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Abstract

We study the modified Cahn-Hilliard equation proposed by P. Galenko et al. in order to account
for rapid spinodal decomposition in certain glasses. This equation contains, as additional term,
the second-order time derivative of the (relative) concentration multiplied by a (small) positive
coefficient . Thus, in absence of viscosity effects, we are in presence of a Petrovsky type equation
and the solutions do not regularize in finite time. Many results are known in one spatial dimension.
However, even in two spatial dimensions, the problem of finding a unique solution satisfying given
initial and boundary conditions is far from being trivial. A fairly complete analysis of the 2D case
has been recently carried out by M. Grasselli, G. Schimperna and S. Zelik. The 3D case is still
rather poorly understood but for the existence of energy bounded solutions. Taking advantage of
this fact, A. Segatti has investigated the asymptotic behavior of a generalized dynamical system
which can be associated with the equation. Here we take a step further by establishing the
existence and uniqueness of a global weak solution, provided that ¢ is small enough. More precisely,
we show that there exists g > 0 such that well-posedness holds if (suitable) norms of the initial
data are bounded by a positive function of ¢ € (0,20) which goes to 400 as € tends to 0. This
result allows us to construct a semigroup S:(t) on an appropriate (bounded) phase space and,
besides, to prove the existence of a global attractor. Finally, we show a regularity result for
the attractor by using a decomposition method and we discuss the existence of an exponential
attractor.

Key words: Cahn-Hilliard equation, weak solutions, global existence, global attractors, exponential
attractors.
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1 Introduction
This paper is devoted to the analysis of the following modified Cahn-Hilliard equation
euge +up — A(=Au+ f(u)) = g, (1.1)

on 2x (0, 4+00), 2 being a bounded smooth subset of R, endowed with initial and boundary conditions

{u|t—0 = Uo, ut|t:0 = u1, (1.2)
“|aQ = A“|aﬂ =0

Here £ > 0, f is the derivative of a nonconvex potential (e.g., f is a polynomial of degree 2n + 1,
n € N, with positive leading coefficient) and ¢ is a given (time-independent) function. In the case
e = 0, equation (1.1) reduces to the well-known Cahn-Hilliard equation (cf. [5]) which has been
widely analyzed by many authors (see, e.g., [8, 9, 22, 25, 26, 27, 28, 29, 32, 36] and references therein).
We recall that this equation describes the phase separation of a binary mixture and u denotes the
relative concentration of one species. This kind of phenomenon is rather complex and one of its
typical features is the so-called spinodal decomposition (see, for instance, [4, 18, 24]). To model
non-equilibrium decompositions caused by deep supercooling in certain glasses, P. Galenko et al. (cf.
[11, 12, 13]) have proposed to modify the usual Cahn-Hilliard equation by adding the inertial term eug;.
This equation shows a good agreement with experiments performed on glasses (see [14]). It is worth
remarking that, from the practical viewpoint, the parameter ¢ is usually very small with respect to
the other physical constants, which have been all set equal to one for simplicity (see, however, Remark
2.5).

Equation (1.1) endowed, e.g., with conditions (1.2), has different mathematical features with
respect to the Cahn-Hilliard equation since it is no longer parabolic and solutions do not get smoother
in finite time. Therefore, its analysis presents some difficulties which can be overcome rather easily in
dimension. This is due to the fact that energy bounded solutions (i.e., of H' x (H')'-type, cf. Def. 2.1
below) are also globally bounded thanks to the injection H!(Q) — L>°(). For the same reason,
uniqueness of energy bounded solutions holds for potentials of any growth. As a consequence, there is
a number of results concerning the one-dimensional case (see [7, 15, 17, 37, 38]). The two-dimensional
case is much more complicated also because energy bounded solutions are no longer bounded in
L (). This case has been treated only recently in [20]. Actually, in dimension two, the existence of
an energy bounded solution is relatively easy to prove, but its uniqueness is far less standard and was
obtained in [20] for potentials growing (at most) like a polynomial of degree 4. In that work it was also
shown that a dynamical system can be defined on the phase space of the energy bounded solutions
and it possesses a global attractor. A further similar result was established in [20] for quasi-strong
solutions, that is, originating from a phase space of H? x H'-type. One of the key tools for proving
these two-dimensional results is a logarithmic interpolation inequality which holds in dimension two
only (see [3]) and whose use forces the restriction on the growth of the potential.

Thus, the three-dimensional case must be analyzed by means of a different approach. As far as
we know, the only available results so far are contained in [33], where the author adopts the approach
of multi-valued semigroups and related (generalized) global attractor developed by Babin and Vishik
(cf. [1], see also [2]) to equation (1.1). This approach is based solely on the existence of energy
bounded solutions (actually the mere existence property is still easy to show for energy solutions, also
in dimension three). Other authors have studied this equation by adding a viscous term like —Auwu,. In
this case solutions regularize in finite time and, consequently, the corresponding mathematical analysis
becomes simpler, though nontrivial (see [6, 16, 21], cf. also [35] where smoothing properties are due
to weakly singular memory kernels).

As observed in [20], equation (1.1) bears some similarities with the semilinear damped wave
equation. However, in contrast to that case, for equation (1.1) in dimension three, any non-quadratic
potential appears to show a “supercritical” character. In particular, energy solutions could be in some
sense too weak and possibly non-unique, whereas “stronger” solutions should have better properties,
of course, provided they exist globally in time. Thus, it seemed natural to try to extend the approach
to the supercritical damped wave equations developed in [39] (see also [19, 40]) to equation (1.1).
Recall that, roughly speaking, this approach consists of two key steps. First, one needs to verify the



global well-posedness and dissipativity of smooth solutions, provided that ¢ is small enough and the
initial data are suitably bounded (in a stronger energy space) by a constant R. which blows up as ¢
goes to 0. The second (and probably more delicate) step consists in showing that any energy solution
is asymptotically smooth and tends to the global attractor for the smooth solutions whose existence
has been previously obtained.

In the present paper we focus on the first step of the above mentioned strategy, namely, on the
global existence and uniqueness of sufficiently regular solutions with initial energy bounded by R.. The
second step, related with the energy solutions, will be considered in a forthcoming paper. Therefore,
we begin to establish the global existence and dissipativity of the H? x L2-type solutions. These are
the so-called weak solutions in our terminology and they are stronger than the H! x H~!-type energy
solutions. Then, we will show that any such solution (if it exists) is asymptotically smoother (and
this regularity is restricted only by the smoothness of f and g). It is also smoother from the very
beginning provided that the initial data are smoother as well (even without any assumptions on the
smallness of €). Finally, we demonstrate the existence and regularity of the global attractor for the
properly defined semigroup associated with equation (1.1) and solutions which are more regular than
the energy ones. We also report the statement of a result on the existence of exponential attractors
which could be shown just by following the lines of [20, Sec. 5] and whose proof is thus omitted.

Analogously to [39], the key proof of the global existence of more regular solutions for small &
is based on a careful comparison of a solution with the properly chosen solution of the limiting (¢ = 0)
parabolic Cahn-Hilliard equation. However, since equation (1.1) is essentially more complicated than
the damped wave equation, the extension of the technique of [39] to our case is far from being
straightforward. In particular, even in the regular phase spaces (say, H**! x H*~! s > 1/2) equation
(1.1) remains “critical” and the standard decomposition of the associated semigroup does not allow to
obtain further regularity and the associated asymptotic smoothness (in contrast to the case of wave
equations). We overcome this difficulty by suggesting a new decomposition of the semigroup into a
compact and a decaying part, which, we believe, is of an independent interest (see (3.91) and (3.92)
below). It is also worth mentioning that the boundary conditions of Navier type are chosen just for
simplicity. Actually, the physically more appropriate no-flux (or periodic) boundary conditions could
be equally considered with some additional complications due to the evolution of the spatial average
of u (see, e.g., [7]).

The plan of the paper is as follows. In the next section we will give our basic assumptions and
state our main results. The proofs will be collected in the subsequent Section 3.

