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Abstract

We consider a model describing the evolution of damage in visco-elastic materials, where both
the stiffness and the viscosity properties are assumed to degenerate as the damaging is complete.
The equation of motion ruling the evolution of macroscopic displacement is hyperbolic. The
evolution of the damage parameter is described by a doubly nonlinear parabolic variational
inclusion, due to the presence of two maximal monotone graphs involving the phase parameter
and its time derivative. Existence of a solution is proved in some subinterval of time in which
the damage process is not complete. Uniqueness is established in the case when one of the
two monotone graphs is assumed to be Lipschitz continuous.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we present some analytical results concerning a model of damage for
viscoelastic materials. The system of PDEs we deal with is recovered by the modeling
approach proposed by Frémof&] to describe the phenomenon in terms of continuum
mechanics laws. It is known that the phenomenon of damage is caused by microscopic
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actions breaking links in the material. Thus, a good and exhaustive macroscopic theory
has to take into account also the effects of these microscopic actions. The idea developed
by Frémond consists in generalizing the principle of virtual powers introducing the
power of microscopic forces, in duality with microscopic velocities. Consequently, we
recover two balance equations, the classical momentum balance and a new equilibrium
equation for microscopic forces, which governs the evolution of the damage process.
These two equations are complemented by physically meaningful boundary conditions.
For the sake of simplicity, we consider an isothermal phenomenon. Hence, the state
variables of the system are the symmetric strain temgoy, depending on the vector

of small displacementi, a damage parametgr and the gradien¥Vy. From now on,

in regard of simplicity, we deal with a scalar displacemerand replace:(u) by Vu.
Concerning the physical meaning of the damage quantitye require thaty € [0, 1],

letting ¥ = 1 when the material is undamaged ane: O if the material is completely
damaged. Let us point out that the gradient of damage is introduced to take into account
the influence of damage at a material point on damage of its neighborhood. For a more
detailed presentation of the mechanical features of the model and its applications,
see, e.9./6,8,9]. Hence, the evolving of the damage process depends on dissipative
variables, as the damage time derivatjye which is related to microscopic velocities,

and also the macroscopic strain rata,, as we are considering viscoelastic materials.
Even if we do not aim to detail modeling aspects, for the sake of completeness we
just stress the main physical features of the problem. The constitutive equations are
derived by the free energy and the pseudo-potential of dissipatidn while the
balance equations are formally recovered by the generalized principle of virtual power.
Now, let us consider a body located in a bounded smooth dofain R, whose
boundary isT’, with outward unit normal vecton. In the absence of volumic and
surface microscopic actions exerted on the body, the equation governing the damage
is given in terms of two new interior forces, s&andH, and takes the form

B —divH = 0. (1.1)

These quantities are related to the free energy and the pseudo-potential of dissipation
as follows:

L (12)
oy Oy
0¥
= —. (1.3)
oVy

In particular, the dissipative contribution B, derived by the pseudo-potentidl, ac-
counts for the evolution of. In addition, (.1) is complemented by a natural boundary
assumption

H.n=0. (1.4)
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The classical balance equation for macroscopic movements, in which accelerations are
retained, reads in terms of the stress

U — dive = f, (15)
where f represents an exterior volumic force applied to the body. We state a non-

displacement prescription on the boundary (i.e., an homogeneous Dirichlet boundary
condition)

u=0 onT. (1.6)

We recoverc by deformations, as usual in elasticity relations, and by the strain rate,
as we are accounting for viscosity effects, i.e.,

oY 0D
= . 1.7
7 oVu + oVu, (&.7)

Now, let us make precise the two energy functionals we deal with. We let the free
energy be defined by

Y (Vu, 7, V) = S21Vul? + wld — 1) + oy () + 51Vl (1.8)

where %X|Vu|2 represents the classical elastic contribution in which the rigidity of
the material decreases astends to O, i.e., in the evolution of the damage. Note
that, for the sake of simplicity, we have considered the rigidity matrix givery
The constantw > 0 accounts for cohesion in the material, whilg 1; guarantees the
physical consistence of the damage paramgteas it makesy assume values only in
the interval[O, 1]. Indeed, the indicator functioffig 1; is defined by

Io(p) =0 if y €0, 1], Ito,11(x) = +oo  otherwise (1.9)

Then, the pseudo-potential of dissipatidnis introduced as a proper, positive, and
convex function depending, in general, on dissipative variables (but in our case also

on y)
Dy, Vur) = 315,17 + 271Vue? + I oo.01(20)- (1.10)

Note that the viscosity contribution irL(L0) depends on a stiffness matrix vanishing
when the material is damaged, as it does the elasticity term in (1.8). Finally, the last
contribution on the right-hand side of (1.10) represents a constraint on the sign of
ensuringy, <0. Indeed,/(—«.0)(%,) = 0 if x, <0, while it is equal to+oco if y, > 0.

This term characterizes an irreversible evolution of damage,a@snot increase, which
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corresponds to the fact that we are considering materials which cannot reconstruct the
interior links broken during the damage process.
Now, we are in the position of writing the complete system

%o — Ay 4 0l —oo,01(2,) + 010,11 () > w — 3| Vul?. (1.12)

We recall thatdl_~ 0(y,) is defined only fory, <0, and it isél(—s0,0)(y,) = {0} if

7 < 0 andol(—,01(0) = [0, +00). Analogously, the operatatig 1;(y) turns out to be
defined only fory € [0, 1] and it is djo,13(y) = {0} if x € (0, 1), d1j0,13(0) = (—o0, 0],

and dljp,1)(1) = [0, +00). Then, we complete the system by boundary assumptions
onTI

ony=0, u=0, (1.13)
and initial prescriptions irf)
20 =1 u(0) =uo, u;(0)=vo. (1.14)

