equation by a test functionv ∈ H 1

0 (�), integrating over�:

−ε
∫
�

�u v dx +
∫
�

β · ∇u v dx =
∫
�

f vdx,
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and integrating by parts:

ε

∫
�

∇u · ∇v dx +
∫
�

β · ∇u v dx =
∫
�

f v dx.

The so-calledweak solution of (1) is the (unique) functionu ∈ H 1
0 (�) such

that

ε

∫
�

∇u · ∇v dx +
∫
�

β · ∇u v dx =
∫
�

f v dx ∀v ∈ H 1
0 (�) . (2)

Sincef ∈ L2(�), by the virtue of the elliptic regularity propertyu ∈
H 2(�); moreover the following well-known result holds.We recall the proof
for the reader’s convenience.

Proposition 2.1 Suppose ε ≤ ‖β‖ and let u be the weak solution of (1).
Then

ε3/2 |u|H2(�) + ε1/2 |u|H1(�) + ‖u‖L2(�) ≤ C ‖f ‖L2(�) . (3)

Proof Defineψ (x) := e−β·x/‖β‖ and choosev = uψ in (2); this gives

ε

∫
�

ψ∇u · ∇u dx − ε
∫
�

uψ
β

‖β‖ · ∇u dx +
∫
�

uψβ · ∇u dx

=
∫
�

f uψ dx.

(4)

Integrating by parts we obtain∫
�

uψβ · ∇u dx =
∫
�

β · ∇
(
u2

2

)
ψ dx

= ‖β‖
2

∫
�

u2ψ dx;

moreover, using the Cauchy–Schwarz inequality and the hypothesis, we get

−ε
∫
�

uψ
β

‖β‖ · ∇u dx ≤ 2

(
ε

2‖β‖
)1/2 (

ε‖∇u‖2
ψ

)1/2 (‖β‖
2

‖u‖2
ψ

)1/2

≤ 2−1/2

(
ε‖∇u‖2

ψ + ‖β‖
2

‖u‖2
ψ

)
.

So, using the Cauchy–Schwarz’s inequality again, we get from (4)

ε ‖∇u‖2
ψ + ‖β‖

2
‖u‖2

ψ ≤ C ‖f ‖ψ ‖u‖ψ ,
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and then by the equivalence between‖·‖ψ and‖·‖0 we obtain

ε1/2 |u|H1(�) + ‖u‖L2(�) ≤ C ‖f ‖L2(�) .

From(1) and the previous analysis we infer that

ε ‖�u‖L2(�) ≤ C
(‖f ‖L2(�) + ‖β · ∇u‖L2(�)

)
≤ Cε−1/2 ‖f ‖L2(�) ;

by the elliptic regularity property we have

|u|H2(�) ≤ C ‖�u‖L2(�) ,

whence

ε3/2 |u|H2(�) ≤ C ‖f ‖L2(�) ,

and this concludes the proof.

For problems with exponential boundary layers, estimate(3) is sharp; in
subdomains that exclude layers it is possible to obtain better control for the
derivative in the streamline direction of the solutionu. We denote byn the
outward unit normal vector defined almost everywhere on the boundary of
�. We set

�+ := {x ∈ ∂� : β · n > 0} ,
� 0 := {x ∈ ∂� : β · n = 0} ,
�− := {x ∈ ∂� : β · n < 0} .

Proposition 2.2 For every open set�′ ⊂ �with dist
(
�+, �′) > 0 we have

lim
ε→0+ inf

f∈L2(�)

‖f ‖L2(�)

‖β · ∇u‖L2(�′)
= 1, (5)

where u = uε(f ) is the solution of (2) and depends on ε and f .

Proof Defineδ+ as the solution of the hyperbolic problem{ −β · ∇δ+ = ‖β‖ in �
δ+ = 0 on�+;

henceδ+ is a continuous and almost everywhere differentiable function and
its value atx ∈ � equals the distance betweenx and�+ computed along
the velocity fieldβ. Consider moreover a monotone and smooth functionξ

such that {
ξ ≡ 0 in (−∞,1/2)
ξ ≡ 1 in (1,∞) .
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Finally, we define a pair of functionsψi , with i = 1,2, as

ψi (x) := ξ

(
i · δ+ (x)

dist(�+, �′)

)
;

it is easy to see that the functionsψi (for i = 1,2) are continuous, a.e.
differentiable and satisfy

0 ≤ ψi ≤ 1 on�, (6)

