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Abstract. In this paper we propose an inf-sup test to identify and measure
the stability of various finite element methods for the solution of multi-
dimensional convection-diffusion problem.

1 Introduction

It has been recognized that many problems in fluid mechanics cannot be
solved efficiently using standard finite element discretizations. In particular
we refer to the convection-diffusion problem

{—8Au+ﬂ-Vu:f in Q

1
u=2~0 ino0s2, (1)

whereQ is a convex and polygonal subsetl®f with diam(©) = 1,& > 0

is the diffusion parameteg, € R? represents the constant velocity field and
the source ternf belongs ta.2. This is, with respect te, a linear singularly
perturbed boundary value problem; when the convection term (hyperbolic in
nature) is dominant in this systefa <« ||81|) standard methods introduce
non-physical oscillatory solutions. In recent years various techniques to
obtainrobust methods that work for all values efhave been proposed (see,
for example, [9]).

In this paper we propose an automatic procedure to measure the sta-
bility properties of a given method. Generally the numerical testing of a
given algorithm is accomplished by solving model problems (i.e., choosing
a particular source termthat present some typical features. The procedure
we present now constitutes in some sense a deeper approach, as it tries to
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identify automatically the most critical configuration. This is obtained by
performing a proper eigenvalue investigation on the discrete operator that
represents the numerical scheme under analysis. A similar technique has
already been presented in [2], although a different theoretical justification
was proposed and the simpler one-dimensional convection-diffusion equa-
tion was considered.

Similar procedures are also used in other contexts: for instance, in in-
compressible elasticity (see [4]), in the plate problem (see [6]), and in the
case of conservation laws when a finite difference scheme is evaluated by
performing a numerical Von Neumann analysis.

Here the idea is to investigate numerically a stability condition for the
numerical operator that holds true for the exact differential operator. Be-
cause of the particular singularly perturbed behavior of (1), it is impossible
to prove a stability condition, with uniformity with respecttahat involves
derivatives on the whole domai. So in the following analysis we con-
sider a stability condition which holds on a proper subdomain that excludes
exponential boundary layers, i.e., narrow regions near the outflow bound-
ary where the exact solution changes very rapidly. This is inspired by the
local analysis developed by Johnson et al. (see [7] and its references) and
by boundary layers theory (see, for example, [8]).

The paper is divided into three sections. In the first we present the theo-
retical result for the analytical solution, which motivates our choice of the
proposed test. In the second the test is presented in a general context. The
last section is devoted to numerical examples.

2 Behavior of the exact solution

Throughout the sequel always denotes a positive constant independent
of ¢ and f (not necessarily the same at all occurrence$)2) = H°(Q)
and H* (), with k integer, denote the usual Sobolev spaces, equipped with
usual norms and seminormH'O1 () denotes the subset &f! () whose
elements vanish on the boundary. Finally, given a non-negative fungtion
on 2, we define they-weighted norm (or seminorm)

o5 = /uzwdx.
Q

We consider the weak formulation €@f); this is obtained by multiplying
the equation by a test functiane H¢ (), integrating ovet:

—szuvdx+/ﬂ-Vuvdx:/fvdx,
Q Q

Q
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and integrating by parts:

s/Vu-Vvdx+/,B-Vuvdx:/fvdx.

Q Q Q
The so-calledveak solution of (1) is the (unique) function € Hc} (2) such
that
s/Vu-Vvdx+/ﬂ-Vuvdx=ffvdx Yve HI (Q). (2)
Q Q Q

Since f e L?(R), by the virtue of the elliptic regularity property e
H?(R2); moreover the following well-known result holds. We recall the proof
for the reader’s convenience.

Proposition 2.1 Suppose ¢ < ||| and let u be the weak solution of (1).
Then

3/2 1/2
e¥2 |ul 2y + €% lulgrgy + lull 2@ < C I fll 2 - (3)

Proof Definey (x) := e #*/I1Bl and choose = uy in (2); this gives
8/¢Vu-Vudx —S/Ltw”:%”-Vde-i-/ulﬁﬁ‘Vudx

Q Q

@ (4)
= /fmp dx.
Q

Integrating by parts we obtain

2
/uwﬂ-Vudx:fﬂ-V<%>wdx
Q Q

=”‘%”/uzzﬁdx;
Q

moreover, using the Cauchy—Schwarz inequality and the hypothesis, we get

ﬂ P 1/2 1/2 ||ﬂ|| 1/2
—E/Mwm-Vudx§2<m> (gnvuui) <T||u||§)