Note that the degeneracy of the elasticity and viscosity contribution&.iril) asy

0 comes from the fact that the material loses its physical properties in damaging.
However, macroscopic deformations are involved as a quadratic source of damage in the
equation governing the evolution gf(1.12). In particular, it results that this quadratic
contribution cannot be controlled once the material is damaged. This fact, combined
with the presence of a double nonlinearity in (1.12) involving monotone constraints,
makes the system very difficult to be solved in the whole time interval where we are
investigating the phenomenon. Thus, following the idea exploited in [4,7], we restrict
ourselves to consider the evolution of damage when the damage pargmeteains
strictly greater then a positive constaft i.e., when the material is not completely
damaged and retains some stiffness and viscosity properties. Differently from [4,7],
where the termdljg 1;(y) is neglected in the relation corresponding to (1.12), we keep
such term and even assume that it can be replaced by a more general maximal monotone
graph g, in regard of different dynamics. This yields the doubly nonlinear character of
(1.12).

Before entering the details of the subject of the paper, let us briefly recall some an-
alytical results in the literature related to the Frémond damage model. From the point
of view of applications, numerical results show that the system provides a behavior of
the damaged materials in accordance with experiments (cf. [6] and references therein).
On the contrary, analytical results have been obtained only for some simplified ver-
sion of the system or in the one-dimensional case (cf. [7,8]). We point out that the
investigation of the one-dimensional model shows local-in-time existence and unique-
ness of solutions. The local character of these results is mainly due to the presence
of a quadratic source of damage which becomes unbounded in the evolving of the
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damage. The three-dimensional model has been investigatRt] from the point of

view of the existence and unigueness of the solution in a finite time interval in which
x>0 > 0. More precisely, by considering also some dissipative effects on the gradient
of damage, but neglecting any viscosity contributions for macroscopic deformations in
the momentum balance, the authors show that for any fikedO there exists a time

7 such that the problem admits a solution (@ 7), with y>J. Moreover, uniqueness

is proved for any solution witty > 0. Finally, we mention the paper [2] in which the
authors investigate relations between macroscopic deformations and the microscopic
motions which are responsible for damage assuming some viscosity effects. However,
our situation is fairly different, as we cannot recover a uniform bound for deformations
by the presence of the viscosity since this term degenerates during the damage pro-
cess and does not help to provide more regularity on deformations. In particular, the
well-posedness of the complete model in any time interval remains an open question
and it seems that the model itself has to be improved, e.g. by adding some constitutive
relations to characterize the behavior of a completely damaged material.

Here is the outline of the paper. In Section 2 we state our hypotheses on data and
list our main results. Namely, we introduce a non-degenerate version of the system
by replacingy in (1.11) by its truncation at the level € (0,1). In Section 3 we
investigate the truncated problem and prove existence of a solution. This result is
obtained regularizing the monotone constraints on the internal variables and exploiting
an a priori estimates-passage to the limit technique, joint with a fixed point argument.
In Section 4 we show that, at least for small times, the compopeoit the solution
to the truncated problem stays above the bamiere. inQ; hence, it also solves the
original (non-truncated) problem. Finally, in Section 5 uniqueness of the solution is
shown by using contracting estimates.

2. Main results

First of all, we recall thatQ is a bounded domain ifit® with smooth boundary
I = dQ. We also setd := L2(Q), V := HY(Q) (endowed with usual scalar products),
in order that, identifyingH with H’, we get the Hilbert triplet/ ¢ H c V’. We denote
by || - |z the norm in the generic normed spadesand E3. In particular, || - ||y will
stand both for the norm i and in its closed subspadé(}. Moreover, we denote by
(-, -) the scalar product itd and by (-, -} the duality product between the spa€eand
its topological dualE’. Letting  : Q — [0, 1] be a measurable function, we consider
the (possibly degenerate) elliptic operatediv(yV-) which maps

Hy(Q) — HYQ), v —div(zVv),

where (—div(zVv), z) = (Vv, Vz) ¥z € H}(Q). (2.1)

Analogously, we introduce the realization of the Laplace operator with homogeneous
Neumann boundary conditions as

B:V >V, (Bu, v) = (Vu, Vv) Yu,vev. (2.2)
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We also define
Wi={ve H¥Q):d,u=0o0nT}, (2.3)

which is a closed subspace &f2(Q) by continuity of the trace operator.

Remark 2.1. Let us observe that ifi and ¥ belong to H2(Q), then there hold

—div(yVu) € H, and —div(yVu) = —yAu —Vy-Vu. (2.4)
This fact can be proved by means of an approximation-density procedure. Thus, in
such a regularity framework, the termdiv(yVv) makes sense i, hence almost
everywhere inQ. Analogously, also the ternBu in (2.2) can be understood as an

L2-function as we have ¢ W.

Looking back at Egs. (1.11)—(1.12), we assume the following hypotheses:

feL?0.T; H), (2.5)
w > 0, (2.6)
up € H*(Q) N HF(Q), wvo € HI(Q), (2.7)
o C R x R maximal monotone graph given by = d/(_«.0, (2.8)

f C R x R maximal monotone graph such thgd, 1] ¢ D(f), 0 € (0). (2.9)

Since any maximal monotone graph itf is cyclically monotone (cf., e.g[5, pp. 38,

43]), by (2.9) it follows that there exists a convex, lower semicontinuous and proper
function ¢ : R — [0, +00] such thatf = d¢, with 0 = min¢ = ¢(0). Also, for the

sake of simplicity, we sep := I(_~ 0 anda := dy. Finally, in order to reformulate our
problem (1.11)—(1.12) in the abstract setting of the above Hilbert spaces, we introduce
the functional induced by on H, namely (see [5, p. 47])

H 1
D) e [ fQ $() if pv) € LX), (2.10)