ψi = 0 on�+, (7)

β · ∇ψi ≤ 0 on�; (8)

moreover,

ψ1 = 1 on�′, (9)

ψ2 = 1 on {ψ1 ≥ 0} . (10)

Setuβ :=β · ∇u. We know from Proposition 2.1 that the weak solutionu
of (2) satisfies (1) inL2 (�) ; so we can multiply(1) by uβψ2 and integrate
over�:

∫
�

(
uβ

)2
ψ2 dx =

∫
�

f uβψ2 dx + ε
∫
�

�uuβψ2 dx. (11)

Consider the last term in (11): integrating by parts we get

ε

∫
�

�uuβψ2 dx = ε

∫
�

div (∇u) uβψ2 dx

= −ε
∫
�

ψ2∇u · ∇uβ dx

− ε
∫
�

uβ∇u · ∇ψ2 dx (12)

+ ε
∫
∂�

ψ2uβ∇u · n dσ (x)

= I + II + III .
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Integrating by parts and using (8) we have

I = −ε
∫
�

ψ2β · ∇
(∇u · ∇u

2

)
dx

= ε

2

∫
�

|∇u|2 β · ∇ψ2 dx − ε

2

∫
∂�

ψ2 |∇u|2 β · n dσ (x)

≤ −ε
2

∫
∂�

ψ2 |∇u|2 β · n dσ (x) .

Moreover the homogeneous boundary condition onu implies that∇u is
normal to∂�, so we have

uβ = (∇u · n) (β · n) on ∂�,

and then

III = ε

∫
∂�

|∇u|2ψ2β · n dσ (x) .

Then by virtue of (7) we have

I + III ≤ ε

2

∫
∂�

|∇u|2ψ2β · n dσ (x)

≤ 0.

In II, assuming thatε ≤ ‖β‖ and applying Proposition 1, we obtain

II ≤ Cε |u|2
H1(�)

≤ C ‖f ‖2
L2(�)

.

So from(12) we get
∥∥uβ

∥∥2
ψ2

≤ C
(
‖f ‖ψ2

∥∥uβ

∥∥
ψ2

+ ‖f ‖2
L2(�)

)

≤ C
(
‖f ‖L2(�)

∥∥uβ

∥∥
ψ2

+ ‖f ‖2
L2(�)

)
,

and in conclusion ∥∥uβ

∥∥
ψ2

≤ C ‖f ‖L2(�) . (13)

Proceeding in the same way withψ1 we get

∥∥uβ

∥∥2
ψ1

≤ ‖f ‖ψ1

∥∥uβ

∥∥
ψ1

− ε
∫
�

uβ∇u · ∇ψ1 d(x); (14)
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By (13) and (10) we now obtain

−ε
∫
�

uβ∇u · ∇ψ1 ≤ Cε
∥∥uβ

∥∥
ψ2

|u|H1(�)

≤ Cε1/2 ‖f ‖2
L2(�)

,

and (14) reduces to∥∥uβ

∥∥2
ψ1

≤ ‖f ‖L2(�)

∥∥uβ

∥∥
ψ1

+ Cε1/2 ‖f ‖2
L2(�)

,

that is,

∥∥uβ

∥∥
ψ1

≤
‖f ‖L2(�) +

√
‖f ‖2

L2(�)
+ 4Cε1/2 ‖f ‖2

L2(�)

2
≤ (

1 + Cε1/2
) ‖f ‖L2(�) .

Taking the limit asε → 0+ and using (9) we get

lim
ε→0+ inf

f∈L2(�)

‖f ‖L2(�)

‖β · ∇u‖L2(�′)
≥ 1.

Now consider a regular functionv on� which vanishes outside�′; we
have

lim
ε→0+

‖−ε�v + β · ∇v‖L2(�)

‖β · ∇v‖L2(�′)
= 1.

Hence

lim
ε→0+ inf

f∈L2(�)

‖f ‖L2(�)

‖β · ∇u‖L2(�′)
≤ 1.

3 Proposed numerical test

We consider a generalconforming finite element method. The discrete prob-
lem that corresponds to(2) is then:




find uh ∈ Vh such that

Ah (uh, vh) =
∫
�

f Phvh dx ∀vh ∈ Vh, (15)

whereVh is a finite dimensional subspace ofH 1
0 (�) consisting of contin-

uous piecewise polynomial functions on a quasi-uniform and regular tri-
angulationTh of � (each triangle has edges whose length is of orderh);
Ah is a non-singular bilinear form onVh andPh is a non-singular linear,
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L2(�)-valued operator defined onVh. From the numerical point of view it
is useful to introduce the so-calledmesh Peclet number Pe:= h ‖β‖ /ε and
to distinguish between advection-dominated problems (when Pe≥ 1) and
diffusion-dominated problems (when Pe< 1).