Q
,1/2 2 ”ﬂ” 2
<2 (enwnw + 5 lullf ).
So, using the Cauchy—-Schwarz’s inequality again, we get from (4)
I8l

e Vully + > lulld < C Uy luly,
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and then by the equivalence betwegl, and||-||, we obtain

2 lul gy + lull 2@y < C I f N2 -
From (1) and the previous analysis we infer that
ellAull 2 < C (I f 2 + 1B - Vull2q)
< Ce 2| fll 2y s
by the elliptic regularity property we have
lulp2@) < CllAull2q)
whence

%2 ul o) < C I fll 2y »
and this concludes the proof.
For problems with exponential boundary layers, estin@jas sharp; in
subdomains that exclude layers it is possible to obtain better control for the
derivative in the streamline direction of the solutioriWe denote by: the
outward unit normal vector defined almost everywhere on the boundary of
Q. We set

My ={xedQ:p-n>0},

Fog:={xe€dQ:B8 -n=0},

M :={xedQ2:8-n<0}.

Proposition 2.2 For every openset Q' C Qwithdist(I';, Q') > Owehave

im I/l 22

— =1, (5)
s—0" fer2@) [|B - Vul 2

whereu = u.(f) isthe solution of (2) and dependson ¢ and f.
Proof Defines* as the solution of the hyperbolic problem

—B -Vt =Bl in
st =0 onl'y;

hences™ is a continuous and almost everywhere differentiable function and
its value atx € Q equals the distance betweerandI", computed along
the velocity fieldB. Consider moreover a monotone and smooth fundion
such that
{ 3
§

0 in(—00,1/2)
1 in (1, 00).
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Finally, we define a pair of functiong;, withi = 1, 2, as

e, ST .
neo=¢ (1 g m)

it is easy to see that the functions (for i = 1, 2) are continuous, a.e.
differentiable and satisfy

O<vy;i<1 ong, (6)
Y, =0 onl'y, (7)
B-Vy: <0 ong; (8)

moreover,
Y =1 onQ/, 9)
Yo=1 on {y, > 0}. (10)

Setug:=p - Vu. We know from Proposition 2.1 that the weak solution
of (2) satisfies (1) in.? (2) ; so we can multiply(1) by ugyr» and integrate
overQ:

/(uﬂ)zwzdx =/fu,gtﬂ2dx+8/Auu,gw2dx. (11)
Q

Q Q

Consider the last term in (11): integrating by parts we get

S/Auuﬂlllz dx = e/div (Vu)ugyodx
Q

Q

= —eft/fZVu -Vugdx
Q

—sfuﬂVu-ngdx (12)
Q

+ efwzu,gVu -ndo (x)
Flo)

=1+14+1l.



238 G. Sangalli

Integrating by parts and using (8) we have

| = —gfwzﬂ-v (V”éw) dx
Q

_ gf Vul2B - Viadx - %/IﬂzIVMlzﬂ ‘ndo (x)
02

Q

5—%/¢2|Vu|2ﬂ~nd0(x).
I

Moreover the homogeneous boundary conditioruomplies thatVu is
normal t0d <2, so we have

ug = (Vu-n)(B -n) onos,

and then

n = e/ IVul? 2B - ndo (x).
02

Then by virtue of (7) we have
L1l < %/ Vi 4B - ndo (x)
R

<0.

In I, assuming that < || 8] and applying Proposition 1, we obtain

Il < Celulfg,

< Clf 72, -
So from(12) we get
Jugly, = € (171, lusl,, + 171220,
< C (If 2@ sy, + 1/ Bzqq)

and in conclusion

lusll,, < Clfllizg - (13)

Proceeding in the same way with we get

Jugl, < 171, Jealy, — ¢ gV Vinacos )
Q
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By (13) and (10) we now obtain

