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Abstract

In this paper we produce families of complete non compact Riemannian metrics with positive constant
oj-curvature equal to 27F (Z) by performing the connected sum of a finite number of given n-dimensional
Delaunay type solutions, provided 2 < 2k < n. The problem is equivalent to solve a second order fully
nonlinear elliptic equation.
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1 Introduction and statement of the result

In recent years much attention has been given to the study of the Yamabe problem for op—curvature,
briefly the o,—Yamabe problem. To introduce the analytical formulation, we first recall some background
material from Riemmanian geometry. Given (M, g), a compact Riemannian manifold of dimension n > 3,
we denote respectively by Ric,, R, the Ricci tensor and the scalar curvature of (M, g). The Schouten
tensor of (M, g) is defined as follows

Ay = ;L5 (Riey — mRﬂ)'

If we denote by A1, ..., A, the eigenvalues of the symmetric endomorphism g_lAg, then the oi-curvature
of (M, g) is defined as the k-th symmetric elementary function of Ay, ..., \,, namely

or(g7tAy) = Z Aig©eee oAy, for1<k<n and oo(g7t4,) = 1.

i <... <1

The o,—Yamabe problem on (M, g) consists in finding metrics with constant op—curvature in the same
conformal class of g. The case k = 1 is the well known Yamabe problem, whose progressive resolution is
due to Yamabe [23], Trudinger [22], Aubin [1] and Schoen [19]. In order to present the existence results
for k > 2, when the equation becomes fully nonlinear, we recall the notion of k-admissibility, which is a
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sufficient condition to insure the ellipticity of the equation. A metric g on M is said to be k—admissible
if it belongs to the k—th positive cone F‘k", where

geTy = aj(g_lAg)>0 for 7=1,...,k.

Under the assumption that ¢ is k—admissible the (positive) ox—Yamabe problem on closed manifolds has
been solved in the case k = 2, n = 4 by Chang, Gursky and Yang [5] [6], for locally conformally flat
manifolds by Li and Li [13] (see also Guan and Wang [8]), and for 2k > n by Gursky and Viaclovsky
[9]. For 2 < 2k < n the problem has been solved by Sheng, Trudinger and Wang [21] under the extra—
hypothesis that the operator is variational. We point out that for £ = 1,2 this hypothesis is always
fulfilled, whereas for k > 3 it has been shown in [2] that this extra assumption is equivalent to the locally
conformally flatness.

Of interest in this paper is the construction of complete non compact locally conformally flat metrics
with constant (positive) oj-curvature. These solutions can be regarded as singular solutions for the
ok-equation on the complement of a discrete set A on the standard n-dimensional sphere. To put our
result in perspective, we recall that for k = 1, the first examples of conformal constant (positive) scalar
curvature metrics with isolated singularities have been obtained by Schoen in [20]. Later, Mazzeo and
Pacard (see [14] and [15]) have produced different families of solutions on the complement of a singular
set A consisting of a finite disjoint union of closed smooth submanifolds of arbitrary dimension between
0 and (n — 2)/2. Another existence result, in the case where A is given by an even number of points, is
due to Mazzeo, Pollack and Uhlenbeck [16]. We will return on this later, since our construction is closely
related to their work. For 2 < k < n/2, the first examples of complete non compact metrics lying in the
k-th positive cone and having constant op-curvature have been obtained by the first author in a joint
work with Ndiaye [17], assuming that the points of the singular set have a symmetric disposition.

Some comments about the asymptotic behavior of the singular solutions are now in order. For k =1 it
follows from the works of Caffarelli, Gidas and Spruck [3] and Korevaar, Mazzeo, Pacard and Schoen [12]
that every complete non compact locally conformally flat metric with constant positive scalar curvature
must be asymptotic to a radial solution. In a recent work, Han, Li and Teixeira [10] have shown that this
fact is true also for metrics of constant oy, curvature lying in the k-th positive cone, provided 2 < k < n/2.
Notice that for k > n/2 the singularity is always removable. For these reason, it is clear that complete
radial solutions are going to play a fundamental role in our construction. These particular solutions are
also known as Delaunay-type metrics and have been classified by Chang, Han and Yang in [7] and we
recall them briefly in Section 3. Essentially, they are conformally cylindrical metrics with a periodic
conformal factor, whose minimum will be referred as Delaunay-parameter.

As anticipated, the construction presented in this paper is inspired by [16] and consists in performing
the connected sum of a finite number of Delaunay-type metrics. The solutions obtained in this way are
quite different from the ones produced in [17], which roughly speaking looks like a spherical central body
with several Delaunay-type ends having small Delaunay parameters. In the present construction, the
Delaunay parameters are not forced to be small, hence our solutions may possibly belong to a different
connected component of the moduli space.

To fix the notations, we recall that the connected sum of two n—dimensional Riemannian manifolds
(D1,91) and (Daq,g2) is the topological operation which consists in removing an open ball from both
Dy and D, and identifying the leftover boundaries, obtaining a new manifold with possibly different
topology. Formally, if p; € D, and for a small enough £ > 0 we excise the ball B(p;,¢) from D;, i = 1,2,
the (pointwise) connected sum M. of D; and Dy along p; and ps with necksize ¢ is the topological
manifold defined as

M. := Dif.Dy = [Dy\ B(p1,e) U Dy \ B(pa,e)] / ~,

where ~ denotes the identification of the two boundaries dB(p;, ), i = 1,2. Of course the new manifold
M. can be endowed with both a differentiable structure and a metric structure, as it will be explicitly



done in Section 4. Even though from a topological point of view the value of the necksize is forgettable,
it will be important to keep track of it, when we will deal with the metric structure.

Concerning the solvability of the Yamabe equation (k = 1) on the pointwise connected sum of manifolds
with constant scalar curvature, we recall the results of Joyce [11] for the compact case and the already
mentioned work of Mazzeo, Pollack and Uhlenbeck [16] for the non compact case. For 2 < k < n/2 and
compact manifolds, a connected sum result has been provided by the first author in a joint work with
Catino [4]. Our main result here is the following

Theorem 1. Let (D1,61),...,(Dn,gn) be a collection of n-dimensional Delaunay-type solutions (see
Proposition 3.1) to the positive ok-Yamabe problem, with 2 < 2k < n. Then, there exists a positive
real number g > 0 only depending on n, k, and the C?>-norm of the coefficients of the metrics g; such
that, for every e € (0,e¢], the connected sum M. = Dif. ... 4. Dn can be endowed with a metric g. with
constant o —curvature equal to 27%(}). Moreover ||ge — gillcr(x,) — 0 for any r > 0 and any compact

set K; C D\ {pi}, the p;’s, i =1,..., N, being the points about which the connect sum is performed.

Some comments about the strategy of the proof are in order. Incidentally, we notice that the constant
27k (Z) arises naturally as the ox—curvature of the n-dimensional standard sphere, so we will end up with
a family of metrics {g. }. parametrized in terms of the necksize which satisfy

(1.1) o (9:145.) = 275 ()

To show the existence of these solutions, we start by writing down (see Section 4) an explicit family of
approximate solution metrics {g. }. (still parametrized by the necksize) on M,. This metrics are complete
and non compact, since they coincide with the original Delaunay-type metrics g; on D;\ B(p;,€), ¢ = 1,2,
and are close to a model metric on the remaining piece of the connected sum manifold, which in the
following will be referred as neck region. The metric which we are going to use as a model in the neck
region is described in Section 3. It is a complete metric on R x S"~! with zero o} —curvature and yields
a natural generalization of the scalar flat Schwarzschild metric. It has been successfully employed in [4]
to treat the connected sum of constant scalar curvature manifolds and for the local analysis on the neck
region we will refer to this work.

The next step in our strategy amounts to look for a suitable correction of the approximate solutions to
the desired exact solutions. This will be done by means of a global conformal perturbation. At the end it
will turn out that for sufficiently small values of the parameter € such a correction can actually be found
together with a very precise control on its size and this will ensure the smooth convergence of the new
solutions g. to the former metrics g; on the compact subsets of M; \ {p;}, ¢ = 1,2. We point out that
it is also important to control the asymptotic behavior of such a perturbation in order to preserve the
completeness of the approximate solutions. Typically, one is led to search for corrections which present
a decay at infinity.

The main point in the correction procedure is to provide invertibility for the linearized operator about
the approxiamte solutions, together with uniform (with respect to the necksize parameter €) a priori
bounds. This will enable us to carry out the perturbative nonlinear analysis (Section 7) by proving the
convergence of a Newton iteration scheme. The uniformity of the a priori bound will follow from the
use of weighted function spaces with a weighting function acting on the neck region, in analogy with the
analysis contained in [4]. On the other hand, the invertibility issue is quite different from the compact
case. In fact, in order to obtain the desired Fredholm properties for the linearized operator, we will further
introduce weighting functions with gradient supported outside of a compact region of M. In analogy with
the case k = 1 (see [16]), the analysis is complicated by the lack of coercivity of the linearized operator.
This is due to the conformal invariance of the og-equation. In fact, the functions which are responsible
for this lack of coercivity arise as infinitesimal generators (Jacobi fields) of conformal transformations.
As it will be made clear in Section 7, the geometrical interpretation of the Jacobi fields will be exploited
in order to insure the completeness, after the perturbation, of the exact solutions.
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2 Notations and preliminaries

We fix now the notations that will be used throughout this paper. Let (M, g) be a complete smooth
n—dimensional Riemannian manifold without boundary an let 2 < 2k < n. Taking advantage of this
second assumption, we introduce the following formalism for the conformal change

4k
gu = un—2k 97

where the conformal factor u > 0 is a positive smooth function. In this context g will be referred as the
background metric. At a first time the or—equation for the conformal factor « can be formulated as

on(9. 45.) = 277 (}):

We recall that the Schouten tensor of g, is related to the one of § by the conformal transformation law

2k, —1yy2 2k -2 2k? -2 2=
Agu = Ag — n72ku V u 4+ (n727;€)2u du ® du — mu |d'LL| g,
where V2 and | - | are computed with respect to the background metric g. For technical reasons, it is

convenient to set

e n—2k n277n ——1
Bgu T 2k u 2k gu ! Agu

and to reformulate the op—equation as

(2.1) N@wg) = or(By)— (1)(252) w5 = o

We notice that if two metrics g and g are related by g = (v/u)**/("=2k)

enjoys the following conformal equivariance property

g, then the nonlinear operator

(22) N(wg) = (fu) 75N (v,9).
The linearized operator of N(-,g) about u is defined as
_ d _
(2.3) L(ug)lw] = S| N (u+swg).
ds s=0

Most part of the analysis in this paper (Sections 5 and 6) is concerned with the study of the mapping
properties of the linearized operator about the approximate solutions g.’s, that we will write in the form
ugk/ ("_Qk)g. As a direct consequence of the property (2.2), we have the following conformal equivariance

property for the linearized operator

(2.4) L(u, g)lw] = (v/u)” "% L(v, g)[(v/u) w].

We conclude this section with a technical lemma, that will be used in the construction of the approximate
solutions.

Lemma 2.1. Let (M,g) be a locally conformally flat manifold. Then around each point p € M there
exist a real number p > 0 and a local coordinates system x : B(p, p) — R™ centered at p, such that the
metric can be written as

g= 01+ w(m))%éoﬁ dz® @ da” |



with w(z) = O(|z|?) in B(p, p).

Proof. Since (M, g) is locally conformally flat, for any p € M there exist a real number p > 0 and a local
coordinate system z : B(p, p) — R"™ centered at p, such that the metric g can be written in B(p, o) as

g = v*(2)dapdz® @ d2” |
for some positive smooth function v.

For a > 0 and b € R", we consider the function

_ lyl?
aly = (b/a)lyl?
It is immediate to check that u is positive everywhere and can be smoothly extended through the origin. In

particular, we observe that u(0) = a~!. Having this at hand, we introduce the conformal diffeomorphism
® : R" — R" defined by

‘27 y € R"\ {0} .

D(y) =uly) (y — (b/a)lyl*) , yeR"\{0}.

We notice that the definition of ® can be smoothly extended through the origin and that in particular
®(0) = 0. Geometrically, the map ® can be viewed as a composition of suitable conformal transformations
of R, namely a Kelvin transform, a translation by a vector b, dilation by a factor a > 0 and a Kelvin
transform again.

It is now a matter of computation to show that, setting x := ®~ 1oz : B(p, p) — R", we obtain a new
coordinate system, in which the metric takes the form

g = u*(x) v} (®(x)) dup dz® @ dz’ .
We claim now that, for a suitable choice of the parameters a > 0 and b € R", one has
u(@) (@) = 1+ €(@), with () = O(Ja?) .