The standard Galerkin method corresponds to considering the same vari-
ational formulation of(2). This method is not appropriate when Pe≥ 1 for
the following reason: the exact solution of(2) is characterized by sharp
boundary layers along�0 and�+ but, unless the mesh density around�0

and�+ is considerably greater than in the interior of�, the piecewise poly-
nomial approximation is highly oscillatory even in regions in which the true
solution is smooth.

Suppose that we have a new numerical method and are interested in
knowing whether such a method is affected by unstable behaviour, i.e.,
whether it propagates spurious oscillations from the layer regions into the
internal region, where the exact solution is regular. In this case we can get
some information by looking at the value

s := inf
f∈L2(�)

‖f ‖L2(�)

‖β · ∇uh‖L2(�′)
. (16)

We know from Proposition 2.2 that the optimal value ofs, i.e., the value
corresponding to the true solution, approaches 1 when the diffusion coef-
ficient ε approaches zero. So what we expect from a stable method is that,
by choosing�′ properly, the quantitys becomes approximately 1 when the
diffusion parameter is so small that the layer regions are thinner than the
mesh size. On the contrary, in the case of the propagation of non-physical
oscillation outside of layer regions, the norm‖β · ∇uh‖L2(�′), which ap-
pears in the denominator in definition (16), grows with respect to the exact
counterpart‖β · ∇u‖L2(�′); hence the more a method behaves in an unstable
way the more we should get small values ofs. Moreover very small values
of s are the signal that the method is not robust.

For the sake of simplicity we will deal only with piecewise linear func-
tions (i.e.,v ∈ Vh ⇔ v|T is affine∀T ∈ Th); a reasonable assumption is to
take as�′ the union of all triangles belonging toTh except those that are
adjacent to�0 ∪ �+ (see Fig. 1). The computation ofs can be performed
numerically by standard algebraic techniques. First observe that in (16) we
can takef ∈ Ph(Vh), because only this part of the source term can affect the
solutionuh of (15); hence, given a basis forVh, for example, the usual nodal
basisB := {φi}Ni=1 whereφi is related to the nodePi (i.e.,φi

(
Pj

) = δij ),
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Fig. 1. Construction of�′ given a subdivisionTh of �

we introduce the matrices

Aij = (Ah

(
φj , φi

))
, (17)

Uij =
∫
�′

β · ∇φiβ · ∇φj dx, (18)

Vij =
∫
�

PhφiPhφj dx; (19)

note that in the assemblage of these matrices element by element, as usual
in FEM codes, in the case ofU we only have to consider elements in�′.
Now we can computes:

s = inf
f∈Ph(Vh)

sup
vh∈Vh

< f,Phvh >
‖Phvh‖L2(�) ‖β · ∇uh‖L2(�′)

= inf
uh∈Vh

sup
vh∈Vh

Ah (uh, vh)

‖Phvh‖L2(�) ‖β · ∇uh‖L2(�′)
;

note thats is nothing but the value related to an inf-sup condition for the
bilinear formAh, with respect to the discrete norms related to (18)–(19);
then, introducing the basis representation, we have

s2 = inf
x∈RN

sup
y∈RN

(
y tAx

)2

y tV yx tUx
.
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The sup can be explicitly computed: we factorizeV = RtR (note thatV is
positive definite) and definew = Ry, then

sup
y∈RN

(
y tAx

)2

y tV y
= sup

w∈RN

(
wtR−tAx

)2

wtw

= x tAtR−1R−tAx

= x tAtV −1Ax.

It remains to compute

inf
x∈RN

x tAtV −1Ax

x tUx
,

which has the same value as the minimum generalized eigenvalueλmin for
the problem

AtV −1Ax = λUx. (20)

Finally we gets = λ
1/2
min.

4 Testing some methods

We now give various examples in order to understand how the numerical
evaluation ofs (defined in (16)) allows us to distinguish between unstable,
stable and monotonic methods. We therefore briefly discuss the modified
finite element methods that we are going test.