2 Mathematical formulation and results

2.1 Assumptions and statement of the problem

Let us set H := L?(Q) and denote by (-,-) the scalar product both in H and in H x H, and by || - ||
the related norm. The symbol || - ||x will indicate the norm in the generic (real) Banach space X.
Next, we set V := Hi (), so that V' = H~1(Q) is the topological dual of V. The duality between V'
and V will be noted by (-,-). The space V is endowed with the scalar product

(v, 2) = / Vv-Vz, Vu,z€V, (2.1)
Q
and the related norm. We shall denote by A the Riesz operator on V associated with (2.1), namely,
AV >V (Av, z) = (v, 2)) = / Vv-Vz, Vuv,z€eV, (2.2)
Q

so that we also have the dual scalar product on V' given by

(m &) = (n, AT = (&, A7 ), VEneV (2.3)

Abusing notation slightly, we shall also indicate by the same letter A the restriction of the operator
defined in (2.2) to the set D(A) = H*(Q) NV, i.e., the unbounded operator defined as

A=—A  with domain D(A) = H*(Q)N H}(Q) C L*(Q). (2.4)



We can thus introduce the family of Hilbert spaces
H?* = D(A%), scR,

with scalar products
((u,v))2s := (A°u, A%v), Y u,ve H.

It is well known that H®* C H®2 with dense and compact immersion when s; > so. For ¢ > 0, we
introduce the scale of Hilbert spaces

D(AH if e =
4y ., He=0 (2.5)
DA™= )xD(A=) ife>0,

so that we have, in particular, Vy(¢) = V x V' if ¢ > 0 and Vy(0) = V; analogously, Vi(e) =
(H*(Q)NV) x H and V;(0) = H?(2) NV. The spaces V are naturally endowed with the graph norm

s+1

1w, )2 = (| A2

ul> + el A 0%, (2.6)

where the couple (u,v) has to be intended as u if € = 0.
Regarding the nonlinear function f, we assume that f € C?(R;R) with f(0) = 0 satisfies

fmint L0 5 ) (2.7)
| =400 T
IN€[0,400): fi(r)>—-\ VreR. (2.8)

Here A; is the first eigenvalue of A. Note that f can be, for instance, a polynomial of arbitrarily large
odd degree with positive leading coefficient. If we indicate as F' the potential of f (i.e., a suitable
primitive of f), we can always suppose that

F(r) > —gr2, (2.9)

for some k < A\1. By (2.8), we also have that F' is A-convex.
Finally, we let
g€ H. (2.10)

Problem (1.1)-(1.2) and can then be reformulated as
Problem P.. Find a pair (u, u;) satisfying
A_l(eutt +Ut) +Au+f(u) ZA_lg, (211
Uli=0 = U, Utlt=0 = U1. 2.12)
Here, it is intended that the first relation holds at least for almost any time ¢ in the life span of the
solution. Actually, we will consider in the sequel both local and global in time solutions. In the sequel
we will frequently write U for the couple (u,u;) and Uy for (ug,u1) (the same convention will be kept
for other letters, e.g., we will write V' = (v,v;)). Moreover, for the sake of brevity, solutions will be

sometimes noted simply as u, or as U, rather than as (u, uz).
Speaking of regularity, we can now introduce, for € > 0, the energy associated with (2.11) as

E:Vo—R,  Ewv) = (w03 + (F(u),1) — (g, A ). (213)

Analogously, if e = 0, we set
E0:V =R, &)= glul} + (F(u), 1)~ (g, A~ w) (2.14)
Assumptions (2.7) and (2.10) guarantee that both & and &y are finite for all (u,v) € V. Instead,
they can be o0 if (u,v) € Vy. Of course, thanks to (2.7), £ (&) is in any case bounded from below

on the whole V, (respectively, V). The above discussion leads to the following definition, essentially
mutuated from [20].



Definition 2.1. We say that a solution u to P. defined on some time interval (0,T) is an en-
ergy bounded solution, or, more concisely, energy solution, if (u,u;) € L*(0,T;Vs) and & (u,u;) €
L>(0,T). If (u,us) € L*(0,T; V1), we say instead that u is a weak solution. If (u,u;) € L*(0,T;Vs),
u is named quasi-strong solution.

Thus, for energy solutions, (2.11) makes sense in D(A~1); for weak solutions, it holds in H;
finally, for quasi-strong solutions, the equation makes sense in V. In particular, despite of the name,
energy bounded solutions are weaker than weak solutions. Notice also that, in some sense, there
is a larger regularity gap between energy and weak solutions than between weak and quasi-strong
solutions. Indeed, the regularity of energy solutions is unsufficient to have the term Af(u) in (1.1)
belonging to H~1(2) (actually, u € V does not imply that Af(u) € H=(Q) if f is not linear). Thus,
the non-linearity Af(u) is not subordinated to the linear part of the equation and, for this reason,
equation (1.1) is “supercritical” in the class of energy solutions. In contrast to that, thanks to the
embedding H**1(Q) — C(Q), s > 1/2, the assumption u € H*"1(Q) implies that Af(u) € H*~1(Q)
(but, nevertheless, it does not belong to H*~*+%(Q) for any positive §) if s > 1/2. Therefore, equation
(1.1) becomes “critical” in any phase space H**1(2) x H*(Q) for s > 1/2 and, in particular, in the
case of weak solutions. That explains why the asymptotic smoothing property is a non-trivial one even
in the case of regular solutions (in contrast to the usual wave equation which becomes “subcritical”
in the classes of regular solutions).

We also notice that a comparison in (2.11) gives that uy € L°°(0,7,V’) for quasi-strong
solutions, uy € L°°(0,T, D(A™1)) for weak solutions, and uy € L% (0,7, D(A~2)) for energy solu-
tions. This immediately leads to U = (u,u;) € C2([0,T);V;) with, respectively, i = 2,1,0, where
C2([0,T); X) is defined as (X being a real Banach space)

Co([0,T); X) :={v e L®(0,T;X) : (¢,v(-)) €C°([0,T]), Vo € X'}.

Therefore solutions can be evaluated pointwise in time and initial conditions (2.12) in V;, i = 2, 1,0,
have a well-defined meaning in all the cases.

2.2 Local and global well-posedness

As noticed in the Introduction, although it is relatively easy to show existence of energy solutions to
Problem P. under the natural growth restrictions on the potential, here we will be interested only
in the (more restrictive) class of weak solutions for which we start proving a local in time existence
result.

Theorem 2.2. Let the assumptions (2.7)-(2.8) and (2.10) hold. If
Uo = (uo,u1) € V1, (2.15)

then there exist a time Ty = To(||Uoll1, llgll) > 0 and a constant @ = Q(||Usl|1, |lgl]) > 0 both
independent of e, such that Problem P. has a solution U = (u,u;) in [0,Ty] which satisfies

UM < QUIoll, llgll), vt € [0, Ty). (2.16)
Taking advantage of the additional regularity, we also have uniqueness.

Theorem 2.3. Let the assumptions of Theorem 2.2 hold and let (u',u}) and (u?,u?) be a pair of
weak solutions defined on some interval (0,T) and having the same initial data (ug,uq) with the
regularity (2.15). Then (u',u}) and (u? u?) do coincide on (0,T).

Next, we pass to our main result. This states that, under a restriction on the magnitude of
the initial data, the local solution to P. can be extended to a global one (which is still unique thanks
to Theorem 2.3).

Theorem 2.4. Let the assumptions of Theorem 2.2 hold. Then, there exist g > 0 and a nonincreasing
positive function R : (0,e9) — (0,400) with the property

li = 2.1
lim i(e) = +oo, (2.17)



such that, for every € € (0,e¢) and every initial condition Uy = (ug,u1) € Vy satisfying
[Uoll1 < R(e), (2.18)
there exists a (unique) global weak solution U = (u,ut) to problem P. such that

1T < QUIToll)e ™ +Q(llgl), ¥t >0, (2.19)

for some positive constant k and some positive increasing monotone function () both independent of
€. Moreover, u satisfies the energy dissipation inequality

t
w3 +/0 e lug ()} ds < Q(IUo]ID)e™™ +Q(llgll*), Vi =0, (2.20)

where the positive increasing monotone function () and the positive constant k are independent of €,
as well as the higher order identity

_u Mo 1 1., )
IU)(M)=e sI(UO)—i—/O e = {(g,ut—l—%u)—&—?(f (w)|Vul*us) | dt, YM >0, (2.21)

where I = I(U) is defined by

5 1 1 1
1) 5= Sl + 51 Aul® + 5 (s w) + 5 (7' (w) Y, V). (222)

Remark 2.5. On account of [39, Rem. 3.4], we can observe that if we consider

out +yup — A(=Au+ f(u)) = g,

e

where o, > 0, then, by rescaling the equation with ¢ — ~t', we obtain equation (1.1) with ¢ = el

Therefore, the constraint on ¢ is related with both the inertial and the damping coefficients.

