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Abstract

In this thesis we apply the notion of K-stability introduced by S. K. Donald-
son and the K-energy functional introduced by T. Mabuchi to study Kähler
metrics of constant scalar curvature on smooth complex projective varieties
and more generally Kähler manifolds.

Our methods are taken both from algebraic and differential geometry.
A general formula for the behaviour of K-stability under blowing up is

proved. The theorem of Arezzo-Pacard on blowing up constant scalar curva-
ture Kähler metrics is restated in algebro-geometric terms, and a converse is
given.

One of the main results in the field is a theorem of Donaldson stating
that a smooth complex projective variety with a constant scalar curvature
Kähler metric must be K-semistable. Under the assumption that the group of
projective automorphisms is discrete we strengthen this conclusion to prove
K-stability (as predicted by Donaldson).

One of the first applications of K-semistability was a beautiful “slope
inequality” for subschemes due to Ross-Thomas. Here we show how, at least
for divisors, the slope inequality can be recovered in a completely different
way via the K-energy, thus making it applicable to more general Kähler,
non-projective manifolds.

Many new and concrete examples are scattered throughout the text.

Keywords: algebraic geometry, Kähler geometry, Geometric invariant
theory, stability of varieties, canonical metrics.
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1 Introduction

In this thesis we study the constant scalar curvature equation on projective
and Kähler manifolds. Let X be a compact, connected Kähler manifold of
complex dimension n. For a given Kähler cohomology class Ω ∈ H1,1(X,C)∩
H2(X,R) and a Kähler metric g whose associated (1, 1) form ω = ωg lies in
Ω we let s(ω) denote the scalar curvature,

s(ω) = −gij∂i∂j log(det(gkl)) (1.1)

in local coordinates. The average of s(ω) with respect to the volume form
dµω = ωn

n!
is a fixed topological quantity

ŝ =

∫
X

s(ω) dµω =
n
∫
X
c1(X) ∪ Ωn−1∫

X
Ωn

,

where c1(X) = c1(TX) denotes the first Chern class of X (i.e. of its holomor-
phic tangent bundle). Thus we are concerned with the nonlinear problem

s(ω) = ŝ, [ω] ∈ Ω. (1.2)

We call this the cscK equation. If it is solvable we will say that the metric ω
(or even the class Ω) is cscK.

Equation 1.2 is the natural higher dimensional analogue of the constant
Gaussian curvature equation on a Riemann surface. Establishing necessary
and sufficient conditions for the solvability of the cscK equation when n > 1
is regarded as one of the main open questions in Kähler geometry, starting
with the work of E. Calabi in the 1970’s.

There are in fact a number of effective obstructions to the solvability of
the cscK equation, many of which will be recalled later in this thesis. On the
other hand deep and recent results of S. K. Donaldson [14] and X. X. Chen
and G. Tian [6] imply uniquess of solutions modulo the action of the group of
complex automorphisms Aut(X). This situation should be contrasted with
the Riemannian analogue for a fixed conformal class C,

s(g) = const, g ∈ C (1.3)

(the average is no longer topological of course). Equation 1.3 definitely enjoys
existence thanks to the celebrated solution of the Yamabe problem (see e.g.
[26]) but there is no uniqueness even if we require the constant in 1.3 to be
minimal. From this point of view adding the constraint ∇gJ = 0 for an
integrable almost complex structure J compatible with ω and parametrising

i



by Kähler potentials ω = ω0 + i∂∂φ instead of conformal factors g = eug0

changes the problem dramatically (except for complex dimension one, where
the two problems essentially coincide).

Indeed suppose that we are in the projective case, so Ω ∈ H1,1(X,C)
∩H2(X,Z) is now the first Chern class of an ample line bundle L. In this case
S. K. Donaldson [11] developed a beautiful theory that relates the solvability
of equation 1.2 to algebro-geometric properties of the variety X with the
ample line bundle L, a polarised manifold (X,L). We say that (X,L) is
cscK if the class c1(L) is cscK. Let Aut(X,L) denote the group of projective
automorphisms.

Theorem 1.1 (Donaldson [11] 2001) If the polarised manifold (X,L) is
cscK and Aut(X,L) is discrete (hence finite) then (X,L) is asymptotically
Chow stable (this is a classical algebro-geometric notion recalled in Section
2.5).

Thus differential geometry can be used to grasp a subtle algebro-geometric
property, (asymptotic) Chow stability. Later T. Mabuchi was able to remove
the assumption on Aut(X,L) under a non-degeneracy condition [20].

Even more importantly for us Donaldson [12] (inspired by previous work
of Tian) defined a conjectural analogue of Mumford-Takemoto stability for
sheaves in the category of projective varieties. This notion is known as (al-
gebraic) K-stability. It will be defined in Section 2.1, but in essence for any
equivariant one-parameter degeneration (X0, L0) of (X,L) one computes a
weight F (X0, L0) (the Donaldson-Futaki invariant, or weight). We say (X,L)
is K-(semi)stable if F is always nonnegative (respectively positive for non-
trivial degenerations). Donaldson then went on to prove the following fun-
damental fact (see Chapter 2).

Theorem 2.16 (Donaldson [13] 2005) If (X,L) is cscK then it is K-
semistable (see Definition 2.7).

One of the main results in this thesis is a refinement of Theorem 2.16. It was
conjectured by Donaldson as part of [12], p. 290.

Theorem 4.1 (S. [28] 2008) If (X,L) is cscK and Aut(X,L) is discrete
(hence finite) then (X,L) is K-stable (see Definition 2.7).

The proof of Theorem 4.1 will be given in Chapter 4. The methods we
use are essentially algebro-geometric. Perhaps surprisingly they rest on the
behaviour of the Donaldson-Futaki weight F and of a given cscK metric when
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we blow up a finite number of points, as we now discuss.
Topologically the blowup Blp1, ... ,pm X is a connected sum along small balls

around the points

Blp1, ... ,pm X = X#p1CPn ...#pmCPn

with negatively oriented complex projective spaces CPn. It is well-known
that Blp1, ... ,pm X has a canonical complex structure depending only on the
points p1, ... , pm. If Ω is a Kähler class on X then there are Kähler classes on
the blowup which coincide with Ω outside a compact neighborhood of each
pi. When Ω is cscK it is natural to ask if these classes on X̂ are cscK too.

From the algebro-geometric point of view let (X,L) be a polarised man-

ifold. Let X̂ be the blowup of X along a finite collection of points p1, ... , pm
with the projection π : X̂ → X and exceptional divisors π−1(pi) ⊂ X̂ (see

e.g. [17] II Definition following 7.12). Then the line bundle on X̂

L̂ = π∗Lγ ⊗mi=1 O(π−1(pi))
−ai

is ample for all positive integers a1, ... , am and any γ sufficiently large (de-
pending on a1, ... , am). Suppose that c1(L) is represented by a cscK metric.

Then we ask if the same is true for c1(L̂). More precisely we ask for which

m−tuples of points p1, ... , pm and weights a1, ... , am the class c1(L̂) is repre-
sented by a cscK metric for any sufficiently large γ. We will prove that some
stability constraint must hold for the positions and weights of the blown-up
points (the precise statement and proof will be given in Chapter 3).

Theorem 3.16 (S. [27] 2007) Suppose that the Futaki character of (X,L)
vanishes (see Remark 2.6). If the 0-dimensional cycle

∑m
i=1 a

n−1
i pi on X is

unstable with respect to the natural linearisation of the Aut(X,L)-action on

effective 0-cycles then the blowup (X̂, L̂) is K-unstable for all γ � 0. Thus

the first Chern class of the line bundle L̂ is not representable by a cscK met-
ric for any sufficiently large γ.

To prove this we will develop a formula for the behaviour of the Donaldson-
Futaki weight F under blowup, Theorem 3.14. As we mentioned this is also
a key ingredient in the proof of Theorem 4.1. But Theorem 3.16 also has in-
dependent interest as a converse to a well-known result proved by C. Arezzo
and F. Pacard in 2005. This is first discussed in Chapter 2 in the original
formulation given by Arezzo and Pacard in [2] and then recast in the follow-
ing algebraic form in Chapter 3 (see there for the precise statement).
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Theorem 3.15 (Algebraic Arezzo-Pacard) If (X,L) is cscK, the cycle∑m
i=1 a

n−1
i pi is stable for the natural linearisation of the Aut(X,L)-action on

effective 0-cycles and a further nondegeneracy condition holds for the points
p1 ... , pm then the first Chern class of the line bundle π∗Lγ⊗mi=1O(π−1(pi))

−ai

can be represented by a cscK metric for any γ sufficiently large.