—efuﬁVu -V < Ce ||uﬁ ||1//2 lul g
Q
2 2
S Cgl/ ||f”L2(Q) 9

and (14) reduces to

lugl, < 1Nz Jugll,, + CE¥2 1 f 12,

that is,

<nﬂm@+$m@®+xwmvm@
Jugl, < 5
< (L+Ce") I fllLo -
Taking the limit as= — 0" and using (9) we get
lim ||f||L2(SZ) >

e—0t fer2@)||B - Vull 2y —

Now consider a regular functianon © which vanishes outsid@’; we
have

I|m ||_8AU + ﬂ . VU”LZ(Q) _
e—>0% 1B - Vvl 2,

Hence

. /12
lim LT O <
e=0" fer2@) ||B - Vull 2o

3 Proposed numerical test

We consider a generaebnforming finite element method. The discrete prob-
lem that corresponds @) is then:

find u, € V}, such that

Ay (up, vp) = /f Prvy, dx Y, € Vy, (15)
Q

whereV,, is a finite dimensional subspace 8§ (2) consisting of contin-
uous piecewise polynomial functions on a quasi-uniform and regular tri-
angulation7, of @ (each triangle has edges whose length is of order
A, is a non-singular bilinear form ok, and?, is a non-singular linear,
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L?()-valued operator defined dn,. From the numerical point of view it
is useful to introduce the so-calleaesh Peclet number Pe:= 1 || 8| /¢ and
to distinguish between advection-dominated problems (wher Rgand
diffusion-dominated problems (when Rel).

The standard Galerkin method corresponds to considering the same vari-
ational formulation of2). This method is not appropriate when Pel for
the following reason: the exact solution (&) is characterized by sharp
boundary layers alon§, andT", but, unless the mesh density aroungl
andI' is considerably greater than in the interior®fthe piecewise poly-
nomial approximation is highly oscillatory even in regions in which the true
solution is smooth.

Suppose that we have a new numerical method and are interested in
knowing whether such a method is affected by unstable behaviour, i.e.,
whether it propagates spurious oscillations from the layer regions into the
internal region, where the exact solution is regular. In this case we can get
some information by looking at the value

1/l 2@

= L re) (16)
rer2@ |B - Vupll L2

We know from Proposition 2.2 that the optimal value pife., the value
corresponding to the true solution, approaches 1 when the diffusion coef-
ficiente approaches zero. So what we expect from a stable method is that,
by choosing’ properly, the quantity becomes approximately 1 when the
diffusion parameter is so small that the layer regions are thinner than the
mesh size. On the contrary, in the case of the propagation of non-physical
oscillation outside of layer regions, the notfB - Vu, |2, Which ap-
pears in the denominator in definition (16), grows with respect to the exact
counterparfi - Vu|l ;2 hence the more a method behaves in an unstable
way the more we should get small valuesoMoreover very small values
of s are the signal that the method is not robust.

For the sake of simplicity we will deal only with piecewise linear func-
tions (i.e.,v € V, & v|r is affinevVT € 7,); a reasonable assumption is to
take as2’ the union of all triangles belonging th, except those that are
adjacent td"o U I'y (see Fig. 1). The computation efcan be performed
numerically by standard algebraic techniques. First observe that in (16) we
cantakef € P,(V;,), because only this part of the source term can affect the
solutionu,, of (15); hence, given a basis f&f;, for example, the usual nodal
basisB := {¢;}", whereg; is related to the nod@; (i.e.,¢; (P;) = ;).
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Fig. 1. Construction of2’ given a subdivisiory;, of Q

we introduce the matrices

Aij = (Ah (¢Jv ¢1)) s (17)

Us = [[B- V0 Vo dx. (18)
Q/

Vij = /Phqﬁﬂ’h(ﬁj dx; (19)
Q

note that in the assemblage of these matrices element by element, as usual
in FEM codes, in the case @& we only have to consider elementsgii.
Now we can compute:

) < f, Ppop >
s= inf su S, Puvn
FEPK(Vi) v eV, ”thh”Lz(Q) B - Vuh“LZ(sz/)
) Ay (up, v
= inf sup S ;

un€Vi v,V 1Prvnll L2y 1B - Vunll 2

note thats is nothing but the value related to an inf-sup condition for the
bilinear form A4, with respect to the discrete norms related to (18)—(19);
then, introducing the basis representation, we have

2
32: inf SUDM

xeRV gy YV yx'Ux’
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The sup can be explicitly computed: we factorize= R’ R (note thatV is
positive definite) and define@ = Ry, then

"Ax w' R~ Ax
P A R a)
yeRN \% weRN w!w
=x'A'RIR"Ax
=x'A'V 1Ax

It remains to compute

xeRV  x'Ux
which has the same value as the minimum generalized eigenvaiutor
the problem

AV Ax = AUx. (20)

1/2
min*

Finally we gets = X

4 Testing some methods

We now give various examples in order to understand how the numerical
evaluation ofs (defined in (16)) allows us to distinguish between unstable,
stable and monotonic methods. We therefore briefly discuss the modified
finite element methods that we are going test.