400 otherwise

It is a well-known fact that, under the above assumptionsgponb is still a proper,
l.s.c., and convex functional mappirtd into [0, +oc], such that its subdifferential®
acts as a maximal monotone operatordnx H. Furthermore, forz, v € H, we have
v € 00(z) if and only if v(x) € d¢(z(x)) for a.a.x € Q. In a similar way we construct
Y as the realization irH of the proper, l.s.c., and convex functign= I_ o). For
the sake of simplicity and with a slight abuse of notation, we will weitéor 0¥ and
p for 0®.
We can now state the main result of this paper.
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Theorem 2.2. Let assumption§2.5)—(2.9)hold. Thenfor each(smal) positive constant
J, there exist () € [0, T'] (depending o), and a quadrupley, &, 1, u) with regularity

y € HYO,7; V)N L™®(0, F; W), (2.11)
&e L*®(0,1: H), (2.12)
ne L>0,1; H), (2.13)
u e H?(0,7; H)Nn Wi, 7; H}(Q) N HY(0, 7; H*(Q)), (2.14)
¥=6 in QxI[0,1], (2.15)

and fulfilling a.e. inQ x (0, f)

V2
6,){+§+B;{+11:w—| ;' , (2.16)
n e pQ, (2.18)
Opstt — diV(XV(u + 6,u)) = f, (2.19)
and the initial conditions
X('v O) = 17 M(', 0) = uo, alu('a 0) = V0, (220)

a.e. inQ.

Remark 2.3. Note that, taking the third of2(14) into account, a comparison in (2.16)
gives a further regularity property for, namelyy € W1>°(0, 7; H).

If we assumep Lipschitz continuous, we also have the following uniqueness result:

Theorem 2.4. Suppose we are given data satisfyif®y5)—(2.9),a positive timef and
0 € (0,1). Then if the restriction off to the interval[d, 1] is Lipschitz continuous and
it (1, &1, 1, u1) and (o, o, 12, u2) fulfill (2.11)—(2.20)then there holds

The proof of Theoren®.2 will be carried out by exploiting a truncation procedure.
Thus, we introduce a regularized version of (2.16)—(2.19) obtained by truncating the
elastic coefficient in (2.19) by means of the truncation oper@togiven by T5(r) :=
max{r, 5}, with 6 € (0, 1). The local existence result for the truncated system reads as
follows:
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Theorem 2.5. Under assumption§2.5)—(2.9).for any ¢ € (0, 1) there existlp € (0, T']
and a quadruple(y, &, n, u) with

1€ HY0, To; V) N L™(0, To; W), (2.22)
¢ e L™, To; H), (2.23)
n e L>(0, To; H), (2.24)
u € H%(0, To; H) N WE*(0, To; HE(Q)) N HY(O, To; H?(QY)), (2.25)

and fulfilling a.e. inQ x (0, Tp) the equations

afx+é+6x+n=w—|vg|2, (2.26)
& e allry), (2.27)
n e pQ, (2.28)
O — div(Ts () V (u + du)) = f, (2.29)
and the initial conditions
1,0 =1 u(-,0 =ug, Ju(-,0) =, (2.30)

a.e inQ.

3. Proof of Theorem 2.5

In this section we detail the proof of Theoreth5 by means of the Schauder
fixed-point argument. To this end, let us first define the correct space to exploit this
procedure. GiverR, Tp > 0 (to be chosen later) we set

U={veH"© T Wy*@) :llvls <R}, (3.1)

where | - ||4 stands for the usual norm i’ (0, To; W, *(€)). Then, we construct

an operatorS which will be shown to maf/ into itself. Actually, in order to define
properly such map (see.(3) below), we need to regularize Eq. (2.16) by replacing
the nonlinear multivalued operatgt with its Yosida approximations®, with ¢ > 0
intended to go to 0 in the limit. The passage to the limit procedure will be carefully
investigated in the forthcoming Section 3.4. Concerning the properties of the function
p°, we remark that it turns out to be a globally Lipschitz continuous mapping with
Lipschitz constant<e~! (see [5, Proposition 2.6, p. 28]). To simplify the notation,
from now on we denote byn(R,T) (or m;(R,T), i = 0,1,2,...) some possibly
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different positive functions depending on the data of the problemdaadO, 1) (but
not on ) which do not go tooo when one, or both, their argumerf®& T go to 0.
The construction of the operatdt will be carried out in two steps.

Problem 3.1 (First step. For giveni € U, find (y := S1(a), &) : Q x (0, Tp) — R?
solving the system

Vil 2
B =w- o (32)
¢ € a(dry), (3.3)
2(0) = 1. (3.4)

Note that in the above statement we do not need the symbmidenotef® (), since
actually p° is single valued. Our result for Probletl can be stated as follows:

Lemma 3.2. For any R, Tp > 0, u € U, and o € (0, 1), there exists a unique couple
(x = S1(), &) fulfilling (3.2)-(3.4)and such that

1 € HY0, To, V) N L®(0, To, W), (3.5)

£ e L™(0, To; H), (3.6)
.12

I Wera0.79: vy 0. 76wy S70(R To). (3.7)

The second step of our fixed point argument can be described by introducing the
following:

Problem 3.3 (Second stép For given

e X =X(R, Tp) = {z & HYO. To: V) N L0, To: W) 1l 7 121200, vy 0,76 )

<ol 7o) 3.9)
find u := Sa2(y) : Q x (0, Top) — R solving

Oru — div(Ts(DV(u + o)) = £ a.e. inQ x (0, To),
u=0 a.e.onl x(0,Tp), (3.9
u(0) =ug, u;(0)=vy a.e.inQ. (3.10)
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The existence-regularity result related to Probl8r8 is as follows:
Lemma 3.4. Forany R > 0 ando € (0, 1), there existsly = To(d) € (0, T, depending
on 9, such that for any y € X, Problem3.3 has one and only one solutian= Sz(¥)
satisfying
u € H%(0, To; H) N WE(0, To; HE(Q)) N HY(O, To; H?(QY)), (3.11)