The Futaki character and its relation to K-stability are briefly discussed in
Remark 2.6. It is well known that for cscK Kähler manifolds the Futaki char-
acter vanishes (in the algebraic case we will see this is part of K-semistability).

Going back to Donaldson’s Theorem 2.16 an important question is to use
K-(semi)stability to obtain explicit cohomological conditions that the class
c1(L) must satisfy if it can be represented by a cscK metric. Much work on
this problem has been done by R. Thomas and J. Ross [25], [24].

For any closed subscheme Z ⊂ X Ross and Thomas defined a quantity
µ(Z,L) (the slope), which can be computed intrinsically on X, and proved
that K-semistability implies the following.

Theorem 5.3 (Ross-Thomas [24] 2006) If (X,L) is cscK then for all
closed subschemes Z ⊂ X the slope-semistability condition holds

µ(Z,L) ≤ µ(X,L)

where µ(X,L) is the slope of the polarised mailfold (X,L).

Precise definitions and statements will be given in Chapter 5.
Now in the case of an effective divisor D ⊂ X the Hirzebruch-Riemann-

Roch Theorem computes the slope µ(D,L) as an explicit rational function
of the Chern classes c1(X), c1(L), c1(O(D)). For example when X is an alge-
braic surface, Theorem 5.3 becomes the interesting Chern number inequality
(depending on a positive parameter c)

3
∫
X

(c1(L) ∪ c1(O(D))− c[c1(O(D))2 − c1(X) ∪ c1(O(D))])

2c
∫
X

(3c1(L) ∪ c1(O(D))− c1(O(D))2)
≥
∫
X
c1(X) ∪ c1(L)∫
X
c1(L)2

which must hold as long as L− cD is ample. This inequality has important
applications to cscK metrics on complex surfaces, see e.g. Ross-Panov [23].

In general it is then tempting to replace c1(L) by any Kähler class Ω on
a Kähler manifold (not necessarily projective) and ask if Theorem 5.3 still
holds, at least in the case of divisors. This was first conjectured by Ross-
Thomas as part of [24] Section 4.4. We will offer a proof in Chapter 5.
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Theorem 5.5 (S. [29] 2008) Let X be a Kähler (not necessarily projective)
manifold. If a Kähler class Ω on X is cscK then X is slope-semistable with
respect to Ω and all effective divisors.

In Section 5.3 we will give an example of a slope-unstable Kähler manifold
which cannot be deformed to a projective one.

Our proof also elucidates the differential-geometric meaning of the slope-
stability condition. It will turn out that slope-stability is just the condition
that the well-known K-energy functional of Mabuchi remains bounded from
below as the Kähler form concentrates along the divisor D to some extent
dictated by positivity. This functional and its relationship with cscK metrics
are discussed at the end of the next Chapter. For now we only say that in
the non-projective case the role of test configurations is played by rays in
the space of Kähler potentials with respect to a reference metric, while the
Futaki invariant is replaced by the asymptotics of the K-energy.

Finally, this Introduction would not be complete without mentioning the
famous conjecture of S. T. Yau, G. Tian and S. Donaldson.

YTD Conjecture A polarised manifold (X,L) is cscK if and only if it
is K-polystable (see Definition 2.10).

Thus a proof of the YTD Conjecture would give the analogue (for projec-
tive varieties) of the Hitchin-Kobayashi Correspondence between Mumford-
Takemoto polystable vector bundles and Hermite-Einstein connections.

There is not much progress on this general statement to the present day
except in the case of toric surfaces thanks to the work of Donaldson [12], [15].

The Theorem of Arezzo-Pacard and our converse may be seen as infinites-
imal or perturbation manifestations of the YTD correspondence.

Note however that it is now widely believed that a stronger notion of
stability (yet to be discovered) may be needed in the statement of the YTD
Conjecture. Indeed we will present a new argument in favour of this belief
in Remark 3.21.
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Some less standard notations

s, ŝ scalar curvature and its average, i

cscK “constant scalar curvature Kähler”, i

π−1(pi) exceptional divisor over pi, iii

L,L⊗r, Lr etc. invertible sheaf and its tensor powers, ii–iii

Gm the group of nonzero complex numbers, 1

(X ,L ) test configuration for a polarised manifold (X,L), 1

(X0,L0) central fibre of a test configuration, 1

Ak, tr(Ak) infinitesimal generator and its trace, 2

H0, h0 space of global sections and its dimension, 2

F (X ) Donaldson-Futaki weight of a test configuration, 2

P(E) the projective bundle of lines in a vector bundle, 4

η(X) “real” holomorphic vector fields, 6

kill(g) Killing vector fields, 6

ham Hamiltonian holomorphic vector fields, 7

m moment map, 7

L(x) fibre of L over x, Lx/mx, 9

µL(x, α) Hilbert-Mumford weight, 9

chL(
∑
i

nixi, α) Chow weight, 12

δMω first variation of K-energy, 13

H space of Kähler potentials, 14

Ric(ω) Ricci curvature (1,1) form, 15

I, J,

∫
X

log det int. by parts components of Mω, 15

(Gmq)
− closure of the Gm-orbit, 16

i−1I · O inverse image ideal sheaf, 19

len length of a finitely generated module, 21

ρr sequence of base changes, 24

X red
0 central fibre with reduced structure, 29

F(Z,L)(c) D.-F. invariant of degeneration to normal cone 36

µc(OZ , L) Ross & Thomas quotient slope, 37
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µ(X,L) ambient slope (half ŝ), 37

h a metric on O(D), 38

Θ curvature form of h, 38

[D] the current of an effective divisor, 39

ϕ, ϕ̃ weight for h (resp. for h|D, locally extended trivially), 40

r uniformly O(|w|) quantity, 40

FI , FJ , Flog int. by parts components of F(D,Ω), 42–43.
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2 General theory

In this Chapter we recall a few fundamental facts from the theory of K-
stability, cscK metrics, and finite dimensional Geometric invariant theory.

While we follow the definition of algebraic K-semistability given by Don-
aldson [12], we emphasise that our definition of K-stability differs from the
original one of Donaldson in a way which is by now quite standard in the
literature (see e.g. [25]). Namely we call K-polystable what Donaldson would
simply call stable, and reserve the word K-stable for K-polystable polarised
manifolds with no nontrivial holomorphic vector fields lifting to the polar-
isation (this is closer to Geometric invariant theory, but complicates the
terminalogy a bit).

It is understood that we work over the complex numbers. The multiplica-
tive group of nonzero complex numbers will be denoted by Gm throughout.
We use the standard abbreviation “1-PS” for “1-parameter subgroup”.

2.1 Test configurations and K-(semi, poly)stability

The version of K-(semi)stability presented in this Section is due to Donaldson
[12]. Previously a more analytic notion was introduced by Tian. Its relation-
ship to what we call K-(semi)stability is the object of current research, and
we will not need to take up the matter again in this thesis.

Let X be a connected smooth complex projective variety with complex
dimension n. If L is any ample line bundle on X we will say that the pair
(X,L) is a polarised manifold.

Definition 2.1 (Test configuration) A test configuration (X ,L ) for a
polarised manifold (X,L) is a flat family X → A1 together with a line
bundle L on the total space X such that

. the line bundle L is relatively ample;

. the total space X is endowed with an action of Gm which covers the
natural action of Gm on the base A1;

. the Gm-action on X admits a natural lift to L , i.e. it is L -linearised;

. the fibre (X1,L1) is isomorphic as a polarised manifold to (X,Lr) for
some positive integer r (it follows that the general fibre (Xt∈Gm ,Lt∈Gm)
is isomorphic to (X,Lr), though not canonically).

The integer r is called the exponent of the test configuration.
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Since the action of Gm on X covers the natural action t · z = tz for z ∈ A1

there is a natural induced action of Gm on the central fibre X0.

Remark 2.2 While the general fibre Xt, t 6= 0 is a smooth subscheme of X
the central fibre X0 may be in general singular, reducible and nonreduced.
However being the flat limit of a one-parameter family of smooth varieties
imposes many restrictions on the singularities X0 can have (e.g. isolated
singularities must be invariant under an action of Gm and they must be
smoothable). We do not investigate this further in this thesis.

