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Preface

These are the Lecture Notes of the 8 hours course I gave at the Universidad Autònoma de Madrid
in October/November 2015.
This course has been organized within the

Programa de Posgrado de Excelencia Internacional en Matemticas de la UAM

which is gratefully acknowledged.

The subject of the course were Nematic Shells. Nowadays, this is a lively topic at the frontier
between modelling, variational methods, topology and geometry. After a brief introduction on the
physics of these structures, I will mainly concentrate on the following basic aspects:

• Intrinsic/Extrinsic energies
• Relation between the functional framework and the topology of the shell and of its boundary

conditions, if present
• Existence of minimizers and of the gradient flow
• Refined analysis of the structure of minima and, more generally, of the critical points for

toroidal shells.

The material of the notes is the outcome of a research line started in 2012 together with G.
Canevari, M. Veneroni and M. Snarski and has been taken from the papers [50], [49] and [19]. In
particular, I warmly thank G. Canevari and M. Veneroni for their positive criticism on preliminary
versions of the manuscript.

Last but not least, I would like to thank Juan Luis Vázquez and Matteo Bonforte for the kind
invitation to Madrid.
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CHAPTER I

Mathematical Modelling

Soft Matter offers many intriguing and fascinating examples of a non trivial interplay between
topology, geometry, partial differential equations and physics.

A prominent instance is offered by Liquid Crystals (LC) which manifest several visual represen-
tations of the underlying geometric constraints. For instance, the word Nematic itself, identifying
Nematic Liquid Crystals (NLC), originates from the Greek word νηµα and refers to a particular type
of topological defects that these type of Liquid Crystals exhibit.

It is commonly said that ”Liquid Crystals flow like a liquid but its constituent molecules retain
some positional order typical of solids”. The name itself presents a contradiction but it convey
the fact that Liquid Crystals are an intermediate state of matter between solids and liquids, with
properties shared with both phases (see e.g. [55]).

Liquid crystals have surprising and technologically relevant properties. A prominent application
is, for instance, on liquid crystals displays.

Among the different types of LC existing in nature, we are interested in Nematic Liquid Crystals.
The constituent rod-like molecules have no translational order but retain a certain degree of long
range orientational order. In particular, nematic molecules are characterized by the tendency to align
parallel to each other along a given direction [24].

The mathematical analysis of Liquid Crystals is a lively topic as witnessed by the number of
Conferences and Workshops that took place in worldwide renowned institutions together with the
huge amount of publications on the topic. Moreover, it is intriguing and fascinating as it is a truly
interdisciplinary research combining tools from different fields such as Partial Differential Equations,
Calculus of Variations, Topology, Differential Geometry.

I.1. Mathematics for Liquid Crystals

The basic mathematical description of NLC (for other, more refined theories, we refer to the
works of De Gennes [24] and the works of J. M. Ball & his school [4], [39], [60], [30]) is given in
terms of a vector field of unit norm, named director, representing the local preferred orientation of
the molecules.

The resulting energy governing the statics of a NLC sample occupying a bounded and regular
domain Ω ⊂ R3 is the so called Oseen, Zocher and Frank energy (see e.g. [55])

(I.1.1) WOZF (n,Ω) :=
1

2

ˆ
Ω

[
k1(div n)2 + k2(n · curl n)2 + k3|n× curl n|2

]
dx,
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8 I. MATHEMATICAL MODELLING

where k1, k2, k3 are the so called Frank’s constant each of which representing a particular type of
distortion of the of the crystal, namely pure splay, pure twist and pure bend, respectively. Conse-
quently, these positive constant are known respectively as the splay, twist and bend moduli. In the
picture I.1 we depicted these three types of deformations.
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Figure 1. Left picture: splay deformation. Center picture: twist deformation. Right
picture: bend deformation

When the Frank’s constants have the same order of magnitude, a typical approximation consists
in setting k = k1 = k2 = k3. Thus the energy (I.1.1) becomes

(I.1.2) WOZF (n,Ω) =
k

2

ˆ
Ω
|∇n|2dx.

This is the so called one constant approximation. It is interesting to note that in this regime an
equilibrium configuration for a NLC is a map n : Ω→ S2 minimizing (I.1.2). Thus it is an harmonic
map into sphere. The mathematical analysis of the energy (I.1.1) has produced a huge number of
different contribution in the last 30 years, including existence of minimizers and (partial) regularity
results (see, among the others, [15], [27], [6], [13], [14]). Moreover, the connection with the theory
of harmonic maps gives a more general perspective to the analysis of NLC thus permitting the use
of geometric and topological techniques (see, e.g., [29], [37]) in the study of NLC.

To have a better insight on how the energy (I.1.2) selects the minimizers, let us consider a
microscopic two dimensional spin model, which represents an approximation of the continuum energy
in the one constant approximation (see [11]). This model is usually called XY model and, despite
its simplicity, captures many important issues of nematics and it is used, in its variants, in Monte
Carlo simulations (see e.g. [35]). The energy we are considering is defined on a two dimensional
lattice εZ2, with characteristic lenght ε > 0 deposited on an open domain Ω ⊂ R2.

Any point i ∈ εZ2 ∩ Ω is occupied by a vector n(i) with unit lenght, named spin vector. The
energy takes the form (we refer to, e.g., the lecture notes [12])

(I.1.3) Eε(n) = −
∑
<i,j>

ε2(n(i),n(j)).

where < ·, · > indicates the nearest neighboors, namely those sites at distance ε from i. Since the
norm of the spin vectors is fixed to be equal to one, the energy penalizes only alignment. Once we
have fixed a proper functional setting (see the next Chapter II), one may compute the Γ-limit as
ε↘ 0 (see V.2 for the definition) and get (see [2] and [1])

(I.1.4) Eε
Γ−→ −2|Ω|
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A more interesting description appears when we analyze the asymptotics of the energy Fε defined by

(I.1.5) Fε(n) :=
Eε(n)−minEε

ε2
.

Note that minEε = −
∑
<i,j>

ε2, thus he above considerations give that

(I.1.6) Fε(n) =
∑
<i,j>

(1− (n(i),n(j)) =
1

2

∑
<i,j>

ε2
∣∣∣n(i)− n(j)

ε

∣∣∣2 ≈ 1

2

ˆ
Ω
|∇U |2dx,

where U is the linear affine interpolation of the discrete values n(i). Thus, it is possible to prove
that (see [1] and [11])

(I.1.7) Γ− lim
ε↘0

Fε = WOZF ,

where WOZF is the energy (I.1.2). The above considerations do not take into account the boundary
conditions or rather suppose that the boundary conditions are chosen properly. The choice of the
boundary conditions has indeed a crucial role in fixing the correct functional framework. More
precisely, particular choices of the boundary conditions (actually of the ”topology” of the boundary
conditions) force an infinite limit in (I.1.7). This is the occurrence of (point) defects (see [7] and
[1]) which make the analysis challenging and complicated. However, the above arguments show that,
once we correctly fix the boundary conditions, the energy (I.1.2) favors alignment of the director
field. Hence a similar behavior is expected for the continuum energy (I.1.2) Let us anticipate that in
the case of Nematic Shells, we will observe a competition between the alignment of the director field
and the geometry of the substrate.

I.2. Nematic Shells: modelling and energetics

A Nematic Shell is a rigid colloidal particle with a typical dimension in the micrometer scale coated
with a thin film of nematic liquid crystal whose molecular orientation is subjected to a tangential
anchoring. The study of these structures has recently received a good deal of interest. As suggested
by Nelson [44], the interest in Nematic Shells is related to the possibility of using them as building
blocks of mesoatoms with a controllable valence.

From a mathematical point of view, a Nematic shell is usually represented as a two dimensional
surface Σ embedded in R3 with the local orientation of the molecules described via a unit norm
tangent vector field, named director in analogy with the ”flat” case.
The study of these structures offers a non trivial interplay between the geometry and the topology of
the fixed substrate and the tangential anchoring constraint. Indeed, as observed in [57] and [9], the
liquid crystal equilibrium (and all its stable configurations, in general) is the result of the competition
between two driving principles: on the one hand the minimization of the “curvature of the texture”
penalized by the elastic energy, and on the other the frustration due to constraints of geometrical
and topological nature, imposed by anchoring the nematic to the surface of the underlying particle.

Different theoretical approaches for the treatment of Nematic shells are available. Differences
arise in the choice of the form of the elastic part of the free energy which could be of intrinsic or
extrinsic nature. More precisely, theories which employ only covariant derivatives will be named
intrinsic (see [38], [53], [57], [52]) while theories that comprise also how the shell sits in the three
dimensional space will be named extrinsic (see [42] and [43]). When restricting to the simpler one
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constant approximation, the extrinsic energy has the form

(I.2.1) Wextr(n) :=
κ

2

ˆ
Σ
|Dn|2 + |Bn|2 dVol,

while the intrinsic energy has the form

(I.2.2) Wintr(n) :=
κ

2

ˆ
Σ
|Dn|2 dVol.

In the definitions above n is a tangent vector field with unit norm, κ is a positive constant (often
taken equal to one for simplicity), the symbol D denotes the covariant derivative on Σ, and B is the
shape operator. We refer to the quantity

´
Σ |Dn|2 as the Dirichlet (or elastic) energy of n.

The extrinsic energy (I.2.1) has been derived by Napoli & Vergori (see [42] and [43]) by using a
formal dimension reduction. More precisely, starting from a tubular neighborhood Σh of thickness
h (satisfying a suitable constraint related to the curvature of Σ), Napoli and Vergori obtain that
Wextr(n) in (I.2.1) is given by

(I.2.3) Wextr(n) = lim
h↘0

1

h
WOZF (n,Σh).

The limit above holds for any fixed and sufficiently smooth field n with the property of being inde-
pendent of the thickness direction and tangent to leaf of the foliation Σh. Actually, by performing
the above limit starting from the full energy (I.1.1), they obtained the energy

(I.2.4) Wextr(n) :=
1

2

ˆ
Σ
K1(divs n)2 +K2(n · curls n)2 +K3|n× curls n|2 dVol,

where the various differential operators coming into play are defined in the Appendix. Differently
from the intrinsic theories, the twist term is still present in the surface energy.

It is worthwhile noting that the above formal argument can be made rigorous using the theory
of Γ-convergence in the spirit of [34]. We will discuss this limit in Section III.2.

The difference between the two energies, intrinsic and extrinsic lies in the choice of the distortion
element or, more precisely, on the choice of the type of parallel transport (see [36] for the definition
of parallel transport). More precisely, as it has been done in the flat case one may imagine to study
a discrete energy defined on lattice deposited on the given shell Σ. Suppose for simplicity that Σ can
be represented with a single chart Φ : Ω → Σ, with Ω ⊂ R2. We denote with g the standard metric
on Σ. We first consider a uniform square lattice with characteristic size ε > 0 and then map it on
the shell Σ using the map Φ. With this respect, once we have two nearest neighbors i and j in Z2

ε,
we have that pεi = Φ(i) and pεj = Φ(j) are nearest neighbors on the curved lattice on Σ. Now, as

in the flat case one considers the reference square W := [0, 1)2 in R2 and then considers the set Ωε

defined as the union over all the i ∈ Z2 of the squares Qεi := {i+ εW} such that {i+ εW} ⊂⊂ Ω.

The square Qεi is mapped, via the chart Φ, to a curvilinear square Q̃εi in Σ. Note that the area of

square Qεi is in general different from the area of Q̃εi .

Now, the energy we aim to consider is defined as follows (compare with (I.1.6))

(I.2.5) Fε(n) :=
∑
<i,j>

√
det g(pεi )

(
1− (n(pεi ),n(pεj)

)
R3 .

Now, in the definition above, it is not yet specified how the scalar product is computed, since n(pεi )
and n(pεj) may not lie in the same tangent space. More precisely, a first possibility is that one may

”forget” the curved substrate Σ and imagine that the vector n(pεi ) sees n(pεj) in R3. Consequently,
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we fix the scalar product in (I.2.5) to be the scalar product between n(pεi ) and n(pεj), thought as

vectors in R3 and constrained to be tangent to Σ. In a way, we are thinking of transporting n(pεj)
at the site pεi by a rigid motion on the segment joining pεi and pεj . The resulting energy is named
extrinsic discrete energy and denoted with Fε,extr. Alternatively, one may decide to transport the
vector n(pεj) at the point pεi via the parallel transport on Σ. This is a purely intrinsic operation
as it can be expressed using quantity defined only on Σ without taking care of the way in which Σ
sits in R3. We denote with T ij n, the parallel transported n from the point P εj to the point P εi . By

construction, there holds that T ij n lies in the same tangent plane of n(P εi ). With this notation, the

intrinsic version of the discrete energy (I.2.5) becomes

(I.2.6) Fε,intr(n) :=
∑
<i,j>

√
det g(pεi )

(
1− (n(pεi ), T ij n(pεj)

)
R3 .

Now, when we try to obtain a macroscopic energy from the lattice energy (as in the flat case), we
have the following scenario (see Section III.3) 1:

Fε,intr(n)
Γ−→Wintr(I.2.7)

Fε,extr(n)
Γ−→Wextr(I.2.8)

It is interesting to compare the two possible choices of the discrete energies (and hence of the two
possible continuum one) on a cylindrical shell. In fact, even if the geometry of the cylinder is
particularly simple since its Gaussian curvature is zero, it shows some interesting features. Thus,
we set Σ to be a cylinder with height 2π and radius one. The tangent plane TpΣ at the give point
p = (p1, p2, p3) is spanned by the two vectors e1 := (0, 0, 1) and e2 = (−p2, p1, 0). Recall that the
cylinder is usually parametrized with

σ(t, ϑ) = (cos(ϑ), sin(ϑ), t), t ∈ [0, 2π], ϑ ∈ [0, 2π],

and thus the vector e2 is

e2(t, ϑ) = (− sin(ϑ), cos(ϑ), 0).

Now, let us deposit a square lattice on the cylinder and consider, at any point of this lattice, the
unit norm tangent vector fields n = e1 and n = e2 (see Figure 2). As before, this is obtained by
considering a square lattice with lattice spacing ε on [0, 2π]× [0, 2π]. Note that we have that ε = 2π

k ,
with k being the number of subintervals in which [0, 2π] is divided. First of all, we obtain that the
configuration e1 minimizes the extrinsic discrete energy as

Fε,extr(e1) = 0.

Moreover, since the angle α between two nearest neighbors is α = π − β = ε, where β = π(k − 2)/k
is the internal angle in a regular polygon with k sides, a simple computation reveals that

Fε,extr(e2) =
4π2

ε2
(1− cos(ε)) > 0.

Note that when ε↘ 0, we obtain that Fε,extr(e2)→ 2π2, that is the value of the continuum extrinsic
energy (I.2.1) at n = e2 (see II.1.16 in Lemma II.1.3).

The situation changes when we consider the intrinsic discrete energy. A straightforward calcula-
tion shows that

Fε,intr(e1) = Fε,intr(e2) = 0.

1The convergence is intended to be the Γ convergence (see Section V.2 for the details), even if we do not specify
the functional framework
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Actually, since the Gaussian curvature of the cylinder is zero much more is true: the intrinsic
discrete energy is zero for all the configurations in which n forms a constant angle with, say, e1. On
the other hand, when we use the extrinsic discrete energy the configuration n = e2 (and generally
all the other configurations different from n ≡ e1) experiences a ”three dimensional bending” when
the scalar product is formed. As it apparent from the picture below this is due to the fact that we
consider the cylinder as immersed in R3 and the vector field n as a vector field in R3, though tangent
to Σ. As a consequence, the extrinsic discrete energy selects a unique minimizer (i.e. n = e1) while
the intrinsic discrete energy has an infinite number of minima (for instance n = e1,n = e2 and their
linear combinations).

Figure 2. Examples of unitary vector fields on a cylinder in R3: left picture n = e1,
right picture n = e2

The discussion above can be repeated at the continuum level (see [42] for a complete discussion).
The main observation is the fact that the extrinsic energy (I.2.1) has the form of a ”phase transition
energy” since it is the sum of a Dirichlet part and of a (vectorial) double well potential part. In fact
(see Section V.1) the purely extrinsic part |Bn|2 is minimized when n is oriented along the direction
of minimal principal curvature (i.e. minimal normal curvature). Thus, the extrinsic energy favors
a parallel configuration (i.e. a vector field such that Dn = 0) in the direction of minimal principal
curvature. Already considering only the Dirichlet part (i.e. the intrinsic energy) the minimization
experiences an interesting frustration of geometric nature due to the fact that the existence of glob-
ally defined unit norm parallel vector fields requires the Gaussian curvature to vanish (see Corollary
II.4). On the other hand, the effect of the competition between the two terms of the extrinsic energy
is particularly simple on the cylinder. In this case, the costless configuration for the extrinsic energy
is the one in which n is everywhere oriented like e1, namely the principal direction of curvature. On
the other hand, when considering the intrinsic energy (I.2.2) all the uniform configuration (i.e. the
director n is everywhere oriented with fixed direction) have the same minimal energy. In Chapter IV
we will analyze the extrinsic energy on the axisymmetric torus and compare its minimization with
the one of the intrinsic energy.