Iulla <R. (3.12)

Clearly, these two lemmata lead to the construction of the desired opératiefined
as the compositioid, o S1. The properties ofS are stated by the following:

Theorem 3.5. Given R > 0 and ¢ € (0, 1), there exists a timdyp € (0, T'] such that

S:U(R, To) - U(R, Tp) is well defined (3.13)
S is continuous with respect to the nornj - ||4, (3.14)
S is a compact map (3.15)

The rest of this section is devoted to the proofs of Lemi&s 3.4 and of Theorem
3.5. The latter Theorem 3.5 guarantees in particular Shétlfills the assumptions of
Schauder’s fixed point Theorem. Hengex= S1(1), whereu is a fixed point ofS, is a
solution to Problem 3.1 fo# = u andu is a solution to Problem 3.3 wheje= S1(u).

3.1. Proof of Lemma 3.2
Let us consideri € U; then, settingg(x, 1) := —|Vii(x, 1)|2/2 we notice thatg

HL(0, To; H) and there exists a positive constahtlepending only on the embeddings
HY(0, To; W3 () = L0, To; WE4(Q)) = L*(0, To; We*(Q)) such that

I & Il a1, 10 1) <CRZ. (3.16)

Now, remarking thatg is assigned fulfilling 8.16) and that the nonlinearitg® is
Lipschitz continuous, we aim to find a sufficiently regular solution to the differential
inclusion

w(Or) + Oy +Br+ () >w+g (3.17)

combined with condition3.4). More precisely, we look for a solution satisfying prop-
erties (3.5)—(3.7). A possible way to address this problem is to substitute the nonlinear
operatoroa with its Yosida approximationt; for 1 > 0 intended to go to zero in the
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limit and solve the regularized problem by means of a time discretization scheme.
We prefer not to go into the details of this argument since it is quite close to the
investigation devised by Bonfanti et 4B]. However, we point out that this procedure
entails existence and uniqueness of a solugipto (the A-regularized version of) (3.17)
together with (3.4) which satisfies

7, € HYX0, To; V) N L0, To; W). (3.18)

Then, assuming to have sugh, let us perform some estimates in order to remove
the approximation ini.. Actually, it is worthwhile noting that the estimates we derive
will be independent of bottk and . Moreover, from now, and up to the end of this
paper, the symboC will be used to denote some positive constants (possibly different
from each other) appearing in the computations and only depending on data, but not on
To, 0, R. If the constant depends on additional parameters (&g,,we will indicate

this by using a symbol likeC(-). Moreover, we denote by, e.g:s possible different
positive constants allowed to depend in addition on positive (small) parameters (here
denoted byos). In particular, we make use of the Young inequality in the form

ab<oa®+ co—b2 Ya,b € R, ¢ > 0. (3.19)

For simplicity, the superscript will be temporarily omitted in denoting the solution.
First estimate Test @.17) by d;y; and integrate the resulting relation ¢ ¢] with

t < Tp. The monotonicity ofx;, (2.10), (2.20), (3.19), and Sobolev’'s embeddings entail,

for any r € [0, Tp], the following inequality:

1 2 1 2
5/0 I 0rxi(s) Iy ds + 5 V@) I +PG;0)

<w?TolQ + ©(1) + C || i 131 0.7 (3.20)

wi4Q) -

Let us remark thatb(1) < 400 as 1le D(p) (cf. (2.9)).
Second estimateTest (3.17) byd,(By, + f(x;)) and integrate on the time interval
[0, ] with < Ty. We obtain

1 t
o 1 (B1a+ Bu) 0 1 + fo | Vo) 1% ds

1 ! Vii|?
<5 1B 1 +/0 (w—' ;" ,a,(6m+/3<m)) (s) ds
1
=5 Il B 12 +11(0), (3.21)

thanks to the monotonicity of the operatatg, f and to 8.19). Our aim is now to
bound the right-hand side of (3.21). In this direction, an integration by parts with
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respect to time gives

_IvamP
2

Viinl2
By, (1) +[>’(m(t))) - (w - L;O| ,/3(1)>

I1(t) = <w
+ fc: By + B(r), ViV o) (s) ds := Ip(t) + I3(t) + La(t).  (3.22)

Thus, thanks t03.19), Poincaré’s inequality, and Sobolev’s embeddings, we can deduce
L0 <3 | (Bry+ b)) Iy +2w?1Q+C 1 a |} (3.23)

HY(0.To; Wy (@)

I3(0) <w?Q] + C [l I} 106, +3 I B ;. (3.24)
0

t
la() < c( fo 1 (B2 + BUD) S 51 E6) 10 ds

t
~ 2
+fo | Orii(s) IIW(}A(Q) ds>. (3.25)

Now, summing 8.20) and (3.21), collecting (3.23)—(3.25), and recalling (3.1), for any
t € [0, Tp] we get

% I Baz + B @) 13 +% /0 V) 1% ds + % I Vi) 17 +®@ ()
<w?QI(3+ To) + CR*+ | BV I3 +O(1)
0 ([ 1@+ B0 156 g, ds
w100 g ). (3.26)

Next, we can apply the Gronwall Lemma and find a positive constaniR, 7o) such
that (cf. also 8.1))

t
I (Byy + Bp)) (@) 11 + fo I 07 () 113 ds+ 1l Vi) 13
<m1(R, To) Vt € [0, Tol. (3.27)

Then, noting thatyr € [0, Tp] and a.ex € Q it is

t
|m(x,r>|<1+f0 100 7,0x. )] ds.
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so that
t
100 1y <200+ 210 [ 100500 1 ds (3.28)
(and an analogous relation for the gradient), we easily get frid27§—(3.28)