Note that X is connected (since its generic fibre over A1 is). By definition
the relatively ample line bundle L on X gives a linearisation for the Gm-
action, i.e. the isomorphism class [L ] is an element of PicGm(X ). For any
reductive algebraic group G acting on a complete connected scheme Y there
is an exact sequence (see [22] I, Section 3)

0→ χ(G)→ PicG(Y )→ Pic(Y )→ 0

where χ(G) is the group of characters of G. Thus is our case choosing a lift
of the Gm-action to L is the same as the choice of an element ξ ∈ χ(Gm) =
Hom(Gm,C). For any ξ there are induced Gm-actions on the vector spaces
of sections H0(L k

0 ) for all k ≥ 0. We will write Ak for the infinitesimal
generators of these actions. Note that if we choose a different lift ξ′ the
infinitesimal generators transform in a simple way,

A′k = Ak + k(ξ′ − ξ)Ik (2.1)

where ξ′ − ξ is regarded as an element of Z in a natural way and Ik denotes
the identity 1 ∈ End(H0(L k

0 )).
Now by the Hirzebruch-Riemann-Roch Theorem the dimension h0(L k

0 )
is a degree n rational polynomial in k for k sufficiently large. Similarly the
equivariant version of Hirzebruch-Riemann-Roch shows that for any choice
of a lift ξ ∈ χ(Gm) the quantity tr(Ak) is a degree n+ 1 rational polynomial
in k for k sufficiently large. Thus there is an asymptotic expansion as k →∞

tr(Ak)

kh0(L k
0 )

= F0 − F1
1

k
+O(k−2). (2.2)

We claim that the coefficient F1 does not depend on the choice of ξ. Indeed
using the transformation rule 2.1 we see that

tr(A′k)

kh0(L k
0 )

= ξ′ − ξ +
tr(Ak)

kh0(L k
0 )
,

so F1 is unchanged.
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Definition 2.3 The Donaldson-Futaki invariant (or weight) of a test con-
figuration (X ,L ) is the rational number F1 in the expansion 2.2. We will
denote this quantity by F (X ) in general.

To unravel the definition of F (X ) we write down the Riemann-Roch expan-
sions

h0(L k
0 ) = b0k

n + b1k
n−1 +O(kn−2),

tr(Ak) = a0k
n+1 + a1k

n +O(kn−1).

We find the explicit formula

F (X ) = b−2
0 (a0b1 − b0a1). (2.3)

Definition 2.4 A test configuration is trivial if there is an isomorphism
X ∼= X × A1 which is Gm-equivariant, where Gm acts on X × A1 by its
natural action on the second factor.

In particular it is not enough to have just any isomorphism X ∼= X × A1.
Indeed suppose there is a given nontrivial Gm-action on X. We may act on
X × A1 by t · (x, z) = (t · x, tz). The product X × A1 endowed with this
induced action is not a trivial test configuration.

Definition 2.5 A test configuration is a product if it is induced by an ac-
tion of Gm on X. If the action is nontrivial then the test configuration is
nontrivial.

Remark 2.6 Suppose that a holomorphic vector field v on X generates an
action of Gm, so that we get a product test configuration Xv. It is shown
in [12] (computing with the Cartan model for equivariant cohomology) that
in this case F (Xv) equals ((2π)2n times) the classical differential-geometric
Futaki invariant F (v) as defined for example in [31] Chapter 3. Here we
only recall that for any Kähler class Ω on a Kähler manifold X with Lie
algebra of holomorphic vector fields η(X) there exists a Lie algebra character
FΩ : η(X) → C which must vanish identically if Ω can be represented by a
cscK metric.

Definition 2.7 A polarised manifold (X,L) is K-semistable if for all test
configurations (X ,L ) the Donaldson-Futaki invariant is nonnegative. It
is K-stable if the strict inequality F (X ) > 0 holds for all nontrivial test
configurations.

Example 2.8 As a first example of a K-stable polarised manifold consider
any Riemann surface C with genus g ≥ 1 polarised by any ample line bundle
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L. By the classical Uniformisation Theorem the class c1(L) can be repre-
sented by a Hermitian (thus Kähler by dimension) metric of constant Gaus-
sian curvature. Since the Gaussian curvature is twice the scalar curvature,
the solution also gives a cscK metric. When g ≥ 2 the group Aut(X) itself
is finite, so our refinement of Donaldson’s Theorem, Theorem 4.1, implies K-
stability. The same is true for g = 1 since then Aut(C,L) is finite. It is also
possible (and desirable) to give a direct algebraic proof of the K-semistability
of (C,L), see Ross-Thomas [25] Section 6.

Remark 2.9 A K-stable polarised manifold (X,L) must have discrete (hence
finite) automorphism group Aut(X,L). Indeed if α : Gm ↪→ Aut(X,L) is a
nontrivial 1-PS in Aut(X,L) inducing a test configuration with weight F > 0
then then the inverse α−1 yields a test configuration with F < 0. This should
be compared with the fact that a (Gieseker or Mumford-Takemoto) stable
sheaf has only scalar automorphisms.

In light of the above remark a different notion is needed to take into account
continous automorphisms.

Definition 2.10 A polarised manifold (X,L) is K-polystable if it is K-semi-
stable and moreover F (X ) = 0 for a test configuration (X ,L ) implies that
(X ,L ) is a product.

Example 2.11 Let 0 → F ′ → F → F ′′ → 0 by a nontrivial extension over
a Riemann surface with F ′, F ′′ line bundles. Suppose F ′, F ′′ have the same
slope (so F is Mumford-Takemoto semistable, but not stable). If the ex-
tension is given by e ∈ Ext1(F ′′, F ′) (so e 6= 0) the line 〈e〉 ⊂ Ext1(F ′′, F ′)
induces a flat family F of vector bundles over A1 with general fibre iso-
morphic to F while the central fibre is F ′ ⊕ F ′′. The total space F has a
natural Gm-action induced by t · t′e = tt′e. The projectivisation P(F ) has
natural ample linearisations for this action, namely π∗L ⊗ OP(F )(1) where
L ∈ Pic(C) is sufficiently positive. Thus (P(F ), π∗L⊗OP(F )(1)) gives a test
configuration for (P(F ), L⊗ OP(F )(1)). It is a theorem of Ross-Thomas (see
[25] Theorem 5.13 and Remark 5.14) that this test configuration has van-
ishing Futaki invariant, yet it is clearly not a product configuration. Thus
(P(F ), L⊗OP(F )(1)) is not K-polystable. We conjecture that it is actually K-
semistable. This would be interesting as it is known that it is not cscK (this
was proved by Apostolov and Tønnesen-Friedman in [1] by a deformation
argument).

It will be useful to introduce one more piece of terminology for K-semistability.

4



Definition 2.12 A polarised manifold (X,L) is properly K-semistable if it
is K-semistable but not K-stable, namely there exists a nonproduct test con-
figuration with vanishing Donaldson-Futaki weight.

There are two natural operations defined on test configurations. The first one
is to take tensor powers of the line bundle L , i.e. passing from (X ,L ) to
(X ,L s) for some positive integer s. Since the Donaldson-Futaki invariant
is defined by the asymptotic behaviour of tr(Ak) as k → ∞ this operation
does not change the value of F (X ). Thus we obtain the following:

Lemma 2.13 To check K-(semi, poly)stability we can always assume that
the line bundle L of a test configuration is relatively very ample. In partic-
ular we can assume that there is an embedding X0 ↪→ P(H0(L0)∗).

In this case the induced Gm-action on (X0,L0) acts through projective trans-
formations, that is it corresponds to a 1-PS α ↪→ GL(H0(L0)∗). In general it
will be useful to know if α factors through SL(H0(L0)∗). This can always be
achieved by performing the second operation, namely pulling back (X ,L )
by a ramified cover of A1 given by z → zd. This base change gives a new test

configuration ( X̃ , L̃ ) with X̃0
∼= X0 (equivariantly), but such that

tr(Ãk) = d · tr(Ak).

Therefore the new Futaki invariant is simply F̃ (X ) = d · F (X ), while we
can solve the equation

d · tr(A1) + (ξ′ − ξ)h0(L0) = 0

e.g. by choosing d = h0(L0), ξ′ − ξ = − tr(A1) to ensure that the new
induced action on H0(L0)∗ is special linear.

Lemma 2.14 To check K-(semi, poly)stability we can always assume that
the induced action on the vector space H0(X0,L0) is special linear.