Obviously, up to set w(z) := (1 + &(z))"~2K)/2k _ 1 the claim implies the thesis. To prove the claim, it
is enough to show that there exist a > 0 and b € R" such that

u(0)v(0) = 1 and (Vu)(0)v(0) + u(0) (Vvo®)(0) = 0,
where the values of u and Vu at the origin must be viewed as limits. Since lim, .qu(z) = a™ !, as
anticipated, the first condition is fulfilled by setting a = v(0). To check that the second condition can be
satisfied, we first compute

D@ = 2ut(a)aus (0 — (B a)a?)
fo: (r) = %(m) (27 = (|z*/a)b?) + u(x)bap (3°7 — (2/a)b72?) .

Taking the limit for z — 0, we immediately get

Ou ol 6
= (2/v*(0)) dap b’ d = 2
5o () = @20 0h  and  ZEO) = 6
Hence, it is clear that, choosing b = —(1/2v(0)) 6% (9v/32”)(0), the second condition is fulfilled and
the claim is proved. O



3 Delaunay and Schwarzschild type metrics on R x S"!

We start this section with the description of a particular family of complete metrics on the cylinder
R x S~ with constant oj-curvature equal to 2”“(2). These metrics are conformal to the cylindrical
one g, on the whole cylinder R x S"~! (notice that in the following, the cylindrical metric will also be
denoted by ge, = dt? + d6?, where d6? represents the standard metric on S*1).

Let us consider then on the standard cylinder (R x S*~1 dt? 4+ df?) a conformal metric g of the form
g = vik/(n=2k) geyl, where the conformal factor v only depends on the ¢ variable, i.e., v = v(t), and let
us impose the condition oy (g_lAg) =27k (Z) or equivalently

(3.1) N (v, geyt) = 0.

It is easy to observe that, under the usual change of coordinates, ¢t = —log|z| and 8 = z/|z|, this
corresponds to look for a metric on R™ \ {0} which has constant positive oj-curvature and which is
radially symmetric. These metrics has been studied in [7] by Chang, Han and Yang and we refer the
reader to their work for further details. Here we just recall the following

Proposition 3.1 (Delaunay-type metrics). Let g, be a a metric on R™ of the form g, = vAk/ (n—2k) Geyls

where v is a smooth positive function only depending on the variable t € R. Let us define the quantity
2kn

Hwd) = [o®— ()70 ]F - o

n—2k

Then, if H (v,0) = Hy € (O , % ("77%)”/%), in correspondence of each Hy, there exists a unique
solution v to

(2) [0~ (22" ] Lo - (:25)°0] = i oSBT

satisfying the conditions 0(0) = 0, and ¥(0) > 0. This family of solutions gives rise to a family of complete
and periodic metrics on R x S*~1 satisfying

(3.3) or (Bg,) =27%(}) inRxS"!

This solution is periodic and it is such that 0 < v(t) < 1 for all t € R. In the following we will index
the conformal factors and the metrics in this family by means of the parameter 1 := v(0)2*/(=2k) ywhich
represents the neck-size. Notice that 0 < n < (”_T%)l/% and that the period of vp,, will be denoted by
T,.

As anticipated in the introduction, the first step in our strategy amounts to build approximate solutions
on the connected sum of a finite number of Delaunay type solutions with possibly different neck-size
parameter (D, gn,)s- -5 (Dyy,gny ). To this end, we need to modify the original metrics in a neighbor-
hood of the points that we are going to excise, obtaining a new metric in the so called neck region. In
the scalar curvature case (k = 1), a clever choice turns out to be the (space-like) Schwarzschild metric.
This is a complete scalar flat metric conformal to the cylindrical metric ge, on R x S*~!. The explicit
formula is given by
a4

g = cosh (%52t) "2 geyr -
In a similar way, it is easy to construct a complete conformal metric on R x S*~! with zero o;—curvature,
for all 2 < 2k < n. We have
Proposition 3.2 (Schwarzchild metrics). Let g, be a metric on R xS™~1 of the form g, = v**/(?=2k)
where v is a positive smooth function depending only ont € R. Let us define the quantity

h(t) := v2(t) — (=25)%02(¢).

eyl

Then, if ho := h(0) > 0, the family of positive solutions to the equation
ox(By,) =0 inRxS"!

is given by v(t) = v/hg cosh (”gk%t — c) , c € R. In the following, the solution with ¢ = 0 will be denoted
by vs.




For sake of completeness and for future convenience, we recover from [4] the following formula for the
linearized oy-operator about the Schwarzschild type metric.

Lemma 3.3. The linearized oy-operator about the oi-Schwarzschild metric

d
LO(vs, gey)w] == | ok (By,) ,

S1s=0

where gs = Gutsw, 1S given by
_ 2k 2
(3.4) L°(vs, geyt)[w] = —Cn o vs hy [0 + gty Ag — (%525) 7] w,
n—1y (n—2k\k-1

where Cp ;. = (kq) ( 1k )

Incidentally, we note that the computation (see [4]) leading to (3.4) also shows that

(3.5) ok-1-j(Bo) = (n4k2k)k g l%j(k—rll—j)'

From this it follows that the oy—Schwarzschild metric gy, belongs to f; N F,:r_l, for 2 <2k < n.

4 Approximate solutions

In this section we first describe the construction of the connected sum of a finite number of Delaunay-type
solutions D, , ..., D,, and then we define on this new manifold a family of metrics which will represent
the approximate solutions to our problem.

Since the whole construction is local, we restrict ourself to the connected sum of two Delaunay type
solutions (D,,,g1) and (D,,,g2). In the following we will denote by M. := D, #.D,, the manifold
obtained by excising two small balls of radius e € (0,1) centered at p; € D,, and p» € D,, and
identifying the two left over boundaries. The manifold D, and D,, are endowed with the metrics

g = vp " (dr} + gsn—1) and 92 = vp 7 (dry + gsn-1),

respectively. Starting from ¢; and go, we will define on M, a new metric g. which agrees with the old
ones outside two small balls having a fixed small radius equal to p > 0 around p; and py and which is
modeled on (a scaled version of) the o,—Schwarzschild metric in the neck region.

To describe the construction, we let p = p(n1,m2) > 0 be a positive real number. Without a loss of
generality, we may assume that it is small compared to the injectivity radius of g; and ¢go. and we
consider local coordinates

z:B(p1,p) — R" and  y:B(ps,p) — R

We notice that since the Delaunay parameters 77 and 7, are somehow fixed in all of our construction,
the radius p > 0 remains fixed as well. Since g; and g are locally conformally flat, Lemma 2.1 allows us
to assume that in these coordinates g; and g can be written as

(4.1) g =1+ wl(z))niigkéag dz® @ dz” and g2 =(1+ wg(y))niigk%g dy® ® dyﬁ,

with wy(z) = O(|z[?) and wa(y) = O([y[?).

We introduce now asymptotic cylindrical coordinates on the punctured ball B*(0, p) = x (B (p1,p) \
setting ¢ := loge — log|z| and 6 := z/|z|. In this way, we have the diffeomorphism B*(0,
(loge —log p, +00) x S*~1. Analogously, we consider the diffeomorphism y (B(pz, p) \ {p2}) = B*(0
(—00, —loge + log p) x S*~1, this time setting t := —loge + log |y| and 8 := y/|y|.

~—

{p1}
p)
:P)

~
~



In order to define the differential structure of M., for € < p, we excise a small ball B(p;,¢) from D,,, ob-
taining an annular region A(p;, p,€) := B(p;, p)\B(pi, €), i = 1,2. The asymptotic cylindrical coordinates
introduced above can be used to define a natural coordinate system on the neck region

(tae) : [A(phpag) U A(p27/0’ E)]/ ~ (10g€ - IOg,O, —IOgE + 1ng) X Sn_l =: N,

where ~ denotes the relation of equivalence which identifies the boundaries of B(p1,&) and B(ps,¢),
namely

a1~ g2 <= z/lz[(q1) = y/|yl(q2) and |z[(q1) =€ = |y[(ge)-

Clearly, in this coordinates, the two identified boundaries correspond now to the set {0} x S*~1. To
complete the definition of the differential structure of M., it is sufficient to consider the old coordinate
charts on D,, \ B(pi,p), i =1,2.

We are now ready to define on M, the approximate solution metric g.. First of all, we define g. to be
equal to the g; on Dy, \ B(pi,p), i = 1,2. To define g. in the neck region we start to observe that

opda® @ dz’ =™ [dt* + d0®] and  S.pdy” @ dy® =2 [dt* + db?].

Thus, setting w1 (t,0) := wq(x(t,0)) and wa(t,0) := wa(y(t,H)), we can use (4.1) to write

4k

g = ul T (1+c)(d+db?), withu(t) =" e "2 ¢ and c1(t,0) == (1 + Wy (t,0)) 72 — 1
_dk n— n—
g2 = ugy (14 co)(dt* +db?), with us(t) :=¢ 7"z and co(t,0) = (1+ wg(t,ﬁ))ﬁ —1.

Clearly, we have that ¢1(t,0) = O(e2e72") and ca(t,6) = O(c%e*). Now, we fix as background metric on
M, the following
g = 9i on Dy, \ B(pi, p)

(1+C)(dt2+d92) on A(plvpvg) |_|A(p27p,5)]/ ~

where

¢ = nca+(1-n)c,
with 7 a smooth and non decreasing cut off function such that n: (loge — log p, —loge + log p) — [0, 1]
and identically equal to 1 in (loge — log p, —1] and 0 in [1,—loge + log p). Subsequentely, we consider
another non increasing smooth function x : (loge —log p, — log e +1log p) — [0, 1] which is identically equal
to 1 in (loge — log p, —loge + log p — 1] and which satisfies lim;_,_ 1oge410g o X = 0. Using these cut-off
functions, we can now define a new conformal factor

(4.2) v = 1 on Dy, \ B(pi, p)
) X(t) w1 + x(—t) uz on A(py, p,e) U A(pa, p,€)]/ ~

Finally we define on M. the family of approximate solution metrics g., by setting

4k

(4.3) ge = ul "G .

To conclude this section, we observe that with this definition we immediately have that for every m € N
the approximate solution metrics converge to g; on the compact subset of D,, \ {p;} with respect to the
C™-topology when the parameter ¢ tends to 0, for ¢ = 1,2. For these reasons, we expect that the size of
the term A (ue, g), which represents the fail of u. from being an exact solution, will become smaller and
smaller when £ — 0. Finally, we notice that adapting the proof of [4, Lemma 3.2] it is straightforward to
show that for e sufficiently small g, lies in F:—r



5 Analysis of the linearized operator about the Delaunay-type
metrics

In this section we discuss some boundary value problems for the linearized operator introduced in (2.3)
about Delaunay-type metrics. This local analysis, will find its application in Section 6.
We start by recovering from [17] the expression for the linearized operator about a Delaunay-type metric

4k/(n—2k
9D.n = UD7£,(n )gcyl- We set

(5.1) o= b, - (22073, and  F o= vbd J(H + op )

and we recall that that h(t) > 0 for any ¢ € R (see [7] and [17]). With these definitions at hand, we can
state the following

Lemma 5.1 (Linearization about the Delaunay-type metrics). The linearized operator about the Delaunay-
type solution vp , is given by

k—1 k—1
(5.2) L(vpy,gey) [w] = — Chrvpyh = {atz + a, Ao — pn} [h = w],

where Ag is the Laplace-Beltrami operator for standard round metric on gsn-1 and the coefficients a,, and
Dy are given by

- n—k n(k—1)
(53) an = k(n—1) + k(n—1) Fv

_ (n=2k)\2 n(nk+n—2k)(k—1) n2 (k2—1) 2
(54) Py = ( 2/? ) + 2k2 F - TF

4k 4k
_ n(2kn—n+2k)  w-2F ki n?k(k—1) w-sr 2k=1
Ik vp, TR+ T Up, FF.

. _ k— ) )
and the constant C,, i, is defined by Cy, j, := (Zii) (”Zk%) ' For notational convenience we also define
the conjugate linearized operator by

(5.5) L, = 0} +a,0p — p,.

Moreover, we have that there exists a positive constant ¢ = c¢(n, k) > 0 such that for every j > n+1 and
every admissible Delaunay parameter n

(5.6) ay X+ oy > e,
where the positive real numbers A;, j € N, denote the eigenvalues (counted with multiplicity) of Ny, i.e.,
—quﬁj = )‘j ¢j'

As a consequence of the last inequality, we will obtain the coercivity of the conjugate linearized operator
L,, along the high frequencies (i.e., for j > n +1).