In order to solve (1), the simplest stabilizing technique for the standard
Galerkin finite element method adds antificial diffusion of size O (h) to
the diffusion coefficient. Thus theartificial diffusion (AD) method fits into
the general framework (15) by setting, = A, andP, = P,” as

A (g, o) = (5 + IIHII)/th Vo dx
Q

+ /ﬂ -Vw, v,dx Ywy, vy € Vy
Q

PP (vy) == vy Y, € Vj.

Another madification of the standard Galerkin method is wp@ind
triangle (UW) method. It is based on a particular quadrature rule for the
convective term that uses just the upwind part of the streamline derivative.
We set, for allw, € V, andg, € B,

1
/ B Vuwnidx = Q™ (wy, ¢) =5 ) aredl) B Vuplre, (21)
Q T€eTy
TNP;#P
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and extend by linearity the definition @ to the whole ofV,, x Vj,. In
(21) 7,"¥ denotes theipwind triangle for the nodep;, that is (for the sake
of simplicity we assume that the edges of the triangles are not aligned with

B):

1. P;is avertex ofl;"";
2. the vector-p points fromp; into 7,°%.

So in this case we set

AZW (wh, vh) = 8/th . VUh dx + QUW(wh, Uh) th, v, € Vh

Q
'P;ljw(vh) =y VUh (S Vh.

This method preserves the inverse-monotonicity property of the continuous
operator and, under additional hypotheses, t%stable uniformly with
respect ta (see [9)).

The streamline diffusion finite element method, introduced by Hughes
and Brooks, adds weighted residual terms to the standard Galerkin formu-
lation; this can be interpreted as a modification of the test function space,
so the method is known as teeeamline upwind Petrov-Galerkin (SUPG)
method. We define

A (wy,, vp) = g/th -V, dx + /,B -Vwyv, dx
Q

Q
+ ZI;UPG/,B -Vw, B-Vu,dx Nw, v, €V,
TeT, T
SUPG A SUPG \V/ v
PR ) = v+ 3B T e,
TeT,

where, as proposed by Hughes and coworkers in [5],

rse diam(T).
218l

A new approach has been recently developed. Preserving the standard
Galerkin formulation in a space enriched lwybble functions and using a
static condensation of the bubble part, we obtain an additional stabilizing
term of streamline diffusion type depending on the bubble shape (see [1]
for more details). In particular we considesidual-free bubbles (RFB), as
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proposed by Brezzi and Russo in [3], giving rise to
A (wp, vp) =€ /th Vu,dx + fﬂ Vwyv, dx

n Z_L_RFB B-Vw,B-Vu,dx Ywu, v, € Vy

TeT, T
RFB RFB
(n) = vp+ Y 7B - Vuy Yy, € Vi,
TeTh
and
TRFB . hﬁ,T
T = )
318l

wherehg 7 is the length of the longest segmentlirparallel tof.

Firstwe perform two different tests. In Test 1 we t&ke- (0, 1) x (0, 1),
B = [1;1], ¢ = 10~* and a non-structured mesh where the mesh size is
around 107 (see Fig. 2). For Test 2 the domaihis an oval of length 2
and width 1,8 = [1; 0], ¢ = 10~* and still a non-structured mesh with the
same characteristics as before; in this second case we have a characteristic
boundary (see Fig. 3). The results for both cases are presented in Table 1.