For the reader’s convenience, we also recall a result regarding the parabolic case, whose proof
is standard (see, e.g., [8, 22, 34] for details).

Theorem 2.6. Let (2.7)-(2.8) and (2.10) hold and let T > 0. If ug € V is such that Ey(up) < oo
(hence, in particular, if ug € D(A)), then there exists a unique function

u € HY0,T; V)N L>®(0,T; V)N L*0,T; D(A)) (2.23)
which solves
A7 uy + Au+ f(u) = A™g, in H, a.e. in (0,T). (2.24)
2.3 Long time behavior

Theorem 2.4 allows us to interpret P. as a dynamical system defined on a suitable phase space. Indeed,
for e € (0,e0), let us set

BE(R) = {UO = (uo,ul) eV ||U0||1 < R}, (2.25)
where R = R(e) is as in Theorem 2.4. Thanks to this theorem, we have that
Se(O)Up :=U(t) = (u(t),uc(t)), YUy € B:(R), Yt >0, (2.26)

is a semigroup. We now define
B. .= [U sg(t)BE(R)}VI, (2.27)
>0
where [-]y, denotes the closure with respect to the strong topology of V;. Owing to estimate (2.19), B,
is a bounded and, of course, closed set of V; which is invariant under the action of S.(t). Therefore,
thanks to (2.19), (B., Se(t)) is a (dissipative) dynamical system. We now come to our first result.



Theorem 2.7. Let the assumptions of Theorem 2.4 hold. Then, for all ¢ € (0,&9) there exists a
compact global attractor A, C V; for the semigroup Sc(t) on the phase space B. which is bounded
in V. Moreover, if f € C’lQO’CI(]R; R), then there exists 1 € (0,&0] such that, for all £ € (0,¢1), A. Is
bounded in V3.

Remark 2.8. Being B. bounded, the attraction property can be formulated simply as

Jim dista (S-(1)B:, Ac) = 0, (2.28)

where dist; denotes the Hausdorff semidistance of sets in the norm of V.

Remark 2.9. The main issue in the above Theorem is the Vs-regularity of the attractor. Actually,
the existence of a global attractor bounded in V; could be achieved in a relatively standard way
by using, for instance, the equality (2.21) together with the so-called energy method by J.M. Ball
(cf. [2]). To show that the attractor has the V5 regularity, we will proceed in two steps: first we will
show a V;-Vs regularization estimate providing the existence of a Vs-bounded exponentially attracting
set (see Section 3.4). This is enough to ensure the existence of the global attractor bounded in V.
Then we achieve a Vs-V3 smoothing property by means of a decomposition procedure similar to that
used for the two-dimensional problem in [20] (see the following Section 3.5). However, to complete
the proof we need to use the transitivity property of exponential attraction (see [10, Thm. 5.1]) to
guarantee that A, actually attracts also solutions with initial data in ;. This property holds provided
that S.(t) is Lipschitz continuous on V; and, in order to prove that, we must require f € 012 O’i (R; R)
(see Lemma 3.8 below). Moreover, this assumption is needed for proving the Vs-boundedness of one
component of the semigroup (see (3.148)).

Remark 2.10. We recall that the technique introduced in [39] can also be used to handle singular
potentials (see [19]). Thus, with some more technicalities, the results of this paper can be proven
even in the case of suitable singular potentials defined, say, on (0,1) so that u(z,t) € (0,1) for all
(z,t) € Q x (0, +00).

Remark 2.11. Using the asymptotic compactness of the trajectories and the Lojasiewicz-Simon
inequality, it could also be proved that any weak solution converges to a unique equilibrium, whenever
f is real analytic.

Finally, we move to our last result, dealing with the exponential attractor issue. We will
not prove this result, since the argument would follow with almost no modifications the proof of [20,
Thm. 5.1]. The only significant difference is that here we have to take care of the further constraint
(2.18), but this affects just the statement and not the proof.

Theorem 2.12. Let the assumptions of Theorem 2.2 together with (2.18) hold. In addition, suppose
that f € Cfo’i (R;R). Then, the semigroup S.(t) restricted to B, admits an exponential attractor M..
Namely, M. is a positively invariant, compact subset of Vi with finite fractal dimension with respect
to the Vy-metric which is also bounded in Vs (in Vs, if € € (0,e1)) and such that there exist positive
constants k,C such that

disty (Se(t)Be, M.) < Ce . (2.29)

Remark 2.13. Theorem 2.12 implies that A, has finite fractal dimension with respect to the V-
metric.

3 Proofs

In what follows, the symbols ¢, k, and ¢;, ¢ > 0, will denote positive constants depending on the data
f, g of the problem, but independent of the initial datum, of time, and of e. The values of ¢ and «
are allowed to change even within a single line. Analogously, @ : Rt — RT (or Q;, i > 0) will be
positive increasing monotone functions defined on the whole real line (the expression of @) can also
vary). A monotone function noted by ¢ will be instead allowed to explode in (strictly positive) finite
times. Finally, C, or C;, ¢ > 0, will stand for positive constants with additional dependencies (e.g.,
on the initial datum), specified on occurrence.



3.1 Proof of Theorem 2.2

The existence result relies on an approximation-a priori estimates-passage to the limit procedure. The
approximation step is based on a Faedo-Galerkin scheme. The crucial point here is that the finite
dimensionality of the approximating problem allows for testing (2.11) with (the discrete equivalent
of) Aug, which would not be permitted in the continuous setting.
The Faedo-Galerkin scheme is as follows. First of all, since A~! is compact and self-adjoint, there
exists an orthonormal basis of L?(£2) consisting of eigenvectors of A, that is
AUZ‘ = )\i’Ui, ||’U,H = 1, for i = 1,2, ey
(Ui,’l}j) = 6i,j7 for i 75 j, (31)
O0< A <A< <A — 400, asj / +oo.

It is well known that {)\j_l/%j }J’Zl is an orthonormal basis of H}(2). For any N > 1 we let V'V be

the space spanned by {v1,...,vx}. Then we introduce the approximating problem

Problem Py : Find tx > 0 and u; € C?([0,ty]) for i = 1,..., N such that, setting
N
u = Zui(t)vi,
i=1

then u¥ € C%([0,tn], D(A)) solves
(A7 uff,v) + (A7 0) + (Au™,0) + (™), v) = (A7, 0) Vo e VT, (3.2)

uM(0) =uf, i (0) =wuy, (3.3)

where ulY, ul and gV are suitable sequences in V¥ such that, as N — +o0,

uév —ug in D(A), (3.4)
ul —wu;  in H, (3.5)
gN —g¢ inH. (3.6)

Problem Py consist of a N-dimensional system of nonlinear ordinary differential equations. Thus, the
Cauchy-Lipschitz Theorem applies and we know that there exists a unique (maximal) solution u” in
[0,T*), T* € (0,4+00] being the life span. We now derive some a priori estimates that will lead us
to prove the existence result. To this end, just for the sake of simplicity, we drop from now on the

superscript V.

We start by deriving the standard basic energy estimate. To get it, we set v = u; in (3.2), so that
4 [1
de L2

where U = (u, u;). Integrating (3.7) and recalling (2.9), we deduce

U1 + (F(w),1) = (97A71U)] + lulf =0, (3.7)

w13 +/0 lue(s)[I5 ds < Q(IUo]I?) + N9l (3-8)

By letting ¢ go to 400 in (3.8) we obtain in particular the finiteness of the dissipation integral
oo 2 2 2
[ o)l ds < QMU + ol (39)
0

We now set v = au in (3.2), where the constant o will be chosen later in a way independent of €. By
adding the resulting equality to (3.7), we obtain

drl 2 -1/2 —-1/2 -1

S I + calA™ 2up, A7120) + (F(u), 1) = (9, A7 ")
+ (1 —ea)||uel? + | Vu|? + (A7 20, A7V20) + a(f(u),u) — alg, A 2u) = 0. (3.10)



Thanks to (2.8) we have that a(f(u),u) > —22|u|®> + a(F(u),1). Hence, denoting by ®(U) the

quantity in square brackets in (3.10) and choosing « sufficiently small, we can find two positive
constants s and ¢ such that identity (3.10) yields

&CI)(U)-FI{@(U)-FKJ”’LHH%// <ec. (3.11)

Thus, by making use of the standard Gronwall Lemma, we conclude that
t
B(U (L)) +/ e~ =9 [y (8) 2 ds < B(Up)e ™ +c. (3.12)
0

Since

cllU§ = c(1+ llgl*) < 2(U) < QUIUIT) + Qllgl*) (3.13)

for some positive constant ¢, estimate (3.12) implies

t
ellue@)I} + Vut)|? +/0 e 7 luy (5) I3 ds
< QUIToll)e™™ +Q(lgll), vt=>o, (3.14)

for some positive constant k independent of . Thus, (2.20) follows as well.