A crucial step in the analysis of a variational problem is the understanding of the correct functional
framework where to set, for example, the minimization of the given energy.

A closer inspection of the energy (I.2.4) reveals that there exist constants such that

(I.2.9)
K∗
2

ˆ
Σ

(
|Du(x)|2 + |Bu(x)|2

)
dVol ≤Wextr(u) ≤ K∗

2

ˆ
Σ

(
|Du(x)|2 + |Bu(x)|2

)
dVol,
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Consequently, the natural choice for the functional framework would be to set its analysis in the
space of tangent vector fields such that |n| and |Dn| belong to L2(Σ), which means

L2
tan(Σ) :=

{
u ∈ L2(Σ;R3) : u(x) ∈ TxΣ a.e.

}
,

H1
tan(Σ) :=

{
u ∈ L2

tan(Σ) : |Du| ∈ L2(Σ)
}
.

However, the topology of the surface may introduce possibile obstructions to this program. In
particular, it may well happen that

(I.2.10) H1
tan(Σ, S2) :=

{
u ∈ H1

tan(Σ) : |u| = 1 a.e.
}
,

is empty. This could be heuristically explained as follows. Let v be a smooth tangent vector field
on Σ, with finitely many zeroes. The index m ∈ Z of a zero x̄ ∈ Σ is, intuitively, the number of
counterclockwise rotations that the vector completes around a small circle around x̄. So, if m 6= 0,
the corresponding unit-length vector field v/|v| has a discontinuity at x̄ (see Figure 3). These
discontinuities are named (point) defects. By the Poincaré-Hopf index Theorem [26, Chapter 3], the
global sum of the indices of the zeroes of v equals the Euler characteristic χ(Σ) (hence it is only
related to the topology of Σ) and therefore it is possible to find a smooth field n with |n| ≡ 1 on
Σ if and only if χ(Σ) = 0, i.e. if Σ is a genus-1 surface (“hairy ball Theorem”). Moreover, a direct
computation (say for m = 1) shows that the Dirichlet energy of v/|v| in any small enough annulus
centered at x̄, with internal radius ρ, scales like | log(ρ)| as ρ→ 0. Therefore, one would expect the
topological constraint of the hairy ball Theorem to hold also for H1-regular vector fields.

Figure 3. Examples of unitary vector fields on a disc in R2, showing topological
defects with index 1.

This is indeed the case and in Chapter II we will prove the following (see also [49])

Theorem I.1. Let Σ be a compact smooth surface without boundary, embedded in R3. Let χ(Σ)
be the Euler characteristic of Σ. Then

H1
tan(Σ, S2) 6= ∅ ⇔ χ(Σ) = 0.

This Theorem is an H1-version of the celebrated Hairy Ball Theorem and can be generalized
to compact manifolds without boundary. Moreover, Theorem I.1 can be generalized to the case of
a shell with boundary and to vector and line fields with VMO regularity. We refer to [19] for the
analysis of this issue. Theorem I.1 provides a ”non flat” version of a well know result of Bethuel [5]
that gives conditions for the non emptiness of the space

H1
g (Ω; S1) :=

{
v ∈ H1(Ω;R2) : |v(x)| = 1 a.e. in Ω and v ≡ g on ∂Ω

}
,

where Ω is a simply connected bounded domain in R2 and g is a prescribed smooth boundary datum
with |g| = 1. The non-emptiness of H1

g (Ω;S1) is related to a topological condition on the Dirichlet
datum g (see [5] and [7]) while Theorem I.1 the topological constraint is on the genus of the surface.

Note that the exponent 2 in (I.2.1) is a limit-case, as it is possible to construct unitary fields such
that |Dv| ∈ Lp(Σ) for any p ∈ [1, 2), on any smooth compact surface Σ.
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In view of Theorem I.1, we restrict our study to genus-1 surfaces, where the underlying geometry
of the substrate does not force the creation of defects. A rigorous analysis of the distribution and
evolution of defects on nematic surfaces is an interesting problem which is beyond the scope of our
analysis. Due to its large potential impact on the design of new generation metamaterial structures
(see [44, 59]), this question has garnered a huge deal of interest within the physics community (see
[32, 47, 51, 45, 57]). To the best of our knowledge it still lacks a rigorous mathematical treatment.
For instance a crucial problem is to understand which should be the form of an energy functional
capable of describing configurations with defects. We will (briefly) discuss about this problem in
Chapter III and we refer to the paper in preparation [18] for a more detailed analysis.

I.3. Presentation of the Results

A word on the notation
From now on we will denote with W the surface extrinsic energy. In particular, we will use the same
notation to indicate the full energy (I.2.4) and the one constant approximation (I.2.1). Moreover,
since for most of the results the exact value of the constant κ in (I.2.1) is irrelevant, we will assume
that, if not otherwise stated, κ = 1.

These Lectures are thus organized as follows

In Chapter II we will explore the relations between the functional framework and the topology
of the shell, which will be assumed to be without boundary. In particular, we will prove Theorem
I.1 that will fix the shell Σ to be a two dimensional compact surface of genus 1 without boundary
of genus. The proof of this result will make use of a construction that will be useful throughout the
notes, that is the possibility of representing a unit norm vector field n with some regularity in terms
of a scalar parameter α which measures the rotation of n with respect to a given orthonormal frame
{e1, e2}, i.e.

n = (cosα)e1 + (sinα)e2.

This angle is usually called deviation angle. The local existence of such a representation is straight-
forward (see [25]). On the other hand, a global one on Σ is in general not possible (even when
the topology of Σ allows for H1-fields). A way to encompass this problem is to pass to a universal
covering of Σ. This means that for every H1-regular unit-norm vector field n there exists a represen-
tation α ∈ H1

loc(R2) defined on the universal covering of Σ (see [49]). This representation takes into
account the possibility of having a vector field with non zero winding number, that is the number
that ”counts” how many times n wraps around Σ. The deviation angle representation of n is at the
basis of the proof of I.1 in Chapter II. Moreover, once we have represented n via the scalar α, we
rewrite the energies in terms of α.
Finally, in the last part of the chapter, we will extend Theorem I.1 to vector fields with VMO
regularity on a n dimensional hypersurface in Rn+1 without boundary.

In Chapter III using the direct method of the calculus of variations, we prove existence of a
minimizer of (I.2.4). Then, we justify the dimensional reduction (I.2.3) using Γ convergence in the
one constant approximation regime. This is indeed an application of the results of Le Dret and
Raoult [34] to our setting. We decided to present them with complete proofs just for the sake of
completeness. The justification of (I.2.4) using Γ-convergence is currently under investigation.

Subsequently, we present the justification of (I.2.4) using a discrete to continuum convergence as
discussed in (I.2.8).
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We then focus on the L2-gradient flow of the one constant approximation energy (I.2.1). The
study of the gradient flow for the energy (I.2.1) could be seen as a starting point for the analysis of an
Ericksen-Leslie type model for nematic shells. This problem has already been addressed in [52] where
various wellposedness and long time behavior results have been obtained for an Ericksen-Leslie type
model on Riemannian manifolds. However, it should be pointed out that the model in [52] is purely
intrinsic and does not take into account the way the substrate on which the nematic is deposited sits
in the three-dimensional space. Moreover, in the equation describing the evolution of n (there called
d) the constraint |n| = 1 is not considered.

More precisely, we prove (see Theorem III.3) the well-posedness of the L2-gradient flow of (I.2.1),
i.e.

(I.3.1) ∂tn−∆gn + B2n = |Dn|2n + |Bn|2n in Σ× (0,+∞).

Here ∆g is the rough Laplacian, D is the covariant derivative and B is the shape operator on Σ (see
Section V.1). The right-hand side of (I.3.1) is a result of the unit-norm constraint on the director
n. A proof of the existence relying on i) discretization, ii) a priori estimates, iii) convergence of
discrete solutions, would encounter a difficulty here, as the nonlinear term |Dn|2 in the right-hand
side of (I.3.1) is not continuous with respect to the weak-H1 convergence expected from the a priori
estimates. We overcome this problem with techniques employed in the study of the heat flow for
harmonic maps (see [21, 22]): we first relax the unit-norm constraint with a Ginzburg-Landau
approximation, i.e., we allow for vectors n with |n| 6= 1, but we penalize deviations from unitary
length at the order 1/ε2, for a small parameter ε > 0. In this way, it is possible to build a sequence
of fields nε, with |nε| → 1 as ε → 0, which solve an approximation of (I.3.1), with zero right-hand
side. The crucial remark, in order to recover (I.3.1) in the limit, is that for a smooth unit-norm field
n, (I.3.1) is equivalent to

(∂tn−∆gn + B2n)× n = 0.

When passing to the limit, the non-trivial term is ∆gn×n, which can be shown to have a divergence-
like structure thus resulting continuous with respect to the weak convergence involved.
In the second part of the Chapter, we will discuss some finer properties of the solution of the gradient
flow. More precisely, thanks to the deviation angle representation we are able to prove regularity
results and existence of evolutions with fixed winding number.

In Chapter IV we fix Σ to be the axisymmetric torus. Using the deviation angle representation,
we explicitly calculate the value of the energy (I.2.4) on constant deviations α. The interest lies in
understanding the dependence of the energy on the mechanical parameters Ki and on the aspect
ratio of the torus, even on a special set of configurations. The constant configurations αm := 0 and
αp := π/2 (see Figure 4) are of particular interest, as, up to an additive constant, the α-representation
of (I.2.1) is

(I.3.2) W (α) =
1

2

ˆ
Q

{
|∇sα|2 + η cos(2α)

}
dVol,

where η is a function which depends only on the geometry of the torus. This structure, a Dirichlet
energy plus a double (modulo 2π) well potential, is well-studied in the context of Cahn-Hilliard
phase transitions. Depending on the torus aspect ratio, the sign of η may not be constant on Q, thus
forcing a smooth transition between the states αm, where η < 0, and αp, where η > 0. With the
aid of numerical simulations, in Chapter IV we discuss some qualitative behavior of the minimizers
of (I.3.2), such as stability, depending on the aspect ration of the torus. Moreover, we show the
emergence of a new type of solution ”interpolating” the constant states αp and αm. This solution
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was never observed before (see [50] and [49]) and is the result of the combination between intrinsic
and extrinsic effects in the energy (I.2.1).

αm αp

Figure 4. The constant states αm ≡ 0 (director oriented along the meridians of the
torus), αp ≡ π/2 (director oriented along the parallels of the torus).

Finally, in Chapter V we collect (without proofs) some of the mathematical tools we use in the
Lecture Notes. In particular, in Section V.1 we recall some facts of differential geometry while in
Section V.2 we introduce the notion of Γ-convergence.



CHAPTER II

Functional Framework

In this Chapter we want to discuss the functional framework for the variational analysis of the
energy

(II.0.3) W (n) :=
1

2

ˆ
Σ
K1(divs n)2 +K2(n · curls n)2 +K3|n× curls n|2 dVol.

and of its one constant approximation

W (n) =
1

2

ˆ
Σ
|Dn|2 + |Bn|2dVol.

Recall that the shell Σ is supposed to be a two dimensional compact surface without boundary.

As anticipated in the introduction the problem consists in understanding the conditions, if any,
on the topology of Σ that guarantee that the set (if we want to remain at a Sobolev level)

H1
tan(Σ, S2) :=

{
u ∈ H1

tan(Σ) : |u| = 1 a.e.
}
,

is not empty. The following Theorem clarifies the situation

Theorem II.1. Let Σ be a compact smooth surface without boundary, embedded in R3. Let χ(Σ)
be the Euler characteristic of Σ. Then

H1
tan(Σ, S2) 6= ∅ ⇔ χ(Σ) = 0.

Note that the topological condition on Σ (roughly speaking related to number of ”holes” in Σ)
is exactly the same of the condition for smooth vector fields in the classical Hairy Ball Theorem.

In particular, we have that the two-dimensional sphere cannot be combed with H1-regular vector
fields. On the other hand, the above Theorem (as well as its smooth classical counterpart) does not
hold for odd-dimensional spheres as the following example shows. Take x = (x1, . . . , x2N ) ∈ S2N−1.
The vector field u given by

u(x) = (x2,−x1, . . . , x2i,−x2i−1, . . . , x2N ,−x2N−1)

is smooth, tangent, and with unit norm.

In the last part of the Chapter we will deal with the problem of combing an hypersurface with
VMO tangent vector fields and we will prove the following

Theorem II.2. Let N be a compact, connected n-dimensional submanifold of Rn+1, without
boundary. There exists v ∈ VMO(N, Rn+1) satisfying

(II.0.4) v(x) ∈ TxN and c1 ≤ |v(x)| ≤ c2, a.e. in N, with c1, c2 > 0

if and only if χ(N) = 0.

Since a vector field v ∈ H1
tan(Σ, S2) satisfies (II.0.4), we have that Theorem II.1 follows from II.2.

However, it is instructive to present them separately because the proof of Theorem II.1 employs some
tools that we will need also in the sequel and uses rather elementary notions of differential geometry.

17
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More precisely, the proof uses the representation of a unitary vector field in terms of its deviation
angle, namely the angle that the vector field forms with a direction, typically one of the two elements
of the base for the tangent plane of Σ.
In the first section of this Chapter we describe this representation. Then, in the remaining two
sections we will describe the two different proofs of the Theorem.

We conclude by noting that the above Theorems II.1 and II.2 are indeed corollaries of the following
result proved in [19]

Theorem II.3 (Morse Index formula in VMO). Let N be a compact, connected and orientable
submanifold of Rd, with boundary. Let g ∈ VMO(∂N, Rd) be a boundary datum which fulfills

g(x) ∈ TxN and c1 ≤ |g(x)| ≤ c2

for some constants c1, c2 > 0 and Hn−1-a.e. x ∈ ∂N . If v ∈ VMO(N, Rd) is a map with trace g at
the boundary, satisfying

v(x) ∈ TxN
for a.e. x ∈ N , then

ind(v, N) + ind−(v, ∂N) = χ(N).

The Theorem above is the VMO version of the classical result of Morse [41] for smooth vector
fields.

II.1. Representation of vector fields n via local deviation α

Given a smooth unitary vector field n on a two dimensional surface or on a portion of it, we
aim at representing it in terms of the so called deviation angle α. Namely, we are interested in the
following representation

(II.1.1) n = (cosα)e1 + (sinα)e2,

in an open subset U ⊂ Σ. In the representation above, {e1, e2} denote a (possibly local) smooth
orthonormal frame for the tangent plane of Σ. Consequently, α is the angle that n forms with e1. Once
we fix U to be simply connected and we restrict to smooth vector fields (actually, by approximation,
one can prove the very same result for H1 vector fileds (see [8] and [49]), the representation above
is a standard result in the differential geometry of surfaces (see [25]). On the other hand, when we
are interested in a global representation1, problems may occur for non simply connected surfaces and
for vector fields with non vanishing winding number. The following example clarifies the situation.
Consider the axisymmetric torus T with its standard parametrization X : [0, 2π] × [0, 2π] → T (see
Section V.1) and the unit norm vector field n such that n(θ, φ) := cos(θ)e1(θ, φ) + sin(θ)e2(θ, φ).
Let us denote with α the angle that n forms with e1. We immediately obtain that the only possible
α is clearly α(θ, φ) = θ + 2hπ, for h ∈ Z, which cannot be continuously extended to [0, 2π]× [0, 2π]
since 2hπ = limt→0+ α(t, φ) 6= limt→2π− α(t, φ) = 2π(1 + h). The integer number h is related to the
winding number which is an homotopy invariant that measures, roughly speaking, how many times
the given vector field ”wraps around” Σ. When Σ is the torus, following Bethuel and Zheng [8], we
can prove (see [49])

1By global we mean that the representation (II.1.1) holds globally in Σ and that the vector field n and its deviation
angle α have the same regularity.
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Proposition II.1.1. Let h = (hθ, hφ) ∈ Z2 and define

(II.1.2) Ah :=
{
α ∈ H1(Q) : α|{xj=2π} = α|{xj=0} + 2πhxj , for xj = θ, φ

}
, A :=

⋃
h∈Z2

Ah,

Then, the map Φ : α 7→ e1 cosα+ e2 sinα defines a bijection

(II.1.3) Φ : A /2πZ→ H1
tan(T, S2),

and we have Φ−1[n] ⊂ Ah(n).