The following observation is sometimes useful to check K-(semi, poly)stability.
It was stated explicitely for the first time in [25] 3.7 although it is implicit
in the work of Tian and Donaldson.

Lemma 2.15 To check K-(semi, poly) stability for (X,L) it is enough to
consider test configurations induced by a projective embedding iLr : X ↪→ PN
and a 1-PS in GL(N + 1) for all r sufficiently large (the central fibre X0 is
then the flat limit of X under the Gm-action on PN).
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There is also an important notion of the norm of a test configuration. Once
again this is defined by a Riemann-Roch expansion,

tr(A2
k)−

tr(Ak)
2

h0(L k
0 )

= ‖X ‖2kn+2 +O(kn+1). (2.4)

This will only be needed in Theorem 2.16. See [13] for further details.

2.2 Donaldson’s lower bound on the Calabi functional

In the 1970’s E. Calabi introduced a functional which has since been known
as the Calabi functional. For a Kähler cohomology class Ω on a Kähler
manifold X it is defined on metrics representing Ω by

Cal(ω) =

∫
X

(s(ω)− ŝ )2dµω.

In [13] Donaldson proved the following fundamental fact.

Theorem 2.16 (Donaldson) Let (X,L) be a polarised manifold. Then

inf
[ω]∈c1(L)

Cal(ω) ≥ sup
(X ,L )

−F (X )

‖X ‖2

where the infimum is taken over all test configurations for (X,L).
Thus if c1(L) can be represented by metrics which are arbitrarily L2-close

to a cscK metric then (X,L) is K-semistable. In particular this must hold if
(X,L) is cscK.

Remark 2.17 Uniform K-stability. It is important to point out that the
Donaldson-Futaki invariant of a K-stable polarised manifold (X,L) can never
be bounded away from 0. For example this can be seen by considering the
test configuration given by degeneration to the normal cone with parameter
c and letting c→ 0 (see Chapter 5 for definitions). In other words it makes
no sense to ask that F is uniformly bounded away from 0.

In this connection a refinement of K-stability was proposed by G. Székely-
hidi. If ω ∈ c1(L) is cscK there should be a strictly positive lower bound for
a suitable normalisation of F over all nonproduct test configurations. This
condition is called uniform K-polystability. In [30] Section 3.1.1 it is shown
that the correct normalisation in the case of algebraic surfaces coincides
with that of Theorem 2.16, F (X )

‖X ‖ . For toric surfaces K-polystability implies
uniform K-polystability with respect to torus-invariant test configurations;
this is shown in [30] Section 4.2.
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2.3 The Theorem of Arezzo-Pacard

There is a well-known result in the theory of cscK metrics that will play a key
role in this thesis: the Arezzo-Pacard Theorem on blowing up cscK metrics.
For its statement we need to say a little more about the group of complex
automorphisms of a cscK manifold.

For any complex manifold let η(X) denote the Lie algebra of holomorphic
vector fields of X. This is defined as the subalgebra of the Lie algebra of
vector fields X(X) given by fields v such that the Lie derivative of the complex
structure LvJ vanishes.

Remark 2.18 There is an isomorphism of complex vector spaces from η(X)
to H0(TX) sending v to V = 1

2
(v − iJv). Its inverse maps V to V + V .

Suppose now ω is (the (1, 1) form of) a Kähler metric on X, with underlying
Riemannian metric g. The infinitesimal isometries of g form the Lie subalge-
bra of Killing vector fields kill(g) ⊂ X(X). One can prove that kill(g) is really
a subalgebra of η(X) (and in fact v ∈ η(X) is contained in kill(g) if and only
if divg(v) = 0). The Killing fields have a distinguished abelian subalgebra a
given by parallel holomorphic vector fields, i.e. v ∈ η(X) with ∇gv = 0.

When X has a cscK metric the Lie algebra η(X) has a very special struc-
ture.

Theorem 2.19 (Matsushima) Suppose X has a constant scalar curvature
Kähler metric ω with underlying Riemannian metric g. Then the Lie algebra
η(X) decomposes as a direct sum

η(X) = η0(X)⊕ a

where η0(X) is the complexification of the quotient Lie algebra

ham = kill(g)/a,

i.e. the Lie algebra of Hamiltonian holomorphic fields. In particular the iden-
tity component Aut(X)0 of the complex automorphisms of X is a reductive
group.

It turns out that the Lie algebra ham is the Lie algebra of the group Ham(ω, J)
of Hamiltonian isometries of g, i.e. isometries which are Hamiltonian with
respect to ω. It is also well known that any v ∈ ham admits a unique holo-
morphy potential f . This is the unique real solution fv of the equation

−∂fv =
1

2
iV ω
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such that
∫
X
fvdµω = 0 (as above V is the image of v in H0(TX)). This

identifies ham with the Lie algebra given by zero mean real smooth functions
on X together with the Poisson bracket {f, g} =

∫
X
ω(∇f,∇g) dµω. An

important feature of the action of Ham(ω, J) on X is that it always admits
an equivariant moment map

m : X → ham∗

given by evaluation,
〈m(x), f〉 = f(x) (2.5)

for any f ∈ ham ∼= C∞(X,R)0.

Theorem 2.20 (Arezzo-Pacard) Let X be a Kähler manifold with a cscK
metric ω. Let p1, ... , pm be a m-tuple of distinct points in Xand a1, ... am a
m-tuple of positive real numbers. Suppose that the following conditions are
satisfied:

1. there is no v ∈ ham such that v(pi) = 0 for i = 1, ... ,m;

2. the images m(p1), ... ,m(pm) under the moment map 2.5 span the real
vector space ham∗;

3.
∑m

i=1 a
n−1
i m(pi) = 0 in ham∗.

Then there exists ε0 > 0 such that for all 0 < ε < ε0 the blowup

π : Blp1, ... ,pm X → X

admits a (unique) cscK metric ωε in the class

π∗[ω]− ε2

m∑
i=1

aic1(O(π−1(pi))).

Moreover as ε → 0 the metric ωε converges to ω in C∞ norm away from
p1 ... , pm.

Let us briefly discuss the role of the three assumptions in Theorem 2.20.
First we require that no hamiltonian holomorphic vector field vanishes at

every pi, i = 1, ... ,m. This is not really essential and without this assumption
the Theorem holds in a slightly modified form. Namely if we only drop the
first assumption we can conclude that there exist weights ai,ε, i = 1, ... ,m
such that π∗[ω] − ε2

∑m
i=1 ai,εc1(O(π−1(pi))) can be represented by a cscK

metric and moreover |ai,ε − ai| = O(ε).
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The second condition is that the images of our m-tuple of points under the
moment map span the (dual of) the Lie algebra of Hamiltonian isometries.
This condition is of a technical nature and it is better understood in the light
of the proof of Theorem 2.20. Since we do not want to enter the details here
we only say that it is needed in applying the implicit function theorem, that
is to control the kernel of the relevant linearised operator. Notice that this
condition is generic in p1, ... , pm.

The heart of Theorem 2.20 is the third condition, which we write down
by itself and call the balanced condition

m∑
i=1

an−1
i m(pi) = 0. (2.6)

Indeed suppose that we are in the projective case [ω] = c1(L). It will be
clear to the reader familiar with the Kempf-Ness Theorem (recalled below)
that in this case condition 2.6 is closely related to the stability of the point∑m

i=1 a
n−1
i pi in the symmetric product X(

∑m
i=1 a

n−1
i ) under the induced action

of the complexification of Ham(ω, J) with its natural linearisation.
This complexification turns out to be the group Aut(X,L) of complex

automorphisms lifting to L.
In Chapter 3 we will give a different statement of Theorem 2.20 in the

projective case, Theorem 3.15, and then proceed to prove a converse via a
formula for the Donaldson-Futaki weight of a blowup, Theorem 3.14.

2.4 Finite dimensional G.I.T. and 0-cycles

In this Section we recall the few definitions and facts from finite dimensional
Geometric invariant theory that we will need. The standard reference for
G.I.T. is [22].

Definition 2.21 (G.I.T. stability) Let G be a reductive algebraic group
acting on a scheme (X,L) with a linearisation on an invertible sheaf L. We
say a closed point x ∈ X is semistable if there exists some k and an invariant
global section s of Lk which does not vanish at x. A semistable point x is
polystable if the induced action on the invariant affine open subscheme Us =
{s 6= 0} is closed (this means that regular functions on Us separate orbits of
G in Us together with their tangent spaces). If moreover the stabiliser of x
is finite we say that x is stable.