We set now v = A(us + au) in (3.2), o being as before a positive parameter to be chosen later on. We
thus obtain

Sl + 14wl — (g.)] + ot ) + (e ) + el + o A
+ (Af(u),u) + a(Af(u),u) — a(g,u) = 0. (3.15)
Observe now that
(AF (), ) = 3 S (' () Vo, V) — 2 (7" ()|l ). (3.16)

Thus, (3.15) takes the form

d 1 1

= 5l + S 14ul? + S/ () Vu, Va) + ealur,w) - (g.0)|

+ (1= )l + ol Aull® + a(f (w)Vu, Vu) + alu, w) - a(g,u)

= S () Tul ). (3.17)

Using standard interpolation arguments, the right hand side can be estimated as follows

1 1 1
S @IVl w) < Ll + L1 (@ ) VUl Loy (3.18)

We then introduce the following functional

€ 1 1
2(t) = §||Ut||2 + §||“||%)(A) + §(f’(u)Vu, Vu) + ea(us, u) — (g,u), (3.19)

which is bounded from below. Actually, thanks to (2.8) and the Young inequality we have (possibly
choosing « small)

A
Z(t) 2 e(ellull® + lullbeay) = SIVull* = ul* = llgl*. (3.20)
Thus, thanks to (3.8), we infer that

2(t) = c(elluel® + llulbiay) — QulIUI) — llgl*. (3.21)



Moreover, by (2.15), f € C?(R), and the embedding H?(2) — C°(Q), we have
Z(0) < Q1(I1Uol1) + Q1 (llgl)- (3:22)

Thus, on account of (3.18), from (3.17) we deduce the inequality

d
aZ +KZ <Q2(2), (3.23)
for some k depending on the choice of a. Let now y be the solution to the Cauchy problem
y'(t) + ry(t) = Q2(y(1),  y(0) = Z(0). (3.24)

Then, the comparison principle gives
2(t) < y(t), (3.25)

for every ¢ € [0, Tp], where Ty = To (|| (uo, w1)|l1, lgllv) is some positive time which is (strictly) smaller
than both the life span of y and of the Galerkin solution (i.e., 7). Thus, recalling (3.21), we find

clU@IIE — Qo(I1UolF) — llgl* < 2(2) < Q(I|Uolh. llglh), (3.26)
for all t € [0,Tp], with Q as in the statement.
In order to pass to the limit as IV goes to +00, we make explicit the N-dependence again. Recalling
(3.4)-(3.6), estimate (3.26) gives
||(UN’UiV)||Lw(o7TO;v1) <C, (3.27)
for a positive constant C' independent of N but, of course, depending on Uy. Moreover, after choosing
v=A"tul in (3.2), we get
l[ugy || L= (0,10;p(a-1)) < C- (3.28)

These estimates are enough to pass to the limit as N tends to +o0 in (3.2) and to obtain a solution
to (2.11). Actually, (3.27) and (3.28) combined with the embedding H?(2) — CY(Q) and with the
smoothness of f, give that (up to a subsequence)

(u™,ul) = U weakly star in L>(0, To; V1), (3.29)
ul — uyy weakly star in L>(0, Tp; D(A™Y)), (3.30)
f(u™) — f(u) uniformly in Q x [0, Tp), (3.31)

as N — +oo. Thus, by lower semicontinuity of norms with respect to weak star convergence, u is a
weak solution to problem P: satisfying (2.16). This concludes the proof.

Remark 3.1. Once we have the uniform boundedness of f(u) at our disposal, it is easy to see that,
if f and the initial datum are smooth enough, then more regular solutions can be constructed. For
instance, if Uy € Vs and (2.7)-(2.8) hold, then a local in time quasi-strong solution exists. The details
of this standard argument are left to the reader.

Remark 3.2. Let us notice that, for U as in Theorem 2.2, one has, more precisely,
U € C°([0, To); V1 ). (3.32)
To show this, we can rewrite equation (2.11) as
A eugy +up) + Au= A"t g — f(u) =: h, (3.33)

where it is clear, due to (2.16), that h € L?(0,To; D(A)). Thus, property (3.32) can be shown simply
by approximating both h and the initial datum Uy by smoother sequences {h,} and {Uy}, applying
the linear theory to the resulting problem

A_l(sumt + Unt) + Aty = hy, (3.34)

and then using a Cauchy sequence argument. Note that one has to require that h,, — h strongly in
L?(0,Ty; D(A)). Further details on this procedure can be found in [20, Proof of Thm. 3.1].
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3.2 Proof of Theorem 2.3

Referring to the notation in the statement, we set u = u! —u? and U = (u,u;), so that

A7 euy +ug) + Au+ f(ur) — f(ug) =0, in H, a.e. in (0,7). (3.35)
We now test (3.35) by us, obtaining
1d _
5 IUNG + Nl = —(AVE(f(uh) = F(u?), A7), (3.36)

Observe now that
|AY2(f(ub) — f(u2))?
N .

< s 1 (sur + (1 = s)ua) |7 0 | A" 2|
sg|0,

+ sup £ (sur + (1 = $)uz) | Foe 0y (1 + Jualay + luzll D) 1A 2ull?, (3.37)
se|0,

thanks to the regularity properties of f. Thus, for a proper constant C, we find out

1
(AY2(f(uh) = f(@?)), A7 2) < C||Vul® + §||Ut|\2vu (3.38)
whence it follows that
1d 9 1 2 2
= il , < .
5 g Ullo + 5 lluelly: < ClIVull, (3.39)

and the assertion immediately follows from the Gronwall lemma. R

3.3 Proof of Theorem 2.4

We first need a couple of important preparatory propositions. The first one is devoted to prove
some uniform in time regularity estimates for the solution u° to an auxiliary (parabolic) problem
(cf. Problem P, below) which contains, as a forcing term, a solution u to P. with initial datum
Up = (ug,u1) € Vi. As a second step we will prove that ||(u — u®)||y+ can be controlled by ce'/2, for
some ¢ > 0, on bounded time intervals. The coupling of these two properties will allow us to reconsider
and improve the bound (2.16). In fact, we will see that, if € is small enough and, correspondingly, the
Vi-norm of (ug,u1) is controlled in the sense of (2.18), then the left hand side of (2.16) is bounded
uniformly in time in a quantitatively controlled way (in particular, it cannot explode as t / Tp). By
standard extension arguments, this implies that the Vi-norm of U = (u,u;) is uniformly bounded in
(0,00), i.e., u is a global weak solution (and, consequently, it is unique in this class). Actually, we will
prove something more, namely, under the above restrictions, (2.16) can be improven to get a global
and dissipative inequality which entails the existence of a bounded absorbing set.

Let us then state the auxiliary Problem P, as
A7) + Au® 4+ f(u®) + M’ = u+ A7lg, in V') ae. in (0,7), (3.40)
ulli—g =ug in Q. (3.41)
Here, the initial datum wug in (3.41) is the first component of the initial data of Problem P.. Thus it
lies in D(A). Moreover, it is worth noting that the function v in the right hand side is the (unique)
weak local solution to Problem P. constructed in Theorem 2.2 and defined in some interval (0,7p).
Thus, our first aim will be to construct the solution u° in the same time interval. Observe also that,

by (2.8), 8 := f + AId is a nondecreasing monotone function. Arguing as in the proof of Theorem
2.2, i.e., testing (2.11) by A(u: + au), we have that U satisfies the analogue of (2.20), namely

t+1
w13 +/t lue ()17 ds < QUIToll)e™" + Qllgll), ¥t € (0,To), (3.42)
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for some constant s independent of ¢.