5.1 Jacobi fields

Using the conformal equivariance of the equation we introduce new families of solutions which are vari-
ations of the standard Delaunay solution with neck-size parameter 7. The infinitesimal generators of
these variations will provide us with natural elements sitting in the kernel of the linearized operator
L(vp.y, geyt) about vp ,, namely the Jacobi fields.

The first remark is that since the equation (3.2) is autonomous, then the solutions are translation invariant
(with respect to the ¢ variable). In particular, for 7 > 0, the functions vp . -(t), defined by

(5.7) vpmr(t) = vpy(t+log(t+1)),



are still solution to (3.2). To find other possible families of solutions it is convenient to use the conformal
equivariance of equation (3.3). First notice that, writing t = —log|z| and 6 = z/|x|, with z € R™ \ {0},
the cylindrical metric and the Euclidean one are related by ge, = |z|"2gr» on R™\{0}. As a consequence
of (2.2) we get

n—2k
(5-8) N, gey) = |a" N (|z[77% v, ggn) -
Hence, if v(t,6) solves N (v, geyi) = 0 on R x S"~1, then the function u(z), defined on R™ \ {0} by

(5.9) u(@) = |z (= logla|, z/z]) ,

is a solution to N (u, gr») = 0 on R™ \ {0}. In particular, the Delaunay solutions vp ,(t) defined on the
cylinder correspond to the radial solutions of the latter equation up ,(|z|) := |z|~("=2k)/2k g (—log |x|)
with a pole in the origin. Since the equation satisfied by up , is clearly translation invariant (due to the
fact that the background metric is ggn), we have that, for b € R™, the n-parameter family of functions
up,np(x), defined by

(5.10) uppp(x) = upy(lr—>) = |x—b\_n57k%vp,,,(—log|x—b|),

still satisfies N'(up yp,grn) = 0. These functions present a singularity at b € R™ and they are radial
with respect to b € R”. These new solutions up ,(z) defined on R™ \ {b} correspond via (5.9) to the
solutions vp , p(t, 0) of the equation (3.1) defined on R x S*~1\ {(—log|b|,b/|b])} by

(5.11) Upab(t,0) = |0 —bel|” T vp,(t —log |0 — be']) .

The last family of solutions comes in the following way. First observe that the function ¢ +— op ,(t) :=
vp,,(—t) is still a solution to (3.1) on R x S~ 1. This corresponds to the fact that on R\ {0} the Kelvin
transform of up ,, namely the function

n—2k _n—2k

(5.12) apg(ll) = |77 upy(|z/leP]) = lel777 vpy(-loglz/|zf*|),

satisfies N (@p,, grn) = 0. Now we translate @p , by a vector a € R", obtaining an n-parameter family
of functions @p , q(z) := @p ,(|z —a|) = |z — a|~*=2K)/2ky | (log |z — a]) and finally we take the Kelvin
transforms of the up , q’s obtaining, for a € R™ the new family of solutions on R™ \ {0}

—2k

(5.13) Upga(z) = |:177a|:17|2|7n2’c vp,y(— 2log |z| +log |z — alz|?| ) .

These solutions are no longer radial and present a singularity at the origin. For a € R™, they correspond
on R x S 1\ {(log|a|,a/|al )} to the solutions

(5.14) Uppalt,b) = |9—ae_t|_n57k2kvp7,7(t+log|9—ae_t|).

In the remaining part of this section we will use all these families of solutions to define some special

elements in the kernel of the linearized operator around the Delaunay solutions vp,. First of all, we

recall that if A +— vp , x is a variation of vp , such that for every admissible value of the parameter A
N (vpyrsgey) = 0 and vpmo(t) = vpy(t),

then it is straightforward to see that

9
O

0

N(UDJI,/\ agcyl) = H"(UD,’r]agcyl)

0 = =
o B

UD,e,\
A=0

where L(vp y , geyi) represents the linearized operator around the Delaunay solution vp ;. The functions
Ox|\—o VD, are the so called Jacobi fields and they clearly belong to the kernel of L(vp ;, , geyt). Applying
this reasoning to the family of solutions a — vp 54 and 7+ vp , -, it is natural to define the quantities

0 0

(5.15) WO (1) = £ VD ntalt) and WOt (1) = p

a=0

Dm,r(t) = OD,n(t)-

v
7=0

10



In analogy with that, we use the other two families b — vp ;3 and a — vp ,,, to define, for j =1,...,n,
the Jacobi fields

, 0] .
(5.16) V(0) = ol wpas(t0) = [25Ep() + opa(t)] et éi(0) .
b=0
, 0 . -
(5.17) 0 = 5| vpna(t0) = ["gRvpa(t) = tpa(t)] e - 6;00)
a=0

where the ¢;’s are the n eigenfunction of the Laplacian on S"~! with eigenvalue n — 1, namely —Ag¢; =
(n—1)¢;, for j=1,...,n.

5.2 A linear problem on the cylinder R x S"!
In this subsection we want to study the problem
L(“D,mgcyl) [’LU] = f inRx snt

Following [16] we observe that the natural functional setting for this problem is given by weighted Holder
or Sobolev spaces. Both choices are essentially equivalent. However, in our argument we will use Hélder
spaces. For a fixed weight parameter § € R and m € N we define the space

CF(Dy) = {ueC™Dy) ¢ |ullcy < +oo}

where the weighted norm is defined by

[l cr(p,) = sup Z;n:l(coshlf)_‘S |Vju| (t,0) .
RxSn»—1
We point out that | - | and V are respectively the norm and the Levi-Civita connection of the cylindrical

metric geyi. In the same way we define for § € R, m € N and 8 € (0,1) the weighted Hélder seminorm by

(5.18) [U]C;""f’(Dn) = tsg% (cosht)™? [u]ems((t—1,t41)xsn-1) -

The weighted Holder spaces are then given by
(5.20)  CPPD,) = {ueC™PD,) ¢ fullgps = lulley + [ulgps < oo}
Following the analysis in [18], one immediately find that

L(vp,y, geyt) : Cg’ﬁ(Dn) - Cgﬂ(Dn)

is Fredholm, provided 6 ¢ I,,, where I, := {£6;, : j € N} is the set of the indicial roots of the operator
L(vD,y, geyr) at both +o0o and —oo. In general the indicial roots (for a precise definition see [18]) do
depend on the neck-size parameter 7, but here it follows from the explicit knowledge of the Jacobi fields
that ¢, and 01, are independent of 7. In particular the indicial root ¢, = 0 is related to the Jacobi
fields \II%*’ and \119]’+, which are respectively linearly growing and bounded in t, whereas the indicial
root 01, = 1 has multiplicity n and is related to the Jacobi fields \IJZ,’_ and \I'%v"’, j=1,...,n, which
are respectively exponentially growing with rate e’ and exponentially decreasing with rate e=*. We also
point out that as a consequence of the inequality (5.6) it can be deduced that for every admissible value
of the Delaunay parameter 7, the indicial root 02, verifies the inequality

n(n— n— 2
(5.20) Bn,k) = /20N g (noky? <,

We are now in the position to prove the following

11



Lemma 5.2. Let 1 < 6, then the operator

IL(UD,mgcyl) : 02’§(D7]) - CE?(DW)

1s injective.

Proof. Since the functions which are involved in the conjugation (5.5) are bounded and positive, it is not
restrictive to prove the result for the conjugate operator

L, : C*2(p,) — C"(D,).

Performing a standard separation of variables and projecting the equation along the eigenfunctions of Ag,
we note that for the low frequencies j = 0,...,n the space of the general solutions to the homogeneous
equation is spanned by the (conjugate) Jacobi fields @%’i = h(k’l)/zlll%i. On the other hand, it is easy
to check that, for § > 1, no one of these functions belongs to the weighted space C’i’? (D). Thus, it
is sufficient to test the injectivity only for the high frequencies, j > n + 1. Hence, suppose to have a
function ¢ such that

L, = 0 and  ®(1,60) = X5, D), (0) .
Since ® € Ci’?(Dn), we have that
|®| (t,0) < C-(cosht)™®

for some fixed C' > 0. On the other hand, the maximum principle (which holds when £, acts on the high
frequencies, see [17]) gives
|®|(T,0) < C-(coshT)~°

for every T' € R. Letting T — 400 we deduce that ® = 0 and the proof is complete. O

Using the fact that £,, is formally selfadjoint, it is standard to deduce (see [16]) that
L(vp, gey) + C57(Dy) — C3(Dy)

is surjective for 6 > 1, § ¢ I,,. Following [16] we are going to improve these first issue by showing that
the surjectivity can be obtained on a smaller space. To do that it is convenient to set

W(Dygr) = span{XR\I/%’i :j=0,...,n},

where y g is a non decreasing smooth cut-off function which is identically equal to 1 for ¢ > R and which
vanish for t < R — 1. A simple adaptation of the ODE argument used in [16, Proposition 2.7], gives us
the following

Lemma 5.3. Let 1 < § < 6(n, k), then the operator
L(vD,n, geyt) CQ?(DU) & W(Dnr) — CS’?(DU)

18 surjective.

5.3 A linear Dirichlet problem on the half cylinder R* x S*~!
In this subsection we study the Dirichlet problem

{L(va,gcyl) [w] = f in (R,400) x snt

5.21
(5:21) w =0 on {R}xS"!,

for which will prove a well posedness result in the next Proposition 5.6. As it will be apparent from
the proof, this result heavily relies on a proper choice of the value of R. Loosely speaking, the correct

12



choice of R has to compensate the lack of maximum principle for the linear operator L(vp y, geyi). The
same kind of problem will show up also in the next subsection 5.4. For future convenience we set
D, g = (R,+00) x S"~!. Again, since h and vp, are bounded and periodic we study without loss of
generality the conjugate problem

(5.22) Lyz =y in Dyr,
z =0 on 0Dygr,
where z = h(F=1/2y and y = —C;ivg}nh_(k_l)/Qf. We consider now the usual eigenfunction decompo-
sition
y(t,0) = > v (1) ¢;(0) and 2(6,0) = Y () ¢;(0)
j=0 j=1

where the ¢;’s indicate the eigenfunctions of the Laplace-Beltrami operator on (S"7!, ggn-1) which
satisfy the identities —Ag ¢; = A; ¢;, with 7 € N. We also recall that the spectrum of Ay is given by
{m(n—2+4+m) : m €N} and that in particular the first nonzero eigenvalue is n — 1, with multiplicity
n.

In the spirit of [15], it is convenient to treat separately the high frequencies, i.e., j > n+ 1, and the low
frequencies, namely j = 0,...,n. Basically, this distinction is motivated by the fact that, depending on
the size of the A;, the quantity a, A; + p, presents a change of sign and this has a clear influence on the
analytical properties of our operators.

High frequencies: j > n 4+ 1. We consider the projection of z and y along the high frequencies

o0 oo

g(t,0) = Z Y (t) 9;(0) and zZ(t,0) = Z 2 (t) ¢;(0) ,

j=n+1 j=n-+1
and for T' > R we consider the projected and truncated linear Dirichlet problem

L,Z =79 in DT,
(5.23) ey e
z = 0 on 3Dn7R y

where Di r = (R,T) x S*"1. In the high frequencies regime the linear problem (5.23) has a clear
variational structure. Indeed it is easy to see that critical points of the Euler-Lagrange functional

T
(5.24) Er(2) = / / (10> + ay|Vozlz + py2° + 29z )dtdo
R Snfl

are weak solutions of (5.23) (here df represent the volume element of the round metric ggn-1 on the
(n — 1)-dimensional sphere). On the other hand, since j > n + 1, we have by [17, Lemma 5.3] that
anAj + py > 0in D, . This implies that the functional Er is coercive on

[ (DT )" = {u e HY(DT ) ’ /Smu(-,e) 6;(0) b = 0, ij,...,n} |

hence it is bounded from below. Furthermore it is easy to check that the functional Er is weakly lower-

semicontinuous on [H& (D; R)]J'. Thus, using the direct method of calculus of variations, we infer the
existence of a minimizer Zr of Ep, which provides a (weak) solution of (5.23). The standard elliptic
theory yields the expected regularity issues for Zp in terms of the regularity of 7.

Moreover, as a particular case of [17, Proposition 6.4], in the high frequencies regime, there holds the
following

13



Lemma 5.4. Let |§| < &(n, k), then there exists a positive constant C' = C(n,k,8) > 0 such that if
Zr € Ci’f(DgﬁR) and y € CS’?(D%?R) verify (5.23), then we have

(5.25) | ET”C%?(DB;R) < C Hg||0°,’f(D§R) '
for every T > R.

