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This is a short summary of the main results in the papers [11], [12], [13] and thesis [14]. In brief we propose
several applications of the notion of K-stability introduced by S. K. Donaldson and the K-energy functional
of T. Mabuchi to the study of Kähler metrics of constant scalar curvature on smooth complex projective
varieties and more generally Kähler manifolds.

1 Introduction

In the papers [11], [12], [13] and thesis [14] the author studies the constant scalar curvature equation on
projective and Kähler manifolds. In the present paper we provide some background on the problem and
then proceed to state the main results obtained in the aforementioned works.

Let X be a compact, connected Kähler manifold of complex dimension n. For a given Kähler cohomol-
ogy class Ω ∈ H1,1(X,C) ∩H2(X,R) and a Kähler metric g whose associated (1, 1) form ω = ωg lies
in Ω we let s(ω) denote the scalar curvature,

s(ω) = −gij∂i∂j log(det(gkl)) (1)

in local coordinates. The average of s(ω) with respect to the volume form dµω = ωn

n! is a fixed topological
quantity

ŝ =
∫

X

s(ω) dµω =
n

∫
X

c1(X) ∪ Ωn−1

∫
X

Ωn
,

where c1(X) = c1(TX) denotes the first Chern class of X (i.e. of its holomorphic tangent bundle). Thus
we are concerned with the nonlinear problem

s(ω) = ŝ, [ω] ∈ Ω. (2)

We call this the cscK equation. If it is solvable we will say that the metric ω (or even the class Ω) is cscK.
Equation 2 is the natural higher dimensional analogue of the constant Gaussian curvature equation on a

Riemann surface. Establishing necessary and sufficient conditions for the solvability of the cscK equation
when n > 1 is regarded as one of the main open questions in Kähler geometry, starting with the work of
E. Calabi in the 1970’s.

There are in fact a number of effective obstructions to the solvability of the cscK equation, starting
with those of Matsushima and Futaki. On the other hand deep and recent results of S. K. Donaldson [5]
and X. X. Chen and G. Tian [2] imply uniquess of solutions modulo the action of the group of complex
automorphisms Aut(X). This situation should be contrasted with the Riemannian analogue for a fixed
conformal class C,

s(g) = const, g ∈ C (3)

(the average is no longer topological of course). Equation 3 definitely enjoys existence thanks to the
celebrated solution of the Yamabe problem (see e.g. [10]) but there is no uniqueness even if we require
the constant in 3 to be minimal. From this point of view adding the constraint ∇gJ = 0 for an integrable
almost complex structure J compatible with ω and parametrising by Kähler potentials ω = ω0 + i∂∂φ
instead of conformal factors g = eug0 changes the problem dramatically (except for complex dimension
one, where the two problems essentially coincide).
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2 Main results

Indeed suppose that we are in the projective case, so Ω ∈ H1,1(X,C) ∩H2(X,Z) is now the first Chern
class of an ample line bundle L. In this case S. K. Donaldson [3] developed a beautiful theory that relates
the solvability of equation 2 to algebro-geometric properties of the variety X with the ample line bundle L,
a polarised manifold (X, L). We say that (X, L) is cscK if the class c1(L) is cscK. Let Aut(X, L) denote
the group of projective automorphisms.

Theorem 2.1 (Donaldson [3] 2001) If the polarised manifold (X, L) is cscK and Aut(X, L) is discrete
(hence finite) then (X, L) is asymptotically Chow stable.

Thus differential geometry can be used to grasp a subtle algebro-geometric property, (asymptotic) Chow
stability.

Even more importantly for us Donaldson [4] (inspired by previous work of Tian) defined a conjectural
analogue of Mumford-Takemoto stability for sheaves in the category of projective varieties. This notion
is known as (algebraic) K-stability. It will be not be defined rigorously in this note, but in essence for
any equivariant one-parameter degeneration (X0, L0) of (X, L) one computes a weight F (X0, L0) (the
Donaldson-Futaki invariant, or weight). We say (X,L) is K-(semi)stable if F is always nonnegative
(respectively positive for nontrivial degenerations). Donaldson then went on to prove the following funda-
mental fact.

Theorem 2.2 (Donaldson [6] 2005) If (X, L) is cscK then it is K-semistable.
One of our main results in this connection is a refinement of Theorem 2.2. It was conjectured by

Donaldson as part of [4], p. 290.
Theorem 2.3 (S. [12] 2008) If (X, L) is cscK and Aut(X, L) is discrete (hence finite) then (X, L) is

K-stable.
The methods we use to prove this are essentially algebro-geometric. Perhaps surprisingly they rest on

the behaviour of the Donaldson-Futaki weight F and of a given cscK metric when we blow up a finite
number of points, as we now discuss.