Definition 2.22 (Hilbert-Mumford weight) Let G be a reductive alge-
braic group acting on a scheme X with a linearisation on an invertible sheaf
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L. For any 1-PS α : Gm ↪→ G we define the Hilbert-Mumford weight of
a closed point x ∈ X with respect to α, denoted by µL(x, α), to be the
weight of the induced action of Gm on the line L(x0), the fibre of L over the
specialisation x0 = limt→0 t · x.

Suppose that X is a projective scheme with a fixed very ample line bundle
L, so X ⊂ P(H0(L)∗). If a reductive algebraic group G acts on X via
a monomorphism G ↪→ SL(H0(L)∗) then the line bundle L has a natural
linearisation, see [22] 32–33. In this case we can find a more explicit formula
for the Hilbert-Mumford weight.

Lemma 2.23 Let α be a 1-PS of SL(N + 1), inducing a Gm-action on
PN . Choose projective coordinates [x0 : ... : xN ] such that α is given by
Diag(λm0 , ...λmN ). The Hilbert-Mumford weight of a closed point q ∈ PN is
given by

µO(1)(q, α) = −min{mi : qi 6= 0}.
Note that this coincides with the weight of the induced action on the fibre of
the hyperplane line bundle O(1) over the specialisation limλ→0 λ · q.

When the linearisation L for the action of G is ample there is a well-known
numerical criterion for (semi)stability.

Theorem 2.24 (Hilbert-Mumford Criterion) Let (X,L) be a polarised
scheme. Then

. x is semistable if and only if µL(x, α) ≤ 0 for all 1-PS α : Gm ↪→ G;

. x is stable if and only if µL(x, α) < 0 for all 1-PS α : Gm ↪→ G.

While proving the converse of the Theorem of Arezzo-Pacard we will also
need a well-known result which links G.I.T. with symplectic geometry. For
this suppose that G acts on X ⊂ PN by a monomorphism G ↪→ SL(N + 1),
and that its real form K ⊂ G acts through the real form SU(N + 1). If k
denotes the Lie algebra of K we obtain a Lie algebra representation

ρ : k→ su(N + 1).

For any x ∈ X we write x̂ for any choice of a lift to CN+1. Then the
prescription

〈m(x), k〉 = −i x̂
tρ(k) x̂

‖x̂‖2

for x ∈ X, k ∈ k defines an equivariant moment map

m : X → k∗.
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Theorem 2.25 (Kempf-Ness) In the situation above a point x ∈ X is
polystable if and only if its G-orbit contains a zero of the moment map m.

Finally we specialise our discussion of stability to the special case of
effective 0-cycles on a polarised manifold (X,L). Let the symmetric group
Σd on d letters acts on the d-fold product Xd. The symmetric product
X(d) = Xd/Σd is a projective variety. The points of X(d) are the orbits of
the d-tuples of points of X under permutation and so can be identified with
effective 0-cycles

∑
nixi with xi ∈ X, ni > 0 and

∑
ni = d. This shows

that X(d) is actually the Chow variety of length d effective 0-cycles on X.
The construction of an Aut(X,L)-linearised ample line on X(d) can be made
very explicit as follows. Let V = H0(X,Lr)∗ for some large γ and embed
X ↪→ P(V ). Denote by P(V ∗) the projective space of hyperplanes in P(V ),
and by Divd(P(V ∗)) the projective space of effective divisors of degree d in
P(V ∗). For any p ∈ P(V ) consider the hyperplane in P(V ∗) given by

Hp := {l ∈ P(V ∗) : p ∈ l}.

Define a morphism ch : (P(V ))d → Divd(P(V ∗)) by

ch(x1, ..., xd) :=
∑
i

Hxi .

This is the Chow form of {x1, ..., xd}: the divisor of hyperplanes whose in-
tersection with {x1, ..., xd} is nonempty. As for Xd we have the composition

ch : Xd ↪→ P(V )d ↪→ Divd(P(V ∗))

induced by the product line (Lr)�d. Now ch is Σd equivariant and by the
universal property of the geometric quotient factors through P(V )(d) defining
a morphism

ch : X(d) → Divd(P(V ∗)).

One can check that ch defines an isomorphism on its image. We can thus
identify X(d) with its image ch(X(d)) in Divd(P(V ∗)). By the usual identifi-
cations

Divd(P(V ∗)) ∼= P(H0(P(V ∗),O(d))) ∼= P(SdV )

we see ch as a map with values in P(SdV ):

ch : X(d) ↪→ P(SdV ).

Under these identifications then ch is the map

X(d) 3 x1 + ... + xd 7→ [x1 · ... · xd] (2.7)

defined via the embedding X ↪→ P(V ).
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Remark 2.26 It is important to emphasise that ch is given by the de-
scent of (Lr)�d under the action of Σd. This means that the Chow line
ODivd(P(V ∗))(1)|X(d) pulls back to (Lr)�d under the quotient map. This holds

because by 2.7 ODivd(P(V ∗))(1) pulls back to the line OP(V )(1)�d on P(V )d

under ch and this in turn pulls back to (Lr)�d.

Now we assume that α ↪→ Aut(X,L) acts through a 1-PS α ↪→ SL(V ). Then
we know that the Hilbert-Mumford weight is given by

µ(x, α) := −min{mi : xi 6= 0}.

In the same way we can define the Hilbert-Mumford weight for the induced
action of α on X(d). The key fact is that α ↪→ SL(V ) naturally induces a
1-PS α ↪→ SL(SdV ). Thus the embedding ch described above gives a natural
linearisation for this action. We will write chL

r
for this Hilbert-Mumford

weight (there is no confusion since we the morphism ch above will no longer
be needed).

Definition 2.27 (Chow weight of a 0-cycle) Let (X,L) be a polarised
scheme with an action of Gm which acts through SL(H0(Lr)∗) for some r for
which Lr is very ample. Then the above weight chL

r
(
∑

i nixi) is called the
Chow weight of the 0-cycle

∑
i nixi with respect to Lr.

Then by (2.7) we immediately obtain the relation

chL
r

(
∑
i

nixi, α) =
∑
i

ni µ
Lr(xi, α) (2.8)

for any
∑

i nixi ∈ X(d).
While the numerical value of the Hilbert-Mumford weight depends on the

power Lr we take, the fact that a cycle
∑

i nixi is semistable is independent of
r. This follows from the definition of stability in terms of invariant sections.
Thus we see that

Lemma 2.28 The sign of µL
r
(
∑

i nixi, α) does not depend on r whenever
µL

r
is well defined. In particular suppose L is very ample and α acts through

SL(H0(L)∗). Then

chL
r

(
∑
i

nixi, α ) = c(r) chL(
∑
i

nixi, α)

whenever chL
r

is well defined, where c(r) is a positive constant.

By the Hilbert-Mumford Criterion then,
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Lemma 2.29 A 0-cycle
∑

i nixi is (semi)stable with respect to the natural
Aut(X,L)-linearisation induced by L if and only if

µL
r

(
∑
i

nixi, α) (≤) < 0

for all 1-PS α ↪→ Aut(X,L) and all r for which the Chow weight is well
defined.

2.5 Asymptotic Chow stability of varieties

It is a classical fact in algebraic geometry that a degree d subvariety

Xn ⊂ PN

of projective space is identified uniquely by its Chow form

ΦX ∈ P(H0(G,OG(d)))

where
G = Grass(N − n− 1,PN).

In other words the form ΦX of degree d cuts out the divisor of N−n−1 pro-
jective subspaces of PN that intersect X. Then X ←→ ΦX sets up a bijection
with degree d effective algebraic cycles (effective integral linear combinations
of subvarieties). One can show that the image of Φ is a quasi-projective
scheme in P(H0(G,OG(d))), whose closure is denoted by Chow(n, d,N).
This is a projective scheme with a natural linearised action of SL(N + 1).

Remark 2.30 When X is a 0-dimensional algebraic cycle we recover the
notion of Chow stability for 0-cycles of the previous section.

All of the above applies to a polarised manifold (X,L) together with the
Kodaira embedding X ↪→ P(H0(X,Lr)∗) whenever Lr is very ample. This
embedding defines a closed point yr ∈ Chow(n, rnc1(L)n, h0(Lr)− 1).