In order to solve (1), the simplest stabilizing technique for the standard
Galerkin finite element method adds anartificial diffusion of sizeO (h) to
the diffusion coefficientε. Thus theartificial diffusion (AD) method fits into
the general framework (15) by settingAh ≡ Aad

h andPh ≡ Pad
h as



Aad
h (wh, vh) := (ε + h ‖β‖)

∫
�

∇wh · ∇vh dx

+
∫
�

β · ∇wh vh dx ∀wh, vh ∈ Vh

Pad
h (vh) := vh ∀vh ∈ Vh.

Another modification of the standard Galerkin method is theupwind
triangle (UW) method. It is based on a particular quadrature rule for the
convective term that uses just the upwind part of the streamline derivative.
We set, for allwh ∈ Vh andφi ∈ B,∫

�

β · ∇whφi dx ≈ Quw(wh, φi) := 1

3

∑
T ∈Th
T̄∩Pi �=∅

area(T ) β · ∇wh|T uw
i
, (21)
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and extend by linearity the definition ofQuw to the whole ofVh × Vh. In
(21) T uw

i denotes theupwind triangle for the nodePi , that is (for the sake
of simplicity we assume that the edges of the triangles are not aligned with
β):

1. Pi is a vertex ofT uw
i ;

2. the vector−β points fromPi into T uw
i .

So in this case we set




Auw
h (wh, vh) := ε

∫
�

∇wh · ∇vh dx +Quw(wh, vh) ∀wh, vh ∈ Vh

Puw
h (vh) := vh ∀vh ∈ Vh.

This method preserves the inverse-monotonicity property of the continuous
operator and, under additional hypotheses, it isL∞-stable uniformly with
respect toε (see [9]).

The streamline diffusion finite element method, introduced by Hughes
and Brooks, adds weighted residual terms to the standard Galerkin formu-
lation; this can be interpreted as a modification of the test function space,
so the method is known as thestreamline upwind Petrov-Galerkin (SUPG)
method. We define




Asupg
h (wh, vh) := ε

∫
�

∇wh · ∇vh dx +
∫
�

β · ∇whvh dx

+
∑
T ∈Th

τ supg
T

∫
T

β · ∇wh β · ∇vh dx ∀wh, vh ∈ Vh

P supg
h (vh) := vh +

∑
T ∈Th

τ supg
T β · ∇vh ∀vh ∈ Vh,

where, as proposed by Hughes and coworkers in [5],

τ supg
T := diam(T )

2‖β‖ .

A new approach has been recently developed. Preserving the standard
Galerkin formulation in a space enriched bybubble functions and using a
static condensation of the bubble part, we obtain an additional stabilizing
term of streamline diffusion type depending on the bubble shape (see [1]
for more details). In particular we considerresidual-free bubbles (RFB), as
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proposed by Brezzi and Russo in [3], giving rise to



Arfb
h (wh, vh) := ε

∫
�

∇wh · ∇vh dx +
∫
�

β · ∇whvh dx

+
∑
T ∈Th

τ rfb
T

∫
T

β · ∇wh β · ∇vh dx ∀wh, vh ∈ Vh

Prfb
h (vh) := vh +

∑
T ∈Th

τ rfb
T β · ∇vh ∀vh ∈ Vh,

and

τ rfb
T := hβ,T

3‖β‖ ,

wherehβ,T is the length of the longest segment inT parallel toβ.
First we perform two different tests. In Test 1 we take� = (0,1)×(0,1),

β = [1; 1], ε = 10−4 and a non-structured mesh where the mesh size is
around 10−1 (see Fig. 2). For Test 2 the domain� is an oval of length 2
and width 1,β = [1; 0], ε = 10−4 and still a non-structured mesh with the
same characteristics as before; in this second case we have a characteristic
boundary (see Fig. 3). The results for both cases are presented in Table 1.