Topologically the blowup Blp1, ... ,pm X is a connected sum along small balls around the points

Blp1, ... ,pm X = X#p1CPn ... #pmCPn

with negatively oriented complex projective spaces CPn. It is well-known that Blp1, ... ,pm X has a canon-
ical complex structure depending only on the points p1, ... , pm. If Ω is a Kähler class on X then there are
Kähler classes on the blowup which coincide with Ω outside a compact neighborhood of each pi. When Ω
is cscK it is natural to ask if these classes on X̂ are cscK too.

From the algebro-geometric point of view let (X, L) be a polarised manifold. Let X̂ be the blowup of
X along a finite collection of points p1, ... , pm with the projection π : X̂ → X and exceptional divisors
π−1(pi) ⊂ X̂ . Then the line bundle on X̂

L̂ = π∗Lγ ⊗m
i=1 O(π−1(pi))−ai

is ample for all positive integers a1, ... , am and any γ sufficiently large (depending on a1, ... , am). Sup-
pose that c1(L) is represented by a cscK metric. Then we ask if the same is true for c1(L̂). More precisely
we ask for which m−tuples of points p1, ... , pm and weights a1, ... , am the class c1(L̂) is represented by
a cscK metric for any sufficiently large γ. We will prove that some stability constraint must hold for the
positions and weights of the blown-up points.

Theorem 2.4 (S. [11] 2007) Suppose that the classical Futaki character of (X, L) vanishes. If the 0-
dimensional cycle

∑m
i=1 an−1

i pi on X is unstable with respect to the natural linearisation of the Aut(X,L)-
action on effective 0-cycles then the blowup (X̂, L̂) is K-unstable for all γ À 0. Thus the first Chern class
of the line bundle L̂ is not representable by a cscK metric for any sufficiently large γ.
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To prove this we have developed a formula for the behaviour of the Donaldson-Futaki weight F under
blowup. As we mentioned this is also a key ingredient in the proof of Theorem 2.3. But Theorem 2.4 also
has independent interest as a converse to a well-known result proved by C. Arezzo and F. Pacard, which
we have recast in the following algebro-geometric form.

Theorem 2.5 (Arezzo-Pacard [1] 2005) If (X, L) is cscK, the cycle
∑m

i=1 an−1
i pi is stable for the

natural linearisation of the Aut(X,L)-action on effective 0-cycles and a further nondegeneracy condition
holds for the points p1 ... , pm then the first Chern class of the line bundle π∗Lγ ⊗m

i=1 O(π−1(pi))−ai can
be represented by a cscK metric for any γ sufficiently large.

For the classical Futaki character see e.g. [15]. It is well known that for cscK Kähler manifolds the
Futaki character vanishes (in the algebraic case this is part of K-semistability).

Going back to Donaldson’s Theorem 2.2 an important question is to use K-(semi)stability to obtain ex-
plicit cohomological conditions that the class c1(L) must satisfy if it can be represented by a cscK metric.
Much work on this problem has been done by J. Ross and R. Thomas [8], [9].

For any closed subscheme Z ⊂ X Ross-Thomas defined a quantity µ(Z, L) (the slope), which can be
computed intrinsically on X , and proved that K-semistability implies the following.

Theorem 2.6 (Ross-Thomas [8] 2006) If (X, L) is cscK then for all closed subschemes Z ⊂ X the
slope-semistability condition holds,

µ(Z, L) 6 µ(X, L)

where µ(X,L) is the slope of the polarised mailfold (X, L).
For the general definition of slope see [9]. In the case of an effective divisor D ⊂ X the Hirzebruch-

Riemann-Roch Theorem computes the slope µ(D, L) as an explicit rational function of the Chern classes
c1(X), c1(L), c1(O(D)). For example when X is an algebraic surface, Theorem 2.6 becomes the interest-
ing Chern number inequality (depending on a positive parameter c)

3
∫

X

(
c1(L) ∪ c1(O(D))− c[c1(O(D))2 − c1(X) ∪ c1(O(D))]

)

2c
∫

X
(3c1(L) ∪ c1(O(D))− c1(O(D))2)

>
∫

X
c1(X) ∪ c1(L)∫

X
c1(L)2

which must hold as long as L − cD is ample. This inequality has important applications to cscK metrics
on complex surfaces, see e.g. Ross-Panov [7].