Definition 2.31 A polarised manifold (X,L) is asymptotically Chow (semi)
stable if for any r sufficiently large the point yr is (semi)stable for the natural
linearised action of SL(h0(Lr)).

A more refined study of the G.I.T. behind Chow (semi)stability proves the
following (see e.g. [25] Theorem 3.9).

Theorem 2.32 If (X,L) is asymptotically Chow semistable then it is K-
semistable.
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2.6 The K-energy functional of Mabuchi

The cscK equation 1.2 is the Euler-Lagrange equation for the K-energy func-
tional Mω introduced by Mabuchi [19]. Its first variation is given by

δMω|φ(δφ) = −
∫
X

δφ (s(ωφ)− ŝ) dµωφ (2.9)

Here the Kähler form ω is any base point in [ω] and we write ωφ = ω+ i∂∂φ
for any other cohomologous Kähler form (this is possible by the well-known
∂∂ Lemma, e.g. [31] Chapter 1). Then Mω should be interpreted as a 1 form
in the space of Kähler potentials

H = {φ ∈ C∞(X,R) : ωφ is Kähler}

with tangent space TH ∼= C∞(X,R) (so the variation δφ is just a smooth
real function). The space H is contractible and one can show that the 1
form δMω is closed, so it defines the functional Mω uniquely once we choose
the basepoint ω. Any other choice of basepoint only adds a constant to the
K-energy.

Now for any smooth path φt in H one can compute following Mabuchi

d2

dt2
Mω(φt) = ‖∂∇(1,0)φ̇t‖2

φt −
∫
X

(φ̈t −
1

2
|∇1,0φ̇t|2φt)(S(ωφt)− ŝ) dµφt (2.10)

where all the metric quantities are computed with respect to ωφt . This puts
intro great evidence the equation

φ̈t −
1

2
|∇1,0φ̇t|2φt = 0 (2.11)

together with natural boundary conditions 0 = φ0, φ1 = φ ∈ H . A solution
to this boundary value problem is called a geodesic segment joining ω and ωφ,
and equation 2.11 itself is called the geodesic equation. Uniqueness of geodesic
segments is proved in [10] by an ingenious maximum principle argument.
The existence and regularity theory on the contrary is very hard and still
not completely settled.

The main point for us is that the K-energy is convex along geodesic seg-
ments. This is clear from the second variation formula 2.10. The same
formula shows that Mω is even strictly convex modulo the action of the
group Ham(ω, J). On the other hand it is well-known that a cscK metric
always gives a local minumum of Mω. Thus the existence of smooth geodesic
segments would have two fundamental consequences, namely

• The uniqueness of cscK metrics modulo the action of Aut(X),
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• the lower boundedness of Mω whenever [ω] admits a cscK representa-
tive.

The approach we outlined so far is due to Donaldson [10]. While as we
mentioned a full regularity theory is still not available, Chen [4] and Chen-
Tian [6] have developed a partial regularity theory which is sufficient to prove
the results above. The lower bound on Mω will play a major role in Chapter 5
of this thesis. A different proof was given by Donaldson [14] in the projective
case via the theory of balanced metrics.

Theorem 2.33 (Donaldson, Chen, Chen-Tian) If [ω] admits a cscK rep-
resentative then the K-energy functional Mω is bounded below on the space
of Kähler potentials of ω.

Remark 2.34 We briefly clarify the use of the word geodesic: Semmes and
Donaldson have shown that 2.11 is indeed the equation of geodesics for the
locally symmetric negatively curved space structure on H induced by the
unique torsion free, metric connection for the L2 metric on H ,

〈δφ′, δφ′′〉φ =

∫
X

δφ′ · δφ′′ dµωφ .

Remark 2.35 Suppose that X is Fano, that is the anticanonical bundle
−KX is ample. Bando [3] has shown that if the K-energy is bounded from
below in the class c1(X) then the traceless Ricci tensor can be made arbitrar-
ily small in L2 (in fact in C0). Therefore by Theorem 2.16 if the K-energy is
bounded from below in c1(X) then (X,−KX) is K-semistable.

Another formula that will play an important role in Chapter 5 can be ob-
tained by integrating by parts in the definition of the K-energy, see Chen [5]
and Tian [31].

Lemma 2.36 Let Ric(ω) denote the Ricci curvature form of a Kähler met-
ric. There exist functionals I, J on the space H which are well defined up
to constants by

δI =

∫
X

δφ
ωnφ
n!
,

δJ =

∫
X

δφRic(ω) ∧
ωn−1
φ

(n− 1)!
.

Moreover an integration by parts formula holds,

δMω|φ(δφ) = δ

∫
X

log

(
ωnφ
ωn

)
ωnφ
n!

+ ŝ δI − δJ.
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3 The blowup formula and a converse to the

Theorem of Arezzo-Pacard

In this Chapter we give new results about the behaviour of the Donaldson-
Futaki invariant under blowing up and prove a converse to the Arezzo-Pacard
Theorem.

3.1 Blowing up test configurations

We begin by recalling the definition of blowing up in the algebraic category,
see [17] II Definition following 7.12. Let Y be a scheme and Z ⊂ Y a closed
subscheme. Then the blowup of Y along Z is defined to be the Proj scheme
of the sheaf of graded algebras associated to Z,

BlZ Y = Proj
⊕
k≥0

I k
Z , (3.1)

where by definiton I 0
Z = OY .

Let (X ,L ) be a test configuration for the polarised manifold (X,L). Let
q ∈ X1 be a closed point in the fibre over 1 ∈ A1, which can be identified
with X. The orbit of q under the action of Gm is a locally closed subscheme
Gmq ⊂ X , and we denote its scheme-theoretic closure by (Gmq)

−. We
would like to define a test configuration for the blowup manifold BlqX by
blowing up the total space X along (Gmq)

−. There are two issues we should
consider in this connection

1. check if the composition Bl(Gmq)− X →X → A1 is flat;

2. choose a suitable polarisation for BlqX and a suitable relatively ample
linearisation for Bl(Gmq)− X .

We would also like to consider the general case when the orbit of a 0-cycle
on X is blown up. More precisely let Z ⊂X1

∼= X denote the 0-dimensional
scheme Z = ∪iaipi for closed points {pi} ⊂ X1

∼= X (i.e. the closed sub-
scheme aipi is defined by the ideal sheaf I ai

pi
). Once again the orbit of Z

under the Gm-action on X is a locally closed subscheme GmZ ⊂ X and
we take its scheme-theoretic closure (GmZ)−. There is a natural projection
π : Bl(GmZ)− X → X and composing with X → A1 we obtain a family
Bl(GmZ)− X → A1.

Lemma 3.1 The family Bl(GmZ)− X → A1 is flat.
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Proof. We use the flatness criterion [17] III Proposition 9.7. Thus we
need to prove that all the associated points of Bl(GmZ)− X (i.e. embed-
ded subschemes) map to the generic point of A1. By flatness this is true
for the morphism X → A1, and roughly speaking blowing up (GmZ)− does
not contribute new associated points, only the Cartier exceptional divisor
π−1(GmZ)−.

To make this precise let y ∈ Bl(GmZ)− X be an associated point of the
blowup and denote by {y}− be its closure, a closed subscheme of Bl(GmZ)− X .
Write E = π−1((GmZ)−) for the exceptional divisor.

Suppose that {y}− ⊆ E. This would imply that the maximal ideal my of
the local ring OBl(GmZ)− X ,y contains the image of a local defining equation f
for E. But y being an associated point means precisely that every element
of my is a zero divisor (see the Definition following [17] III Corollary 9.6).
Since E is a Cartier divisor f is not a zero divisor, a contradiction.

Therefore {y}− * E, or in other words my contains some nontrivial zero
divisor orthogonal to E. Thus the projection π(y) is an associated point of
X which in turn maps to the generic point of A1 by flatness of X → A1.

Q.E.D.

Lemma 3.2 For any γ sufficiently large the family

X̂ = {Bl(GmZ)− X → A1}

together with the invertible sheaf

L̂ = π∗L γ ⊗ O(π−1(GmZ)−)−1

is a test configuration for the polarised manifold

(Blp1, ... ,pm X, π
∗Lγ ⊗mi=1 O(π−1(pi))

−ai).