Using the fact that the estimate is independent of T', it is easy to obtain a solution Z to (5.22) by letting
T — +o00. Moreover it is clear that z verifies the estimate

(5.26) IZllc26p, ) < C NFllcosp, )

with the same constant C' as in Proposition 5.4.

Low frequencies: j = 0,...,n. Here we start by considering the projection of our original problem
(5.22) along the eigenfunction ¢g, obtaining

Enozo =9 in (R, +o0),
(5.27) 0 B
z2(R) = 0.
where Eg := 07 — p,. As it is evident, in this case the potential has a wrong sign, thus we are forced

to use a different approach in order to provide existence. We suppose that the right hand side is at least
continuous and we extend it to the whole R (with a small abuse of notations, we still denote this extension
by y"). Next, following [15], we consider, for any 7' > R, the auxiliary backward Cauchy problem

Enoz:yo in (—o00,T),
(5.28) z(T) = 0,
2(T) = 0.

Using the Cauchy-Lipschitz Theorem, we infer the existence of a unique solution z%. to (5.28). As we are
going to show, the weighted norms of these solutions admit a bound which is uniform in 7. This will
allow us to produce a solution to the problem (5.27) with the wrong boundary data, just by taking the
limit of the 2%’s for T — +o0. As a final step we will correct these boundary data by adding a suitable
multiple of the (conjugated) Jacobi field <I>9]’+ = pk=1)/2 W%"“ = pk=1/2 Up,n, which lies by definition
in the kernel of ,/37?.

Lemma 5.5. Let 0 <6 and R = mT, +7 withm € N and 7 € R sufficiently small. Then, there exists
a positive constant C = C(n,k,0) > 0 such that if 2% € CE’?(R, T) and y° € C’g’f(R, T) verify (5.28),
then we have

(5.29) lerllczprry < C 19 leosqar »

for every T > R.

Proof. We only prove the weighted C%-estimate, since the weighted C'??-estimate will follow by standard
scaling arguments. We want to establish the T-uniform bound

0 0
lzrllco,rry < C 1Y lleo,(m) -

We argue by contradiction. If the statement does not hold, then it is possible to find a sequence of triples
(T3, z%, y?) such that

o L)) =y in(RT;) and 20 (1;) = 0 = 29.(T7) for every i € N |

o |z} co,(rr) = 1 foreveryi €N,
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o | HCE&(R,Ti) — 0 asi— 4oo.
From the second point we infer the existence of a point ¢; € (R, T;) such that

) = €% |22

i

sup e‘st|z% (t;) = 1.

te(R,T)

In fact on the half cylinder the weighting function cosht can be replaced by e’ in the definition of the
weighted norms. This yields an equivalent norm and simplify the computations of this subsection. It is
now convenient to set, for every i € N,

zi(t) = e zp (t+t)  and oy (1) = €yl (t+1),

where the point ¢ varies now in (—logR —t;, T; — t; ), for every ¢ € N. From these definitions it follows
that

o L)z=y, in (R—t;,;T;—t;) and z(T;—t;)=0=z(T;—t;) foreveryieN,
®  SUDic(R_t; Ti—t) ez (t) = |z](0) = 1 foreveryie N,
®  SUPte(—R—t; ,T;—t;) ey (t) — 0 asi— 400

We are now ready to let i — 400 and study the different limit situations in order to get a contradiction.
As a first step we remark that (up to a subsequence) the intervals (R —t;, T; —t;) converge to an interval
(8=, B%) which is nonempty. In fact, since R —t; < 0 and T; —t; > 0, we have immediately that
B~ € RTU{—oo} and B+ € RT U {+00}. Moreover, we claim that 87 is strictly positive. In fact, if it
would not be the case, then we would have that up to a subsequence T; —t; — 0. Since | %] (0) = 1
and z; (T; —t;) = 0 = 2, (T; — t;) for every i € N, the quantities | d;z; |’s must explode in the intervals
(T; —t;—1,T; —t;), as i — +0o0. On the other hand, from the hypothesis on z; and y; it follows easily
that

|6t2 zi| (t) < Ce 0 (Timt:) ,

on the interval (T; —¢; — 1, T; — t; ). Since we are supposing that T; — ¢; — 0, this inequality tells us
that the second derivatives of z; are uniformly bounded as i — +o00. The fact that 0,z; (T; —t;) = 0 for
every ¢ € N implies that the first derivatives of z; also admit a uniform bound on (T; —¢t; — 1, T; — t;)
as i — +00, which is a contradiction. Hence we have that (87, 87) is always nonempty.

The equation satisfied by the z;’s implies that there exists a function we, such that w; — we in
CL.(B~, BT). In particular, the function 2 verifies the homogeneous equation

(5.30) L)z = 0 in(f,87),

in the sense of distributions. As a consequence z,, can be written as a linear combination of the Jacobi
fields @)~ and ®)", namely, there exists A, B € R such that

_ 0,— 0,+
Zoo = AL + BOOT

Moreover, the hypothesis on | z;| (0) implies at once that | zo|(0) = 1. Thus 2z is non trivial. When
BT < 400, then the Cauchy data for the limit problem are given by z. (87) = 0 = 24 (87), thus
Zso = 0 and we have a contradiction. If 3% = 400, then the decay prescription |z |(t) < e™°* with
0 > 0 implies that both the constants A and B must be zero, contradicting the non triviality of zo.. O

Since the estimate (5.29) is independent of the parameter 7' > R, we let T — 400 and we obtain a
function 2° which verifies the identity

Eno 29 = % in (R, +o0)
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together with the T-uniform estimate
(5'31) ” 2O||CQ_=§(R7+OO) < C H yOHCg’g(R,_;,_OO) >

where 6 > 0 and C' is the same constant as in Lemma 5.5.

The next step amounts to correct the function 2° to a solution of the problem (5.27). This will be done
by adding an element in the kernel of Eg to the function wg in order to fulfill the homogeneous boundary

condition at t = R. Here we decide to choose the (conjugated) Jacobi field @27"’ = h(k_l)/%D,n. We
notice that this correction is no longer a function in 0_2:;5 (R,400), with 6 > 0, since it is just bounded
at +oo. With these considerations, we are now ready to set

50

2°(R)
5.32 D) = 20t) — 57— ) () .
(5:32) () ) ~ g B0
It is now immediate to check that this yields a solution to (5.27). We point out that the definition of w°
makes sense since R = mT; + 7 and thus <I>97’+(R) # 0. From the definition of 20 it follows at once

that its component along the Jacobi field " is bounded by (C/®%")(R) || yO”cO*?(R o0y With C' as in
Proposition 5.5, hence for § > 0 the solution 2° to (5.27) is unique in the space
CES’B(R ,+00) @ span { <I>2’+ }.

Now we are ready to treat the projection of (5.22) along the eigenfunction ¢;, with j =1,...,n

L) 2 =4 in (R,+00),
(5.33) K ( )

w’ (R) = 0,
where £ := 0} — X\ja,; — p,. Proceeding in the same manner as in the case j = 0 we deduce that for

§ > 1 there exists a unique solution 37 to this problem in the space
C*P (R, +o0) ® span { @) }
which can be written as
- 2j(R) oIt ,
[ nEkQ vpy(R) — @D,n(R” K

Note that this definition makes sense since, thanks to h(t) > 0 for any ¢ € R (see (5.1)), there holds that

[25250p ,(R) — ©p,y(R)] # 0. Moreover we have as in the previous case that 27 verifies the estimate

2 = 3 +

j=1...n.

(5.34) 1Z0c28r,400) < C N1¥Mlcos (R, 100y »

where now 6 > 1 and C' is a positive constant only depending on n,k and § and the component
of 27 along the (conjugate) Jacobi fields ®7+ := h(*=D/2WJF is bounded by (C/[252vp,(R) —

ODJI(R)] ) H ychﬂf(R7+oo)-

To summarize all the result of this subsection, we define the finite dimensional function space
WH(D,r) = span{\If{,’+ :j=0,...,n}

and for a function u = 377 af Wit e WH(D, r) we simply set

(5.35) lullw+ (D, ) = Z;-L:o | aj+| :

We thus have proved the following
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Proposition 5.6. Let 1 < § < §(n, k) and R = mT, + ¥ as above, then for every f € CS’?(D,]}R) there
exists a unique solution w € C’E’B(DU’R) ® WT (D, r) to the problem

L(vp s geyt) W] = [ in (R,+00) x S" 1,
w = 0 on {R} x S
Moreover we have that there exists a positive constant C = C(n, k,0,m) > 0 such that

||w||Ci’f(Dn,R)EBW+(Dn,R) = ”w”civf(DmR)Jr ”wHV\H(Dn,R) < C ”fHC'g’f(Dn,R) .

The same analysis can be reproduced on a domain of the form D, _p := (—oco, —R) x S"~!, in order to
solve the problem

(5.36) {L(UDmvgr:yl) [w] = f in (—oo, —R) x §"71 |

w=20 on {-R}xS"',

where R is a real number of the form R = w1, + 7, as in Proposition 5.6. In this situation we use the
finite dimensional function space

W™ (D,,—gr) = span{\I/{f : ij,...,n}

for the corrections along the low frequencies. Obviously, for a function u = 37" a; W)~ € WH(D, _g)
the norm can be defined by

lwlw-(p, -y = Zj=olaj |-

In analogy with the previous proposition, it is straightforward to obtain the following

Proposition 5.7. Let 1 < § < 6(n,k) and R = mT, + 7 as above, then for every f € Cg’f(Dm,R)

there exists a unique solution w € CE’?(DU,,R) & W™ (D, _r) to the problem (5.36). Moreover we have
that there exists a positive constant C = C(n,k,d,m) > 0 such that

||w|‘cf’f(Dn7_R)eBW*(Dn‘_R) = ”w”ci’f([)n)_mjL ||wHW7(Dn,—R) < C ”f”Cf’f(Dn,_R) :

To conclude we observe that as a consequence of the analysis of this subsection we can also solve the
same problems with nonzero boundary condition, namely for every 1 < § < d(n, k), every f € CS’? (Dy)

and every boundary datum v* € C2#(dD, +r), there exists a unique function w* € C*P(D, +r) ®
W*(D,, 1) verifying

+ +

L(“D,nvgcyl)[wi] = f in DﬂyiR7
wT = v on 0D, +g,

together with the estimate

+ +
lwFllc2s o, myew-+myam < C [Iflcoso, oy + 10Fllc2500,2m) ]
for some positive constant C' = C(n, k,d,n, R) > 0. We thus have proved

Proposition 5.8. Let 1 < § < § and R = mT, + 7 as above, then the operator
L(vp,y, Geyt) ® 8% C2F(Dyy sr) ® WE(Dyar) — C2(Dyar) x C*P(0D, 1R)

is an isomorphism, where 0% 1 w — W|aD, 1 r-
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5.4 A linear Dirichlet problem on a finite cylinder (—R, R) x S"!
In this subsection we study the Dirichlet problem

{L(vn,mgcyz) w] = f in (—R,R)xS"!,

(5.37) —1
w =0 on {R—R}xS" ",

for which we are going to prove the following

Proposition 5.9. Let R = mT, + 7 with m € N sufficiently large and 7 € R sufficiently small. Then,
for any f € COP((—R, R) x S*™1) there exists a unique solution w € C*P((—R, R) x S*™1) to (5.37).
Moreover, there ezists a positive constant C = C(n, k) such that

(5.38) lwlle2e(—rR)xsn-1) < C [ fllcos(—r.ryxsn-1)-

Proof. Thanks to the compactness of the domain, we use the Fredholm alternative to prove the well
posedness of (5.37). Thus, the existence and uniqueness of solutions to (5.37) follows from the fact that
the homogeneous problem

L(“D,n»gcyl) [w] =0 in (_RaR) X Sn_l 5
w =0 on {+R}xS"!,

only admits the trivial solution w = 0. This is equivalent to say that z = 0 is the unique solution of the
conjugate problem

L,z =0 in (-R,R)xS"!,
(5.39) —1
z =0 on {£R}xS" ",
where z := h(*=1/2y. To show that z = 0 uniquely solves (5.39) we project the equation along the

eigenfunctions ¢; of the Laplace Beltrami operator on the sphere (S"!, ggn—1). Then, as we already
did in the proof of Proposition 5.6, we treat separately the high frequencies (5 > n + 1) and the low
frequencies (j = 0,...,n). Thus, we decompose z as

oo

(5.40) Z(t,0) = sz(t)¢j(a)+ > A1) 6,(0) .

j=n+1

Now, since in the high frequencies regime the (weak) solutions to (5.39) can be obtained as critical points
of the coercive and weakly lower semicontinuous energy defined in (5.24), it turns out that the second
sum in (5.40) is identically equal to zero.