Fig. 2. Mesh in Test 1 and Test 4 (hatched elements are not considered in the assemblage
of U )

In Test 3 we present the computed values ofs for different mesh sizes.
The unstructured meshes are refined from about 10 to about 103 elements
and the other parameters are the same as in Test 1 (see Fig. 4). We can
observe that, as we expect, the value ofs for stable methods is near to 1,
while, on the other hand, for Standard Galerkin this value is very small and
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Fig. 3. Mesh in Test 2 (hatched elements are not considered in the assemblage ofU )

Table 1. Values ofs in Test 1 and Test 2

Method Value ofs in Test 1 Value ofs in Test 2

Std.Gal. 6.3 · 10−3 6.1 · 10−3

AD 9.3 · 10−1 1.0
UW 7.7 · 10−1 8.7 · 10−1

RFB 2.9 · 10−1 2.6 · 10−1

SUPG 2.9 · 10−1 2.6 · 10−1

decreases when the mesh is made coarser. Note also that the prolongation of
the diagram of standard Galerkin method reaches the optimal value 1 when
Pe = 1 (i.e., when the element size is approximately 10−4 and therefore
n is about 108). Test 4 consists of repeating Test 3 with structured meshes
(the corresponding values ofs are plotted in Fig. 5). In Test 5 we compute
a sequence of values ofs (shown in Fig. 6) corresponding to a sequence of
values ofε from 10−2 to 10−10 (with the other conditions as in Test 1); we
can confirm that, when a stable method is tested, the corresponding value
of s is constant with respect toε.

The following tests show how it is possible to obtain more information
about the type of instability of a tested numerical method. We take into
consideration the AD and RFB methods with a regular mesh andε = 10−8,
β = [1; 1] in Test 6 andβ = [1; 0] in Test 7; computed values ofs are
presented in Table 2.

In Figs. 7, 8, 9 and 10 we plot the source termf such that

f minimizes
‖f ‖L2(�)

‖β · ∇uh‖L2(�′)
;

this function can be computed from the corresponding eigenvectoruh which
is associated toλmin in the eigenvalue problem (20). We can understand why
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Fig. 4. Test 3; computed values ofs for different mesh sizes (unstructured mesh case)
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Fig. 5. Test 4; computed values ofs for different mesh sizes (structured mesh case)

Table 2. Values ofs in Test 6 and Test 7

Method Value ofs in Test 6 Value ofs in Test 7

AD 9.9 · 10−1 1.0
RFB 4.6 · 10−1 4.7 · 10−1
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Fig. 6. Test 5; computed values ofs for different values ofε
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Fig. 7. Test 6, AD; plotting off

the RFB method achieves a value ofs smaller than 1: the most unstable
configuration is reached whenf presents characteristic shocks inside the
domain, that are not stabilized (as happens, instead, with AD). As we know,
this type of instability is produced by the absence of crosswind artificial
diffusion, which is typical of RFB and SUPG methods. In some cases this
behavior may be helpful: indeed even though RFB produces some small
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Fig. 8. Test 6, RFB; plotting off
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Fig. 9. Test 7, AD; plotting off

non-physical oscillations, these are restricted to a few layers of elements
and so it offers a possible indicator of the presence of shock that the AD
method may not detect.

In the last test (Test 8) we note that the previous analysis enables us to
distinguish among different types of instability: we compare, under the same
conditions as in Test 6, RFB and a ModifiedArtificial Diffusion method, ob-
tained by adding to the standard Galerkin formulation an artificial diffusion-
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like term with a coefficient smaller thanh ‖β‖; we choose this coefficient
in such a way that the two methods give approximately the same value ofs,
as in Table 3.

In Figs. 11 and 12 we plot the minimizing source termf . We can see
that for RFB we have a wavy surface “aligned” withβ: this shows that the
method can allow internal shocks without smoothing them too much, as
for contact discontinuity. We also observe that, on the contrary, in the case



250 G. Sangalli

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
−0.8

−0.6

−0.4

−0.2

0

0.2

Fig. 12. Test 8, Modified AD; plotting off

Table 3. Values ofs in Test 8

Method Value ofs in Test 8

Modified AD 4.5 · 10−1

RFB 4.6 · 10−1

of Modified Artificial Diffusion the condition of maximal propagation of
spurious oscillation is not related to a lack of regularity of the exact solution
in the interior of�.

5 Conclusions

Our tests show that this automatic evaluation is significant; the analysis
of s indicates the extent to which spurious oscillations are propagated in
smooth regions by the tested method. Our automatic procedure distinguishes
between unstable methods (standard Galerkin), stable but not monotonicity
preserving methods (SUPG and RFB) and monotone methods (like UW). In
case of a small amount of instability, with a deeper investigation we can also
determine the nature of this instability and recognize how it is generated:
for instance, in the case of the RFB method, we discover the absence of
crosswind artificial diffusion. In conclusion this procedure can assist in the
setting-up of good numerical methods, the analysis of a new method and the
choice of the most appropriate numerical procedure for a particular situation.
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