Proof. We already know that X̂ → A1 is flat. Since X̂ is the blowup of
X along an invariant closed subscheme it carries a natural induced action

of Gm for which X̂ → A1 is equivariant. It is a general fact about blowups

that the invertible sheaf L̂ is ample for γ � 0 (see [17] II Proposition 7.10
(b)). Since (GmZ)− is invariant the invertible sheaf O(π−1(GmZ)−) gives

an element of PicGmX̂ and so L̂ also gives a natural (relatively ample)

linearisation for the action of Gm on X̂ . Finally the polarised fibre (X̂1, L̂1)
is isomorphic to (BlZ X, π

∗Lγ ⊗ O(π−1Z)−1). The isomorphisms of schemes
BlZ X ∼= Blp1, ... ,pm X and of (linearised) invertible sheaves O(π−1Z))−1 ∼=
⊗mi=1O(π−1(pi))

−ai follow directly from the definition of blowup, see [17] II
Exercise 7.11.
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Q.E.D.

It is natural to ask what is the central fibre (X̂0, L̂0) for the test configuration
of Lemma 3.2. Each of our points pi ∈ X1

∼= X has a specialisation pi,0 =

limt→0 t · pi which is a closed point of X̂0. We define the closed subscheme

Z0 ⊂ X̂0 as the central fibre of the flat family (GmZ)− → A1 (i.e. the
flat limit of Z ⊂ X under the action of Gm). Note that Zred

0 = ∪ipi,0. A

naive guess would be that X̂0 is isomorphic to BlZ0 X0 (or in words that
the flat limit of blowups is the blowup along the flat limit). But a little
reflection suggests that this is not true in general. Indeed while the family of
subschemes (GmZ)− → A1 is flat this may well not be true for the families of
thickenings k (GmZ)− → A1 defined by the ideal sheaves I k

(GmZ)− , i.e. the

strict inequality len(kZ) < len(kZ0) may hold for infinitely many values of
k. Therefore the Hilbert polynomials of Proj

⊕
k I k

Z and Proj
⊕

k I k
Z0

are

different. Since the family X̂ → A1 is flat by 3.1 we see that X̂0 is not
isomorphic to BlZ0 X0 in general. Indeed if we use the flatness criterion by
Hilbert polynomials [17] III Theorem 9.9 we get

Lemma 3.3 The central fibre X̂0 is isomorphic to BlZ0 X0 if and only if the
family of closed subschemes k (GmZ)− → A1 is flat for all k large enough.

Example 3.4 To show that X̂0 � BlZ0 X0 in general. As a local affine
example consider the trivial “test configuration” X = A2 × A1. The ideal

I(GmZ)− = (x(x− t), xy, y(y − t)) ⊂ C[x, y, t]

describes 3 points colliding along 2 orthogonal directions in A2. One can show

that X̂ is the closed subscheme of SpecC[x, y, t] × ProjC[ξ0, ξ1, ξ2] defined
by

IX̂ = ((x− t)ξ1 − yξ0, (y − t)ξ1 − xξ2)

with central fibre (sitting inside SpecC[x, y]× ProjC[ξ0, ξ1, ξ2]) cut out by

IX̂0
= (xξ1 − yξ0, yξ1 − xξ2).

In this case BlZ0 X0
∼= BlZ0 A2 ∼= Bl(x,y)2 A2 is the closed subscheme of X̂0

given by
IBlZ0

X0 = (xξ1 − yξ0, yξ1 − xξ2, ξ
2
1 − ξ1ξ2).

This is an irreducible component of X̂0, but there is an extra irreducible

component P = ProjC[ξ0, ξ1, ξ2] ∼= P2. The intersection BlZ0 X̂0 ∩ P is the
quadric {ξ2

1 − ξ1ξ2 = 0} sitting in P2.
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This example suggests that BlZ0 X0 is a union of irreducible components of

X̂0 in general.

Lemma 3.5 The inclusion i : X0 ↪→X induces a closed immersion

î : BlZ0 X0 ↪→ X̂0.

Since dim BlZ0 X0 = dim X̂0 it follows that BlZ0 X0 is a union of irreducible

components of X̂0.

Proof. Let I = i−1I(GmZ)− · OX0 denote the inverse image ideal sheaf of
the ideal sheaf I(GmZ)− (see [17] II Definition and Caution 7.12.2). By [17]
II Corollary 7.15 there is an induced closed immersion

î : Bli−1I(GmZ)− ·OX0
X0 ↪→ X̂

which factors through X̂0. The result follows since I = IZ0 directly from
the definition (no powers are involved).

Q.E.D.

Definition 3.6 For a blowup test configuration (X̂ , L̂ ) we let P denote

the closed subscheme of the central fibre X̂0 given by (X̂0 \ BlZ0 X0)−. By

Lemma 3.5 P is a union of irreducible components of X̂0.

The restriction of L̂0 to BlZ0 X0 is the expected one.

Lemma 3.7
L̂0|BlZ0

X0
∼= π∗L γ

0 ⊗ O(π−1Z0).

3.2 The blowup formula

In this section we will prove an asymptotic expansion for the Donaldson-

Futaki weight of the test configuration (X̂ , L̂ ) constructed in Lemma 3.2
as the parameter γ → ∞. When Gm acts on the central fibre X0 through
SL(H0(L0)∗) (which we can assume without loss of generality) we will give
an interpretation of this formula which involves Chow weights and relate it
to a stability condition, Theorem 3.14.

According to the definition of Donaldson-Futaki invariant we need to
compute (for k � 0):

· the dimension of the space of sections h0(L̂ k
0 );
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· the trace of the induced action of Gm on the space of sections H0(L̂ k
0 ).

A word of warning is in order before we delve in the problem. The computa-
tions leading to Theorem 3.14 involve two different parameters k, γ. These
have two very different natures: while γ−1 measures the volume of the excep-
tional divisors on the generic fibres, k is the scale parameter which appears
in the definition of the Donaldson-Futaki invariant. Also we often use the
vanishing of higher cohomology groups for large powers of an invertible sheaf.
This will always hold for k � 0 independently of γ ≥ γ0 (since increasing γ
only makes our invertible sheaves more positive).

Lemma 3.8

h0(L̂ k
0 ) = h0(L γk

0 )−

(∑
i

ani

)
kn

n!
−

(∑
i

an−1
i

)
kn−1

2(n− 2)!
+O(kn−2).

Proof. By flatness

h0(L̂ k
0 ) = h0(L̂ k

1 ) = h0(BlZ X, π
∗Lγk ⊗i O(π−1(pi))

−k).

Since X1
∼= X is smooth we can use the asymptotic Riemann-Roch expansion

h0(L̂ k
1 ) =

∫
X

[ π∗c1(Lγ)−
∑
i

aic1(O(π−1(pi))) ]n
kn

n!

−
∫
X

[c1(X)− (n− 1)
∑
i

c1(O(π−1(pi))]

∪ [ π∗c1(Lγ)−
∑
i

aic1(O(π−1(pi))) ]n−1 kn−1

2(n− 1)!
+O(kn−2).

The result now follows from a straighforward computation of intersection
numbers.

Q.E.D.

Now we need to compute the trace of the induced actions of Gm on all spaces

of sections, tr(H0(L̂ k
0 )) for k � 0. There is an equivariant exact sequence

of Gm-representations induced by restriction

0→ H0
P (I k

π−1(Z0)L̂
k

0 |P )→ H0

X̂0
(L̂ k

0 )→ H0
BlZ0

X0
(π∗L γk

0 ⊗O(π−1(Z0))−k)→ 0

(3.2)
So for k � 0

tr(H0(L̂ k
0 )) = tr(H0

BlZ0
X0

(π∗L γk
0 ⊗O(π−1(Z0))−k)+tr(H0

P (I k
π−1(Z0)L̂

k
0 |P )).