To obtain the same result for the low frequencies, we start with the case j = 1,...n and we note that
the Fourier coefficients 27 can be written as a linear combination of ®J* ¢;(#) and ®J~ ¢;(#), where the
conjugated Jacobi fields ®J% are defined as &5+ := h(k*=D/2WJ% . Hence, there exist real numbers A;
and Bj such that

A(t) = WV {45258 0p(t) + 0Dy ()] € + Bi["52Evp (1) — dpy(t)] e}

We are going to show that the homogeneous Dirichlet boundary conditions together with our choice of
R imply that all the 27 must vanish for every j = 1,...,n. From the null boundary condition we deduce
that

@D>n<R)
vp .y (R)

(A, + Bj) ["g,f’“ + tanh(R)] = 0,

(4, - By) [#52 tann (R) + 22U0] _
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where we have used the fact that vp ,(-) is an even function. Now, using the fact that R is of the form
R = mT, +7, it is sufficient to choose m large enough and 7 small enough in order to insure that

n—2k ,DDW(R)
——= tanh
2k + UD,n(R) an (R) 7é 07

n—2k r[}DJI(R)
2k tanh (R) + o) £ 0.

Hence, A; =0 = By, for every j =1 n.

PR

It remains to prove that also 2° = 0. Now, 2° has this form
2t =21 {Ag W () + Bo¥ot(t)}

for suitable Ag and By in R. From the homogeneous boundary conditions combined with the fact that
\IJ%JF is odd and \1197’_ is even, we deduce at once that if R is chosen as in the statement both Ay and By
must vanish.

Hence, the problem (5.37) is well posed. On the other hand the a priori estimate (5.38) is a direct
consequence of the standard elliptic regularity theory. O

6 Global linear analysis

The aim of this section is to provide existence, uniqueness and a priori estimates for solutions to the
linear problem

(6.1) L(ue,g)[w] = f in M..

For sake of simplicity we just consider the case where M. is the connected sum of two Delaunay
type solution M, = D, #.D All the arguments can be trivially adapted to the general case M., =
Dy te .. HeDyy -

To introduce the correct functional framework for the global linear analysis on M, we define

n2-

6.2)  Mulepoony = lulleps o, e T Tlope o, T 1lerom, -

where the first two norms are defined as in Subsection 5.2 and the norm in the neck region N; is defined
by

(6.3) ||U||C_7yn,,['1(NE) = s;p Z;’;l(scosht)ﬂvjm (t,0)
+ sup (ecosht)” [u]om.s((t—1,t41)x57-1) -

t € (loge—log p,— log e+log p)

Note that, again, | - | and V are respectively the norm and the Levi-Civita connection of the cylindrical
metric g.,; whereas [-] stands for the usual Hélder seminorm. As a consequence, we introduce the
following weighted Holder space

Ciy (Me) = {ue Cpl(Me) « fullgmsay,y < +00} -

6.1 Global and uniform a priori estimates on M.

We recover from [4] the following removable singularities result
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Lemma 6.1 (Removable singularities). Let g = (1 + b)nik% grn be a conformally flat metric defined on
the unit ball B(p, 1) verifying the equation

O'k(g_lAg) = 2_k(2) .
Suppose W satisfies in the sense of distributions
L(1+b,9re)[@w] = 0 on B*(p,1)

with |w(q)| < C|disty(q,p)|~* for any q € B*(p,1) for some positive constant C > 0 and for some weight
parameter 0 < p < n — 2. Then @ is a bounded smooth function on B(p,1) and satisfies the equation
above on the entire ball.

We are now in the position to prove the following e-uniform a priori estimate for solutions to (6.1).

Proposition 6.2. Suppose that 1 < § < 6 (n,k), 0 <y < (n—2k)/k and let w € Ci’fwiﬂ(Mg) and
2k

)

fe Oﬂ*fv_(n_%)(ME) be two functions satisfying

L(ue,g)[w] = f m M, .
Then there exist C = C(n,k,3,7,6) > 0 and €9 = eo(n, k,7,0) such that, for every e € (0,&q], we have

<
(6.4) lelezs . < Cllflooy

=573 (=28

Proof. Before starting the proof, we advise the reader that we will prove (6.4) using a different, albeit
equivalent, norm. With a little abuse of notation, we introduce the norm

lullgms (ary = max{||“||Ciz;f"<D,,1\B(pl,p»v [ulloms (D, \ B s ) ”“”02”3(%)} :
which is clearly equivalent to (6.2). We will just provide the uniform weighted C°~bound

< Cllfllce

—68,v—(n—2k) ’

[[wllco -
_5 y—n—2<k
Y o2k

since the uniform weighted C2#~bound will follows easily from standard scaling argument, see [18]. To
prove the above estimate we argue by contradiction. Suppose that there exists a sequence (g, w;, f;),
i € N, such that

e ¢, — 0, asi— +oo,
o |wilco =1, i€N,
I ey
o filleo, . .., — 0, asi— oo
and

]L(Ugi s g) [wz] = fz in Ms-
Now, up to a not relabelled subsequence of i, one has to face with the following two cases:
1. ||wi||COJ(Dn.\B(pj,p)) =1, foranyie€ N and for j=1or 2.
- J

2. ||willco(n.) =1 for any i € N.
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The second case has been fully analysed in [4, Proposition 4.4, case 2. and case 3.] to which we refer for
the details. Concerning the first one, we note that there is no loss of generality in restricting the analysis
only to D,, (recall that on D,, we use coordinates 1 and 6, according to Section 4). Secondly, it is
natural to split the case 1 into two subcases. The first subcase appears when there exists M > 0 and a
subsequence of points ¢; = (r;,0;)’s such that r; € [-M, M] x S*~! and (coshr;)®|w;|(r,0;) > 1/2. The
second subcase is when the points g¢;’s leave every compact set of D,,,. However, it follows from (5.37)
that this second subcase can always be reduced to the first one. The assumption ¢; € [-M, M ] x S*~!
implies that, up to a not relabelled subsequence, there holds that ¢; — goo, Wi — Weo in CF . (Dy, \ {p1})
and f; — 0in CP _(D,, \ {p1}). Thus, the function ws is nontrivial, since |weo|(goo) > (cosh M)~9/2,
and solves in the sense of distributions the limit problem

L(1,1) [uy ' wee] = 0 in Dy, \ {p1} with  [Jwsllco, (D, \Br.p)) = 1

where u; is the function used in the construction of the approximate solutions (see Section 4), which we
have set to be equal to 1 in D,, \ B(p1,p). If we show that the limit problem is solved by ul ! wee on
the whole D, , then, using Lemma 5.2 (which is in force thanks to the fact that 1 < ), we will reach the
desired contradiction. To remove the singularity at p;, we observe that on B(p1,p) we can always write

4k
g1 = (1 +b1)"=F ggn,

with by (q) = O(|distg, (¢,p1)|?). Hence, thanks to the conformal equivariance property (2.4), we have
that the limit equation can be rewritten as

L((14b1),gr) [(1+b)ui'wa] = 0 on B(pi,p)\ {p1}

Recalling that g; solves the ox—Yamabe equation and that
(L + b1 )ur wecl(@) < C disty, (q,p1)] 77,

we can apply Lemma 6.1 (which can be obviously adapted to the case of solutions defined on B(p1, p),
instead of the unit ball) to obtain that uflwoo extends through p; to a nontrivial smooth solution of

L(1,g1) [uj'ws] = 0 in Dy, .
This completes the proof. O
As a consequence of the a priori estimates, we have the following

Corollary 6.3. Suppose that 1 < § < & (n,k) and 0 < v < (n — 2k)/k, then there exists a positive real
number go(n, k,7y,0) > 0 such that, for every e € (0,e9] the operator

_ 2, 0,
L(ue,g) : C?(;B),Yin;;k(MJ - C—éﬁ,'y—(n—Zk)(ME)

18 injective.

The next task is to provide surjectivity for L(ue, g). Unfortunately, with this choice of the weight param-
eter, which will turn out to be suitable for the nonliner analysis, the surjectivity cannot be recovered.
The duality theory would suggest the use of the spaces with weight parameter ¢ insted of —¢, but as it
is remarked in [16], these spaces are definitely too large. In particular they contain functions which may
grow too fast at £oo and even worst which are not integrable, in the sense which is made precise below.
To overcome this difficulty, one can take advantage of the Fredholm character of the operator (which
is actually the case, when § is not an indicial root) by considering a finite dimensional extension of the
domain, the so called deficiency space. Of course, there are several different options for the choice of such
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a space (for example a different approach is contained in [16]). We start by introducing the following
spaces

W(Dy, r,) := span{ xr, \Ilz,’lﬂE :j=0,...,n} and W(Dy, —g,):= span{x_g, \Il%’ljE :j=0,...,n}
W(Dy, r,) := span{ xr, \P%’zi :j=0,...,n} and W(Dy, —g,):= span{x_g, \I/%’Qi :j=0,...,n}
WH(Dy, +ry) == span { Xy r; \Il%’l"' :j=0,...,n} and WT(Dy, +r,) = span { X 4 ry, ‘Il%’;' :j=0,...,n}
W™ (Dy, ~r,) := span{ x_g, \IJ%’I_ :j=0,...,n} and W7 (D, r,) = span{Xx_gry \IJ%’; :j=0,...,n}
where X g; is a non decreasing smooth cut-off function defined on D,, which is identically equal to 1 for
t > R} and which vanish for t < R} — 1 (with R} —1 > R;. The cut-off function x_g; is defined by
the relationship x g/ (r) = xr;(—7), and xgr, and x_g, are defined on D,, in an analogous fashion.

Moreover, the parameters R} and R/ are chosen in such a way that Rf —1 > R; and R, —1 > Rs, in
order to apply the analysis of the previous section.

We observe that all the functions in these spaces are integrable at £o0o in the sense that they are linear
combinations of infinitesimal generators of families of conformal variations of the original Delaunay type
solutions vp ,, and vp ,,. This fact has an important geometrical meaning which will be made clear later
and which will be used in the nonlinear framework to justify the choice of a correction w with components
lying in these spaces. To continue, we define the full deficiency space W (M.) by

W(ME) = W(D’Vh,Rl) S W(Dm,—Rl) D W(DT]27R2) D W(DVI27—R2) .

We notice that since all of these spaces are finite dimensional, we can choose any norm on them. To be
definite we always consider the norm given by the sum of the absolute value of the components.

The importance of these spaces for the linear analysis is clarified by the following Proposition, which can
be deduced combining Corollary 6.3 with [18, Theroem 12.4.2],

Proposition 6.4. Suppose that 1 < § < §(n, k) and 0 < v < (n — 2k)/k, then there exists a positive real
number go(n, k,7y,0) > 0 such that, for every € € (0,e0] the operator

L(Usag) : Ci;ﬁﬁ,%(Me) @W(Me> — 02757—(11—%)(]\/‘[5)

is surjective and
dim Ker L (us,g) = % dimW(M.) = 4(n+1) .

Our deficiency space is defined by
(6'5) W(ME) = W+(D7717R1) S W_(Dnh—ﬁﬁ) D W+(D7727R2) S W_(Dnm—Rz) :

Incidentally we note that in [16], due to the use of a different functional framework, the deficiency space
is chosen to be

W(ME) = W<D771,R1) D W(Dﬁz,Rz) :
As expected, dimW(M,) = 4(n+1) = dim W(M,).

The remaining part of this section will be devoted to prove the core of our linear analysis, namely the
following

Proposition 6.5. Suppose that 1 < § < & (n,k) and 0 <~ < (n — 2k)/k, then there exists a positive real
number go(n, k,v,8) > 0 such that, for every e € (0,e9] the operator

_ 2, 0,
Liue.g)  C%) (M) @ WM — CU oy (M)
is an isomorphism. Moreover the following e-uniform a priori estimate is satisfied

(6.6) wllees o on + Melwony < € IL@e)ullens oy
’ 2k

where the positive constant C' only depends on n, k, 3,7 and J.
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Proof. First of all, Proposition 6.4 furnishes for any f € CE’QW_(H_%)

to (6.1) in the class Oi’csﬂ,w—"g—,fk (M.) @ W(M.). We canonically decompose W as W = W& W+, where

W represent the orthogonal complement of W in W. Consequentely, v admits the decomposition

(M) the existence of a solution u

w = t4+u' +ut,
where & +u' € C27§’y neoiw (M:) & W(M.), whereas ut € W=, The aim is thus to find a correction
B e
z € 037?77n_2k (M.) & W(M,) such that, the function w defined by
’ 2k

w o= a+u' +z,
is a solution to (6.1). It is clear that, as soon as we are able to produce such a correction, then the
surjectivity in the smaller space C’i’?’k neonw (M:) ® W(M.) will be achieved. Using the linearity of the
? 2k

problem and the fact that u is already a solution, one can easily deduce that the function z must satisfy
L(ue, g)[2] = L(ue,g)[ut] in M..