2 2 2
Il x, ”Hl(O,To;V) < TO( Il % ”LOO(O,TO;H) + 11V, ||L°°(0,T0;H) )
s 112 Vo |17
+ ” I/UV ||L2(0,T0;H) + ” Z‘XZ ”LZ(O,To;H)
< T0(4IQI +270( 11 94 1220, 7010y + I VO 1720, 70 11y ))

10 12010y + 1 VOt G207 10,

< 4To|Q + (1+ 2T§)m1(R, To) =: m2(R, To). (3.29)
Next, let us point out that the monotonicity @fgives, for almost any € [0, Tp],
I B+ B @ Iy = 1 Bra@ 1 + 1 B @) I - (3.30)
Thus, from 8.27), (3.29), and standard elliptic regularity results, we get
I 7 12 o 0.7:w) <m3(R. To). (3.31)

Finally, combining 8.27), (3.29) and (3.31), one concludes that any solution ofithe
regularized problem satisfies (3.7). Clearly, this upper bound will be conserved provided
that we are able to pass to the limit as\, 0. Actually, by means of (3.7) we have

a limit function y (candidate to be the solution to Problem 1) such that (up to the
extraction of a suitable subsequence/of, 0, not relabeled)

7, — 1 weakly star inH(0, To; V) N L™(0, To; W). (3.32)
Now, by the generalized Aubin compactness Lemma [&8¢ Corollary 4]), we have
7, — 1 strongly in C°([0, Tol; V). (3.33)

We recall that for the moment we are investigating only tHemit, so thate is actually
a fixed parameter. The latter convergen888), combined with the Lipschitz continuity
of the Yosida approximatios® of B, gives

B(1) — B(x) strongly inCO([0, Tol; H). (3.34)
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Observing now that Eq.3(17) can be rewritten in the equivalent form

Vi |2
2

(Id +0))(0ry) = w — =By = B, (3.35)

a comparison of terms on the right-hand side ®86) yields

|Va|?

(Id +0;)(0sy;) = {i=w— >

— By — B(y) weakly star inL>°(0, To; H).

(3.36)

Thus, passing to the limit, we get that relatich2) actually holds with] in place of
&+ 0. Our next aim is to give an interpretation ¢fin terms of the operatos, that
is to prove({ € (Id + «)(0;y) or, equivalently, (3.3) as we sét:= { — d;x. To this
aim, we first observe that/d + o;)~1 is Lipschitz continuous uniformly with respect
to 4. Thus

|Vi|?

0y = (@ + 1) (w — By — b)),

converges weakly star ih*°(0, Tp; H) to d;%. Hence, we can exploit a semicontinuity-
comparison procedure (sgB, Proposition 2.5, p. 27]) to eventually characterize
Namely, let us test (3.17) by;y,; and integrate ove(0, Tp). We get

To To
/0 | (o) 1% ds + /O (2300, 17,) (5) ds

To |VIZ|2 To
= /0 <w T 5:%1)(3) ds — /;) (/3(%,1), 5;){,1)(S) ds

1
=5 | V1,(To) 1% . (3.37)

By (3.32) and (3.33), we have
. 1 To |Vii|?
Kno [_E I V,(To) 1% +/0 <w o 01}(;,) (S)dS]

1 To Vil 2
= VT 1 +/0 (w— al ,a,x> (s)ds. (3.38)

Moreover, by 8.32) and (3.34), it is

To To
im [— / (ﬁ(}:/z),ﬁrx/:)(S)dS}=— [ 0.y (3.39)
N0 0 0
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Now, let us take the limsup of3(37) and compare it with the limit relation tested by
dry and integrated in time: on account of (3.38)—(3.39), we readily obtain that

To

To
lim sup . ((ld—i—a;)(&,m),&,m)(s) dsé/o (g“, 6,1)(s) ds, (3.40)
NG

which gives the desired identification, i.é.€ (Id + «)(d;y) (cf. [5, Proposition 2.5,
p. 27]). Then, letting¢ := { — d;y, it is a standard matter to find (3.3). To conclude
the proof, it remains to show that the cougle &) solving Problem 3.1 is unique; this
entails that the whole sequencg,, £,;) converges ta(y, £). To this end, we consider
two solutions(yq, £1), (x2, &2) With & € a(d,y;),i =1,2,i =1, 2, take the difference
between the corresponding equations (3.2) and testé ty — o). After an integration

in time and recalling the Lipschitz continuity ¢f, we obtain (we set, for simplicity
of notation, y := 1 — 1)

i 1 1 [t
00 120,y F3 1 V) Iy <5 /0 | 2() il 60x(s) N dis. (3.41)

In order to recover the fulV-norm of y on the left-hand side, we add t8.41) the
inequality

t
all 720 1% <aTO/O I d:%(s) 13, ds for a.e.t € (0, Tp). (3.42)

Next, exploiting Young’s inequality in the form3(19) in order to split the right-hand
side of (3.41) and taking < 1/2Ty, by the Gronwall Lemma we get; = y, a.e. in
Q x (0, Tp). Thus, a comparison in (3.2), implieg = &, a.e., which concludes the
proof.