The couple of integer numbers in the Proposition above is the winding number of the vector field.
In particular, when the winding number is (0, 0) then the deviation angle is periodic. In all the other
cases we have to take into account the boundary conditions in the definition of A . This will be
important when we will discuss the existence for the gradient flow in the next Chapter III.

The structure of Ah comes from the following observation. Let n ∈ H1
tan(T, S2) be fixed, and let

us assume that n is also continuous. For a general vector field, we cannot expect the corresponding
α to be periodic on Q = [0, 2π] × [0, 2π] on the other hand we observe that the vector field n is
continuous if and only if there exist m,n ∈ Z such that

α(2π, φ) = α(0, φ) + 2mπ, α(θ, 2π) = α(θ, 0) + 2nπ, ∀ (θ, φ) ∈ Q.
By continuity of n, m and n do not depend on the choice of θ and φ. Moreover, since α is unique up to
an additive constant, m and n are also independent of the choice of α which represents n. Therefore,
the winding number n on T is defined to be the the couple of indices h(n) = (hθ, hφ) ∈ Z× Z, given
by

(II.1.4) hθ :=
α(2π, 0)− α(0, 0)

2π
, hφ :=

α(0, 2π)− α(0, 0)

2π
.

Moreover, if n,v ∈ H1
tan(T;S2) are homotopic, then h(n) = h(v).

II.1.1. Formulas for the deviation α. In this subsection, we perform the formal computations
which lead to the representation of ∇sn, in terms of α. Thus, we suppose that, at least in a local
open and simply connected neighborhood U ⊂ Σ, we have

(II.1.5) n = (cosα)e1 + (sinα)e2 in U.

First of all, we introduce the spin connection A, which, for a two-dimensional manifold Σ em-
bedded in R3, can be expressed using the 1-form ω defined as

(II.1.6) ω(v) = (e1, Dve2)R3 ∀v ∈ TpΣ,
where {e1, e2} is a local orthonormal frame for TΣ. A simple computation reveals that ω(v) =
−(e2, Dve1)R3 for any v tangent and that (e1, Die1)R3 = (e2, Die2)R3 = 0 for i = 1, 2. We define the
spin connection A to be the tangent vector field A := ω], that is Ai = gijωj . In what follows we will
unambiguously refer to A and to ω as the spin connection. Let κ1, κ2 be the geodesic curvatures of
the flux lines of e1, e2, respectively. By the definition of geodesic curvature (see V.1), it is immediate
to see that

(II.1.7) A = −κ1e1 − κ2e2.

The curl of A is related to the Gaussian curvature of Σ. In fact, following [33] we have that

(II.1.8) (curlA,ν)R3 = κ1κ2,

where curlv = −εDv (ε denotes the Ricci alternator defined in Section V.1).
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Now we show how the spin connection A and its related 1-form ω change when we change the
orthonormal frame. In particular, it will be important to be able to choose a local orthonormal frame
with divergence-free spin connection (see [37, Lemma 3.2.9] for a similar result). Thus, let {f1, f2}
be another smooth local orthonormal frame centered U . We denote with β the angle that f1 forms
with e1. Thus, have

f1 = cosβe1 + sinβe2,

f2 = − sinβe1 + cosβe2.

Lemma II.1.1. Let ω′ denote the spin connection in the frame {f1, f2}, namely the 1-form ω′(v) =
(f1, Dvf2)R3 for v tangent. Then there holds

(II.1.9) ω′(v) = ω(v)− dβ(v).

Moreover, if A′ = (ω′)], we have

(II.1.10) divsA′ = divsA−∆sβ.

We are going to prove the following

Lemma II.1.2. Let U ⊂ Σ be open and simply connected and let n ∈ H1
tan(U ;S2). Then, for a.a.

x ∈ U ,

|Dn|2 =|∇sα− A|2,(II.1.11)

|∇sn|2 =|∇sα− A|2 + |Be1|2 cos2 α+ |Be2|2 sin2 α+ 2(Be1,Be2)R3 sinα cosα.(II.1.12)

The expression (II.1.12) further simplifies if we choose, for any point x ∈ Σ, {e1, e2} to be the
principal directions of Σ at x. In particular, {e1, e2} are orthonormal eigenvectors of B. The relative
eigenvalues c1 and c2 are named principal curvatures of Σ at x ([25]). As a result, we have

|∇sn|2 =|∇sα− A|2 + |Be1|2 cos2 α+ |Be2|2 sin2 α

=|∇sα− A|2 +
(c2

1 − c2
2)

2
cos(2α) +

(c2
1 + c2

2)

2
.(II.1.13)

Note that
(c21+c22)

2 = (trgB)2 = 2H, where H is the mean curvature of Σ.

Thanks to (II.1.11) we have that if n is a parallel vector field with unit norm in some simply
connected region U then |∇sα − A|2 = 0, namely A = ∇sα. The Poincaré Lemma gives that the
condition above is satisfied if and only if curlA = 0, that is the Gaussian Cruvature should vanish.
We thus have proved the following.

Corollary II.4. Let U ⊂ Σ be open and simply connected and let n ∈ H1
tan(U ;S2). Then,

(II.1.14) |Dn|2 = 0 for a.a. x ∈ U implies that curlA = 0,

namely the Gaussian curvature vanishes on U .

Relying on the computations above, we rewrite the energy W in (II.0.3) in terms of the deviation
angle α. We have

Lemma II.1.3. Let {e1, e2} be the orthonormal frame provided by the principal directions on
Σ. Let c1, c2 be the corresponding principal curvatures and let κ1, κ2 be the corresponding geodesic
curvatures. The energy (III.0.6) of a director field n, in terms of the deviation angle α characterized
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by n = cos(α)e1 + sin(α)e2 and of the spin connection (II.1.7) is

W (n) =
1

2

ˆ
Σ

{
K1((∇sα− A) · t)2 +K2(c1 − c2)2 sin2 α cos2 α

+K3((∇sα− A) · n)2 +K3(c1 cos2 α+ c2 sin2 α)2
}

dVol.(II.1.15)

The corresponding one-constant approximation (κ = K1 = K2 = K3) is

(II.1.16) W (n) =
κ

4

ˆ
Σ

{
c2

1 + c2
2

}
dVol +

κ

2

ˆ
Σ

{
|∇sα− A|2 +

1

2
(c2

1 − c2
2) cos(2α)

}
dVol.

II.2. Combing a surface in H1

In this Section we finally prove Theorem II.1. The proof is based on a contradiction argument
and makes use of the representation of a unit norm vector field via the angle α discussed above. As
it will be clear from the proof the argument works for a two dimensional surface in R3.

Let Σ be given, as in the hypothesis of Theorem II.1. We consider E := H1
tan(Σ, S2) as a subset

of the Hilbert space X := H1
tan(Σ). Assume that E 6= ∅, we need to prove that χ(Σ) = 0. We study

the minimization problem related to the energy

(II.2.1) E : X → R, E(u) :=
1

2

ˆ
Σ
|Du|2dVol.

Since the function f : Σ × R3 → R, f(x, ξ) = gx(ξ, ξ)
√
gx is continuous and convex in ξ for all

x ∈ Σ, the energy E is weakly lower semicontinuous on X. As the constraint “|u| = 1 a.e. on Σ” is
continuous with respect to the L2 convergence, we deduce that sublevel sets of E in E are sequentially
weakly compact in X. Hence, using the direct method of the calculus of variations we can find a
field u∗ ∈ E which minimizes E on E. We get a contradiction as soon as we prove that u∗ is actually
more regular (say continuous) hence violating the classical Poincaré-Hopf Theorem (see [40]). Now,
thanks to [8] for any given point x ∈ Σ we can find an open neighbourhood U ⊂ Σ and a real function
α : U → R such that any vector field u ∈ E can be locally represented as u = cosα e1 + sinα e2

a.e. in U . Here {e1, e2} is a smooth local orthonormal frame for TxΣ for all x ∈ U , and α ∈ H1(U)
is the angle that u forms with e1. Owing to Lemma II.1.1, it is not restrictive to assume that the
spin connection A corresponding to {e1, e2} is divergence-free: indeed if divs A 6= 0, we can define a
new orthonormal frame by rotating {e1, e2} of an angle β such that ∆sβ = divs A in U . The spin
connection A′ in the new frame, owing to (II.1.10), satisfies then divs A′ = divs A−∆sβ = 0.

Now, since u∗ minimizes (II.2.1) on E, by Lemma II.1.2 any function α∗ ∈ H1(U), such that
u∗ := cosα∗ e1 + sinα∗ e2 on U , minimizes

(II.2.2) F : H1(U)→ R, F(α) :=
1

2

ˆ
U
|∇sα− A|2dVol,

on the set {α ∈ H1(U) : α|∂U = α∗|∂U}. As a result, α∗ is a stationary point of (II.2.2), with respect

to variations in H1
0 (U), and hence it solves

∆sα
∗ = 0 in U.

As the Laplace Beltrami operator on a smooth compact manifold is an elliptic operator with smooth
coefficients, we have that α∗, hence u∗, is smooth in U . Being the choice of the point x completely
arbitrary, we have proved that u∗ is a unit norm vector field which is smooth everywhere in Σ.
Thanks to the classical Poincaré-Hopf Theorem, Σ must be a genus-1 surface, i.e. χ(Σ) = 0. The
opposite implication is straightforward. More precisely, assuming that χ(Σ) = 0, classical results
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give the existence of a smooth vector field on Σ with unit norm, which, in particular, belongs to
H1

tan(Σ, S2).

II.3. Combing an hypersurface in VMO

In this Section we extend Theorem II.1 to VMO unit lenght vector fields on a n dimensional
compact, connected submanifold of Rn+1 without boundary. These results are taken from [19] to
which we refer for all the details.

Theorem II.2 is formulated for vector fields in VMO, namely the space of Vanishing Mean Oscilla-
tion (VMO) functions, introduced by Sarason in [48]. These constitute a special subclass of Bounded
Mean Oscillations functions, defined by John and Nirenberg in [31]. We recall the definitions and
some properties of these objects later on, but we immediately note that VMO contains the critical
spaces with respect to Sobolev embeddings, that is,

(II.3.1) W s,p(Rn) ⊂ VMO(Rn) when sp = n, 1 < s < n.

In a sense, VMO functions are a good surrogate for the continuous functions, because some classical
topological constructions can be extended, in a natural way, to the VMO setting. In particular, we
recall here the VMO degree theory, which has been developed after Brezis and Nirenberg’s seminal
papers [16] and [17]. We anticipate that this will be the main ingredient in the proof. Besides
relaxing the regularity on the vector field, we will consider n-dimensional compact and connected
submanifolds of Rn+1 and, instead of fixing the length of the vector field to be 1, we will look for
vector fields which are bounded and uniformly positive.

For the reader’s convenience, we recall here the basic definitions about VMO functions, following
the presentation of [17] (to which the reader is referred, for more details). All the functions we
consider here take values in Rd, so functional spaces such as, e.g., L1(N, Rd) or VMO(N, Rd) will be
simply written as L1(N) or VMO(N).

Recall that N is endowed with a Riemannian measure σ. For any ε > 0, we denote with Nε the
set

Nε := {x ∈ N : dist(x, ∂N) > ε} .

For u ∈ L1(N) (with respect to σ), define

(II.3.2) ‖u‖BMO := sup
ε≤r0, x∈N2ε

 
Bε(x)

|u(y)− ūε(x)| dσ(y),

where

(II.3.3) ūε(x) :=

 
Bε(x)

u(y) dσ(y), for x ∈ N2ε.

The set of functions with ‖u‖BMO < +∞ will be denoted BMO(N), and (II.3.2) defines a norm on
BMO(N) modulo constants. Using cubes instead of balls leads to an equivalent norm. Moreover, if
ϕ : X1 → X2 is a C 1 diffeomorphism between two unbounded manifolds, then u ∈ BMO(X2) implies
u ◦ ϕ ∈ BMO(X1) and

‖u ◦ ϕ‖BMO(X1) ≤ C ‖u‖BMO(X2) .

Bounded functions (in particular, continuous functions) belong to BMO. Following Sarason, we define
VMO(N) as the closure of C (N) with respect to the BMO norm. Functions in VMO(N) are then
defined in this way (see [16, Lemma 3]):
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Definition II.3.1. A function u ∈ BMO(N) is in VMO(N) if and only if

lim
ε→0

sup
x∈N2ε

 
Bε(x)

|u(y)− ūε(x)| dσ(y)→ 0.

Sobolev spaces provide an interesting class of functions in VMO, since, for critical exponents, the
embeddings which fail to be in L∞ hold true in VMO:

W s,p(N) ⊂ VMO(N) whenever 0 < s < n, sp = n.

We present the proof of Theorem II.2. The argument is inspired by [28, Theorem 2.28]. We
assume that N is a compact, connected n-manifold without boundary, embedded as an hypersurface
of Rn+1.

Proof of Theorem II.2. It is well-known that, if χ(N) = 0, then a nowhere vanishing, smooth
(hence VMO) vector field on N exists. The details of this argument are in [19].

Let us prove the other side of the Theorem: we suppose that a tangent vector field v ∈ VMO(N)
such that ess infN |v| > 0 exists, and we claim that χ(N) = 0. Every compact hypersurface of Rn+1

is orientable, so there is a smooth unit vector field γ : N → Rn+1 such that γ(x) ⊥ TxN for all
x ∈ N . The choice of such a map induces an orientation on N , and γ is called the Gauss map of the
oriented manifold N . We can also assume that n is even, since χ(N) = 0 whenever N is a compact,
unbounded manifold of odd dimension (see, e.g., [28, Corollary 3.37]).

Consider the function H : N × [0, π]→ Rn+1 given by

H(x, t) := (cos t)γ(x) + (sin t)w(x),

where w := v
|v| . The function H is clearly well defined since ess infN |v| > 0 by assumption. Moreover,

it is readily checked that |H(x, t)|2 = 1 for all (x, t) ∈ N × [0, π]. We claim that

(II.3.4) H ∈ C ([0, π], VMO(N, Sn)) .

Indeed, H(·, t) is the linear combination of functions in VMO(N) and hence belongs to VMO(N),
for all t. On the other hand, for all t1, t2 ∈ [0, π]

‖H(·, t1)−H(·, t2)‖BMO ≤ |cos t1 − cos t2| ‖γ‖BMO + |sin t1 − sin t2| ‖w‖BMO ,

whence the claimed continuity (II.3.4) follows.

We recall that, if N is a compact, connected and orientable n-submanifold with boundary, M is
a connected, orientable manifold without boundary, of the same dimension as N , and ϕ : N →M is
a smooth map, then the degree of ϕ is defined as

(II.3.5) deg(ϕ, N, M) =
1

τ(M)

ˆ
N

detDϕ(x) dσ(x).

Since the degree is a continuous function VMO(N, Sn)→ Z (see [16, Theorem 1]), we infer that

deg(H(·, 0), N, Sn) = deg(H(·, π), N, Sn).

On the other hand, H(·, 0) = γ and H(·, π) = −γ. By standard properties of the degree (in
particular, [28, Properties (d, f) p. 134]), and since we have assumed that n is even, we have

deg(−γ, N, Sn) = (−1)n+1 deg(γ, N, Sn) = −deg(γ, N, Sn),

hence

deg(γ, N, Sn) = −deg(γ, N, Sn).



24 II. FUNCTIONAL FRAMEWORK

By the degree formula (II.3.5) and Gauss-Bonnet Theorem (see, e.g., [26, page 196]), for an even-
dimensional hypersurface N

deg(γ, N, Sn) = deg(γ, N, Sn)

 
Sn

dσn =
1

ωn

ˆ
N
γ∗(dσn) =

1

ωn

ˆ
N
κdσ =

1

2
χ(N),

where dσn is the volume form of Sn, ωn :=
´
Sn dσn is the volume of Sn, and κ is the Gaussian

curvature of N . Since deg(γ, N, Sn) = 0 by the above construction, this shows that χ(N) = 0 and
thus completes the proof. �

Remark II.5. When χ(N) 6= 0, Theorem II.2 shows that there is no unit vector field in the
critical Sobolev space W s,p(N), for 0 < s < n and sp = n. In contrast, when sp < n it is not difficult
to construct unit vector fields in W s,p(N). For instance, on N = S2k one may consider a field with
two “hedgehog” singularities, of the form x 7→ x/ |x|, located at the opposite poles of the sphere.