A remarkable feature of problem above is that the right hand side is supported by construction only in
Dy, +Rr, U Dy, +r,. More precisely, recalling that R} > Ry and R} > Rs, we have that L(u., g) [ut] is
actually supported in the four annuli [R] — 1, Rj] x S*~1, [-R}, —R} + 1] x S~ [Rh — 1, R,] x S~ ! and
[—R,, —R, + 1] x S*~1. As a consequence, we are led to solve the following kind of problem

{L(uéag>[vl,+] = L(u&g)[ul] in D1717R1 )

(6.7)
vy = 0 on 0Dy, Rr,,

with vy 4 € C%?(Dnth) ® W (D,,,r). Analogous problems should be posed, respectively, on Dy, _g,,
D, ry» Dy,.—R,, leading to the construction of v1 _,vs 4, vs . Problem (6.7) is, modulo the use of the
conformal equivariance property (2.4), of the same kind of the Dirichlet problem (5.21). Thus, Proposition
5.6 applies giving the well posedness of (6.7). Once we have obtained these local solutions, we define the
candidate correction z as

V14 + 014+ in Dy g

U1,— + 01— in Dy, g,
(68) z = (Yol in Ca = M&- \ (D’fllle U D7717—R1 U D7727R2 U D7727_R2)

Vo4 + 024 in Dy, g,

V2,— + U2 - in Dn21—R27
where U 4,01, U2, 4,02, V¢ are the solutions of the following problems

{L(ue’g) [T}L-i-] =0 D7717R1

(6.9) _
V14 =14  ODy R,
(analogous problems for @1 _, 72 1,7, ) and

L(ue, g) [ve] = 0 in C.,

ve = Y14 on 0Dy g,

(6.10) voe = Y1 on 0Dy _g,
ve = 24 on 0Dy, R,
ve = Yo _ on 9D, _g,.

The Dirichlet data for the problems (6.9) and (6.10) must be chosen in a proper way. Namely, the
choice of ¥ = (91, 4+,Y1,—, Y2 1,12 ) is dictated by the requirement that the function z has the correct
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regularity for being a solution on the whole M.. In fact z is certainly continuous for any choice of 9, but
there may be a lack C'-regularity across the interface dD,, gr,. To avoid this situation, we impose the
following C''-matching condition

(611) 6T1 (’Ul’i + ’Dhi)\ﬁ::tlh = amvC‘Tl:iRl
Ory (V2,4 + V2 1) jry=t Ry = 8T2UC\T2:132-

To show that the ansatz above actually yields a good definition for z, we adopt the following strategy.
First of all, we show that problems (6.9) and (6.10) have a unique solution with e-uniform a priori estimate
for generic Dirichlet data. Secondly, studying the behavior of the so called Dirichlet to Neumann map,
we will calibrate the choice of the boundary data in such a way that conditions (6.11) are satified.

As we did for (6.7), we note that, modulo the use of the conformal equivariance property, (6.9) is of the
same type as (5.37). Thus, Proposition 5.8 applies giving, for any Dirichlet datum vy . € C*#(0D,, g, ),
a unique U7 4 € C’i’f(Dm,Rl) & WT(Dy,,r,) such that

(6~12) ”171’+HCE’?(Dm,Rl)@W+(Dm,R1) < C le#HC?ﬁ(aDm,Rl)-

Of course, the same holds for v, _, 02y, and v _.

To solve problem (6.10) we take advantage of the fact that for any fixed &, the domain C. is compact
and thus we can apply the Fredholm alternative. Hence, we have existence and uniqueness for problem
(6.10), provided

L(us,g)[v] =0 C.
v=0 0C;

only admits the trivial solution. To prove this, we are going to show that there exists a positive constant
B > 0 independent of € such that the a priori bound

(6.13) IIUIIij*n_Qk o = Bllfllces .

2k

is in force for solutions to
L(usag) [’U} =f Ce
v=0 0C.
To prove (6.13), we use a blow-up argument similar to the one used in the proof of Proposition 6.2. The
only difference is in the treatment of the case 1. In particular, following the argument used in the above

mentioned proof and one ends up with a function v, such that ufl VUso 1S @ non trivial smooth solution
of the following boundary value problem

]L(l,gl) [ul_lvoo] =0 in (—R1, Rl) X Sn_l =: 0071 s
v =0 on 90CyH

Thus, thanks to the conformal equivariance property (2.4) and Proposition 5.9, we infer that v, = 0,
which is a contradiction. Thus, there exists a unique ve solving (6.10) and such that

(6.14) lellezs .y < B l¥llczsoc,) -
YT T2k

Having at hand the functions v; 4,01,—,%2 4,02, and vc, we can introduce the Dirichlet to Neu-
mann maps for problems (6.9) and (6.10). For the exterior problem (6.9), we define the mapping
T : C*>P(0C.) — C1P(dC.), whose action is given by

T: = (Y1,4,0%1,—, 24,2 ) — (—0p, U1 4, Op, U1, —5r2172,+,5r2172,—)‘

ri=+Ry;rg=+Ro
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We notice that the action of T is diagonal in the sense that the Dirichlet datum defined on a con-
nected component of the boundary 0C; is mapped to a Neumann datum defined on the same connected
component.

On the other hand, for the interior problem (6.10) we define the mapping S. : C%#(9C.) — C18(dC.)
which acts in the following way

Se + Y — (=0, vc, 0r,vc; *5%2’00,3TQUC)|T,1=iR1.T2=iR2 :

In terms of the operators 7" and S. the C'-matching condition can be rewritten as

[(T,SE)[Q/;]]Li = £0,,vix ondDy ig,
(T =SWlys = #Orvas o0 0Dy sn.

Thus, the ansatz for z actually yields a well defined correction if we prove that the above pseudodifferential
problems is solvable. To this end, we are going to show that, up to choose the parameter € small enough,
the map

T —S.:C*5(0C.) — CHP(dC.)

is invertible. First of all, we notice that T and S, are well defined and, thanks to the a priori estimates
on the solutions to problems (6.9) and (6.10), they are also e-uniformly bounded. We prove now the
following

Lemma 6.6. As e — 0 the operator S converges in norm to the operator Sy defined as

S : C*P(0CH 1) x C*P(0Cy2) — CHP(9CH1) x CHP(0C 2)
((Y1,4,%1,-), (Y2,4,92,-)) +— ((_3r1”C,173r1”C,1)|

—0r, 00,2, a’l“z’UC,Q)l

ri=+R; ’ ( ro=%xRg )’

where the function vc,1 is the unique solution of

L(l,gﬁ[uflval] =0 in Co1,
(6.15) veq = 1y on {Ry} xS"H
vc,1 = 1/}17_ on {7R1} X Snil

Of course, an analogous problem characterise vc 2.

Proof. The proof is by contradiction. Taking advantage of the uniform a priori bound (6.13), we can
suppose that if the statement is not true, then there exist a sequence (€j,%;) such that €; — 0 and, for
every j € N, [|vhjllc25(ac.,) = 1 and

(6.16) (S5, = S0) @)llenaocsy 2 1/2.

Let vé be the unique solution to problem (6.10) with ¢; as Dirichlet boundary datum. Up to choose
a subsequence, we may suppose that the boundary data 1;]' converge to some 1o in C?(0Cp,1 UOCy2).
From the uniform a priori estimates (6.13) combined with the fact that g., — g; in C? on the compact
subsets of D,, \ {p;}, we deduce that, up to a subsequence, also the functions vé converge to some
functions v ; on the compact subsets of Cy ; \ {p;} with respect to the C2-topology, i = 1,2. Making use
of the conformal equivariance property combined with the removable singularities Lemma 6.1 (which is
in force since v < (n—2k)/k and 2 < 2k < n), it is not difficult to see that v ; can be extended through
pi to a smooth solution of problem (6.15) on the whole Cy;, ¢ = 1,2. Since it is evident that problem
(6.15) has a unique solution, the functions ve,1 and v, 2 must coincide with ve 1 and ve 2 respectively.
As a consequence, their normal derivative at the boundary must agree. This contradicts (6.16). O
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In force of the lemma above, the invertibility of T — S is now a consequence of the invertibility of the
limit pseudodifferential operator T'— Sy. Now, since the spectrum of the limit operator T — Sy is discrete
it is sufficient to prove the injectivity of (T'— Sp). We reason by contradiction and we assume to have
Y = (14,92, P 1, 2._) # 0 for which (T — Sp)[t)] = 0. The existence of such a boundary datum
implies the existence of a smooth function ¥ solving

L(1,g1) [u; 9] = 0 on Dy, ,
and such that

{ O(Ry,0) = t1,4(0)
U(—=R1,0) = 1,4+(0).

Moreover, v has the following form

U1,4 in Dm,R1

in C()’l

3
Il
4
Q
—

1_)1 - in Dﬂl,*R1 9

where we recall that 1  and 01— are solutions to problems of the type (6.9) and belong to C’i’f (Do, Ry ) B
WTH(D,, r,) and to C’%’f (Dyy,—r,) ® W™ (D, —R,), respectively. Of course ¥ has the corresponding
features on D,,, but since the situation is somehow symmetric we just focus on D,,. To reach the desired
contradiction, we aim to show that v = 0.

We perform the usual separation of variable, projecting the equation along the eigenfunction ¢;’s of the
Laplace-Beltrami operator on (S"™!, ggn-1), having in mind that the high frequencies (5 > n + 1) and

the low frequencies (j = 0,...,n) will be treated separately
(ri0) = > () e;(0) + Y 7 (r)e;(0) .
7=0 j=n+1

The high frequencies are easier to treat. In fact the deficiency space components are not present in this
regime. Thus the ¢/ are exponentially decreasing for |r1| — +oc. Hence, the maximum principle forces
them to be identically zero.

To obtain the same result for the low frequencies, we note that the functions ¢/ for j = 1,...,n can be
written as a linear combination of ®J+(ry,6) and ®}~(r1,0). Namely, for any j = 1,...,7n there exist
real numbers A;, B; such that

¥ (r1) = Aj %525 vp ., (r1) + Oy, (1) ] € + B 25850, (r1) — tpy, (r1) ] e

Now, since ¥/ = 77{7+ for 11 > Ry and v7 4 has a component decaying like e~%" with 6 > 1 and the other
one decaying like e™"* as r; — 400, there holds that necessarily A; = 0. The same argument used when
ry < —R; shows that also B; = 0. This implies that "/}{,i =0forj=1,...,n

The last case is when j = 0. As before, the function #° is a linear combination of the two Jacobi fields

@)~ and ®)-*, namely, there exist real numbers Ay and By such that

02 (r1) = A @2’1"’(7‘1) + BO<I>9]’1_(7°1) .

Comparing the asymptotic behavior at +oo of the expression above with the one prescribed by the
constraints 70 = 17(1)’+ for i > Ry and 0 = v?yf for 1y < Ry, we get Ag = 0 = By. As a consequence
O=0and ¢ =0.
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The conclusion is that T — Sy is injective, hence invertible and for e sufficiently small also T — S, is
invertible. As already observed, this implies that the correction z is well defined and thus the operator
L(ue, g) is surjective on 02’57 o (M) & W(M,).