Let us now state our first proposition addressing the properties of the solution u® to Py. This
is in fact a variant of Theorem 2.6 (cf. also [8]) which makes the regularity and dissipativity properties
of 4% more precise.

Proposition 3.3. Let the assumptions (2.7)-(2.8) and (2.10) hold. Let u® be a solution to Problem P .
Then, the following estimate holds

[u®(®)llpcay < QUITo[I )™ + Q(llgll), V't € (0,To), (3.43)
for some positive constant k independent of € and some monotone function @ independent of Tj.

PROOF.  The proof is based on a number of a priori estimates which will be obtained by formal argu-
ments. However, the whole procedure could be justified within a new Faedo-Galerkin approximation
scheme, which is completely standard and hence omitted.

The main point in the proof is that we will use only property (3.14) of the function u, where
the right hand side does not explode as t / Tp. Thus, let us test (3.40) by uY + au®. It is then not
difficult to infer, at least for & > 0 small enough,

d
aE* + By + [[ud[|} < A(uf + au’,u), (3.44)

where we have set
1 o _
E. = E.(u") = [ Vu’|* + Sllu’I5 + (B(u®), 1) = (g, A™"u?), (3.45)

with B(r) := F(r) + Ar?/2. Thus, estimating standardly the right hand side of (3.44), we obtain the
inequality

d « 1
SB 4 SE 4 S < el (3.46)

where ¢ does not depend on e. Thus, multiplying (3.46) by ez’ and then integrating between 0 and
t, it is not difficult to obtain that u° fulfils the dissipative bound

o3
2

1 [t . o b
B (1)) + 5/ e~ W0(s) 2 ds < E(ug)e 5 —|—c/ 32 ds.  (3.47)
0 0

Recalling (3.14), and choosing o > 2k, with & as in (2.20), one then infers

t
B.W) + 5 [ BN ds < QUL E +Qlal): (3.43)

Next, let us test (3.40) by A3u’. We obtain (recall that 3 = f + AId)

d

allz‘luoll2 HI A% < e(llgl® + I1ABW)]* + || Aull?). (3.49)
Using interpolation, we then obtain

d

AP + 4% < c(llgl” + QUIAWN) + [[Au]?), (3.50)

whence, recalling (2.16) and applying again the comparison argument as in (3.24)-(3.25), it follows
that there exists a time 77 < Tj, depending on ||Up||; and on | g||, such that

1A @)1 < q(llgll) + a(lToll1), V¢ € [0,T1]. (3.51)

We now test (3.40) by u. This yields

1 d
Sl + = (

1

S IVell? + (B, 1)) < c([lull¥ + llgl*)- (3.52)

12



Integrating over (0,7}), we then deduce (recall (3.8))

T
/ luf (O[5 dt < T3 (Q(IUoll) + Q(llglD)- (3.53)
0
We now differentiate with respect to time (3.40) and test the resulting equation by tu?, obtaining
d 02 02 02 2
gz tluellv) + Ve ||® < llugllv: + ctlluelly- (3.54)

Integrating (3.54) over (0,7}), recalling (3.53), and using the dissipation integral (3.9), we obtain

lup (T)IT- < QUITolIx) + QUllglD)- (3.59)

Let us differentiate (3.40) once more and test the obtained equation by u?. We then get

d
el + Vil < elfu5. (3.56)

Summing (3.46) and (3.56), we infer
d
77O+ R5F @) < e(llully + ), (3.57)
for some positive constants x (possibly different from the x in (3.42)) and c¢. Here (see (3.45))
F = E. (%) + |3

Subsequently, we integrate (3.57) over (77,t), with ¢ arbitrary, thus obtaining

t
F(O) < o IR e [ u@)lf + funl)]R) ds. (358)

T

According to (3.42), we have that

t+1
/t ()T + llue(s)[17) ds < Q(IUollr)e™* + Q(llglD)- (3.59)

Thus, using a suitable version of the Gronwall lemma (see, e.g., [30]) and recalling (3.55), we get
lut I < QUIToI)e™" + Qlgll), vt >T1. (3.60)

for some k > 0 (the smaller between the one appearing in (3.42) and the one in (3.57)). Next, by a
direct comparison argument in (3.40), (3.42) again, and standard elliptic regularity, we infer

[u®)lpcay < QUITl)e™ +Q(llgll), ¥t =T (3.61)
Finally, (3.51) and (3.61) imply (3.43), which concludes the proof. ]

The following proposition gives the quantitative estimate of the difference between u” and the
(unique) local solution u to P..

Proposition 3.4. Let assumptions (2.7)-(2.8) and (2.10) hold, let u as before, and let u°(t) be the
corresponding (unique) solution to Problem Py. Then, the following estimate holds

[u() = u@®)Vr < ce(Qluo, urllr)e™ +Q(llgl)), ¥t € (0,T0), (3.62)

where Q, ¢, k are independent both of € and of Ty.
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PROOF.  Let us take the difference between (2.11) and (3.40). Setting u := u — u”, we have that
A+ AT+ B(u) — B(u?) = —A7 (euy), ae. in (0,Tp). (3.63)

We can then test (3.63) by @. A number of simple manipulations and the monotonicity of 8 allow us
to deduce the following inequality

drl, 1 _ 1 € _
T §Ilu||2v/+s<ut,A )|+ alfy = eu, Ay < 5(\|Ut||%/f+||ut”%/')~ (3.64)

Adding to (3.64) the straightforward inequality
e, A7) < el + g, (3.65)
and noting by Y the quantity in square brackets in (3.64), we easily obtain
SV wY < ce(lullfs + 1IR.) = m(o). (3.66)

Observe now that (see (3.42), (3.53) and (3.60))

/ " ity ds < <(@UIT e + Q). (3.67)
and recall that Y (0) = 0. Then, the comparison principle entails that
Y (t) < e(QUIToll)e™ + Q(lgll)). (3.68)
which yields, using (3.42) once again,
Z@)I7 < e(QUIUoll)e™ +Q(lglD), (3.69)
that is, the desired estimate. |

Assuming that ¢ is sufficiently small and the V;-norm of the initial data is controlled by a function
R(e) with the properties indicated in the statement of Theorem 2.4, let us now derive a V;-bound
for U which is independent of the final time Ty. This will permit, by standard extension methods, to
prolong U to a global in time weak solution. The key point to show such an estimate is the comparison
of U with the auxiliary solution u° provided by Proposition 3.4.
The starting point is the following relation (cf. (3.17)-(3.19)), holding for all ¢ € (0, Tp),
d

1
72t +r2() < 1||f”(U)II%oo(mHUII%wA(Q) < M(Jlull grray)- (3.70)

Here the last inequality is a consequence of the continuous embedding H7/4(Q) C L*°(Q) N W4(Q)
and of the C? regularity of f. We have denoted by M a continuous and increasingly monotone
function independent of Ty and such that M(0) = 0. Recalling (3.43) and (3.69), and properly using
interpolation, we can write

llull g2y < Il reragay + 1]l grraq)
<l /A2 + s e
< @l p/s; [ (QUITs e + Qllg)] + QUITo e + Qllgl)
< (lullplay + 1l a) [ (@QUITsl)e ™ + QUlgI)] + QUITsl)e™ +Qlgl).  (3.71)
Now, recalling (3.8) and (3.21), we can define

Z = Z+Q(|Uolh)e™™" + Q(llgllv-), (3.72)
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for suitable @@ and kg > 0, chosen such that
U@ < Z(t), Vite (0,T), (3.73)

for some ¢ > 0. Using (3.43) and (3.73), we then see that the M-term on the right hand side of (3.70)
can be estimated as follows:

M (Jlullgrrsey) < M[(£/2 2+ 1) (QUIUoll)e ™ + Q(llgl)))] (3.74)

(we assumed here Z > 1, which is of course not restrictive). Thus, (3.70) can be rewritten as

%é(t) 1 RZ(f) < M (P1Z) £ My(Q), Vi€ (0,Th), (3.75)

where M7 and M, have the same properties as M (i.e., they are continuous monotone functions such
that M;(0) = M2(0) = 0) and we have set, for brevity,

P = Q3([[0oll)e™" + Qalllgl). Q= Qs([Toll1)e™"" + Qs (llgl). (3.76)

for some Q;, i = 3,...,6, having the same properties as the generic Q.
We can now set p = Z(0) > 0 and observe that (cf. (3.19), (3.22) and (3.72)), for a fixed
R > 0, we have that
[Uolls < R = p < Q7(R) + Qs(llgl])- (3.77)