3.2. Proof of Lemma 3.4

Now, let us fixy (with the regularity prescribed by (3.8)) in Eq. (3.9). Since we are
going to takey = S1(i) = y at the end, we shall write already from the beginnjng
in place ofy, for simplicity. Then, sinced<Tjs(y) <1 almost everywhere, the family
of operators (depending ane [0, Tp])

H(Q — HHQ), v— —div(Ts5(2(1)Vv) (3.43)

is uniformly strongly elliptic w.r.t.r € [0, Tp]. Thus, by R.5), (3.8) and standard well-
posedness theorems, there exists a unique solution to Problem 3.3 with the prescribed
regularity. Let us now perform the quantitative estimates relating the regularitytof
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0 and to suitable norms of. Namely, let us test2.29) by d; (u — Au) and integrate it
in time: the considerations above entail

1 S ¢ 10
S 100 I} +5 /0 | Adus) 13 ds< 3 1i(o), (3.44)
i=5

1 t t
<|I vo 15 + (1+ 5)/0 I £(s) 1% ds +/o I ue(s) 1% dS>,

1
2
t
Ig(t) = /0 (T5(0OVx(Vu + Vo), 0iu)(s) ds,
t

where

I5(t) :

I7(1) -

/0 (T5(0) (Au 4 Adu), 0pu)(s) ds,

t
Ig(t) = _/0 (T(g(;{)Au,Aﬁ,u)(s) ds,

t
Ig(t) = —/ (T(g(;{)VXVu,Aﬁtu)(s)ds,
0
t
Io(t) == —/;) (TsGOV AV Ou, Adu)(s) ds.
Our next goal is to estimate the ternigr) for i = 6,...,10. Let us start with/e.

Thanks to Young’s inequality, Sobolev’s embeddings, and the definitiof; afe have

t t
Is() < C || 1 L0, 70: W) </0 | dru(s) |2 ds +/0 I Vu(s) 1% dS)- (3.45)

Referring to the latter boundl;, Ig and Ig (cf. also the definition and the uniform
bound of the operatof) will be treated similarly. Namely, we have

t t
I2(t) < ¢4 fo I du(s) 13 ds + co /0 I Au(s) 113 ds

13
+0/ I Adsu(s) 115 ds. (3.46)
0

t t
) <eo [ 1 8us) I ds+o [ 1 AduGs) I ds, (3.47)
0 0

t t
Io()<co |l % 1.1 m) /0 lu(s) 12 ds + 0 /0 I Adsu(s) 1% ds.
(3.48)
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Some work has be done on the termp. First of all, Young’s inequality gives

t t
o) < o [ 1 80wGs) 1 ds oo [ [9APVauIou dx ds
0 0JQ
=: I1(r) + 112(2). (3.49)

Next, we focus our attention oR»: another application of Young’s inequality combined
with Sobolev’'s embeddings gives

t
120 <6 | V1 oy [ 1 V0 Il o s ds

2
C ) oo . !
2 vJo

t
+v /o I 2uae(s) 122, a's) . (3.50)

Now, collecting 8.45)—(3.50), choosing sufficiently small (depending of course on
0) and using the Poincaré inequality, one obtains

t
| dru(t) I3 +9 /0 Il Adu(s) 1% ds
2 ! 2 2 ! 2
<C(d) (n vo 12 + /0 I fs) 112 ds + (1+ Iy ||Lm(o,TO;W)) fo Il u(s) 12y ds
2 ! 2
+ 11 % oo 0.70:w) V/;) Il Oru(s) ||H2(Q) ds

t
+ (v 2 W w1 2 @ 10w) ) /0 I rus) 115 ds). (3.51)

1
Now, adding to both sides the tera‘in/ Il 6;u(s) ||i, ds, exploiting well-known elliptic
0

regularity results in order to obtain the fulP(0, To; H2(Q))-norm ofu on the left side,

and choosingr sufficiently small (e.g.v = 6(2C(3) || % 7o 75:w)) ") We deduce

(recall thatd € (0, 1))
t
Il due(r) |5 +6 /0 I 2rue(s) 52y s
t t
<C() (n w2 + /O 176 17 ds 4+ (141 2 B zom)) /O () 12y ds

t
+ (U Il 2 1 oo zewy + I 2 lLe@.10:w) ) /0 I dues) 115 ds). (3.52)
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Next, we sum the inequality

t

lu() 13200 <2140 12, +2T0 /O I Giu(s) 122, ds (3.53)
to (3.52) and obtain

t
Il ) 15 + 1l u(@) 152, +0 /0 I () 132y ds
2 2 ! 2 ! 2
<c<5>(|| vo I + Il uo 172 + /O I £(s) 17 ds + To /0 I 2ru(s) 152y ds
t
(112 B gm) /0 I 4(s) ey ds

t
+ (A 1 2 W o zewy + I % lLe@.1:w) ) fo I Bues) 115 ds). (3.54)

Thus, fixingTp < m which is not restrictive since we are looking for local solutions,

and using the Gronwall inequality, we conclude that

Il Moo 0, 10; HE @) HL 0,70 2@y SR T0)- (3.55)

Note that here and in the sequel of this section the (possibly different) funations
depend also om. Moreover, a comparison argument i2.29) gives

Now, thanks to 8.55) and by using standard interpolation tools (see, e.g., [11]), we

can deduce an estimate foy in L%(O, To; W&""(Q)). Thus, Holder's inequality gives
the following

1 1
2 1 2 4

u <CT, u <Tym(R, Tp). 3.57

I gty SCT6 N g 1) STom(R To) (3.57)
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Moreover, by 8.55) we get

2
RZ ”LZ(O,TO;WC}A(Q)) <Tom(R, Top). (3.58)

Thus, we obtain the following estimate fdru ”Hl(O,To:W(}A(Q)):

2 1/4
e W 0,0 witiay S MaX{To™ Tojma(R. To). (3.59)

Let us note that the all the constants in the estimates above, and in particular the
function ma(R, Tp) in (3.59), are independent ef Thus, also the final tim&@g of the
solution provided by Schauder's argument will not dependsoihis will be crucial
in the sequel.