=0y =g

To conclude the proof of our statement, we need to establish the a priori estimate (6.6), which obviously
implies injectivity. First of all we notice that thanks to (5.37), the solution w verifies, for some positive
constant C' > 0 independent of ¢, the bound

IIUJHcg’g(Dm,Rl)@W+(Dmﬁl) <C |:||f||co—’65,’y—(n—2k)(M5) + ||w|805||02=5(805)}

with analogous estimates on the other connected components of M, \ C.. Moreover, the same argument
used to prove (6.14) implies that for e sufficiently small

Hw”cjfn;’?k(cs) < C] o e T lwecllezsoc.) K

for some C' > 0 independent of €. Finally, it follows from standard interior Schauder estimates that the
norm of w on JC; is uniformly bounded by the norm of f in a small neighborhood of 0C.. Combining
this remark with the last two estimates, it is now easy to obtain (6.6). This completes the proof. O

7 Nonlinear analysis

In this last section we are going to correct the approximate solutions wu. to exact solutions, provided the

parameter ¢ is small enough. Again, for sake of simplicity, we limit ourself to the case M. = D, §.D,,,

without discussing the minor changes needed for the general case. According to the linear analysis, it

is natural to look for a correction lying in Ci’?ﬂ{_ﬂ(Ms) @& W(M.). Recalling that W(M.) is finite
) 2k

dimensional and identifying a function in this space with its coordinates with respect to the Jacobi fields
basis, it is immediate to obtain the following isomorphism of Banach spaces

I 0 L (M) eW(M,) — C*P L (M) x R x R R ¢ R
=Sy =" ==

I AP S 5 gl gl a2t g
w=w+a; V)" +a; VT — (w,a>",a"",a”",a>7)

where, for i =1,2 and j =0,...,n,
PATE i+ P i,— Lt . (LT i,+
a;’ = Xr;a; and a; = X-R,Q; and a = (ao e, Gy )
To describe our perturbation, we denote by u.(a'"*,a'~,a?*,a*~, -) the variation of u. with param-

eters a»*, i = 1,2, supported on M, \ C., which is defined on Dy, R, as

—2k

10— (ay™t,...,akT)e ™ 7= wpy, (11 +logl0 — @yt ... ak e ™ +log(1+ap™))
The definition of u.(a''™,a~,a**,a?~, -) on the other connected component of M. \ C. is analogous.
We note en passant that the ‘straight’ approximate solution u.(-) corresponds to a®* = 0, for i = 1, 2.

To get exact solutions for our nonlinear problem, we are led to look for (zI),al’*,al”,aQ’*,aQ”) S
02756"{ o (Me) x RPHL o R?FL x R R+ such that
—0y—"ar

(7.1) N(uc(a"*,ab",a*>* a®>", ) +0(),g) = 0.

A simple computation gives

d

o N (ue(sa>t, sa" ™, sa>, sa>",-) 4 sw(-
s=0

—~
:_/
Qi
=
Il
&
—
<
o™
—
=~
QI
S~—
E,
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where, according to (7.1),
(7.2) w = b+a vt alT v

This formula suggests that the perturbation of u. to an exact solution will involve a decaying term
(through ) together with small conformal variations of the former ‘straight’ approximate solution. Geo-
metrically, these variations corresponds to translations along the Delaunay axis, changes of the Delaunay
parameter 1 and ‘bendings at infinity’.

Using a Taylor expansion, we can rewrite (7.1) as

0 = N(u(a“*,ab",a>* a>", ) +u(),9)
= N(uc(-),9) + L(uc(:), g)[w] + Q(uc(-),g) [w,w] ,

where Q(u.(-), g) [w, w] is the quadratic remainder. Thus, the fully nonlinear problem becomes equivalent
to the following fixed point problem for w = (w,a*,a>~,a®>*,a*~) € 027(/;87 ap (M) xR R
=0y —tar

Rn+l % Rn+1

(7.3) w = L(ue(),9) " = N(u:(),9) = Qua(),g)[w,w] ] -

It is worth remarking that at first time one could have used a simple perturbation of the form u. + w
with w as (7.2). In fact, the first order expansion of N(u. + w,g) is also given by L(uc(-),g)[w] and
thus the linear analysis of the previous sections is still in force. On the other hand the components of
the correction w along the Jacobi fields \Ilgﬁ are not necessarily infinitesimal with respect to u. when
|ri| — 400, i = 1,2, and this may possibly affect the completeness of the final solution. To avoid this
problem we had to deal with perturbations of the form (7.1). Indeed the conformal equivariance of the
oj-equation insures that the variations u.(a'*,a'~,a**,a?~, -) are still complete exact solutions far
away from the central body C.. Since the remaining part of the perturbation w is exponentially decaying
at infinity, the completeness of the exact solutions is definitely guaranteed.

We denote by P the mapping P : Ci;ﬂﬁ,,nfk (M.) x R*T1 x Rl x R+l x R Ci;ﬂv,n—k% (M) x
YT TEh ) 2

R+ x R+ x R™HL x R?*! that associates to any w the right hand side of (7.3). In what follows, we
will find the fixed point w as a limit of the sequence {w;}, x defined by means of the following Newton
iteration scheme

(7.4) {“’0 =0

€N

Wit = P(wl), i €N,
To this end, we need some preparatory Lemmata. We state the following

Lemma 7.1. There exists a positive constant A = A(n,k) > 0 such that for every 1 < § < &(n,k)
and 0 < 7y < (n — 2k)/k the proper error is estimated as

_ n—2k

(7.5) IN(ue, D lleog o ary < AT

The proof of this result could be found in [4] to which we refer for all the details. Incidentally, we notice
that the proof substantially uses that N (u., g) is concentrated only on the neck region N.. Thus, even if
we have to deal with noncompact manifolds, the computations needed to estimate this term are exactly
of the same type of the computations in [4, Lemma 5.1].

In the following lemma we provide an estimate for the quadratc remainder outside the neck region.

Lemma 7.2. There exists a positive constant C = C(n,k,d,v) such that for every 1 < § < 6(n,k)
and 0 <y < (n — 2k)/k there holds

< Co2.

(7.6) ||w||Ci,557 %(M)@W(M)ga = [1Q(ue, g)[w, wll|go.0 (MAN.)

—8,vy—(n—2k)
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Proof. Let us fix a positive o for which

||w||02’f oo (Mo@W(ML) SO

sy n2k
holds. We analyze the size of Q(u., §)[w; w] according to the definition of the norm in C?’gwf(nizk)(ME)
in (6.2). In particular, we decompose M.\ N. as M.\ N, = Dy, g, UD,, _r,UDy, r,UDy, _r, UC:\ N:
and we prove that (7.6) holds on every component of the above decomposition. On this regard, let us
notice that it will be sufficient to check (7.6) only on C. \ (N. N D,,) and on D,, g,.
We start with the analysis on D,, r,. We recall that in this region g = vé’iﬁ (n=2k) Jey1- Hence, from the
computational point of view it is more convenient to work with the cylindrical metric as a background
metric. To this end we set z := Up,, W, z = Up,, wand 27 = vawT. Thus, by using the conformal
equivariance property (2.4) and that u. = 1 on D, g, (see (4.2)), one has

(7.7) Qu-().9) lwiw] = vy Qup,, (Y geyt) 532, w = vp) =

Since vp, is uniformly bounded from above and from below, one can deduce the desired estimate from
its analogous for Q(vp, (), geyt) [#;2]. This last term can be expanded on Dy, g, as

Q(UDT,1 (')7gcyl) [Zaz} = Q(anl (')agcyl) [(27&1’+707070)3(27&17+’07070)]
1
= / |:I[‘('UD,,1 (dl’Jra 0,0,0, ) + T’é('),gcyl) - ]L(UDT,] (dl’Jra 0,0,0, ')a gcyl):| [2} dr
0
=+ |:]L(UD771 (dlﬁ»? 07 07 Oa ')a gcyl) - L(anl (')7gcyl)} [2]

1
(7.8) + /0 [L(vp,, (7a"*,0,0,0,), geys) = L(vp,, (), gen)| [} 951) dr
= Q1 +Q2+Qs.

To proceed, we recall that the linearization of N(-, geyi) around v D, has the following general structure
(see (2.1) and [17, Section 5])

2kn_ _
n—2k

(7.9) L(vp,,geyt) = L°(vD,, ; geyt) +enkvp

where ¢, ;, is a computable positive constant and LO(va, geyt) is a second order differential operator
with smooth coeflicients of the following form

(7.10) LO(UD,’]l,gcyl) = Z P(%k_l(vpm,VUD"I,VQUDM)G",
la|<2
where a is a multi-index and P2*~1 : R x R™ x R™F L Ris an homogeneous polynomial of degree
2k — 1
ng_l(x,%z) = Z a%(ﬁoﬁlﬁz)xﬁoyﬁlzﬁz’
Bo+1B1]+|B2|=2k—1

As a consequence, setting h := (hg, h1, ha) € R x R x R™5™ and expanding at first order P2%~1 one

has

(7.11) PN+ ho,y + hay 2 + ho) = PY N z,y,2) = DPZ " (2,y,2) - b+ O(|h/?).

We have now all the ingredients to obtain the estimate on D, g, for (7.8). First of all, we recall that
(see (5.18) and (5.19))

sup (COSth)(S |Q(UDn1agcyl)[Z;z]|
[R1,+OO)><S"71

(7.12) + sup (coshr1)5[Q(va,gcyl)[z;z]]Co,g((rl,lyrlﬂ)xgwl).
r1>Ri+1

19w, gey)[ 2 2llcos o, 1))
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We will estimate separately the two terms in (7.12).

We start with the estimate of the weighted C° norm of ;. To this end, by applying (7.11) to the
operator L.° and simply expanding at first order the remaining term in (7.9) we may decompose @1 into
Q1 = q1,1 + q1,2 where, for any (r1,0) € D, gr,,

1

(7.13) Q11 = /0 Z [DPa%*l(UDm,Vva,VZUDm)-Th—|—O(|7'h|2)]8°‘2 dr
lal<2

and

2kn

1
/ (dnykvfk‘2ﬁ+0(|¢2\2)m dr,  dg = can (o — 1)
0

(714) q1,2 :

where the vector h appearing in (7.13) has components (2, V2, V?2). Thus, it is immediate to obtain

(7.15) g1

CO (MN\C.) S C||2||2025(M5\CE) and |lgi2llco (ar\co) < 0”2”2026(1\45\06)

for some positive constant C, possibly depending on n, k,~ and §.

Concerning (2, we preliminarly expand vp, (@“%,0,0,0, -) as (recall (5.15)-(5.17) and (5.35))
(7.16) vp, (@7,0,0,0,-) = vp, ()+8iral" +O(l" 3yu,)-
Thus, splitting Q2 into Q2 = g2,1 + g2,2, where

(717) g1 = []LO('UDM(') + ‘I’%’IJF&;’JF + O(HZTH%\/(ME)) s Geyl) — LO(va(-),gcyl)] (2]

and

2k 1 2kn__ ]

(7.18)  q22 = ¢ [(vD,, () +‘I’%’1+a;’+ +O(||ZT\|12/V(M5)))”*7S’“_ —Cn VD ()] [

Thus, by using (7.11) in (7.17) and expanding at first order in (7.18) we get

N

_n

T
||Q2,1||085(ME\CE) < Clz ||1/\/(M5)||Z||ci»§3 o (M)OW(M.)
’ 2k

A

(7.19) ||Q2,2||C(15(M5\CE) > C||ZT||W(ME)HZHCZ§ o on (MO)SW(M,)
Rl

where the positive constant C possibly depends on n, k,~v and J.

Now, we estimate Q3. The estimate relies on the observation that Q3 has compact support. To see this,
let us show that

Q4 = [L(vp,, (@"7,0,0,0,), geyr) — L(vp,, (), geyt) | [d; W3]
has indeed compact support on Dy, r,. We may decompose Q5 as
Qg = [H"(/UD,,1 (d17+a070707 '>7gcyl) - ]L<’UD,,,1 ((11’+7O,0,07 ')agcyl)] [djl‘7+\1127,1+}
+ []]-‘(UDT,1 (a1’+a 07 07 07 ')a gcyl) -L va ()7 gcyl) ] [(ajnL - a]1‘7+)\11g‘7,1+}

(
+ [L(’UD”I <a17+7 07 07 Oa ')7 gcyl) - ]L(UDy,l ()7 gcyl) ] [ajl'7+\ll%71+]
= g3, T30+ 33 -

Now, ¢33 = 0in Dy, g,. In fact, we observe that

1
by = / DN (vp,, (5a"%,0,0,0, ), geye) [ah T WIF, a2 F Wi ds,
0
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and that for any (r1,60) € Dy, g,
N(vp,, (@**,0,0,0,71,0), gey1) = 0.

Now, since d}’+ — a;’+
supported. To see that the remaining term qéyl has compact support, we first expand vp, (d1’+, 0,0,0,)

around vp, (a>*,0,0,0,-) as

= a;’+(XR; — 1) has compact support, it turns out that also g3 , is compactly

dvp,, (a¥7,0,0,0,)

1,4+
80,].

vp, (@“,0,0,0,:) = vp, (a"1,0,0,0,") +

14 14 =1, ,
. @* —al*) + o(la —at ).