Now, for some z* > p whose value will be chosen later, we put

1/24 ._ 1 .
= @y Qulgy (379)

Notice that here we used that M; is continuous and such that M;(0) = 0. Hence, if € > 0 is as above
(or smaller), and z < z*, then there holds

Mi[(Qs(R) + Qa(llgl))z"] < Mi[(Qs(R) + Qa(llgl))="e"/*] < 1. (3.79)

Thus, assuming that Z is smaller than z*, (3.75) entails in particular

%2@) FRE®) < My(Q) = 1+ Mo(Q). (3.80)

By the comparison principle, we then have

Z(t) < pe "t +/0 e "= £y (Qs(R)e ™ + Qs(llgl))) ds
< p+ k" M3(Qs(R) + Qs(llgll))- (3.81)

The above relation holds, in principle, until Z(t) is not greater than the number z*. To make this
true uniformly in time, it is then enough to set

2= p 4+ w7 M3 (Qs(R) + Qs(llgl)) (3.82)

and take ¢ as given by (3.78) with this choice of z*. More precisely, from (3.78) we obtain

€= ! M—1(1)>24 = ®(R), (3.83)

<(Q3(R) +Qa(llgl)) (p + M3(Qs(R) + Qs(llgl)

where @ is a monotone function of R as we think p be controlled by the latter expression in (3.77).
The desired R(e) is then chosen simply as ®~1. Of course, the value g is then given by limp o ®(R).
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Bound (3.81) entails that Z(t) is bounded in a way that does not depend on T,. Thus, the
V1-norm of U(t) cannot explode in finite times, which permits to extend U to a global solution (unique
in its class by Theorem 2.3), as desired. Moreover, (3.81) can now be improved. Namely, we have

t

T
2(0) < pe e [ e M(@aR) + Qullgl) s+ [ e Qlal) as]

< Q(R)e™™" +Q(llglD), (3.84)

where T is a suitable time depending on p (and, consequently, on R) and on Mj such that, for ¢t > T,
Qs5(R)e "% is smaller than some computable quantity Q(||g||) (notice that the x’s in (3.81), (3.84)
might well differ from each other). Relation (3.84) has then the form of a dissipative estimate and
entails (2.19).

To conclude it only remains to prove the energy identity (2.21), which now follows with few
complications from the results above. Formally speaking, we have to test (3.33) by u; + %u Setting
then (for U = (u, us), as usual)

€ 1 1 1
L) = glluel® + S Aull? + 5 (s, w) + 5 (F ()] Vul, 1), (3.85)

we deduce that I satisfies

%I(U) + %I(U) - <g, s + 21€u) + %(f”(u)|Vu|2,ut), (3.86)

so that (2.21) follows simply by integrating (3.86) over a time interval (0, M).
However, the regularity of u; is not enough to justify this estimate (while that of u suffices).
Thus, to make the procedure rigorous, we can rewrite once more (2.11) as

Sugy + up + A%u = g+ f'(u)Au+ f(u)|Vu|* =: k, (3.87)

and observe that, once U is globally bounded with values in V;, proceeding as in Remark 3.2 one can
prove that U € C°([0,T]; V1) for all T > 0.
At this point, we claim that, for all 0 < s <t < T, there holds

/ (f (W) Au+ £ (w)[Vul?,up) = —%(J”’(U(t))lw(t)l2 = f'(u(5))|Vu(s)[*,1)

+ [ @iva ). (3.59)

Indeed, this can be proven by substituting U with some smoother U,, (for which the above equality is
trivial) such that, as n goes to +oo, U,, — U strongly in C°([0,T]; V1) and taking the limit. Actually,
it is easy to see that all terms in both hands sides of (3.88) converge to the expected values (cf. [20,
Sec. 3] for more details on a similar argument). Finally, to justify the fact that the product of the
left hand side of (3.87) times u; gives the expected result one can see (3.87) as a linear problem with
source datum k, regularize k with a sequence {k,}, and take once more the limit by a (standard)
Cauchy argument. The proof is complete. i

3.4 Asymptotic boundedness and dissipativity in V,

We give here the first part of the proof of our main Theorem 2.7, whose hypotheses are implicitly
assumed for the whole of this section (notice, however, that for the proof of this part the assumption
fe Cﬁ)i is not needed). In particular, we will show that, under the assumptions of Theorem 2.4 (in
particular the initial data must satisfy (2.18)), the semigroup S. admits an exponentially attracting
set A bounded in V5. This fact ensures that there exists a global attractor bounded in V5. Note that
we must appeal to the results in [31] since the (Lipschitz) continuity of S, is only guaranteed with

respect to the Vo norm (see (3.39)).
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To prove this fact, by (2.19) we can consider weak solutions U whose initial datum Up lies in
an absorbing set B; bounded in V;. Moreover, we can assume 31 be positively invariant for S.. Thus,
in particular, we have that

U@ <K, Vt>0, (3.89)

where K is the Vi-radius of B;. Our aim is then to prove that there exist Ro = Ro(K) and a positive
constant « such that
disty (U(t), {£€Vs, €2 < R2}) < Ce ™, (3.90)

Here and below C' is a generic positive constant allowed to depend on K in (3.89).
In order to check (3.90), we will use a decomposition U = V+W where the function V' = (v, v;)
is assumed to solve

vy + v + A% — div(f (u)Vo) + Lv = g+ Lu, V(0) =0, (3.91)

where L = L(K) > 0 is a sufficiently large constant which will be fixed later. Then, the remainder
W = (w,w;) will solve

swyy + wy + A*w — div(f' (u)Vw) + Lw =0, W (0) = Uy. (3.92)
We start by managing the equation for w.
Lemma 3.5. There exists L = L(K) such that
[W(t)|1 < Ce™®, Vt>0, (3.93)
for some constants C' and o depending only on K.

PROOF.  Indeed, estimate (3.93) follows in a standard way by multiplying equation (3.92) by ws+puw.
The only nontrivial term (f” (u)uy, |[Vw|?) can actually be estimated as follows

1
| (f" (e, [Vol?)| < Cllu[IVellzaq) < Sllwllfe o) + Ml (3.94)

where M is a positive constant depending only on f and K and whose value determines the choice
of L. |

We now study the component V satisfying equation (3.91). To this end, we first note that, due to
(3.89) and (3.93), it is already known that

Vi) <C, Vt=>0. (3.95)
The next lemma shows that this component belongs to Vs as well.

Lemma 3.6. The solution v(t) satisfies
Vi <C, vt=o. (3.96)

PrROOF. Let © = (0,0;) := V;. Then, multiplying equation (3.91) by Aw, integrating over Q and
using (2.8) and (3.95), we see that

lo@llas@ < ClOMo. (3.97)
Hence, we only need to estimate the Vy-norm of the function O(t), where

€0y + 0; + A%0 — div(f' (u)VO) — div(f” (u)u; Vo) + L = Lu,. (3.98)
We now claim that multiplying this equation by A=1(6; + uf) there follows

0@l < C, (3.99)
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which, thanks to (3.97), would finish the proof. To demonstrate our claim, we just estimate the most
difficult terms coming from the nonlinearity f. Firstly, we have

|(div( (Wur Vo), A7 0| < 017 + Cull £ ()17 oe 0 e IV O Lo ()
< 0% + CullVollZoe o) < ulOIE + Cpa- (3.100)
Here we have used (3.89), (3.97) and the well-known inequality
IVl () < cllvllaz@llvll s @)- (3.101)
Next, the first nonlinear term coming from (3.98) is transformed as follows:
—{(div(f'(w)VO), A7'0,) = (f'(w)0,0;) + (div(f" (w)0Vu), A~ 6;)

- %(f”(u)ut, |0|2) — (f”(u)@Vu,VAilﬂt). (3.102)

Hence, we only need to estimate the last two terms in the right hand side above. The first is treated
by noting that
| (f" (e, 1017) | < Clluell 101125 () < pllOl} + C, (3.103)

while for the second term we have
|(f"()0Vu, VAT10,) | < pll 0]y + CoullVullZo oy 101175y < ullOIF + Cos (3.104)

where we have used that ||0H%3(Q) < ||0]|&]|0]lv- This concludes the proof of the claim and of the
lemma. |

We conclude by proving the Vs-dissipativity.