CHAPTER III

Justification and Analysis of the surface energy

In this Chapter we take advantage of the results of the Chapter II and we analyze the energy

(III.0.6) W (n) :=
1

2

ˆ
Σ
K1(divs n)2 +K2(n · curls n)2 +K3|n× curls n|2 dVol.

More precisely, in Section III.1 we discuss the existence of minimizers in H1
tan(Σ, S2).

Then, in Section III.2 we justify the dimensional reduction limit for the one constant approxima-
tion energy

W (n) = lim
h↘0

WOZF (n,Σh), Σh being a tubular neighbor of Σ,

in terms of Γ-convergence, where

(III.0.7) W (n) =
1

2

ˆ
Σ
|Dn|2 + |Bn|2 dVol,

In Section III.3 we discuss the microscopic derivation, again using Γ-convergence of the surface
energy (III.0.7), namely we prove the limit (I.2.8).

Finally, in Section III.4 we present a detailed analysis of the gradient flow of the energy (III.0.7)
on shells with χ(Σ) = 0. In particular, we will first prove the existence of an energy solution (roughly
speaking a solution that emanates from H1

tan(Σ, S2) initial conditions). Note that this existence
result can be easily extended to an n dimensional hypersurface with χ(Σ) = 0. Secondly, we will
specialize to a two dimensional toroidal shell and we will prove uniqueness and regularity results for
the evolution.

III.1. Minimization of (III.0.6)

There are two major problems to address before discussing the existence of minimizers of (III.0.6):

• Choice of the topology of the surface Σ. This is related to the choice of the functional space
thanks to the H1-version of the hairy ball Theorem (see I.1) (see the next Theorem I.1).
• Choice of the boundary conditions. Given a boundary datum nb in some functional class,

we have to show that the set of competitors A(nb) is not empty, where

A(nb) :=
{
u ∈ H1

tan(Σ, S2) : u = nb on ∂Σ
}
.

This fact is related to some precise topological properties of nb, which are discussed and
analyzed in [19].

Here, we restrict to the case of a smooth surface without boundary.

According to Theorem I.1, in this Chapter, unless otherwise stated, we will consider a Σ to be a
compact and smooth two-dimensional surface without boundary such that

(III.1.1) Σ has Euler characteristic equal to zero, that is χ(Σ) = 0.

25
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Choosing Σ satisfying (III.1.1), namely in such a way that H1
tan(Σ, S2) 6= ∅, we have the following

(see [27] for the flat case)

Proposition III.1.1. Let Σ be a smooth, compact surface in R3, without boundary, satisfying
(III.1.1) and let W : H1

tan(Σ, S2) → R be the energy functional defined in (III.0.6). Set K∗ :=
min {K1,K2,K3} and K∗ := 3(K1 +K2 +K3). We have that

K∗
2

ˆ
Σ

(
|Du(x)|2 + |Bu(x)|2

)
dVol ≤W (u) ≤ K∗

2

ˆ
Σ

(
|Du(x)|2 + |Bu(x)|2

)
dVol.

Moreover, the energy W is lower semicontinuous with respect to the weak convergence of H1(Σ;R3).

Proof. The upper and the lower bound follow by the one-constant approximation (see (V.1.3))
and the equality (V.1.5). The lower semicontinuity can be proved by noting that all the terms in
(III.0.6) are indeed weakly lower semicontinuous in H1(Σ;R3) and are multiplied by the positive
constants K1,K2 and K3. �

Thus, the existence of a minimizer of the energy W follows from the direct method of calculus
of variations

Proposition III.1.2. There exists n ∈ H1
tan(Σ, S2) such that W (n) = infu∈H1

tan(Σ, S2)W (u).

Proof. Let un be a minimizing sequence uniformly bounded in H1
tan(Σ, S2). This means that

|un| = 1 and that {un} is uniformly bounded in H1
tan(Σ). Thus, up to a not relabeled subsequence

of n, we have that there exists a vector field n ∈ H1
tan(Σ) with |n| = 1 such that

un
n↗+∞−−−−−→ n weakly in H1

tan(Σ, S2) and strongly in L2(Σ).

Thus, the lower semicontinuity of W gives that infu∈AW (u) = lim infn↗+∞W (un) ≥ W (n) which
means that n is a minimizer for W .

�

Now, in the case of the one-constant approximation, we compute, the Euler Lagrange equation
associated to the minimization of (III.0.7) (see also). Incidentally, note that up to technical modifica-
tions, the same computations are valid for an n-dimensional hypersurface. Thus, let n ∈ H1

tan(Σ, S2)
be a minimizer for (III.0.7). Take a smooth v ∈ H1

tan(Σ, S2) and consider the family of deformations
ϕ(t) := n+tv

|n+tv| , for t ∈ (0, 1). Note that |ϕ| = 1 by construction and that ϕ ∈ H1
tan(Σ, S2). Moreover,

ϕ(0) = n and ϕ̇(0) = v − (v,n)n and thus W (ϕ(t)) has a minimum at t = 0. Hence, we have

0 =
d

dt |t=0
W (ϕ(t)) = κ

ˆ
Σ

(Dϕ(0), Dϕ̇(0))R3dVol +

ˆ
Σ

(Bϕ(0),Bϕ̇(0))R3dVol

= κ

ˆ
Σ

(Dn, Dv)R3dVol +

ˆ
Σ

(Bn,Bv)R3dVol

−
ˆ

Σ
|Dn|2(n,v)R3dVol−

ˆ
Σ
|Bn|2(n,v)R3dVol,

where we have used that, being |n| = 1, there holds that (Dn,n)R3 = 0, and the fact that
B[n(n,v)R3 ] = −∇n(n,v)R3

ν = −(n,v)R3∇nν = (n,v)R3Bn. Now, since the shape operator B

is self-adjoint, we may introduce the operator B2 given by

(B2u,v)R3 := (Bu,Bv)R3 for any u,v ∈ T(Σ).
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Thus, collecting all the computations, we obtain that a minimizer n of W is a solution of the following
system of nonlinear partial differential equations

(III.1.2) −∆gn + B2n = |Dn|2n + |Bn|2n in Σ.

Remark III.1. As it happens for harmonic maps, a vector field n solving (III.1.2) is parallel to
−∆gn + B2n. Viceversa, if −∆gn + B2n is parallel to n, then there exists a function λ on Σ (the
Lagrange multiplier) such that

−∆gn + B2n = λn,

from which it follows that (recall that |n| = 1)

λ = λ(n,n)R3 = (−∆gn,n)R3 + (B2n,n)R3 = |Dn|2 + |Bn|2,

where we have used the general identity

(III.1.3) 0
|n|=1

= ∆g|n|2 = 2
{
|Dn|2 + (∆gn,n)R3

}
,

holding for any smooth vector field n on Σ. Therefore, a smooth unitary vector field n ∈ T(Σ) is a
solution of (III.1.2) if and only if it solves

(III.1.4) (−∆gn + B2n)× n = 0.

III.2. Justification of the surface energy via dimensional reduction

In this subsection, we give a justification of the energy (III.0.7) via a two dimensional reduction
starting from the corresponding Oseen Zocher Frank energy in the one constant approximation,
namely the energy

WOFZ(n, V ) :=
1

2

ˆ
V
|∇n|2dV

defined on a domain V ⊂ R3.

The dimensional reduction will be performed using Γ-convergence (see Section V.2 for the defini-
tion) in the spirit of [34]. Thus, we denote as usual with Σ the two dimensional shell, namely a two
dimensional compact surface without boundary in R and then we denote, for any h > 0 (sufficiently
small), with Σh the tubular neighbor of thickness h, namely the set

(III.2.1) Σh :=
{
p ∈ R3 : ∃p′ ∈ Σ, p = p′ + ην(p′), with |η| ≤ h/2

}
.

Note that in order that Σh is well defined, h should be taken sufficiently small compared with the
curvature of Σ. We denote with S±h the ”upper” and the ”lower” boundary of Σh, i.e.

S±h :=
{
p ∈ R3 : ∃p′ ∈ Σ, p = p′ + ην(p′), with η = ±h/2

}
.

Differently from [34], the energy in the limit has to be defined on tangent vector fields. In order
to include the tangential anchoring in the limit we have to modify the three dimensional energy by
adding a penalization term penalizing the deviations (in the limit) from tangent directions. Thus,
we actually consider the following functional

W̃OZF (n,Σh) = WOZF (n,Σh) +

ˆ
S+h

|(n,ν)|2dSh +

ˆ
S−h

|(n,ν)|2dS−h.(III.2.2)

The last two terms in the energy (III.2.2) play the role of a boundary condition on the boundary
of the domain Σh. This type of boundary condition is usually called weak anchoring (see [55]).
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As is will be clear later on, the volume of Σh scales like h. Thus, in order to obtain a non trivial
limit we have to scale the energy with h, that is we will study the Γ limit of

(III.2.3) W̃OZF
h (n,Σh) :=

1

h
W̃OZF (n,Σh).

We aim at proving the following

Proposition III.2.1. Let Σ be a compact, two dimensional surface without boundary and such
that χ(Σ) = 0. For any h > 0 (sufficiently small), let Σh denote the tubular neighbor of thickness h
defined in (III.2.1). Then, we have

(III.2.4) Γ− lim
h↘0

W̃OFZ
h (n,Σh) =

1

2

ˆ
Σ
|Dn|2 + |Bn|2 dVol, in L2(Σ1;R3),

where Σ1 is the tubular neighbor of Σ of thickness one.

The proof follows the lines of LeDret and Raouolt [34] and it is divided in several steps. We
present it just for the sake of completeness. We denote with P the orthogonal projection P : R3 →
Tp(Σ), namely the projection onto the tangent plane of Σ at the point p. We have

(III.2.5) Pv = v − (ν,v)R3ν, ∀v ∈ R3.

Now, given n : Σh → R3 (sufficiently smooth), we have

(III.2.6) ∇n = (∇n) ◦ P + (∇n) ◦ (Id− P ),

namely we have decomposed (in a orthogonal way) the derivative of n is a derivative along direction
that are tangent to Σ and along the normal direction.

From now on, we set (see Section V.1)

(III.2.7) ∇sn := ∇n ◦ P, that is ∇sn[v] = ∇Pvn.

In other words, ∇s is the restriction to directions tangent to Σ of the derivative ∇.

Now, we rescale the energy. To this end, we firs concentrate on the bulk part W of the energy
(III.2.2). Recalling that the decomposition (III.2.6) is indeed orthogonal, we have

(III.2.8) W (n,Σh) :=
1

2

ˆ
Σh

|∇n|2dVh =
1

2

(ˆ
Σh

|∇sn|2dVh +

ˆ
Σh

|(∇n) ◦ (Id− P )|2dVh

)
.

Now, in order to work on domain that does not depend of h we introduce the following deformation
that maps Σh to Σ1,

dh := Ψ ◦ φh ◦Ψ−1,

where

Ψ : Ω× (−h/2, h/2)→ Σh, Ψ(x̄, τ) := Φ(x̄) + τν(x̄),(III.2.9)

φh : Ω× (−h/2, h/2)→ Ω× (−1/2, 1/2), φh(x̄, τ) =
(
x̄,
τ

h

)
.(III.2.10)

Then, a straightforward computation gives that the determinant of the Jacobian of dh is 1/h.
Hence, we have that dVh = hdV. Thus we rewrite the energy in Σ1 as
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W (n,Σ1) =
h

2

( ˆ
Σ1

|∇sn|2dV +
1

h2

ˆ
Σ1

|∇νn|2dV
)
.(III.2.11)

Thus, the complete energy becomes

(III.2.12) W̃OZF (n,Σ1) = W (n,Σ1) +

ˆ
S+1/2

|(n, ν)|2dS1/2 +

ˆ
S−1/2

|(n, ν)|2dS−1/2.

Finally, we rescale the energy with h. Namely we consider the the energy W̃OZF
h defined in

(III.2.3) which becomes

W̃OZF
h (n,Σ1) =

1

2

( ˆ
Σ1

|∇sn|2dV +
1

h2

ˆ
Σ1

|∇νn|2dV
)

1

h

ˆ
S+1/2

|(n, ν)|2dS1/2 +
1

h

ˆ
S−1/2

|(n, ν)|2dS−1/2.(III.2.13)

Note that we denote with same name symbol the extension of W̃OZF
h (Σ1, ·) to L2(Σ1;R3).

Now, consider a sequence nh such that

(III.2.14) sup
h>0

W̃OZF
h (nh,Σ1) < +∞.

Then, we immediately have from (III.2.13) that the sequence nh is bounded in H1(Σ1;R3). Moreover,
we have that

(III.2.15)

ˆ
Σ1

‖∇νnh‖2dV ≤ h2C for any h > 0.

and

(III.2.16)

ˆ
S+1/2

|(nh,ν)|2dS1/2 +

ˆ
S−1/2

|(nh,ν)dS−1/2 ≤ Ch for any h > 0.

Now, denote with n the weak limit in H1(Σ1;R3). Since |nh| = 1, we have that |n| = 1. Moreover
(III.2.15) gives that ∇νn = 0 a.e in Ω × (−1/2, 1/2). Finally, we have n̂ ⊥ ν where we have used
(III.2.16). Summing up the discussion above we have found that the weak limit n belongs to the
following set

(III.2.17) n ∈ V :=
{
v ∈ H1(Σ1;R3) : |v| = 1, ∇νv = 0, (ν,v)R3 = 0

}
,

Note that the fact that n ∈ V is equivalent to the requirement that n ∈ H1
tan(Σ, S2).

Now, in order to prove the Γ-convergence result, we have to prove the following two statements

(1) Liminf inequality:
Given nh → n strongly in L2(Σ1;R3), we have to prove that

(III.2.18) lim inf
h↘0

W̃OZF
h (nh,Σ1) ≥W (n),

(2) Existence of the recovery sequence:
For any n ∈ V, there exists a (recovery) sequence nh such that nh → n strongly in L2(Σ1;R3)
and such that

(III.2.19) lim
h↘0

W̃OZF
h (nh,Σ1) = W (n)
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In order to prove the lim inf inequality, we we can assume that suph>0 W̃
OZF
h (nh,Σ1) < +∞. The

discussion above, gives that nh is bounded in H1(Σ1;R3) and consequently that nh → n weakly in
H1(Σ1;R3) with n ∈ V and thus W (n) is finite. The, we have the following

lim inf
h↘0

W̃OZF
h (nh,Σ1) ≥ lim inf

h↘0

1

2

ˆ
Σ1

|∇snh|2dV ≥ 1

2

ˆ
Σ1

|∇sn|2dV

Moreover, since n does not depend on the thickness direction we have

1

2

ˆ
Σ1

|∇sn|2dV ≥ 1

2

ˆ
Σ1

|∇sn|2dV =
1

2

ˆ
Σ
|∇sn|2dVol.

The existence of a recovery sequence is simple: consider nh ≡ n with n ∈ V, namely a vector
field which does not depend on thickness direction a such that it is tangent to any inner surface of
the foliation.

III.3. Justification of the surface energy via micro-macro transition

In this Section we discuss the microscopic derivation of the surface energy (III.0.7). This
amounts to starting with a microscopic energy and deriving the continuum energy (III.0.7) using
Γ-convergence. The energy we want to start with is the lattice energy (I.2.5) discussed in Chapter I.

According to Theorem II.1 we consider the case of a shell Σ with χ(Σ) = 0. For definiteness, we
choose Σ = T2, the axisymmetric torus with its standard metric g (see Section V.1) . We decorate
the shell with a lattice obtained by first considering a square lattice εZ2 with spacing ε > 0 on
Ω = [0, 2π]× [0, 2π] and then mapped on the torus using the map X : Ω→ R3 defined by (see Section
V.1)

X(θ, φ) =

(R+ r cos θ) cosφ
(R+ r cos θ) sinφ

r sin θ

 .

We let i ∈ εZ2. Then, denoting with W the square W = [0, 1]2, we consider Ωε to be the union of
all the cubes {i+ εW} when i ranges in Z2

ε(Ω) := εZ2 ∩Ω. Note that we have Ωε ⊂ Ω. Now, for any
i ∈ Z2

ε(Ω), we set pεi := X(i).

At any site pεi of the lattice on Σ, we consider a unit norm tangent vector n(pεi ). We denote with
n the finite sequence {n(pεi )}i∈Z2

ε(Ω). Then, we consider the following energy

(III.3.1) Fε(n) :=
∑
<i,j>

√
det g(pεi )

(
1− (n(pεi ),n(pεj)

)
R3 ,

where we computed the scalar product in the ”extrinsic” way (see the discussion in the Introduction).