J

dvp,, (a'7,0,0,0,)
As before, note that "18#((1;#r

recalling (7.10) and (7.11) and expanding at first order the potential term in (7.9), it is not difficult to
get

— a;’Jr) + O(|&1’+ — ab*|?) has compact support. Now,

dvp,, (a"7,0,00,-) .
lg511 < Cliz" lwn,) | =2 PR (a}’+ - a;’+) +0(la"" —a"FP) |,
J

which clearly implies that q§71 is compactly suported.

We can now give the desired estimate for QJ3. In particular, thanks to the above computations, it is
evident that we can equivalently estimate the C° norm of Q3 instead of its C°5 norm. To obtain this
estimate we reason as before. Using (7.16), (7.10) and (7.11) and expanding at first order the potential
term in (7.9) it is standard to get

(7.20) sup 1Q31(r1,0) < Cllz"[3yary-
(7‘179) S (Rl,-'rOC)XS"_l

Thus, collecting (7.15), (7.19), (7.20) and recalling that vp, is uniformly bounded from below and from
above, we get (see (7.7)) the weighted C° estimate for Q(uc, §)[w;w] on D,, g,, namely the following

(7.21) sup (cosh71)® |Q(ue, §)[w;w]| (r1,0) < Co?.
[R1,+00)xSn—1

Now, we turn our attention to the estimate for the Holder quotients. We will use two different strategies.
In particular, for the terms ()1 and @2, we will estimate directly their Holder quotient. For Q3 we will
estimate its weighted C'' norm. This is possible thanks to its particular structure. More precisely, it is
possible to obtain a weighted C! estimate by relying, loosely speaking, on the regularity of the Jacobi
fields and of the @"" = xp,alt.

We start with the estimate of the term Q3. By first using (7.16) and then expanding at first order the

coefficients of the linearized operator as in (7.11), it is sufficient to get a weighted C° estimate for

V[ > [pP*(vp, ,Vup
la|<2

Vup,,) b +O(|R[*)] 0°(a; Ty ]

1

and for

V [ (duwvp,, ()75 2 ho + O(ho?) [a; W1 ], due = (255 — 1),

where the vector h has components h; = Vi(&jl-’+\ll%’l+ + O(HwTH%V(ME)), for i = 0,1,2. We will outline
only the estimate for the first term. A similar argument applies to the second. First of all, from the
definition of ab* := XR/IaLJr (recall that the cut off function xg, is smooth and bounded with its
derivatives) and from the definition of the Jacobi fields, we easily get

Vo™ (@ )] < CllzTllw,), ol <2
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: i
Thus, since sup,, >, |[V'vp,,

) ) )

sup IVQs|(r1,8) < Cll2" [y, )
(T’l,e)e[Rl,—FOO)XS"*l

which implies, together with (7.20),
(722) 1Qslles 0o, < Cl=T uars

Now, we estimate the Holder quotients for Q1 and ;. We start with Q1. As we did for the C° estimate,
we split Q1 into Q1 = g1,1 + g1,2. We will detail only the estimate for the Holder quotient of ¢; 1, the
one for ¢ » being completely analogous. Recalling that h is the vector with components h; = Vi 2 for

i = 0,1,2, we can write gt
@a(r,0) — qa(r,0) = /0 1 > [DPi’H(vD,H (r), Vup, (r),Vup, (1) [th(r,8)] 8°2(r,0)
la| <2
—DPZk_l(va (), Vup,, (r’),VQUDm (")) [th(r',0)] 0%2(r',0") | dr
(7.23) /0 Z G(rh(r,0)) 9°2(r,0) — G(Th(r',e’))aaé(w,a')] dr
\a|<2

where G is a smooth function such that G(v) = O(|v|?) and DG (v) = O(|v|). Using the short notation

Ay(r,0) := DP*"Y(vp (r),Vup, (r),VZup (1)),

1 1 1

we split integrand of the first summand in the expression above into

Z [Aa(r, 0) [Th(r,0)] - [0%2(r,0) — 0%2(r",0") ] + An(r',0") [Th(r,0) — Th(r',0")] - 0%2(r',0")

la <2

+ [Aa(r,0) — Ao (', 0")] [Th(r,0)] - 0%2(r',0")

Using the fact that (coshr)™® < 1, for § > 0 it is now easy to bound the weighted Holder quotient of

each term by a constant times H2||202,[, (D m) Applying the same reasoning to the second summand in
-5 \Zn1, Ry

(7.23) and to the term ¢j 2, one concludes that

(7.24) sup  (cosh71)® [Q1]gos( vy 10y 1)x8n-1) < C||2||?J%§(D

ri1>Ri+1 n1,R1)

Using the same arguments, one can deduce the same type of estimate for the Holder quotient of Qo,
namely

(7~25) 7_1211;11)+1 (COShT1)6 [QZa]COvﬁ((Tfl,TJrl)XS”*l) < CH2||03’§(M5\CE)||z||civ§(ME\cE)@w(ME)~

Thus, combining (7.21) with (7.22), (7.24) and (7.25) and recalling that vp, is uniformly bounded from
above and from below, we obtain

< Co2.

va1) -

(7.26) 1Q(ue, g)lwiw]lcosp

As anticipated, the estimates of Q(uc(-),g)[-; -] on the other ends D, _g,, Dy, r,, Dy, —r, clearly
follows from a similar argument. Thus, (7.26) actually becomes

(7.27) 1Q(ue, ) wiw]llcos aycy < Co™
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Finally, it remains to estimate Q(u.(-),g) on C. \ N.. Since on this region u.(a"*,a"~,a>", a*>",-)

coincides with wu.(+), it turns out that the quadratic remainder can be written as
Que (), g) [wiw] = Q(uc(),g) [w; 0]
1
| Lt +700).9) = L), ] .

|
ﬂ
g

Thus, using an argument similar to the one used above (alternatively, one may refer to [4]), we have

||Q(Us7§)[w;wwcw(cs\zvg) < Co.
Thus, the lemma is proven. O

We are now in the position to conclude the proof of Theorem 1. We need to prove that the sequence
of the solutions to the iterative scheme (7.4) (which exist thanks to Proposition 6.6) is equibounded in

CQ?A{ e (Me) ® W(M,). We start with the estimate on w;. Thanks to the uniform a priori estimate
—0,Y— "5

(6.6) for the linearized problem and to the estimate of the proper error term in Lemma 7.1, we immediately
have

n—2k

< ALe(+2) 5

(7.28) lwillczs L uoaworn)
O TR

where the constant L = L(6,v,n, k) denotes the uniform bound on the norm of L(u.(-),§) !, while the
constant A = A(d,v,n, k) is the constant appearing in Lemma 7.1.

We proceed with the estimate of wy. From the very definition of ws, we have

IN

(7-29) ”wQHCi,sn,_";ik?k(Mg)@W(Mg) LHN(usag) + Q(usag)[wl;w1]||cgf£7_(n_2k)(ME)

n—2k

T LI Qe glwiswnlllcos

< AL c(r+2)

Thus, we need to estimate the quadratic remainder. Recalling the definition of the global weighted norm
(6.2) in M., we have the following

| Q(uc, g)[w1; w] Hcgf_w_(n_%)(Ms) = | Q(ue, g)[wn; wl]”c‘}f(Ms\Ns) + supy_(€ cosh t)y=(n=2k) | Q(ue, g)[w1; U/1H
+ SUP¢e(log e—log p,— log e+1log p) (5 cosh t)77(n72k) [ Q(’LLE, g)[wl] ]Covﬁ( (t—1,t+1)xS7—1) -
Thanks to Lemma 7.2 and to estimate (7.28), the first term is estimated in this way

n—2k

Y 5 e) — (’YJF ) n
f n—2k (Ms) W(]\/[ ) < CL
—n2e D 11 13 2

| Q(ue, g)[wi; wi] Hcﬂvf(Mg\Ne) < Cllws ”202

We consider now the second term (the term containing the Holder quotients will be then estimated in
the same way, see [4]). On the neck region N., Q(uc(-), g)[w1; w1] has this form

Que(+), ) [wisun] = Que(:),g) [wr; 1]
/0 [L(ue(-) + 76(), §) — L{ue(-)] (] dr.

Thus, by exploiting the structure of L(u.(-), g) given in (7.9), using a first order expansion and recalling
also (7.28) we have that there exists a positive constant independent of € such that

n—2k

(€ cosh t)v—(n—%) ‘Q(ug(-), 9)wi; wl” < C(ecosh t)v_(”_%)(f:‘ cosh t)(Zk_Q)% (ecosht) =27+ %

A2
([ ||C2fn72k (N:)
YT T2k

n—

2k
n ||w1HC2,5 ok (Mg)@W(M5)7
oo

(7.30) < ACLe 042
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where we have used also the fact that, for j = 0,1,2, V%(ue) = O((e cosh t)%ffk) on the neck region.

Now, since —v 4 (y +2)2=2k > 0, for any v € (0, ”_kzk), we have that, setting

n

n—2k

B = AL*Ce 702557

there exists a positive number g9 = £¢(d,,n, k) such that, for any € € (0,&¢], we can choose B < i.

Consequentely, the estimate (7.29) for ws becomes

LIN(e,9) + Quesplwsiwllos )

,

[|w2 Hci’fﬁ, — (Mo)®W(M.)

—2k
)n =

AL 0 +2

IN

+ L Q(usag)[wuw1]||cgv;§7_<n_2k)(M€)

n—2k

< ALEDTET 4 gl ge
-3,

n—ok (Me)OW(Mc)
R

Then, we can iterate the above estimate obtaining, for j > 1,

n—2k

< ALEUPDST g,

(7.31) lwitilleze  (ayewr)
0Tk

where the sequence a; is inductively defined as
aq =1
. 1.2
Aj41 .—1+Zaj, ]EN.
Now, a straightforward induction argument shows that sup; a; < 2, thus estimate (7.31) becomes

n—2k

< 2AL OIS

(7.32) lwillgzs . ouoewr)
Ll

The previous estimate, combined with the fact that the embedding C’E’? (M.) — C?5/(M.) is compact
for any 8’ < ¢ (see [18, Chapter 12]), implies (up to a subsequence) the convergence in C?, (M,) of w;
to a fixed point w. = (i,a>b",a®1~ a®** a*?7) of the problem (7.3).

Thanks to the canonical identification (7.1) we will write, with a little abuse of notation, w. = . +
d§’17+‘1/%1£+ +a;"" wh. Since (7.32) is uniform with respect to j, we verifies

n—2k

2
(7.33) ngucif o (MO@W(M.) < 2AL (275
Y ok

We claim now that there exists 9 > 0, such that for every e € [0,¢) the exact solutions
ue(@ @t @t gt L) ()

are positive. To see this fact we first observe that up to choose ¢ sufficiently small, the function y. :=
us(a®b* a®t~ a®%% a%?7 ) is positive everywhere by definition. Secondly, since . decays faster
than y. along the complete ends, the exact solution y. + w. is certainly positive outside of a compact
region Ky C M.. Hence, since (7.33) implies that

—2k
) B

(7.34) Iy Moz (reyy < Ce™TOF2

there holds that u.(a®V ", a®b~ a?% a®%~ ) + . = y. + 0. = y-(1 +y-tw.) > 0.

For ¢ € (0,eq] we set

A= 8.2, 2,— NV -
,ag +a & a')+w6)n72k g.

Ge = (uc(a®' ", af a
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The above considerations imply that g is the metric sought. We recall that the completeness of these met-
rics is a consequence of the decaying of 1. on the ends of M. and of the fact that u.(a®'*,a*%~ a*%* a%?~,")
is, by construction, a complete solution to the og-equation, locally on the end.

Moreover, the family of metrics g. converges to the initial metric g; with respect to the C? topology

on every compact subset of D, \ {p;}, for ¢ = 1,2. This is evident on the four ends D,, +,. In
fact on these regions we have § = g¢; and (7.33) implies that on every compact subset of D, +g,
uc(a®bt a®b 7 a2t a7 ) + e — us(-) = 1in C% as e — 0. To see that g — g¢; on D,, \

{pi} N C., we recall, as before, that u.(a®'* a®' = a**" a*>%~ ) = u. on C.. Thus, the metric g.
could be written as

~ 1 _4k

ge = (]_ -|—u€ wa)n—Zk' Je-
Now, since by construction on every compact subset of Dy, \ {p;} N C. the metric g. converges to the
initial metric g; in C? as e — 0, (7.34) implies that also the exact solutions g. tend to the initial metric
g; with respect to the C*~topology on the compact subsets of D, \ {p;} N C., for i = 1,2, as ¢ — 0.
This concludes the proof of Theorem 1.
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