Lemma 3.7. Let the assumptions of Theorem 2.4 hold. Letting in addition Uy € Vs, the correspond-
ing solution U satisfies the estimate

1T®l2 < QUIToll2)e™"" +Q(llgl), V¢ > 0. (3.105)

PROOF.  Let us differentiate (2.11) with respect to time and set 6 := u; and © := (6,6;). We then
obtain
AN (el + 0;) + AO + f'(w)6 = 0. (3.106)

We now test (3.106) by 26,. Of course, this procedure might be not justified in the current regularity
setting, but could be made rigorous by working in the Galerkin approximation and then taking the
limit. We omit the standard details. Simple computations lead to

d
G 1©15 + (£, 0)] + 201613 < (£ (w)6”,6). (3.107)
Next, we test (3.106) by af, for a > 0 to be chosen. We get

d _ «
= [ae(@t, A7) + 5||9||%‘//} — ag|0:)1% + al|0]% + a(f (u)6,6) = 0. (3.108)

Hence, using the C?-regularity of f, Sobolev’s embeddings and (2.19), we obtain

(F"()6.6) < Qlull ea) 16]*/2 0]/
< Z161% + Q(QUITlI)e ™ + QUlgl)- (3.109)

Thus, summing (3.107) and (3.108) together and exploiting (3.109) we obtain

34 k8 < QQUILLI ) + Qo). (3.110)
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where we have taken « small enough and set
_ a ke
% = 815 + (f'(w)0,0) + ag (6, A0) + S 1015 + QUITo )™ + Q(llgl)- (3.111)
Here, on account of (2.8) and (2.19), @ has been chosen such that

a1||8f < 2 < 2|05 + QUIUolI)e ™" + QUllgl)), (3.112)

for some c¢1,ca > 0. Thus, proceeding as in (3.84) to control the right hand side of (3.110), we get a
dissipative estimate for ||©||2. Finally, let us prove (3.105). With this aim, let us first observe that,
applying a comparison argument in (2.11), we get

1Tz < C(I1U]1x + llgll) + Cllf v
< C(IUll + llgll) + Cllf () Vul + Cll f (). (3.113)

Then, estimating the latter term by a further comparison of terms in (2.11) (and not just by using
the regularity properties of f), the chain of inequalities is continued as follows

<C(IUll + llgll) + ClIF )l @ IVull + U
< (C+Uul) (Ul +llgl), (3.114)

where (@ is as usual a monotone function. Thus, the first factor in the last row is uniformly bounded,
while the latter dissipates thanks to (2.19). The proof is concluded. |

3.5 Asymptotic boundedness in V;

We conclude here the proof of Theorem 2.7 by showing that the semigroup S. admits an exponentially
attracting set A3 bounded in V3. To prove this, we start noting a simple fact, namely,

Lemma 3.8. Let the assumptions of Theorem 2.4 hold. Suppose, in addition, that f € C’fo’cl (R;R).
Then S¢(t) is V1 -Lipschitz continuous on any bounded positively invariant Py sets of V;, with Lipschitz
constant of the form C1e“?*, C; and Cy being positive constants depending only on the V;-radius of

P1.

PROOF.  Let us consider a couple of initial conditions Uy = (ug,u1) and Vy = (vg,v1) lying in a
bounded and positively invariant subset P; of V;. The, let us denote by U = (u,u;) and V = (v, v;)
the two solutions to (2.11) originating, respectively, from Uy and V. The function W :=U — V will
then solve

A (ewyy 4+ wy) + Aw + f(u) — f(v) = 0. (3.115)

Then, multiplying (3.115) by 24w, and integrating over 2, we get
d d
e Sllwnll? + 2wl + S 4wl = ~2(A(f () - £0), w) (3116)

Using the positive invariance of Py, the 02’1-regularity of f, standard Sobolev embeddings and the

loc

Young inequality, it is not difficult to see that the right hand side in (3.116) could be estimated as
2(A(f(u) = f(v),we) < ClAW]? + [|we]|?, (3.117)

for C depending on the Vi-radius of P;. Thus, the Gronwall Lemma entails the desired (local)
Lipschitz continuity of S.(t). |

We will now consider solutions U = (u,u;) whose initial datum Uy lies in Az and show that they
are exponentially attracted with respect to the Vi-norm (actually, also by the Ve-norm) by a Vs-
bounded set As. This will conclude the proof of Theorem 2.7 by means of the transitivity property
of exponential attraction introduced in [10, Thm. 5.1]. Note that the Lipschitz condition [10, (5.1)]
holds thanks to Lemma 3.8.
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The construction of the attracting set A3 will follow the lines of Theorem 4.1 in [20] and
is divided into a number of steps presented as separate Lemmas. First of all, we operate a new
decomposition of a U = (u,u;) as a sum U =V + W, where V = (v,v;) and W = (w, w;), as usual.
We take (a new) L > 0 (whose value will be chosen later) and assume V' solves now

A Y evy +v) + Av + LA "+ f(v) = A" Y(Lu+g) = A~'h, V]—o =0, (3.118)
while W is a solution of
A N ewyy +wy) + Aw + LA™ w + f(u) — f(v) =0, Wl = Up := (uo,u1), (3.119)

and we recall that Uy € V5. We will prove that V(-) is compact in V5 (and, more precisely, bounded
in V3), while W(-) exponentially decays in Vo. We start with our first

Lemma 3.9. Let the assumptions of Theorem 2.4 hold. Then, we have

V@) < QulUoll)e™ + Qrllgl)- (3.120)

PROOF.  The proof relies on the same argument as the proof of (2.19) in Theorem 2.4. Thus, we
limit ourselves to give the highlights. We namely introduce the parabolic problem

A7)+ A+ LA + f () = A (Lu+g) = A7 h, 09— =0, (3.121)
so that, setting ¥ := v — vy, we have (compare with (3.63))
A7, + AT+ LATT + f(v) — f(0°) = =A™ vy, 00— = 0, (3.122)

Testing then (3.118) by A(v: + av) for small o > 0 and proceeding as in the proof of Theorem 2.4,
we arrive at the analogue of (3.70), namely

d 1
72 +r2() < cllh]* + zllf”(v)HZLoo(Q)||v||§v1>4(m7 (3.123)

where this new Z is given by

5 1 L 1
Z(t) = Sl + S vlbay + 3 002 + 5 (7 ()Vo, T0) + calvr, ). (3.124)

Then, using v° in order to estimate the latter term on the right hand side of (3.123) and noting that

18] < QrIUsll1)e™"* +Qr(llglD, (3.125)

we arrive at an expression analogous to (3.75), but related to the function v. Thus, we find that there
exists a (new, and possibly smaller) number g > 0 such that, for € € (0,¢¢), the analogue of (3.81)
holds. Noting that no restriction is now required on the initial datum being in fact V' (0) = 0, we
obtain (3.120). The proof is complete. (]

Let us now notice that, comparing (2.19) and (3.120) we obtain the analogue for the component W,
namely

W@l < QrlUoll)e™ + Qrllgl)- (3.126)

We now prove that our system admits a dissipation integral in the V-norm.

Lemma 3.10. Let the assumptions of Theorem 2.4 hold. Then, for any quasi-strong solution U =
(u,u;) to P. there holds

“+o0
/'nwﬂ@M+fw)mMmWSwaa<m (3.127)
0 s€|0,4o00
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PROOF.  Let us differentiate once more (2.11) with respect to time and set 6 := u; and © := (6, 0;).
We then get
A7 (el + 0;) + A+ LA+ f'(u)0 = LA™ uy =: k. (3.128)

We now test (3.128) by 26;. Then, simple computations lead to

d

3 OG5 + ZIOIT + (£ ()6, 0)] + 11003

< K + (£ (w62, 0) < [1KI} + QUIUINIONZ gy (3.129)
where @ can depend on ¢, but is independent of L. Let us now observe that

1
9/4)113/4
QUUINION @) < QUITIDIOI MO < Qo(IUTI) 01} + §H9||3/~ (3.130)

Next, we test (3.128) by 6/2, inferring

dre _ 1 € 1 L 1
S 100 A70) + L1013 — S0l + 1613 + 26l + 5 ()6, 6)
1 1
= 5 (k. 0) < |01 + e[k (3.131)
Summing (3.129) and (3.131), we then get
d 2 1 2 / € -1
SIS+ (24 7) 1011 + (7 ()6,0) + (0, 4710)]
e 1 L—2Q 1
(1= D)0+ 181 + Z2R 0l + 5 (e, 0) < ellkIR (3.132)

still for C independent of L. Here Qg denotes the quantity Qqo(||U||2) on the right hand side of (3.130).
Thus, noting as a (new) functional ) the quantity in square brackets, we observe that we can choose
L so large (depending on A in (2.8) and on @y, i.e., on the norms of the initial datum and of g) to get

d
3 Y <kl (3.133)
for some k > 0, where ) satisfies
Crllellf <Y <ecrclol +Qr(U]h).