For our purposes, it is convenient to group the interactions according to the two directions ∂X
∂θ

and ∂X
∂φ . We have

(III.3.2)

Fε(n) =
∑

i,i+εv1

√
det g(pεi )

(
1− (n(pεi ),n(pεi+εv1)

)
R3 +

∑
i,i+εv2

√
det g(pεi )

(
1− (n(pεi ),n(pεi+εv2)

)
R3 ,

where v1 and v2 is the standard basis in R2.

Since |n(pεi )| = 1 for any i ∈ Z2
ε(Ω), the energy can be written as

(III.3.3)

Fε(n) =
1

2

∑
i,i+εv1

ε2
√

det g(pεi )
∣∣∣n(pεi+εv1)− n(pεi )

ε

∣∣∣2 +
1

2

∑
i,i+εv2

ε2
√

det g(pεi )
∣∣∣n(pεi+εv2)− n(pεi )

ε

∣∣∣2
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Now, given {v(pεi )}i∈Z2
ε(Ω) where v(pεi ) are unit norm tangent vectors to T2, we introduce the

following set of vector fields on the torus

(III.3.4) Cε(T2, S2) =
{
v̄ : T2 → S2 : v̄(p) = v(pεi ), ∀p ∈ X({i+ εW})

}
,

namely the set of the piece wise constant vector fields interpolating the values v(pεi ). Note that
|v̄(p)| = 1 for any p ∈ T2 but v̄ ∈ Cε is not necessarily a tangent vector field. Then, any function
v : Z2

ε(Ω) → R3 can be regarded as an element of Cε(T2). As a consequence, we might think that
the energy Fε is defined on Cε(T2) and then extended (with the same name) to L∞(T2,S2).

We prove the following

Theorem III.2. Let us consider the energy Fε : L∞(T2, S2) → R ∪ {+∞} defined in (III.3.1).
Then, we have that Fε Γ-converges as ε↘ 0 with respect to the weak star convergence in L∞(T2, S2)
to the functional

(III.3.5) W (n) =

{
1
2

´
T2 |Dn|2 + |Bn|2dVol if n ∈ H1

tan(T2; S2)
+∞ otherwise in L∞(T2,S2).

Proof. The proof follows the lines of [11, Theorem 4.3].

According to the general theory of Γ-convergence (see Section V.2) we have to prove the so called
lim inf inequality and the existence of a recovery sequence. We sketch the proof. The details will be
given in [18].

Step 1: lim inf inequality
Let n̄ε be a sequence of piece wise constant vector fields interpolating nε = {nε(pεi )}i∈Z2

ε(Ω). It is not

restrictive to assume that Fε(nε) < +∞ (if not the lim inf inequality is trivially satisfied).

Now, let n̂ε denote the piece wise affine interpolation of nε(p
ε
i ). This interpolation is constructed

as in [1] as the piecewise affine interpolation of the (discrete) map nε ◦ X, namely the coordinate
description of the discrete vector field nε on the curvilinear lattice. Then, we introduce the vectors

eε1 and eε2 as eε1 :=
−−−−−→
pεi+εv1 p

ε
i and eε2 =

−−−−−→
pεi+εv2 p

ε
i , respectively. Note that when ε ↘ 0, eε1 and eε2 are

indeed approximations of the tangent vectors (see Section V.1) e1 and e2, spanning the tangent space
of T2. More precisely, we have

eε1
|eε1|

ε↘0−−−→ e1 uniformly

eε2
|eε2|

ε↘0−−−→ e2 uniformly .

We denote with P ε the projection on the plane spanned by the two vectors eε1 and eε2. Then, we set
∇ε := ∇ ◦ P ε.

Now, we rewrite the difference quotients in (III.3.3) as

n(pεi+εv1)− n(pεi )

ε
=

n(X(i+ εv1))− n(X(i))

ε
=

n(X(i) + |eε1|
eε1
|eε1|

)− n(X(i))

|eε1|
|eε1|
ε
,

and

n(pεi+εv2)− n(pεi )

ε
=

n(X(i+ εv2))− n(X(i))

ε
=

n(X(i) + |eε2|
eε2
|eε2|

)− n(X(i))

|eε2|
|eε2|
ε
.

It is worthwhile noting that is the point where the ”extrinsic” point of view comes into play:
the vector n(pεi ) sees its neighbors n(pεi+εv1) and n(pεi+εv2) in R3, forgetting (for a while) the fact
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that they are tangent vectors to T2. The difference quotients above, can be reinterpreted in terms
of the piecewise affine interpolation n̂ε. Namely, we have

Fε(nε) ≥
1

2

ˆ
Ωε

|∇εn̂ε|2
√

detḡεdθdφ,(III.3.6)

where ḡε is a proper piecewise constant interpolation of the values g(pεi ). Being the left hand side
bounded by assumption, we have that n̂ε is bounded in H1(Ω;R3). Moreover, there holds that that

n̂ε − n̄ε
ε↘0−−−→ 0. Finally, denoting with ñ the weak limit in H1(Ω;R3) of n̂ε, we have that the vector

field n defined via ñ = n◦X belongs to H1
tan(T2; S2). Recall in particular that (an analogous relation

also holds for the φ-derivative) ∂θñ = ∇∂θXn(X). Summing up, by semicontinuity we have

lim inf
ε↘0

1

2

ˆ
Ωε

|∇εn̂ε|2
√

detḡεdθdφ ≥
1

2

ˆ
T2

|∇sn|2dVol,

where we have used that eε1 and eε2 strongly converge in L2 to their limits ∂θX and ∂φX, respectively.
We recall that ∇sn := ∇n ◦ P , being P the projection on the tangent plane of T2 (see Section V.1).
Thus, by taking the lim inf in (III.3.6) we conclude.

Step 2: Existence of a recovery sequence

Given a target vector field n ∈ H1
tan(T2,S2) we want to find a sequence nε such that nε

ε↘0−−−→ n
weakly star in L∞(T2; S2) and such that

(III.3.7) lim
ε↘0

Fε(nε) = W (n).

We can assume that n is a smooth vector field. Thus, we evaluate n at the points pεi of the lattice
and then we consider the piecewise affine interpolation of n(pεi ): this is our recovery sequence. We
have

(III.3.8) lim
ε↘0

1

2

ˆ
T2

|∇snε|2dVol = W (n).

Moreover, there holds that (see [11] and [18])

lim
ε↘0

(1

2

ˆ
T2

|∇snε|2dVol−
∑
<i,j>

√
det g(pεi )

(
1− (n(pεi ),n(pεj)

)
R3

)
= 0,

which together with (III.3.8) gives the desired (III.3.7).
Thus the Theorem is proved. �

Some comments are in order. We analyzed the microscopic justification on a toroidal shell only.
This is clearly motivated by Theorem II.1. On the other hand, it would be extremely interesting to
analyze the case of, say, a spherical shell. As already anticipated, the Poincarè-Hopf Index Theorem
establishes a link between the topology of the shell Σ and the number of singularities that a vector
field with unit norm must have. In particular, the sum M of the topological charges of all the defects
is conserved and it is equal to the Euler Characteristic χ(Σ) = 2(1 − g), where g (the genus) is the
number of handles of the surface. For example, a spherical shell has χ(Σ) = 2 (thus M = 2), thus
implying the necessity of having two defects. Theorem II.1 shows that these defects have infinite
energy and thus the surface energy (III.0.7) can no longer describe this situation. Consequently,
understand which energy describes a configuration with defects becomes extremely important. A
possible strategy, could be to start with a discrete energy of the type (III.3.1), as in [3].

Now, as we did for the toroidal shell, we decorate a spherical shell with a lattice and we consider
the corresponding energy (III.3.1). It is an interesting problem to understand the Γ-convergence
of the energy (properly rescaled) (III.3.1). In particular, we expect (see [18]) to obtain an energy,
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Renormalized Energy (see [7], [3]), depending on the position of the singularities and coupling the
degree of the defects with the curvature of the surface, as suggested in [56], [58] and in [54].

III.4. Gradient flow of the energy on genus one surfaces

In this Section, we study the L2 gradient flow of the energy (III.0.7), namely the following
evolution

∂tn−∆gn + B2n = |Dn|2n + |Bn|2n a.e. in Σ× (0,+∞),(III.4.1)

n(0) = n0 a.e. in Σ.(III.4.2)

We make precise the definition of weak solution to (III.4.1).

Definition III.4.1. n is a global weak solution to (III.4.1) if

n ∈ L∞(0,+∞;H1
tan(Σ, S2)), ∂tn ∈ L2(0,+∞;L2

tan(Σ)),

n weakly solves (III.4.1), that is

(III.4.3)

ˆ
Σ

(∂tn, φ)R3dVol +

ˆ
Σ
Dn : DφdVol +

ˆ
Σ

(B2n− |Dn|2n− |Bn|2n, φ)R3dVol = 0,

for all φ ∈ H1
tan(Σ).

Here is the main result of this Section.

Theorem III.3. Let Σ be a two-dimensional surface satisfying (III.1.1). Given n0 ∈ H1
tan(Σ, S2)

there exists a global weak solution to (III.4.1) with n(·, 0) = n0(·) in Σ.

Note that equation (III.4.1) has some similarities with the heat flow for harmonic maps and it
offers similar difficulties. In particular, the treatment of the quadratic terms in the right hand side
requires some care. Note that these terms are related to the constraint n(x) ∈ S2 for a.a. x ∈ Σ. As it
happens in the study of the heat flow for harmonic maps (see [21, 22]), we relax this constraint with
a Ginzburg-Landau type approximation, i.e., we allow for vectors n with |n| 6= 1, but we penalise
deviations from unitary length. The approximating equation is then obtained as the Euler-Lagrange
equation of the unconstrained functional

(III.4.4) Eε : H1
tan(Σ)→ R, Eε(v) := W (v) +

1

4ε2

ˆ
Σ

(|v|2 − 1)2.

Thus, we approximate the solutions to (III.4.1)-(III.4.2) with solutions of (ε is a small parameter
intended to go to zero)

∂tn
ε −∆gn

ε + B2nε + 1
ε2

(|nε|2 − 1)nε = 0 a.e. in Σ× (0,+∞),(III.4.5)

nε(0) = n0 a.e. in Σ.(III.4.6)

Existence of a global solution to (III.4.5)-(III.4.6), with all the terms in L2(0,∞;L2
tan(Σ)) follows

from a standard time discretization procedure that we skip.

Once we have constructed an approximate solution nε, the main difficulty is to pass to the limit
as ε↘ 0. First of all, we perform some (uniform w.r.t. ε > 0) a priori estimates on the solutions to
(III.4.5). We take the scalar product of R3 between the approximate equation and ∂tn

ε and then we
integrate over Σ. We have

(III.4.7) ‖∂tnε(t)‖2 +
d

dt
Eε(nε(t)) = ‖∂tnε(t)‖2 +

d

dt
W (nε(t)) +

1

4ε2

d

dt

ˆ
Σ

(|nε(t)|2 − 1)2dVol = 0.



34 III. JUSTIFICATION AND ANALYSIS OF THE SURFACE ENERGY

Thus, integrating on (0, T ), T > 0, and using that n0 ∈ H1
tan(Σ, S2), we get the following estimate,

‖∂tnε‖2L2(0,T ;L2
tan(Σ)) + ‖Dnε‖2L∞(0,T ;L2

tan(Σ)) + ‖Bnε‖2L∞(0,T ;L2
tan(Σ))

+ sup
t∈(0,T )

1

4ε2

ˆ
Σ

(|nε(t)|2 − 1)2dVol ≤ 3Eε(n0) = 3Wκ(n0).(III.4.8)

The estimate above produces the following uniform bounds:

‖nε‖H1(0,T ;L2
tan(Σ))∩L∞(0,T ;H1

tan(Σ)) ≤ C(III.4.9) ˆ
Σ

(|nε(t)|2 − 1)2dVol ≤ 12Wκ(n0)ε2 ∀ε > 0. ∀t ∈ (0, T ),(III.4.10)

Thus, we obtain the existence of a vector field n ∈ H1(0, T ;L2
tan(Σ)) ∩ L∞(0, T ;H1

tan(Σ)) with
n(0) = n0 and of a not relabeled subsequence of ε such that

nε
ε↘0−−−→ n weakly star in L∞(0, T ;H1

tan(Σ)) and strongly in L2(0, T ;L2
tan(Σ)),(III.4.11)

∂tn
ε ε↘0−−−→ ∂tn weakly in L2(0, T ;L2

tan(Σ)),(III.4.12)

B2nε
ε↘0−−−→ B2n strongly in L2(0, T ;L2

tan(Σ)),(III.4.13)

where the last convergence follows directly from the continuity of the shape operator with respect to
the strong convergence in L2 and from the definition of the operator B2. Moreover, (III.4.10) implies
that (up to subsequences)

(III.4.14) |nε|2 ε↘0−−−→ 1 a.e. on Σ× (0, T ).

As a consequence, we have that |n| = 1 a.e. in Σ for any time interval (0, T ), and hence

n ∈ L∞(0,+∞;H1
tan(Σ, S2)).

Moreover, integrating (III.4.7) between 0 and +∞, we have

∂tn ∈ L2(0,+∞;L2
tan(Σ)).

To conclude we have to prove that n solves (III.4.1). It is important to observe that the bounds
at our disposal on the sequence nε are too weak for directly pass to the limit in the singular term
in equation (III.4.5). To this end, we follow the approach devised in [21]. This is based on the
observation that (see Remark III.1) a smooth solution of (III.4.1) actually solves

(III.4.15) (∂tn−∆gn + B2n)× n = 0

and viceversa. This observation is of extreme importance in the analysis of these kind of problems
and it has been noticed and used in [21] and [22], for instance.

To highlight the importance of the reformulation (III.4.15), let us consider the case of an harmonic
map u : Ω → S2 with Ω ⊂ Rn an open set. Being an harmonic map, u solves the nonlinear elliptic
equation

(III.4.16) ∆u+ u|∇u|2 = 0 in Ω.

Now, taking the vector product of the equation with u, one obtains that u solves (III.4.16) if and
only if it solves (see Remark III.1 for an idea on the computations)

∆u× u = 0 in Ω,



III.4. GRADIENT FLOW OF THE ENERGY ON GENUS ONE SURFACES 35

which is equivalent to

(III.4.17)

n∑
i=1

∂

∂xi
(u× ∂u

∂xi
) = 0 in Ω.

Note that, differently from (III.4.16), the equation (III.4.17) is in divergence form and thus is it more
treatable in weak regularity contexts. Moreover, it should be pointed out that this observation has
a more general perspective, as observed in [29].

In the next Lemma III.4.1, we will prove the equivalence between (III.4.3) (namely the weak
version of (III.4.1)) and a proper weak formulation of (III.4.15). In particular, this new formulation
will be fundamental in the limit procedure due to its divergence-like structure. Our argument is
inspired by [21], [37, Lemma 7.5.4].

Lemma III.4.1. A vector field n ∈ H1(0, 1;L2
tan(Σ)) ∩ L∞(0, T ;H1

tan(Σ, S2)) solves (III.4.3) if
and only if solves

−
ˆ

Σ
(∂tn× n,ν)R3ψ dVol +

ˆ
Σ
gij(Din, ν × n)R3∂jψ dVol

−
ˆ

Σ
(B2n× n,ν)R3ψ dVol = 0 ∀ψ : Σ→ R smooth .(III.4.18)

Proof. Step 1

Let n be a solution of (III.4.3) with the regularity specified in the statement. Choose in the
weak formulation (III.4.3) the tangent vector field φ = ν̂ × n, where ν̂ := ψ ν and ψ : Σ → R.
First of all we have that the quadratic term in right hand side disappears as for any a, b ∈ R3

(a, b× a)R3 = (b, a× a)R3 = 0. Thus,

ˆ
Σ

(|Dn|2n + |Bn|2n, ν̂ × n)R3dVol =

ˆ
Σ

(|Dn|2n + |Bn|2n,ν × n)R3ψdVol = 0.

Then, ˆ
Σ

(∂tn, ν̂ × n)R3dVol = −
ˆ

Σ
(∂tn× n,ν)R3ψ dVol(III.4.19)

ˆ
Σ

(B2n, ν̂ × n)R3dVol = −
ˆ

Σ
(B2n× n,ν)R3ψ dVol,(III.4.20)

for all ψ : Σ→ R. Now, we come to the remaining term. To this end, we notice that there holds the
following formula (see Lemma III.4.2)

(III.4.21) Dj(ν × n) = ν ×Djn, ∀j = 1, 2,

which implies

Dj(ν̂ × n) = Dj(ψ(ν × n)) = (∂jψ)ν × n + ψν ×Djn.