In general it is then tempting to replace c1(L) by any Kähler class Ω on a Kähler manifold (not necessar-
ily projective) and ask if Theorem 2.6 still holds, at least in the case of divisors (this is the most important
case in for cscK metrics). This was first conjectured by Ross-Thomas as part of [8] Section 4.4.

Theorem 2.7 (S. [13] 2008) Let X be a Kähler (not necessarily projective) manifold. If a Kähler class
Ω on X is cscK then X is slope-semistable with respect to Ω and all effective divisors.

In the same paper we give an example of a slope-unstable Kähler manifold which cannot be deformed
to a projective one.

Our proof also elucidates the differential-geometric meaning of the slope-stability condition. It turns
out that slope-stability is just the condition that the well-known K-energy functional of Mabuchi remains
bounded from below as the Kähler form concentrates along the divisor D to some extent dictated by posi-
tivity. We cannot discuss this functional and its relationship with cscK metrics here. We only mention that
in the non-projective case the role of test configurations is played by rays in the space of Kähler potentials
with respect to a reference metric, while the Futaki invariant is replaced by the asymptotics of the K-energy.

Finally we cannot fail to mention the main conjecture underpinning the whole theory. It is due to S. T.
Yau, G. Tian and S. Donaldson (see e.g. [4]).

YTD Conjecture A polarised manifold (X,L) is cscK if and only if it is K-polystable.
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Roughly speaking a polystable object differs from a stable one only up to automorphisms. A proof of
the YTD Conjecture would give the analogue (for projective varieties) of the Hitchin-Kobayashi Corre-
spondence between Mumford-Takemoto polystable vector bundles and Hermite-Einstein connections.

Not much progress has been made on this general statement to the present day except in the case of toric
surfaces where Donaldson has recently solved the problem completely.

The Arezzo-Pacard Theorem and our converse may be seen as infinitesimal or perturbation manifesta-
tions of the YTD correspondence.

Note however that it is now widely believed that a stronger notion of stability (yet to be discovered)
may be needed in the statement of the YTD Conjecture. Indeed we present a new argument in favour of
this belief in [14].

Acknowledgements Firstly and most importantly I would like to thank my supervisor Richard Thomas for his in-
sights, generosity and patience. I am very grateful to Simon Donaldson, one of the creators of the theory, for many
illuminating discussions. I also received much help and encouragement from many experts working in the field, in
particular Claudio Arezzo, Julien Keller, Dmtri Panov, Yann Rollin, Julius Ross, Yanir Rubinstein, Gábor Székely-
hidi, Gang Tian, Valentino Tosatti, Alberto della Vedova. Special thanks are due to Alessandro Ghigi and Gian Pietro
Pirola.

References
[1] C. Arezzo and F. Pacard, arXiv:math/0504115v1 (2005), to appear in Annals of Mathematics.
[2] X. Chen and G. Tian, arXiv:math/0507148v1 [math.DG].
[3] S. K. Donaldson, Journal of Differential Geometry 59(3), 479(2001).
[4] S. K. Donaldson, Journal of Differential Geometry 62(2), 289 (2002).
[5] S. K. Donaldson, Quarterly Journal of Mathematics 56(3), 345 (2005).
[6] S. K. Donaldson, Journal of Differential Geometry 70(3), 453 (2005).
[7] J. Ross, and D. Panov, arXiv:0710.4078v1 [math.AG].
[8] J. Ross, R. P. and Thomas, Journal of Differential Geometry 72, 429 (2006).
[9] J. Ross, and R. P. Thomas, Journal of Algebraic Geometry 16, 201 (2007).
[10] R. Schoen, and S. -T. Yau, Conference Proceedings and Lecture Notes in Geometry and Topology (I. International

Press, Cambridge, MA, 1994).
[11] J. Stoppa, arXiv:math/0702154v2 [math.AG] (2007). To appear in Journal of Algebraic Geometry.
[12] J. Stoppa, arXiv:math/0803.4095v1 [math.AG] (2008).
[13] J. Stoppa, arXiv:math/0804.0414v1 [math.DG] (2008).
[14] J. Stoppa, (Doctoral dissertation, Università di Pavia, 2008)
[15] G. Tian, Canonical metrics in Kähler geometry, Notes taken by Meike Akveld, Lectures in Mathematics ETH

Zürich (Birkhäuser Verlag, Basel, 2000).

© 2008 Università degli Studi di Pavia