Hence, recalling that k = LA~ !u; and using (3.9) and the fact that Y(0) = Q(||Us||2), (3.127) follows
immediately. |

We now prove the exponential decay of W in the Vy-norm.

Lemma 3.11. Let the assumptions of Theorem 2.4 hold. Then, L can be chosen so large that
W (®)llo < QrlToll2)e™"". (3.134)
PROOF.  We proceed along the lines of the preceding proof. First, we test (3.119) by 2w, so that
d
UG+ Lllwlyr + 271 ] + Jlwilfy < 27, (3.135)
where 77 and Z» collect the terms coming from f. Namely, we have (recall that U =V + W)
A
7y = (Flu—w) — F(u) + f(u)w,1) > finHQ (3.136)
thanks to (2.8). To estimate Zs, let us first notice that, performing the standard energy estimate on

(3.118) (i.e., testing it by v; 4+ aw for small a > 0) and using the energy estimate (2.20) for u to control
the term on the right hand side, we derive

IVOII5 < QrlUsll)e™™" + Cr, (3.137)
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where both C, and @1, depend on L since so does the right hand side of (3.118). Comparing (2.20)
and (3.137), we also get
W ®1F < Qu(llUoll1)e™" + Cr. (3.138)

Using now the uniform Ve-bound on U, (3.138), and standard interpolation and embeddings, we can
estimate

Ir = (flu—w) — f(u) + f'(Ww,u) < Q(ullL(a) + wllr=(qy) (lw]*|uel, 1)

1
< Qlulloeay + lwllpe) luellv lwlly < Fellwlli + Qulluelv el (3.139)

where we used the fact that the D(A)-norms of u and w are uniformly bounded thanks, respectively,
to (2.19) and (3.126), in a way which depends just on the Vo-norm of Uy. Actually, @ denotes here
a quantity which depends on the Va-norm of Uy and on L. Next, we test (3.119) by w/2, inferring

dre _1 1, € 9 1, o L, 5 1
=15 o A7t + 2wl = Sl + Slwld + 5 lwld + 5 (£0) = Fu—w),w) = 0. (3.140)

Now, using (2.8) and interpolation, it is not difficult to compute
(f(u) = flu—w),w) = (f(u) — flu—w),w) + (Flu—w) — F(u),1) = (F(u—w) — F(u),1)
= Tt (F(u) — Flu—w) — flu—whw 1) > Ty~ 2ul? > T — lly ~ Clulf,  (3.141)

for some C' > 0 possibly depending also on the initial datum. Thus, adding (3.135) and (3.140), we
arrive at

d 1 € _
% [||W\|§ + (L + Z) w2 + 2T, + g(wt,A 1w)}

(U )l + ol + 2 ol + 23 < Qo (3142)
Finally, possibly choosing a larger L such that
L>2C and guwn%,, + T + éHwH%, >0, (3.143)
we can rewrite (3.142) in the form
Sy rny<my, (3.144)
where ) denotes once more the quantity in square brackets and (cf. (3.127))
m = Qw3 € L'(0,+00). (3.145)
Thus, the comparison principle for ODEs readily gives (3.134). ]

Next, we can prove a Vsp-dissipativity estimate for (3.118). Of course, when (3.118) is differ-
entiated with respect to time, the “source” term LA~ 'wu; in the right hand side is easily controlled
thanks to (2.20). Hence, we get the estimate

VO3 + lve @)} < QUITlI2)e™ + Q(llgllv), (3.146)

where we stress that from now on the dependence on L of the constants and the functions @ is no
longer indicated.

As a next step, we prove that the component V of the solution is compact in V5 and, more
precisely, bounded in Vs.

Lemma 3.12. Let the assumptions of Lemma 3.8 hold (hence, in particular, let f € Clzo’i(R;R)).
Then we have

V)l < QUIToll2)e™™" + Q(llg])- (3.147)
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ProOOF.  We differentiate (3.118) in time and test the result by A(vy + awv) for small @ > 0. We
do not give all the details, but just see how the nonlinear terms are controlled. Actually, performing
some calculation and using (3.147) and interpolation, we get

1d 1 '
(f/(’U)'UhAUtt) = 5&('f’(1})|vvt‘2, 1) _ i(f”(v)vt|vvt|2a 1) _ (le(fH(’U)UtVU)’ Utt)
1d Q c
= §§(f'(v)|Vvt\2, 1) - ZHWHQD(A) - 1||Utt||2 — Callvill, (3.148)
and, analogously,
alF (@) Av) 2 a [ J/0)ITuf - Clul?, (3,119
Q

where in both formulas C' (or C,) is a monotone function of |V (¢)||2. Thus, noting that the right
hand side term L(uy, vy + dvg) can be estimated in a standard way, one arrives at an expression of
the form

%yg + Y3 < Q(IV(B)l2) + QUIUM)2) < Q(QUITll2)e™ + Q(llgll)), (3.150)

where Lemma 3.7 has been used to deduce the latter inequality, and the functional Vs (upon possibly
taking a larger L) satisfies
cVilli < Y5 < CIVillE +Q(IV]l2), (3.151)

where C' depends on the radius of the absorbing set. Hence, we have a dissipativity estimate for ||V;]|3.
At this point, we can deduce also the dissipativity of ||[V||2, by performing a comparison argument
perfectly analogous to the one used in the last part of the proof of Lemma 3.7 (and hence omitted).
The proof is complete. |

Finally, we show that W is exponentially decaying in Vs. Of course, this fact, together with (3.147), will
give the desired property of the decomposition (3.118)-(3.119) and conclude the proof of Theorem 2.7.

Lemma 3.13. Let the assumptions of Theorem 2.4 hold. Then we have
W (Bl < QI Toll2)e™"". (3.152)

ProoF.  We differentiate (3.119) in time and test the result by ws + aw; for small a > 0. Still,
the procedure is standard, but for the estimation of the nonlinear terms depending on f. Namely, we
obtain on the left hand side

((f(“) = flu—w))y, wu + Oéwt)- (3.153)
Thus, defining
1
I =1(u,w):= / fsu+ (1—s)(u—w))ds> =), (3.154)
0
so that f(u) — f(u — w) = lw, we clearly have
((f(w) = flu—w))e, wy + awy) = (lew + lwy, wyy + owy) (3.155)
and
|(lew, wit + awr) | < lwllv|fwee + awellve < e([lllvlwllpeay) lwe + awe]lv. (3.156)

Now, let us notice that, by Lemma 3.7 and (3.146), there follows

W ®)2 < QUITslI2)e™ + Q(llgllv). (3.157)

In particular, ||l;||y < C, with C possibly depending on Uy, but independent of time. More precisely,
using (3.134) and interpolation, we get, for all v > 0,

W () l2—v < QUITsll2)e"", (3.158)

 depending here on v. Consequently (take v = 1), we can control the right hand side of (3.156) so
that
et | € a
| (trw, wi + cwn) | < QUITsll2)e™" + - llwee® + 7 [lwellT, (3.159)

23



and the latter two terms can be moved to the left hand side and estimated directly. Finally, coming
back to the remaining term in (3.155), we get

1d 1
(lwg, wy + awy) = 55(1,103) +a(l,w}) - 5(zt,wf), (3.160)

and the first two summands on the right hand side are controlled once more thanks to (2.8), while
the third is estimated for small v > 0 by

2

1 2 2 2 —K
~g () < ellllvel?, ooy < Ol ooy < QTN (3.161)

thanks to (3.158). Thus, all the nonlinear terms are either (essentially) positive, or exponentially
decaying. Then, (3.152) is proven, which concludes the proof of Lemma 3.13 and of Theorem 2.7. &
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