Thus, we getˆ
Σ
Dn : DφdVol =

ˆ
Σ
gij(Din, Dj(ν̂ × n))R3dVol

=

ˆ
Σ
gij(Din,ν ×Djn)R3ψdVol +

ˆ
Σ
gij(Din,ν × n)R3∂jψ dVol

=

ˆ
Σ
gij(Din,ν × n)R3∂jψ,(III.4.22)
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where the first addendum vanishes since there holds thatˆ
Σ
gij(Din,ν ×Djn)R3ψdVol = −

ˆ
Σ
gij(Din×Djn,ν)R3ψdVol

and since the metric tensor g is symmetric and the cross product is skew symmetric.

Step 2

Now, suppose a vector field satisfying (III.4.18) and the regularity of the statement is given. As
above, we indicate with ν̂ the vector field ν̂ := ψν. Thus, we have that n verifies

ˆ
Σ

(∂tn, ν̂ × n)R3dVol +

ˆ
Σ
Dn : D(ν̂ × n)dVol +

ˆ
Σ

(B2n, ν̂ × n)R3dVol = 0.

Now, choosing ν̂ of the form ν̂ = n× φ, and recalling that, being |n| = 1, (n× φ)×n = φ−n(n, φ),
we get

ˆ
Σ

(∂tn, ν̂ × n)R3dVol =

ˆ
Σ

(∂tn, (n× φ)× n)R3dVol

=

ˆ
Σ

(∂tn, φ)R3dVol−
ˆ

Σ
(∂tn,n)R3(φ,n)R3dVol

|n|=1
=

ˆ
Σ

(∂tn, φ)R3dVol

Analogously,
ˆ

Σ
(B2n, ν̂ × n)R3dVol =

ˆ
Σ

(B2n, φ)R3dVol.−
ˆ

Σ
(B2n,n)R3(n, φ)R3dVol

=

ˆ
Σ

(B2n, φ)R3dVol−
ˆ

Σ
|Bn|2(n, φ)R3dVol,

Finally, we have
ˆ

Σ
Dn : D(ν̂ × n)dVol =

ˆ
Σ
Dn : D((n× φ)× n)dVol

=

ˆ
Σ
Dn : D(φ− n(n, φ)R3)dVol

=

ˆ
Σ
Dn : DφdVol−

ˆ
Σ
|Dn|2(n, φ)R3dVol.

Thus, collecting the above computations we get that n is a solution of (III.4.3). �

We are now in the position to conclude the proof of Theorem III.3. We recall that for the moment,
we have proven that, up to a subsequence,

nε
ε↘0−−−→ n weakly in H1(0, T ;L2

tan(Σ)) and weakly star in L∞(0, T ;H1
tan(Σ)),

where n is such that |n| = 1. Moreover,

nε
ε↘0−−−→ n strongly in L2(0, T ;L2

tan(Σ)).
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Now, test (III.4.5) with φ = ν̂ × nε, where as before ν̂ := ψν with ψ : Σ → R smooth. The above
computations, give

−
ˆ

Σ
(∂tnε × nε, ν)R3ψ dVol +

ˆ
Σ
gij(Dinε, ν × nε)R3∂jψ dVol

−
ˆ

Σ
(B2nε × nε, ν)R3ψ dVol = 0(III.4.23)

where the penalization term has disappeared again thanks to (a, b × a)R3 = (b, a × a)R3 = 0, for
a, b ∈ R3. Since (III.4.23) is in ”divergence form”, we can easily pass to the limit as ε ↘ 0 using
the above proved convergences. Note indeed that all the terms easily pass to the limit as they are
products of weakly and strongly convergent sequences in L2. Consequently, we obtain that the limit
n verifies (III.4.18) and thus solves (III.4.3) thanks to Lemma III.4.1.

In the next Lemma, we prove the formula (III.4.21).

Lemma III.4.2. Let us given n ∈ TpΣ. Let ν be the normal vector at the point p. Then, for
i = 1, 2, there holds

(III.4.24) Di(ν × n) = ν ×Din.

Proof. Let {e1, e2} be a base for the tangent space at the point p. For i = 1, 2, the Gauss
formula gives

Di(ν × n) = ∇i(ν × n)− h(ei, ν × n)ν.

Now,

h(ei, ν × n) = −(∇iν, ν × n)R3 = (∇iν × n, ν)R3 ,

by definition. Then, expanding ∇i(ν × n) = ∇iν × n + ν ×∇in, we get

Di(ν × n) = ν ×∇in +∇iν × n− (∇iν × n, ν)R3ν = ν ×∇in,

being the last two terms normal vectors. We conclude if we prove that ν × ∇in = ν × Din. This
follows from the Gauss formula since

ν ×∇in = ν ×Din + h(ei,n)ν × ν = ν ×Din.

�

Remark III.4. It is important to note that the above computations hold for an hypersurface of
dimension n, upon replacing the cross product × with the wedge product ∧. Thus, Theorem III.3
remains valid more geneally on an hypersurface N of dimension n provided the corresponding space
H1
tan(N ;S2) is well defined (see Theorem II.2).

III.5. Gradient flow on the axisymmetric torus

In this Section, we discuss some properties of the solutions of the gradient flow (III.4.1) in the
case in which Σ = T2, i.e. the axisymmetric torus. We refer to Section V.1 in Chapter V for the
differential geometry of the torus. We take advantage of the representation of a unitary vector field in
terms of the deviation angle α that n forms with the base vector e1. More precisely, n ∈ H1

tan(T, S2)
will be represented as

(III.5.1) n = cos(α)e1 + sin(α)e2.

with α : R2 → R taking into account the possibly non zero winding number of n via the space A in
Proposition II.1.1.
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We recall that given h = (hθ, hφ) ∈ Z2, we have defined

(III.5.2) Ah :=
{
α ∈ H1(Q) : α|{xj=2π} = α|{xj=0} + 2πhxj , for xj = θ, φ

}
, A :=

⋃
h∈Z2

Ah,

where the equality is in the sense of traces of H1-regular functions. Note that A0 and A are linear
vector spaces, while each Ah is an affine space. Indeed, for h = (hθ, hφ), m = (mθ,mφ) ∈ Z2, α ∈ Ah

and β ∈ Am, the function u(x) := α(x) + β(x) ∈ H1(Q) satisfies

u|{xj=2π} = α|{xj=2π} + β|{xj=2π}

(II.1.2)
= α|{xj=0} + 2πhxj + β|{xj=0} + 2πmxj

= u|{xj=0} + 2π(hxj +mhj )

in the sense of traces, which implies that u = α + β ∈ Ah+m, for h + m = (hθ + mθ, hφ + mφ). As
norm we choose

(III.5.3) ‖α‖A :=

(ˆ
Q

{
|∇sα|2 + α2

}
dVol

) 1
2

,

where dVol =
√
g dθdφ = r(R+ r cos θ)dθdφ is the area element induced by the metric g (see Section

V.1 in Chapter V). Owing to definition (II.1.2), this choice of norm yields (A0, ‖·‖A ) = H1
per(Q; Vol).

In the remainder of this section, we will alternate between the notations A0 and H1
per(Q), depending

on the context.

When Σ = T2 the energy in Lemma II.1.3 becomes

(III.5.4) Wκ(α) =
1

2

ˆ
Q

{
κ|∇sα|2 + η cos(2α)

}
dVol + κπ2

(
2− b2√
b2 − 1

+ 2b

)
,

and its Euler Lagrange equation is

(III.5.5) −κ∆sα =
κ

2
(c2

1 − c2
2) sin(2α).

Hence, the L2 gradient flow of the energy (III.0.7) written in terms of the deviation angle α is
the following evolution

(III.5.6) ∂tα = κ∆sα+
κ

2
(c2

1 − c2
2) sin(2α), on R2 × (0,+∞)

with suitable initial data α0 ∈ A . As above, denote Φ : α 7→ n = e1 cosα+e2 sinα. Since the winding
number of a vector field h(Φ[α]) is invariant under homotopy, if α0 ∈ Ah, then α(t) ∈ Ah for all
t > 0. The spaces Ah (see (II.1.2)) are constructed to take care of the correct boundary conditions,
which require some attention, since in general we cannot expect a periodic solution.

Exploiting the affine structure of A , for any h ∈ Z2, for any fixed ψh ∈ Ah, it holds Ah = A0+ψh,
i.e., any α ∈ Ah can be decomposed as

α(x) = u(x) + ψh(x), with u ∈ A0.

Using the decomposition α(t, x) = u(t, x) + ψh(x), we see that problem (III.5.6) is equivalent to
finding u ∈ C0([0,+∞); A0) such that

(III.5.7) ∂tu− κ∆su = κ∆sψh +
κ

2
(c2

1 − c2
2) sin(2u+ 2ψh) on Q× (0,+∞),
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with initial condition u0 ∈ A0 and where h ∈ Z2 is the constant degree of the mappings Φ[α(t)].
Equation (III.5.7) can be further simplified by choosing a ∆s-harmonic function ψh, so that the term
κ∆sψh vanishes.

Lemma III.5.1. Let h := (hθ, hφ) ∈ Z2, and let b = R/r, where R > r > 0 are the radii of the
torus. Define

(III.5.8) ψ(θ, φ) := hθ
√
b2 − 1

ˆ θ

0

1

b+ cos(s)
ds+ hφφ.

Then ψ ∈ C∞(R2), ψ|Q ∈ Ah, and ∆sψ = 0.

Proof. Since b > 1, ψ ∈ C∞(R2) and a simple check, using the explicit expression of the
Laplace-Beltrami operator on the torus (V.1.11) shows that ∆sψ = 0. In order to check that ψ ∈ Ah,
according to definition (II.1.2), we use the 2π-periodicity of 1/(b+cos(s)) and the explicit integration√
b2 − 1 =

´ 2π
0 1/(b+ cos(s)) to compute

ψ(θ + 2π, φ+ 2π) = hθ
√
b2 − 1

ˆ θ+2π

0

1

b+ cos(s)
ds+ hφ(φ+ 2π)

= hθ
√
b2 − 1

ˆ 2π

0

1

b+ cos(s)
ds+ hφ2π + hθ

√
b2 − 1

ˆ 2π+θ

2π

1

b+ cos(s)
ds+ hφφ

= hθ2π + hφ2π + hθ
√
b2 − 1

ˆ θ

0

1

b+ cos(s)
ds+ hφφ

= hθ2π + hφ2π + ψ(θ, φ).

�

We now have all the ingredients to state and prove the result regarding solutions to the L2-
gradient flow of the one-constant approximation of the surface elastic energy Wκ.

Theorem III.5. Let X be the standard parametrization of the torus with radii R, r, embedded in
R3. Let Ah,A be the spaces defined in (II.1.2), endowed with the norm (III.5.3). Then

(0) For all h ∈ Z2 there exists a classical solution α ∈ Ah ∩ C∞(Q) to the stationary problem

(III.5.9) −κ∆sα =
κ

2
(c2

1 − c2
2) sin(2α).

Moreover, α is odd on any line passing through the origin.
(i) (Weak well-posedness) For any α0 ∈ A , for all T > 0, there exists a unique mild solution

α to (III.5.6) and it satisfies

α ∈ C0([0, T ); A ).

Moreover, if α0 ∈ Ah, then α(t) ∈ Ah for all t > 0.
(ii) (Strong well-posedness) For any m ∈ N, for any α0 ∈ H2m(Q) ∩ A , for all T > 0, the

unique solution α to (III.5.6) satisfies

(III.5.10) α ∈
⋂

k=0,...,m

Ck([0, T ];H2m−2k(Q)).

In particular, if α0 ∈ C∞(Q) ∩A , then α ∈ C∞([0, T ]×Q).
(iii) (A maximum principle) Under the hypothesis of step (ii),

(III.5.11) α ∈ L∞(0,+∞; A ) and ∂tα ∈ L2(0,+∞;L2(Q)).
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(iv) (Long-time behaviour) Define the omega-limit set of a solution α to (III.5.6) by

ω(α) :=
{
α∞ ∈ A : there exists tn ↗ +∞ with α(tn)→ α∞ in L2(Q)

}
.

Under the hypothesis of Step (ii), the omega-limit set is nonempty and it is contained in the
set of solutions to (III.5.5), namely if α∞ ∈ ω(α) then α∞ is a solution of (III.5.5).

The proof of the Theorem is detailed in [49] uses classical PDEs tools, such as fixed point
theorems, a priori estimates. An interesting feature of the result is that as soon as the initial
condition α0 is smooth the evolution α is smooth as well, actually smoother according to parabolic
regularity. Correspondingly, once we fix a smooth initial configuration, say n0, for the vector field
n with some winding number h, this is represented via a smooth α0 ∈ Ah. Thus, the evolution α is
smooth as well and it belongs to Ah. As a result, we obtain that n = cos(α)e1 + sin(α)e2 is smooth,
actually smoother than n0 and has the same winding number of n0. Note that the regularity result
and the existence of evolutions with fixed winding number seem difficult to be obtained using the
vectorial formulation and the gradient flow (III.4.1). In the next Chapter IV we will use the gradient
flow in order to numerically find the minimizers of the energy (III.0.7).



CHAPTER IV

Qualitative analysis on the axisymmetric torus

In this Chapter, we persecute with the analysis on the axisymmetric torus and we present some
qualitative result on the structure of the minimizers for the energy (III.0.6). These results are
complemented with some numerical simulation and highlight the role of extrinsic terms in the energy.
Moreover, they permit a comparison with the results obtained with the classical intrinsic energy.

In the first section we will discuss a toy model: the case in which the deviation angle α is
assumed to be independent of the position. Clearly, this is a drastic simplification. However, it has
the advantage of showing the dependence of the energy, and hence of the minimizers, on the constants
K1,K2 and K3.

In the second section, we will analyse the energy on the one constant approximation. We will
present some numerical simulation on the gradient flow (III.5.6) that show how the behavior of
minimizers depends on the aspect ratio of the torus. In particular, we will show the emergence of
a new solution. We anticipate that these are all effects related to the extrinsic terms in the energy
that are not shared by the classical intrinsic energy.

IV.1. A toy model: constant α configurations

In this section, with a slight abuse of notation, we let W (α) := W (n), for n = cosαe1 + sinαe2.
We study the simpler case of α ≡ const, where the energy W (α) in (II.1.15) reduces to

W (α) =
1

2

ˆ
Q

{
K1 cos2 α (κ2)2 +K2(c1 − c2)2 sin2 α cos2 α

+K3 sin2 α (κ2)2 +K3(c1 cos2 α+ c2 sin2 α)2
}

dVol.

Here K1,K2,K3 are positive constants and (see Appendix A)

c1 =
1

r2
, c2 =

cos θ

R+ r cos θ
, κ2 = − sin θ

R+ r cos θ
, dVol = r(R+ r cos θ)dθdφ.

Lemma IV.1.1. Let b := R/r. In the case of constant deviation α, the energy W has the explicit
expression

W (α) = π2

[
(K1 +K3)

(
b−

√
b2 − 1

)
+
K2 +K3

2

(
b2√
b2 − 1

)]
+ π2 cos(2α)

[
(K1 −K3)

(
b−

√
b2 − 1

)
+K3

(
2b− b√

b2 − 1

)]
+ π2 cos2(2α)

[
K3 −K2

2

(
b2√
b2 − 1

)]
.

The proof relies on algebraic manipulations and integration of trigonometric functions, which
are detailed in [49]. There are four parameters which influence the minimizers of W , that is R/r,
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K1,K2,K3. In Figure 1 we plot the graph {(α,W (α)/π2} for some especially meaningful choices of
these parameters. The rescaling by π2 is just for plotting purposes.

W (α)

π2

α
Pure splay (K1 = 1, K2 = K3 = 0).

W (α)

π2

α
Pure twist (K2 = 1, K1 = K3 = 0).

W (α)

π2

α
Pure bend (K3 = 1, K1 = K2 = 0).

W (α)

π2

α
One-constant approximation

(K1 = K2 = K3 = 1).

Figure 1. Frank energy W (rescaled by π2) as a function of deviation α from e1,
for different choices of the parameters Ki. The four colours represent four different
choices of the ratio R/r, namely: R/r = 1.1 (orange), R/r = 2/

√
3 (red), R/r = 1.25

(green), R/r = 1.6 (blue).