Finally, we can choos&p in (3.59) such that

max{T,”*, To}ma(R, To) <R?, (3.60)
to obtain

2 2
R ”Hl(O,To:WéA(Q)) <R7, (3.61)

which concludes the proof of Lemnia4.
3.3. Proof of Theorem 3.5

Thanks to Lemmata 3.2 and 3.4 it turns out that by choosing a proper Tives
in (3.60) the operatotS is well-defined fromi/ into itself. Thus, in order to prove
Theorem 3.5, i.e., to apply the Schauder fixed-point Theorem, we need to verify (3.14)
and (3.15). Regarding (3.15), we observe that, givje® > 0 and choosinglpy as

in (3.60), we derive from (2.5) and (3.7) thati € U, the corresponding = S(ir)
satisfies

Il u ||Hl(o,To;HZ(Q))mWLOC(o,TO;H(}(Q)) <C, (3.62)

for a constantC not depending ori. Hence, by a comparison of the terms h29)
it is not difficult to infer

I Onu ”LZ(O,TO;H) <C. (3.63)

Thus, the latter two estimates combined wig57) and Sobolev’'s embeddings Theo-
rems guarantee tha is a compact operator, i.e., (3.15) holds. Indeed,for 0 we
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have H2(0, To; H)NHY(0, To; H3(Q)) cc HY(0, To; HZ 7 (Q)) ¢ HY(0, To; WL4(Q)),
the latter inclusion actually holding for sufficiently small Finally, we aim to show
that S is continuous with respect to the natural strong topology induced/{ohy
H(0, To; W&"‘(Q)), i.e., property 8.14). Thus, given a sequence
u, — u strongly in i, (3.64)

we aim to study the behavior &(ii,) asn /" +o0o0 and, in particular, to prove that

S(u,) — S() strongly in U. (3.65)
As a first step, let us consider the sequence of solutions to Prodlerabtained once

i, substitutess, i.e., S1(i,) = x,. Recalling (3.7), there holds the following bound
(with the constanC independent of)

I Zn W20, 79: vynL> 0. 70: W) <Cs (3.66)
which allows us to extract a subsequence (not relabeled) safch that
1, — 7 weakly star inH1(0, To; V) N L>(0, To; W), (3.67)

for some suitable functiory. Moreover, using again the compactness resul{li2,
Corollary 4], we have the following strong convergence:

7, — 1 strongly in C°([0, Tol; V). (3.68)

Concerning now the right-hand side of E®.X7), we have

—|Viiy|?> — —|Va|?> strongly in HX(0, To; H). (3.69)
Then, reproducing the same argument exploited in the proof of Le@uait is not
difficult to show thaty is the solution to Problem 3.1 corresponding to the limit datum
i. Moreover, the uniqueness property of Lemma 3.2 gives that the whole sequence
1, converges toy; thus, eventually we have that= S1(i). As a second step, let us
sety, = S1(i,) in (2.29) and consider the corresponding solutiaps By performing
the same estimates as in the proof of Lemma 3.4, we have that (3.55)—(3.56) hold
independently oh. This leads to the extraction of a subsequence stich that

u, — u weakly star inH(0, To; H3(Q)) N W (0, To; H3}(Q))

and

Outtn — Ou weakly in L2(0, To; H), (3.70)
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for a suitable limit functionu. The latter weak convergences and the same argument
used before to prove compactnessSfjive then

un, — u  strongly in H1(0, To; Wy (Q)). (3.71)

Now, combining 8.68) with (3.70) and recalling the definition @, it is not difficult

to see that we can pass to limit in (2.29) (written fgrandy,) asn / +oc0. Indeed, at
the limit, we get that the equation is solved byand y = S1(iz). Thus, the uniqueness
part of Lemma 3.4 guarantees that (3.70)—(3.71) hold for the whole sequgne®
that u = Sa(y). Finally, (3.68) and (3.71) give (3.65) or, equivalently (3.14), which
concludes the proof.

3.4. Conclusion of the proof of Theorem 2.5

As a final step, we have to pass to the limiteas, 0. Thus, it is convenient to come
back to the notationg®, etc., in the sequel. Then, since all the preceding estimates hold
independently ok, we have limit functions, n, u such that, at least for a subsequence
(not relabeled)

¥* = 7 weakly star inH(0, To; V) N L™®(0, To; W), (3.72)
B (x*) — n weakly star inL>°(0, To; H), (3.73)
u® — u weakly star inH(0, To; H2(Q)) N W (0, To; H}(Q)), (3.74)
dyug — O0u  weakly in L2(0, To; H). (3.75)
Now, while the passage to the limit as\, O in the equation foru (2.29) can be
performed exactly as in the preceding step, we have to take some more care in dealing
with Eq. (2.26). Indeed, convergences (3.72),(3.74)—(3.75) combined with [12, Corollary
4] give
¥¢ — 7 strongly in C9([0, Tol; V), (3.76)
u® — u strongly in HX(0, To; Wy *(Q) (3.77)

and this, together with3(73), entails the immediate identificatigne f(y). Moreover,
arguing as for (3.36), we can prove that

(* — ¢ weakly star inL*°(0, To; H), where {® := 0,° + &°, (3.78)

for some limit function{. This allows us to pass to the limit in the equation. As
before, in order to interpref in terms of «, we exploit a semicontinuity-comparison
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tool. Namely, we aim to prove that

To To

lim sup (cf,a,f)(t)dzgf (& dix) () dt. (3.79)
e\0 0 0

Then, we exploit the argument given i8.87)—(3.39), but no longer tre@tas in (3.39).
Indeed, integrating by parts in time, it is now enough to show

lim inf / o (o (To) > / $(1(To). (3.80)
eNO Jo Q

This easily follows since the functional induced By on L2(Q) (cf. (2.10)) converges
in the sense of Mosco [1, Proposition 3.56, p. 354] to the functional

; 1
oo | [0 T ow e i@, .81
+00 otherwise
and we have
¥ (To) — 7(Tp) strongly in L?(Q). (3.82)

4. Proof of Theorem 2.2

In this section we aim to prove that, at least up to a small final tim® be
specified, the quadruple, &, i, u) solving 2.26)—(2.30) actually solves (2.16)—(2.20).
In particular, to show property (2.15), which actually says that the truncation has no
effect, it is sufficient to find a time such that