Fig. 2. Mesh in Test 1 and Test 4 (hatched elements are not considered in the assemblage
of U)

In Test 3 we present the computed values &r different mesh sizes.
The unstructured meshes are refined from about 10 to abdwglé@ents
and the other parameters are the same as in Test 1 (see Fig. 4). We can
observe that, as we expect, the value dbr stable methods is near to 1,
while, on the other hand, for Standard Galerkin this value is very small and
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Fig. 3. Mesh in Test 2 (hatched elements are not considered in the assemblape of

Table 1. Values ofs in Test 1 and Test 2

Method Value ofs in Test1 Value of in Test 2

Std.Gal. 63-103 6.1-10°3
AD 9.3.101 1.0

uw 7.7-1071 87-10°1
RFB 29.1071 26-1071
SUPG  29-1071 26-1071

decreases when the mesh is made coarser. Note also that the prolongation of
the diagram of standard Galerkin method reaches the optimal value 1 when
Pe = 1 (i.e., when the element size is approximately4.@nd therefore
n is about 18). Test 4 consists of repeating Test 3 with structured meshes
(the corresponding values ofare plotted in Fig. 5). In Test 5 we compute
a sequence of values ofshown in Fig. 6) corresponding to a sequence of
values ofs from 102 to 10~1° (with the other conditions as in Test 1); we
can confirm that, when a stable method is tested, the corresponding value
of s is constant with respect ta

The following tests show how it is possible to obtain more information
about the type of instability of a tested numerical method. We take into
consideration the AD and RFB methods with a regular meskzaad 02,
B = [1;1] in Test 6 andd = [1; 0] in Test 7; computed values ofare
presented in Table 2.

In Figs. 7, 8, 9 and 10 we plot the source tefrsuch that

I flze
1B - V”h“LZ(Q’),

this function can be computed from the corresponding eigenvegighich
is associated tdy,, in the eigenvalue problem (20). We can understand why

f minimizes
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Fig. 4. Test 3; computed values offor different mesh sizes (unstructured mesh case)
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Fig. 5. Test 4; computed values offor different mesh sizes (structured mesh case)

Table 2. Values ofs in Test 6 and Test 7

Method Value ofs in Test6 Value of in Test 7

9.9.101 1.0
46-1071 47.1071

AD
RFB
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Fig. 6. Test 5; computed values offor different values ot

//' 7»'7«»'«

1bff»~« \v ‘ 4 : "

0 o
Fig. 7. Test 6, AD; plotting off

the RFB method achieves a valuesomaller than 1: the most unstable
configuration is reached whef presents characteristic shocks inside the
domain, that are not stabilized (as happens, instead, with AD). As we know,
this type of instability is produced by the absence of crosswind artificial
diffusion, which is typical of RFB and SUPG methods. In some cases this
behavior may be helpful: indeed even though RFB produces some small
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Fig. 8. Test 6, RFB; plotting off

Fig. 9. Test 7, AD; plotting off

non-physical oscillations, these are restricted to a few layers of elements
and so it offers a possible indicator of the presence of shock that the AD
method may not detect.

In the last test (Test 8) we note that the previous analysis enables us to
distinguish among different types of instability: we compare, under the same
conditions as in Test 6, RFB and a Modified Artificial Diffusion method, ob-
tained by adding to the standard Galerkin formulation an artificial diffusion-
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Fig. 11. Test 8, RFB; plotting off

like term with a coefficient smaller than||8||; we choose this coefficient
in such a way that the two methods give approximately the same valye of
asin Table 3.

In Figs. 11 and 12 we plot the minimizing source tefimWe can see
that for RFB we have a wavy surface “aligned” wigh this shows that the
method can allow internal shocks without smoothing them too much, as
for contact discontinuity. We also observe that, on the contrary, in the case
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Fig. 12. Test 8, Maodified AD; plotting off

Table 3. Values ofs in Test 8

Method Value ofs in Test 8

Modified AD  45.10"1
RFB 46.1071

of Modified Atrtificial Diffusion the condition of maximal propagation of
spurious oscillation is not related to a lack of regularity of the exact solution
in the interior of<2.

5 Conclusions

Our tests show that this automatic evaluation is significant; the analysis
of s indicates the extent to which spurious oscillations are propagated in
smooth regions by the tested method. Our automatic procedure distinguishes
between unstable methods (standard Galerkin), stable but not monotonicity
preserving methods (SUPG and RFB) and monotone methods (like UW). In
case of a small amount of instability, with a deeper investigation we can also
determine the nature of this instability and recognize how it is generated:
for instance, in the case of the RFB method, we discover the absence of
crosswind artificial diffusion. In conclusion this procedure can assist in the
setting-up of good numerical methods, the analysis of a new method and the
choice of the most appropriate numerical procedure for a particular situation.
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