Since we are assuming that α = const, instead of the first variation of W we can just take the
first derivative with respect to α:

d

dα
W (α) = 2π2 sin(2α)

[
A(K3 −K1)− CK3

]
+ 2B(K2 −K3) cos(2α) sin(2α)

= 2 sin(2α)
(
A(K3 −K1) +B cos(2α)(K2 −K3)− CK3

)
,

where

A := b−
√
b2 − 1, B :=

b2√
b2 − 1

, C := 2b− b2√
b2 − 1

.
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Therefore, W ′(α) = 0 if and only if

sin(2α) = 0 or cos(2α) =
CK3 −A(K3 −K1)

B(K2 −K3)
,

i.e.

α = m
π

2
or α = ±1

2
arccos

(
CK3 −A(K3 −K1)

B(K2 −K3)

)
+mπ,

for m ∈ Z, provided the argument of the arccos function is in [−1, 1]. For short, we refer to the
critical points obtained via the arccos function as to points of the second type.

To check stability, we compute the second derivative of W

1

π2

d2

dα2
W (α) = 4 cos(2α)

(
A(K3 −K1) +B cos(2α)(K2 −K3)− CK3

)
− 4B sin2(2α)(K2 −K3)

= 4A(K3 −K1) cos(2α) + 4B(K2 −K3) cos(4α)− 4CK3 cos(2α).

Therefore,

• critical points of type α = mπ are stable local minimizers if

A(K3 −K1) +B(K2 −K3)− CK3 > 0

i.e. if

K1(
√
b2 − 1− b) +K2

b2√
b2 − 1

−K3(
√
b2 − 1 + b) > 0,

• critical points of type α = (2m+ 1)π2 are stable local minimizers if

−A(K3 −K1) +B(K2 −K3) + CK3 > 0,

• critical points of the second type are (stable local) minimizers if K3 > K2.

We make now a special choice of the parameters, in order to be able to plot a stability diagram
for the minimizers. Namely, we assume that K1 = K3, K2 6= 0, and we introduce the variables

λ :=
K3

K2
, η :=

C

B
= 2

√
b2 − 1

b
− 1,

so that second type minimizers take the form

α = ±1

2
arccos

(
CK3

B(K2 −K3)

)
= ±1

2
arccos

(
η

λ

1− λ

)
.

Note that λ ≥ 0 and, since b = R/r > 1, then η ∈ (−1, 1) and η = 0 if and only if R/r = 2/
√

3. A
necessary condition for α = mπ to be a stable local minimum for W is then

B

B + C
=

2b√
b2 − 1

=
1

1 + η
> λ.

A necessary condition for a second type α to be a critical point of W is that∣∣∣∣ λ

1− λ

∣∣∣∣ ≤ 1

|η|
,

while a sufficient condition for a critical point to be a stable local minimum is that λ > 1. Finally,
λ1 := 1

1+η is a bifurcation point for the unstable critical points of W , while λ2 := 1
1−η is a bifurcation

point for the stable global minimizers of W .
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α

π

2

−π
2

λ1 λ2 λ0

Figure 2. Bifurcation diagram for minimizers α of W as a function of λ = K3/K2,
for λ ∈ (0, 3.25). The other parameters are chosen as K1 = K3, R/r = 1.25. The
diagram shows the stable global minimizer (green continuous line), the stable local
minimizer (green dashed line) and the unstable critical points (red dotted lines).

α

W (α)

π2
λ=0.7λ1

λ=λ1

λ=λ2

λ=2λ2

Figure 3. Graphs of the energy W (rescaled by π2) as a function of α, for R/r = 1.25,
K1 = K3 = 1, and different choices of λ = K3/K2.

IV.2. One constant approximation

We recall from Chapter III (see (III.5.4) and (III.5.5)) that the energy W , Σ = T, has the explicit
representation

(IV.2.1) W (α) =
1

2

ˆ
Q

{
κ|∇sα|2 + η cos(2α)

}
dVol + κπ2

(
2− b2√
b2 − 1

+ 2b

)
,

where η(θ, φ) := κ
c21−c22(θ,φ)

2 = κ R2+2Rr cos θ
2r2(R+r cos θ)2

, and b := R
r . Moreover, its Euler-Lagrange equation is

(IV.2.2) −κ∆sα =
κ

2
(c2

1 − c2
2) sin(2α).

In the next Proposition we discuss the dependence of minimizers on the aspect ratio of the torus.
In particular, we discuss the stability of the minimizers. To this end, we first compute the second
variation of Wκ in the direction ω.
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(IV.2.3)
d2

dt2
Wκ(α+ tω)

∣∣∣
t=0

= κ

ˆ
Q
|∇sω|2 − (c2

1 − c2
2) cos(2α)ω2 dVol.

Proposition IV.2.1. Let b := R/r. There exists b∗ ∈ (2/
√

3, 2] such that the constant values
α = π/2 +mπ, m ∈ Z, are local minimizers for Wκ in A0 if and only if b ≥ b∗. Moreover, if b ≥ 2,
there exists no non-constant solution w to (IV.2.2) such that

(IV.2.4)
π

2
+mπ ≤ w ≤ π

2
+ (m+ 1)π.

Proof. Owing to the periodicity of the functions involved, it is not restrictive to assume m = −1.
By (IV.2.3), the second variation of Wκ, in α = π/2, in the direction ω ∈ A0, is positive if and only
if

(IV.2.5)

ˆ
Q
|∇sω|2 + (c2

1 − c2
2)ω2 dVol > 0.

Let b = R/r > 1, since

(IV.2.6) c2
1 − c2

2
(V.1.9)

=

(
1

r2
− cos2 θ

(R+ r cos θ)2

)
=

b

r2(b+ cos θ)2
(b+ 2 cos θ),

we see immediately that if b ≥ 2 then c2
1 − c2

2 ≥ 0 everywhere in Q, and c2
1 − c2

2 = 0 if and only if
b = 2 and θ = π. Therefore, if b ≥ 2, the integral in (IV.2.5) is nonnegative for all ω ∈ A0 (equal to
zero if and only if ω = 0) and we can conclude that the stationary point α = π/2 is a local minimum.
Restricting to constant variations ω, (IV.2.5) is satisfied if and only if

0 <

ˆ
Q

(c2
1 − c2

2) dVol = 2πb

ˆ 2π

0

b+ 2 cos θ

b+ cos θ
dθ = 4π2b

(
2− b√

b2 − 1

)
(see Section V.1 for the integration formula), that is, if and only if b > 2/

√
3. If b = 2/

√
3,

then all configurations with constant angle α(x) = ᾱ have the same energy, while for b < 2/
√

3,
Wκ(α ≡ 0) < Wκ(α ≡ π/2). The uniqueness of the bifurcation point b∗ follows from the monotonicity
of (c2

1 − c2
2)Vol with respect to b:

∂

∂b
(c2

1 − c2
2)Vol =

∂

∂b

{
b2 + 2b cos θ

b+ cos θ

}
= 1 +

cos2 θ

(b+ cos θ)2
> 0, ∀ θ ∈ [0, 2π], ∀ b > 1.

The proof of the last step of the statement of Proposition IV.2.1 is inspired by [20, Theorem 2.4].
Assume that b ≥ 0 and let w be a solution to (IV.2.2), satisfying (IV.2.4) for m = −1. Then
v(x) := π/2− w(x) satisfies

(IV.2.7) ∆sv = −∆sw =
1

2
(c2

1 − c2
2) sin(2w) =

1

2
(c2

1 − c2
2) sin(π − 2v) =

1

2
(c2

1 − c2
2) sin(2v).

Multiplying the first and the last member of (IV.2.7) by v, and integrating on Q with respect to
dVol, after integration by parts we obtain

−
ˆ
Q
|∇sv|2 dVol =

ˆ
Q

1

2
(c2

1 − c2
2) sin(2v)v dVol

(IV.2.6)

≥ b(b− 2)

2(b+ 1)

ˆ
Q

sin(2v)v dθ dφ
(IV.2.4)

≥ 0.

Thus, ˆ
Q
|∇sv|2 dVol = 0, and

ˆ
Q

sin(2v)v dθ dφ = 0,

implying v ≡ 0, v ≡ −π/2 or v ≡ π/2, as we wanted to prove. �
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It is worthwhile noting that it is an interesting open problem to analytically determine the exact
value of the critical threshold b∗. Its exact determination depends on some sharp estimates on the
first eigenvalue of the Laplace Beltrami operator on the torus. Numerics indicates that b∗ ≈ 1.52.

Proposition (IV.2.1) is important since it describes how the Napoli-Vergori energy (IV.2.1) acts.
In particular, it shows the differences-for a toroidal shell-with the classical intrinsic energy. It turns
out that the presence of the extrinsic term related to the shape operator acts as a selection principle for
equilibrium configurations. More precisely, when µ := R/r is sufficiently large then (see Proposition
IV.2.1) the only constant solution is α = π/2 + mπ (m ∈ Z). Moreover, when R/r < b∗ a new
class of non constant solution appears (see Figures 4 and 5). With respect to the heuristic principle
expressed in [42], that “the nematic elastic energy promotes the alignment of the flux lines of the
nematic director towards geodesics and/or lines of curvature of the surface”, we make the following
observation: This new solution tries to minimize the effect of the curvature by orienting the director
field along the meridian lines (α = 0), which are geodesics on the torus, near the hole of the torus,
while near the external equator the director is oriented along the parallel lines α = π/2, which are
lines of curvature. The fact that the solution α = αp is no longer stable for sufficiently small µ is
due to the high bending energy associated to α = αp in the internal hole of the torus. In fact, in a
small strip close to the internal equator of the torus, we can approximate (see V.1)

c2
1 − c2

2 ≈
1

r2
− 1

(R− r)2
, dA ≈ r(R− r)dθ dφ,

and therefore

(c2
1 − c2

2) cos(2αp)dVol ≈ µ2− µ
µ− 1

dθ dφ,

which tends to +∞ as µ→ 1.

Due to its ”double well” like structure, the energy (IV.2.1) favors a smooth transition occurs
α = π/2 and α = 0. In this sense, the new solution can be understood as an interpolation between
α = π/2 and α = 0, which are the two constant stationary solutions of the system.

α

Figure 4. Configuration of a numerical solution α of the gradient flow. If R/r = 2.5,
then α = π/2, W (α) = 11.61 · π2 (left). When R/r = 1.33, W (α) = 9.95 · π2 <
W (π/2) = 10.22 · π2 (right). The colour represents the angle α ∈ [0, π], the arrows
represent the corresponding vector field n.

It is interesting to compare these configurations with the equilibrium ones of the intrinsic surface
energy [38] and see why we say that the extrinsic term in the energy (IV.2.1) is responsible for
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Figure 5. Configuration of the scalar field α and of the vector field n of a numerical
solution to the the gradient flow (III.5.6), in the case R/r = 1.2 (left). Zoom-in of the
central region of the same fields (right). The colour represents the angle α ∈ [0, π],
the arrows represent the corresponding vector field n.

selecting the minimizer. In the one-constant approximation, the (intrinsic) energy on a torus is (see
II.1.2 and recall that µ := R

r )

WCl(α) =
k

2

ˆ
T
|∇sα− A|2 dVol

=
k

2

ˆ
T

[
|∇sα|2 − 2∇sα · A + |A|2

]
dVol

=
k

2

ˆ
T
|∇sα|2 dVol + 2kπ2(µ−

√
µ2 − 1)

and the corresponding equilibrium equation is ∆sα = 0. (Note that in [38] µ = r/R.) Therefore,
when using the intrinsic energy, every field n = e1 cos ᾱ+e2 sin ᾱ with a constant ᾱ, is an equilibrium
state with the same energy independently of ᾱ.





CHAPTER V

Mathematical Tools

V.1. Differential Geometry tools

In this Appendix we collect some Differential Geometry tools that are used throughout the notes.
We refer the reader to, e.g., [36], for all the material regarding Riemannian geometry.

Let Σ ⊂ R3 be an embedded regular surface of R3. We assume that Σ is compact, connected and
smooth. For any point x ∈ Σ, let TxΣ and NxΣ denote the tangent and the normal space to Σ in
the point x, respectively. Let TΣ denote the tangent bundle of Σ, i.e. the (disjoint) union over Σ of
the tangent planes TxΣ.

Let π : TΣ→ Σ be the (smooth) map that assigns to any tangent vector its application point on
Σ.

A vector field n on a open neighbourhood A ⊂ Σ, is a section of TΣ, i.e. a map n : A → TΣ
for which π ◦ n is the identity on Σ. We denote by T(Σ) the space of all the smooth sections of TΣ.
For any point x ∈ Σ let T ∗xΣ = (TxΣ)∗ be the dual space of TxΣ, also named cotangent space. Its
elements are called covectors. The disjoint union over Σ of the cotangent spaces T ∗xΣ is T ∗Σ. As
we did for vector fields, we introduce the space of smooth sections of T ∗Σ. We denote this space by
T∗(Σ), its elements are the covector fields.

We denote by g the metric induced on Σ by the embedding, i.e. the restriction of the metric
of R3 to tangent vectors to Σ. As a consequence, we can unambiguously use the inner product
notation (u,v)R3 instead of g(u,v) for u,v ∈ TxΣ, x ∈ Σ. Similarly, we write |u| =

√
(u,u)R3

to denote the norm of a tangent vector u to Σ. For a two-tensor A = {aji} we adopt the norm

|A|2 := tr(ATA) =
∑

ij(a
j
i )

2, which is invariant under change of coordinates. We denote with A : B

the corresponding scalar product between the tensors A and B. If {e1, e2} is any local frame for TΣ,
we denote by gij = g(ei, ej) = (ei, ej)R3 the components of the metric tensor with respect to {e1, e2}.
By gij and ḡ we denote the components of the inverse g−1 and the determinant of g, respectively.
As it is customary, if (x1, x2) is a coordinate system for Σ, then ( ∂

∂x1
, ∂
∂x2

) is the corresponding local

basis for TΣ and (dx1,dx2) is the dual basis. Given a vector X, we denote by X[ the covector such

that X[(v) = g(X,v). In coordinates,

X[ = X[
idx

i, with X[
i = gijX

j .

Being the flat [ operator invertible, we denote by the sharp ] symbol its inverse, which acts in the
following way: Given a covector ω, let ω] be the vector such that ω(v) = g(ω],v). In coordinates,
we have

ω] = (ω])i
∂

∂xi
, with (ω])i = gijωj .

Notice that we use Einstein summation convention: repeated upper and lower indices will auto-
matically be summed unless otherwise specified. In particular, indices with greek letters are summed
from 1 to 3, while latin ones are summed from 1 to 2.
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Differential Operators. Let ∇ be the connection with respect to the standard metric of R3,
i.e., given two smooth vector fields Y and X in R3 (identified with its tangent space), the vector
field ∇XY is the vector field whose components are the directional derivatives of the components of
Y in the direction X. When eα (α = 1, . . . , 3) is a basis of R3 we will set ∇αY := ∇eαY . Given u
and v in T(Σ), we denote with Dvu the covariant derivative of u in the direction v, with respect to
the Levi Civita (or Riemannian) connection D of the metric g on Σ. Now, if u and v are extended
arbitrarily to smooth vector fields on RN , we have the Gauss Formula along Σ:

(V.1.1) ∇vu = Dvu+ h(u,v)ν.

In the relation above, the symmetric bilinear form h : T(Σ) × T(Σ) −→ R is the scalar second
fundamental form of Σ. Associated to h, there is a linear self adjoint operator, called shape operator
and denoted with B : T(Σ) −→ T(Σ), such that Bv = −∇vν for any v ∈ T(Σ). We recall that the
operator B satisfies the Weingarten relation

(Bu,v)R3 = h(u,v) ∀u,v ∈ T(Σ).

Beside the covariant derivative, we introduce another differential operator for vector fields on Σ,
which takes into account also the way that Σ embeds in R3. Let u ∈ T(Σ) and extend it smoothly
to a vector field ũ on R3; denote its standard gradient by ∇ũ on R3. For x ∈ Σ, define the surface
gradient of u

(V.1.2) ∇su(x) := ∇ũ(x)P (x),

where P (x) := (Id− ν ⊗ ν)(x) is the orthogonal projection on TxΣ. Note that ∇su is well-defined,
as it does not depend on the particular extension ũ. The object just defined is a smooth mapping
∇su : Σ→ R3×3, or equivalently ∇su : Σ→ L(R3,R3) (the space of linear continuous operators on
R3), such that ker∇su(x) = NxΣ, for all x ∈ Σ. In general, ∇su 6= Du = P (∇u) since the matrix
product is non commutative. Using the decomposition (V.1.1), it is immediate to get

∇su[v] = ∇vu = Dvu+ h(u,v)ν, ∀v ∈ TxΣ,∀x ∈ Σ,

which gives, recalling that the decomposition is orthogonal,

(V.1.3) |∇su|2 = |Du|2 + |Bu|2, ∀u ∈ TxΣ, ∀x ∈ Σ.