2= 1l o@x©h)) <1—0. (4.1)
Now, from @.22) and (3.7), we infer that there exists(R, Tp) such that
I x(t) — 1 llw <ms(R, To) and
12 = 1lly <211 01 120,y <ms(R. To)t™'?, vt € [0, Tol, (4.2)

where we remark once more that the above functiof is effectively computable
in functions of the data. Next, following the notations of Lions and Magenes
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[10, Theorem 9.6, p. 43], we consider the interpolation space

H3(Q) = [H2(Q), H Q)] (4.3)

Wl

which is continuously embedded infg™®(Q) in our three dimensional setting (see, e.g.,
[10, Theorem 9.8, p. 45]). Thus, the interpolation inequality, the previous immersion,
and (4.2) entalil

2/3 1/3
|2 = L@ < C Il = 11230 170 = 11/

< Cms(R, To)tY®, Vi € [0, To. (4.4)

Thus, fixing? € [0, To] such that

. ( 1-6 )6
1< =———=) . (4.5)
Cms(R, To)

where C is the embedding constant id.4), it is straightforward to check that (2.15)
holds, which concludes the proof of Theorem 2.2.
5. Proof of Theorem 2.4

In this section we outline the proof of Theorem 2.4. To this aim, we consider the
couple of solutions to (2.11)—(2.20) introduced in the statement angysétn, u) :=
(1 — 12, &1 — &2, n1 — 12, u1 —u2). Then, we take the difference between (2.19) written
for (u1, 1) and for (uz, x,), test it by d,u and integrate in time up to<7, where?

is the reference time introduced in the statement. Recalling (2.15), it is not difficult to
infer

1 t
5 100 I, +9 /O | Vou(s) 1% ds

t t
< f / 1) - V()] - [Vauls)| dx ds + / / ()1 (1Vuz(s)]
0JQ 0JQ
Vo)) IVaru(s)] dx ds = Lua(t) + T1a(0). (5.1)

Since|y;(x, t)| < 1 for almost any(x, t) € Q x (0, 7), and thanks to the third o2(14),
the integralsi13(¢), I14(t) can be estimated in this way:

t (3 t
Lia(t) <cs /0 I Vu(s) 1% ds+ /O | Véu(s) I3 ds, (5.2)
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t

5 t
hat) < § /0 | Voruls) 1% ds + c; /0 | (Viuz(s) + Véua()(s) 12
|| 7(s) 113 ds. (5.3)

Adding now
— | Vu@) Iy <5 | I Vou(s) I ds, 1€ (0,1),
4t 4 Jo

to the resulting inequality, whergis the life time of our problem, we obtain
2 t
I 6o I3 + Il V(o) 1% +/O I Voru(s) I3 ds
R t 2 t
<C(,1) </0 | Vuls) Il ds +/O I (Vuza(s) + Vouz(s))(s) |I2v

%1 26 I ds). (5.4)

Next, we write @.16) firstly for (yq, &1, 1, u1), then for (y,, &, 1o, u2), take the dif-
ference, test by, y, and integrate ove(0, 1) with ¢ <. We get

t
/O | 0zs) 1 ds + 3 1 V) 12,
t
<- fo BGA(s) — (). d17(s)) ds

1 t
-5 /O (|Vu1(s)|2 — [Vua(s) |, ams))ds =: I15(1) — I16(t).
(5.5)

Our next aim is clearly to provide a bound fdis and I1g. As for Ii5, being 8
Lipschitz, we have

1 t t
s < /O | i) 1% ds +c /O | 1) 12 ds. (5.6)

Concerninglys, an integration by parts with respect to time gives

_1 2 2 .
I16(1) = §(|Vul(t)| — [Vuz(1)| ,/((t)>

'
_/0 ((Vu(s), X(S)Vétul(s)) + (V@tu(s), X(s)Vug(s))) ds. (5.7)
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Thus, recalling 2.14), it is not difficult to infer

Iis(t) < cep || Vu(e) 115 +e1 |l 1) I3

t t
+C( | 1vus) 1% ds+ | 1l douals) 120,01l 205) 13 ds
0 0 R
! 2 ! 2 2
+é2 / I Voru(s) I3 +ce, f luz(s) 320l 2() IS ds,  (5.8)
0 0
where the constant,, depends also on the norms

| u1 ||L90(0,f,1-12(g2))7 | uz ”LOO(O_f_HZ(Q))y

which are bounded quantities owing to third @ x4). Now, let us add to the resulting
(5.5) the inequality

1 1 [! . N
2 101 <5 fo I 0,2(s) 12, ds. holding Vr € [0, 71.

11
Then, choosing; < min {5’ 4_f} and combining %.6)—(5.8), inequality (5.5) becomes

t
/O I 0ix(s) 1% ds+ 1l 20 13
t t
<C@) (n Vu(t) 1% +52/0 I Vou(s) 1% ds+/0 I Vu(s) 1% ds

t
+ /0 (L4 11 0ua(9) 120 6o | u2(9) 112000 ) 1 265) 15 ds>. (5.9)

Finally, adding 5.9)—(5.4) multiplied by a proper scaling constait> C(f) , choosing
g2 small enough (i.e.eo < M/C(f)), we get

t t
I ru(e) 1% + || Vu(e) |14 + /0 I Vou(s) 12 ds+ fo 1 6rx(s) 1% ds+ || 2(0) 112

t t
<C@.0 M. ) < /0 | Vats) 12 ds + /O (14 1 u2(5) 12200,

+ 11 Qru2(s) 120 + 1l a9 120, ) Il 2(9) 115 ds), (5.10)
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where || u2 ||§12(Q) and || 6,u; ||}2L12(Q), i = 1,2, belong toL(0, Tp). Thus, we can

apply Gronwall's Lemma to5.10) to conclude the proof.
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