Having defined ∇su, we can introduce the related notions of divergence and curl

trg∇su = trgDu =: divs u, in coordinates, divs u =
1√
ḡ

∂

∂xi
(√
ḡui

)
and curls u := −ε∇su, where ε is the Ricci alternator:

εαβγ =

 0 if any of α, β, γ are the same,
+1 if (α, β, γ) is a cyclic permutation of (1,2,3),
−1 otherwise.

Note that the trace operator in the definition of the divergence acts only on tangential directions.
Moreover, note that, contrary to the so-called covariant curl (denoted with curlΣ, see [36]) the surface
curls defined above has, unless the surface Σ is a plane, also in-plane components. To see this,
we introduce the Darboux orthonormal frame (or Darboux trihedron) (n, t,ν), where t = ν × n.
Let κn, κt be the geodesic curvatures of the flux lines of n and t, defined as κn := (Dnn, t)R3 ,
κt := −(Dtt,n)R3 , respectively; let cn := (Bn,n)R3 be the normal curvature and let τn = −(Bn, t)R3
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be the geodesic torsion of the flux lines of n (see, e.g., [25]). The surface gradient of n, with respect
to the Darboux frame, has the simple expression (see, e.g., [46])

∇sn =

 0 0 0
κn κt 0
cn −τn 0

 ,

from which we read

(V.1.4) divs n = κt and curls n = −τnn− cnt + κnν.

On the other hand, also the norm of the covariant derivative Dn can be expressed in terms of the
geodesic curvatures κt and κn as |Dn|2 = κ2

t+κ2
n. As a result, we have the following useful expression

(V.1.5) (divs n)2 +(n ·curls n)2 + |n×curls n|2 = (divs n)2 + | curls n|2 = κ2
t +κ2

n +τ2
n +c2

n = |∇sn|2.

For a smooth scalar function f : Σ → R, with differential application dfx : TxΣ → Tf(x)R ' R,

we introduce its gradient as grads f = df ], that is, the vector field such that

df(X) = g(grads f,X) for all X ∈ TΣ.

Since for scalar functions the expressions of grads f and ∇sf coincide, in what follows we replace
grads with the more common notation ∇sf . In coordinates, denoting X = Xi ∂

∂xi
, the above relation

means

∇sf := gij
∂f

∂xj
∂

∂xi
.

The Laplace Beltrami operator on Σ is given by

∆s := divs ◦∇s =
1√
ḡ

∂

∂xi

(√
ḡgij

∂

∂xj

)
.

We denote with dVol the volume form of Σ (see, e.g., [36]). We recall the following integration by
parts formula (f and h are smooth functions on Σ)

(V.1.6) −
ˆ

Σ
∆sf h dVol =

ˆ
Σ
g(∇sf,∇sh) dVol−

ˆ
∂Σ
hdf(N) dS′,

where f and h are smooth functions on Σ and dS′ is the element of length of the induced metric on
∂Σ. For a smooth vector field n ∈ T(Σ), we denote with D2n the double covariant derivative of n,
i.e. the following tensor field

D2n(X,Y ) := DX(DY n)−DDXY n for X,Y ∈ T(Σ).

If X = ∂
∂xi

and Y = ∂
∂xj

, we set D2
ijn := D2n( ∂

∂xi
, ∂
∂xj

). Then, we denote with ∆gn the rough

laplacian of n, namely the vector field defined as

∆gn := gij(D2
ijn) = gijDi(Djn)− gijDDi

∂
∂xj

n.

In particular, in a local orthonormal frame {e1, e2}, we have that

∆gn = δijDi(Djn)− δijDDiejn.

Note that ∆g can be expressed in divergence form as ∆gn = divsDn. In the flat case, the rough
laplacian reduces to the componentwise laplacian of n.
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Differential Geometry on the Torus. Let Q := [0, 2π]× [0, 2π] ⊂ R2, and let X : Q→ R3 be
the following parametrization of an embedded axisymmetric torus T

(V.1.7) X(θ, φ) =

(R+ r cos θ) cosφ
(R+ r cos θ) sinφ

r sin θ

 .

Using parametrization (V.1.7), we derive the main geometrical quantities, like tangent and normal
vectors, first and second fundamental form, in order to obtain an explicit expression for the metric
and the curvatures of T and for ∇sn.

Letting

Xθ :=
∂

∂θ
X, Xφ :=

∂

∂φ
X, ν :=

Xθ ∧Xφ

|Xθ ∧Xφ|
,

we have

Xθ =

−r sin θ cosφ
−r sin θ sinφ

r cos θ

 , Xφ =

−(R+ r cos θ) sinφ
(R+ r cos θ) cosφ

0

 , ν = −

cos θ cosφ
cos θ sinφ

sin θ

 ,

Xθθ =

−r cos θ cosφ
−r cos θ sinφ
−r sin θ

 , Xφφ =

−(R+ r cos θ) cosφ
−(R+ r cos θ) sinφ

0

 , Xθφ =

 r sin θ sinφ
−r sin θ cosφ

0

 .

The unit tangent vectors are

e1(θ, φ) :=
Xθ

|Xθ|
=

− sin θ cosφ
− sin θ sinφ

cos θ

 , e2(θ, φ) :=
Xφ

|Xφ|
=

− sinφ
cosφ

0

 .

Note that this choice of tangent vectors yields an inner unit normal ν. The first and second funda-
mental forms are

g =

(
r2 0
0 (R+ r cos θ)2

)
, II =

(1
r 0

0 cos θ
R+r cos θ

)
.

We have
√
ḡ = r(R+ r cos θ), gii := (gii)

−1. Thus, the shape operator B has the form

(V.1.8)

{
Be1 = 1

re1

Be2 = cos θ
R+r cos θe2

from which we have that e1 and e2 are the principal directions. Then, the principal curvatures are

(V.1.9) c1 =
1

r
, c2 =

cos θ

R+ r cos θ
.

Now, we compute (∇ei)ej . Deriving the relation ei · ej = δij we see that

(V.1.10) (∇e1)Te1 = (∇e2)Te2 = 0 and (∇e1)Te2 = −(∇e2)Te1.

To differentiate along e1, let {
θ(t) = t

r + θ0

φ(t) = φ0
,

and set γ(t) = X(θ(t), φ(t)). We have γ(0) = X(θ0, φ0) and γ′(0) = 1
rXθ(θ0, φ0) = e1(θ0, φ0). Thus,

the directional derivatives of e1 and e2 along e1 are given by

(∇e1)e1 =
d

dt

∣∣∣∣
t=0

1

r
Xθ(θ(t), φ(t)) =

1

r2
Xθθ, (∇e2)e1 =

d

dt

∣∣∣∣
t=0

e2(θ(t), φ(t)) = 0.
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To differentiate along e2, we set {
θ(t) = θ0

φ(t) = t
R+r cos θ0

+ φ0
,

and take γ(t) = X(θ(t), φ(t)), so that γ(0) = X(θ0, φ0) and γ′(0) = 1
R+r cos θ0

Xφ(θ0, φ0) = e2(θ0, φ0).
Thus,

(∇e1)e2 =
d

dt

∣∣∣∣
t=0

1

r
Xθ(θ(t), φ(t)) =

1

r(R+ r cos θ0)
Xθφ,

(∇e2)e2 =
d

dt

∣∣∣∣
t=0

1

R+ r cos θ(t)
Xφ(θ(t), φ(t)) =

1

(R+ r cos θ0)2
Xφφ.

The geodesic curvatures κ1 and κ2 of the principal lines of curvature can thus be obtained by

κ1 = e2(∇e1)e1 =
1

R+ r cosφ
Xφ ·

1

r2
Xθθ = 0,

κ2 = e2(∇e1)e2 =
1

r(R+ r cos θ)2
Xφ ·Xθφ =

− sin θ

R+ r cos θ
.

By the definition of spin connection A in subsection II.1.1, we also read

A1 = (e1, De1e2)R3
(V.1.10)

= −κ1 = 0, A2 = (e1, De2e2)R3
(V.1.10)

= −κ2 =
sin θ

R+ r cos θ
.

The explicit forms of the surface differential operators on the torus are

∇sα = gii∂iα =
1

r2
(∂θα)Xθ +

1

(R+ r cos θ)2
(∂φα)Xφ

=
1

r
(∂θα)e1 +

1

R+ r cos θ
(∂φα)e2,

∆s =
1√
ḡ
∂i(
√
ḡgij∂j) =

1√
ḡ

(
∂θ

(√
ḡ

1

r2
∂θ

)
+ ∂φ

(√
ḡ

1

(R+ r cos θ)2
∂φ

))
=

1

r2
∂2
θθ −

sin θ

r(R+ r cos θ)
∂θ +

1

(R+ r cos θ)2
∂2
φφ.(V.1.11)

For n = cosαe1+sinαe2, the explicit expression of the surface gradient ∇sn in terms of the deviation
angle α, with respect to the Darboux frame (n, t,ν) is

∇sn =


0 0 0

αθ
r cosα+

(
αφ

R+r cos θ −
sin θ

R+r cos θ

)
sinα −αθ

r sinα+
(

αφ
R+r cos θ −

sin θ
R+r cos θ

)
cosα 0

1
r cos2 α+ cos θ

R+r cos θ sin2 α
(

cos θ
R+r cos θ −

1
r

)
sinα cosα 0

 .

V.2. Gamma-convergence: basic definitions

In this section we recall some basic results on Gamma-convergence that we used in the notes. We
present only the basic definitions that we need and we refer to the books [23] and [10] for a detailed
presentation of the theory.

Definition V.2.1 (De Giorgi). Let us given (X, d) a metric space, a sequence Fn of functions
Fn : X → (−∞; +∞] and F : X → (−∞; +∞]. We say that Fn Γ-converges to F is (X, d) and write

F (u) = Γ− lim
n↗+∞

Fn(u) ∀u ∈ X or Fn
Γ−→ F,
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if and only if

∀ {un} ∈ X with un → u then lim inf
n↗+∞

Fn(un) ≥ F (u)(V.2.1)

∀u ∈ X, ∃ {un} with un → u and Fn(un)→ F (u).(V.2.2)

The sequence un in (V.2.2) is usually named recovery sequence.

The importance of this notion of convergence is that it entails, under reasonable assumptions,
the convergence of the infima of Fn to the minima of F . We have the following

Theorem V.1 (Fundamental Theorem of Γ convergence). Let (X, d) a metric space and let Fn
be e equi-coercive sequence (see below) of functions on X. Let F = Γ− limn↗+∞ Fn. Then

(V.2.3) ∃min
X

F = lim
n↗+∞

inf
X
Fn.

Moreover, is un is a precompact sequence such that limn↗+∞ Fn(un) = limn↗+∞ infX Fn, then every
limit of a subsequence of {un} is a minimum point for F .

In the Theorem, equicoercive sequence means that for any t ∈ R there exists a compact set Kt

such that {Fn ≤ t} ⊂ Kt for any n.
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[29] Hélein, F. Harmonic maps, conservation laws and moving frames, second ed., vol. 150 of Cambridge Tracts in

Mathematics. Cambridge University Press, Cambridge, 2002. Translated from the 1996 French original, With a
foreword by James Eells.

[30] Ignat, R., Nguyen, L., Slastikov, V., and Zarnescu, A. Stability of the melting hedgehog in the landau de
gennes theory of nematic liquid crystals. Arch. Rational Mech. Anal. 215, 2 (2015), 633–673.

[31] John, F., and Nirenberg, L. On functions of bounded mean oscillation. Comm. Pure Appl. Math. 14 (1961),
415–426.

[32] Kralj, S., Rosso, R., and Virga, E. G. Curvature control of valence on nematic shells. Soft Matter 7 (2011),
670–683.

[33] Kramien, R. D. The geometry of soft materials: a primer. Rev. Mod. Phys. 74 (2002), 953.
[34] Le Dret, H., and Raoult, A. The membrane shell model in nonlinear elasticity: a variational asymptotic

derivation. J. Nonlinear Sci. 6, 1 (1996), 59–84.
[35] Lebwohl, P. A., and Lasher, G. Nematic-liquid-crystal order¯a monte carlo calculation. Phys. Rev. A 6 (Jul

1972), 426–429.
[36] Lee, J. M. Introduction to smooth manifolds, second ed., vol. 218 of Graduate Texts in Mathematics. Springer,

New York, 2013.
[37] Lin, F., and Wang, C. The analysis of harmonic maps and their heat flows. World Scientific Publishing Co. Pte.

Ltd., Hackensack, NJ, 2008.
[38] Lubensky, T. C., and Prost, J. Orientational order and vesicle shape. J. Phys. II France 2, 3 (1992), 371–382.
[39] Majumdar, A., and Zarnescu, A. Landau-De Gennes theory of nematic liquid crystals: the Oseen-Frank limit

and beyond. Arch. Ration. Mech. Anal. 196, 1 (2010), 227–280.
[40] Milnor, J. W. Topology from the differentiable viewpoint. Based on notes by David W. Weaver. The University

Press of Virginia, Charlottesville, Va., 1965.
[41] Morse, M. Singular points of vector fields under general boundary conditions. Amer. J. Math. 51, 2 (1929),

165–178.
[42] Napoli, G., and Vergori, L. Extrinsic curvature effects on nematic shells. Phys. Rev. Lett. 108, 20 (2012),

207803.
[43] Napoli, G., and Vergori, L. Surface free energies for nematic shells. Phys. Rev. E 85, 6 (2012), 061701.
[44] Nelson, D. R. Toward a tetravalent chemistry of colloids. Nano Lett. 2, 10 (2002), 1125–1129.
[45] Nguyen, T.-S., Geng, J., Selinger, R. L. E., and Selinger, J. V. Nematic order on deformable vesicle:theory

and simulation. Soft Matter 9 (2013), 8314–8326.
[46] Rosso, R. Curvature effects in vesicle-particle interactions. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 459,

2032 (2003), 829–852.
[47] Rosso, R., Virga, E. G., and Kralj, S. Parallel transport and defects on nematic shells. Contin. Mech.

Thermodyn. 24, 4-6 (2012), 643–664.
[48] Sarason, D. Functions of vanishing mean oscillation. Trans. Amer. Math. Soc. 207 (1975), 391–405.
[49] Segatti, A., Snarski, M., and Veneroni, M. Analysis of a variational model for nematic shells. Isaac Newton

Institute Preprint, NI14037-FRB, 2014.
[50] Segatti, A., Snarski, M., and Veneroni, M. Equilibrium configurations of nematic liquid crystals on a torus.

Phys. Rev. E 90, 1 (2014), 012501.
[51] Selinger, R. L., Konya, A., Travesset, A., and Selinger, J. V. Monte carlo studies of the xy model on

two-dimensional curved surfaces. J.Phys.Chem B 48 (2011), 12989–13993.
[52] Shkoller, S. Well-posedness and global attractors for liquid crystals on Riemannian manifolds. Comm. Partial

Differential Equations 27, 5-6 (2002), 1103–1137.
[53] Straley, J. Liquid crystals in two dimensions. Phys. Rev. A 4, 2 (1971), 675–681.
[54] Turner, A. M., Vitelli, V., and D., N. Vortices on curved surfaces. Rev. Mod. Phys. 82, 2 (2010), 1301–1348.
[55] Virga, E. G. Variational theories for liquid crystals, vol. 8 of Applied Mathematics and Mathematical Computation.

Chapman & Hall, London, 1994.



BIBLIOGRAPHY 57

[56] Vitelli, V., and Nelson, D. Defect generation and deconfinement on corrugated topographies. Phys. Rev. E 70,
5 (2004), 051105.

[57] Vitelli, V., and Nelson, D. Nematic textures in spherical shells. Phys. Rev. E 74, 2 (2006), 021711.
[58] Vitelli, V., and Turner, M. A. Anomalous coupling between topological defects and curvature. Phys. Rev. Lett

93, 21 (2004), 215301.
[59] Yi, G.-R., Pine, D. J., and Sacanna, S. Recent progress on patchy colloids and their self-assembly. J. Phys.:

Condens. Matter 25, 19 (2013), 193101.
[60] Zarnescu, A. Topics in the Q-tensor theory of liquid crystals. In Topics in mathematical modeling and analysis,

vol. 7 of Jindr̆ich Nec̆as Cent. Math. Model. Lect. Notes. Matfyzpress, Prague, 2012, pp. 187–252.