(3.3)
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To compute the first trace we recall that for k � 0 there is a natural isomor-
phism

H0
BlZ0

X0
(π∗L γk

0 ⊗ O(π−1(Z0))−k) ∼= H0
X0

(I k
Z0

L γk
0 )

induced by π∗O(π−1Z0)−k ∼= I k
Z0

for k � 0. The exact sheaf sequence of
Gm-linearised sheaves on X0

0→ I k
Z0

L γk
0 → L γk

0 → OkZ0 ⊗O
Zred
0

L γk|Z0 → 0

is equivariant and induces an exact sequence of sections for k � 0

0→ H0
X0

(I k
Z0

L γk
0 )→ H0

X0
(L γk

0 )→ OkZ0 ⊗O
Zred
0

L γk
0 |Z0 → 0, (3.4)

where we have used that OkZ0 is a 0-dimensional torsion sheaf and L0 is a
locally free sheaf. Thus

tr(H0
BlZ0

X0
(π∗L γk

0 ⊗O(π−1(Z0))−k) = tr(H0
X0

(L γk
0 ))−

∑
q

tr(OkZ0,q⊗CL
γk
0 (q)),

(3.5)
where the sum is over closed points q ∈ Zred

0 . Also we can write

tr(H0
P (I k

π−1(Z0)L̂
k

0 |P )) =
∑
q

tr(H0
Pq(I

k
π−1(Z0,q)

L̂ k
0 |Pq)) (3.6)

simply by summing over closed points q ∈ Zred
0 and letting Pq denote the

closed subscheme of P which lies over q in the induced map X̂0 →X0.
Now recall that for any closed point q ∈ Zred

0 one has the Hilbert-Mumford
weight µL0(q) for the induced Gm-action on X0 linearised by L0. Moreover
there is a simple relation

µLm
0 (q) = mµL0(q)

for m > 0. Also by definition µL0(q) depends on the choice of a lift ξ ∈
χ(Gm), and there is a simple relation

µL0

ξ′ (q) = µL0
ξ (q) + ξ′ − ξ

for any other ξ′ ∈ χ(Gm).
Note that we can roughly estimate the traces appearing in 3.5, 3.6 as

follows.

Lemma 3.9

tr(OkZ0,q ⊗C L γk
0 (q)) = γk µL0(q) len(kZ0,q) +O(γ0kn+1),

tr(H0
Pq(I

k
π−1(Z0,q)

L̂ k
0 |Pq)) = γk µL0(q)h0

Pq(I
k
π−1(Z0,q)

L̂ k
0 ) +O(γ0kn+1).
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Proof. For the first trace we only need to note that the action of Gm on the
C vector space OkZ0,q (with dimension len(kZ0,q)) does not depend on the
parameter γ. For the second trace we use the definition

I k
π−1(Z0,q)

L̂ k
0 |Pq ∼= π∗L γk

0 |q ⊗I k
π−1(Z0,q)

O(π−1(Z0,q))
−k.

The induced Gm-action on the sheaf I k
π−1(Z0,q)

O(π−1(Z0,q))
−k does not de-

pend on γ, while π∗L γk
0 |q is the trivial invertible sheaf on Pq (since it is pulled

back from the closed point q) with an action of Gm of weight γk µL0(q). Thus
the only term in the trace involving γ is γk µL0(q) times the dimension of
the space of sections.

Q.E.D.

We can group together our points {pi} according to their specialisation, that
is we define

Aq = {pi : pi,0 = q}.

Lemma 3.10

len(kZ0,q) = h0
Pq(I

k
π−1(Z0,q)

L̂ k
0 |Pq)

+

∑
pi∈Aq

ani

 kn

n!
+

∑
pi∈Aq

an−1
i

 kn−1

2(n− 2)!
+O(kn−2).

Proof. By the local analogue of 3.4 and 3.2 around q in the analytic topology

len(kZ0,q) = h0
X0

(L γk
0 )− h0

X0
(I k

Z0,q
L γk

0 )

= h0
X0

(L γk
0 )− h0

BlZ0,q
X0

(π∗L γk
0 )

= h0
X0

(L γk
0 )− h0

X̂0
(L̂ k

0 ) + h0
Pq(I

k
π−1(Z0,q)

L̂ k
0 |Pq).

The difference h0
X0

(L γk
0 )−h0

X̂0
(L̂ k

0 ) can be computed by flatness as in Lemma

3.8.

Q.E.D.

Plugging the results of Lemma 3.9 and Lemma 3.10 into 3.3 we see that

22



Lemma 3.11

tr(H0(L̂ k
0 )) = tr(H0

X0
(L γk

0 ))

− γ
∑
q

∑
pi∈Aq

ani

µL0(q)
kn+1

n!

− γ
∑
q

∑
pi∈Aq

an−1
i

µL0(q)
kn

2(n− 2)!

+O(γ0kn+1).

We restate this result is a form which is more useful for computing the
Donaldson-Futaki weight. For this expand as usual

h0
X0

(L γk
0 ) = d0γ

nkn + d1γ
n−1kn−1 +O(γn−2kn−2),

tr(H0
X0

(L γk
0 )) = c0γ

n+1kn+1 + c1γ
n−1kn−1 +O(γn−1kn−1),

h0

X̂0
(L̂ k

0 ) = d′0(γ)kn + d′1(γ)kn−1 +O(γn−2kn−2),

tr(H0

X̂0
(L̂ k

0 )) = c′0(γ)kn+1 + c′1(γ)kn−1 +O(γn−1kn−1).

Corollary 3.12

d′0 = d0γ
n − 1

n!

∑
i

ani ,

d′1 = d1γ
n−1 − 1

2(n− 2)!

∑
i

an−1
i ,

c′0(γ) = c0γ
n+1 −

∑
q

∑
pi∈Aq

ani

µL0(q)
γ

n!
+O(1),

c′1(γ) = c1γ
n −

∑
q

∑
pi∈Aq

an−1
i

µL0(q)
γ

2(n− 2)!
+O(1).

Corollary 3.13

F (X̂ ) = F (X )−
∑
q

∑
pi∈Aq

an−1
i

(
c0

d0

− µL0(q)

)
γ1−n

2(n− 2)! deg(X)
+O(γ1−n).
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Proof. We compute

c′0d
′
1 = c0d1γ

2n − c0

∑
i

an−1
i

γn+1

2(n− 2)!
+O(γn),

c′1d
′
0 = c′1d

′
0γ

2n − d0

∑
q

µL0(q)
∑
pi∈Aq

an−1
i

γn+1

2(n− 2)!
+O(γn),

(d′0)2 = d2
0γ

2n +O(γn),

so

F (X̂ ) =
c′0d
′
1 − c′1d′0
(d′0)2

=
c0d1 − c1d0

d2
0

− 1

d0

 c0

d0

∑
i

an−1
i −

∑
q

µL0(q)
∑
pi∈Aq

an−1
i

 γ1−n

2(n− 2)!

+O(γ−n).

Note that d0 = c1(L)n = deg(X) by Riemann-Roch and d−2
0 (c0d1 − c1d0) =

F (X ) by definition. Now we only need to rearrange,

c0

d0

∑
i

an−1
i −

∑
q

µL0(q)
∑
pi∈Aq

an−1
i =

∑
q

∑
pi∈Aq

an−1
i

(
c0

d0

− µL0(q)

)
.

Q.E.D.

Theorem 3.14 Blowup formula. There exists a sequence of base changes
ρr : z 7→ zρ(r) such that

F (ρ̂∗rX )(γ) = F (ρ∗rX )

− chρ∗rL r
0 ρ∗r(

∑
i

an−1
i pi )0

γ1−n

2(n− 2)! deg(X)
+O(r−1) +O(γ−n).

Now assume that L is relatively very ample and the action on H0(L0)∗ is
special linear. If the Chow weight chL0(

∑
i a

n−1
i pi,0 ) is either strictly positive

or strictly negative then there exist constants c(r) > 0 bounded away from 0
such that

F (ρ̂∗rX )(γ) = ρ(r)F (X )

− chL0(
∑
i

an−1
i pi,0 )

c(r) γ1−n

2(n− 2)! deg(X)
+O(r−1γ1−n) +O(γ−n).
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Proof. For a fixed r the induced Gm-action on the vector space H0(L r
0 ) is

not special linear in general. We can try to make it special linear by solving

tr(H0(L r
0 )) + rλrh

0(L r
0 ) = 0,

that is

λr = −tr(H0(L r
0 ))

rh0(L r
0 )

= − c0

d0

+O(r−1).

This need not be an integer, but we can pull back the test configuration X
by a ramified cover ρr : z 7→ zρ(r) of A1 to get a new test configuration ρ∗rX
for which the relevant λr is an integer. For this test configuration we can
substitute

c0

d0

= −λr +O(r−1)

into expansion in Corollary 3.13 to get

F (ρ̂∗rX )(γ) = F (ρ∗rX )

−
∑
q

∑
pi∈Aq

an−1
i µ

ρ∗rL0

λr
(q)

γ1−n

2(n− 2)! deg(X)
+O(r−1γ1−n) +O(γ1−n)

where µ
ρ∗rL0

λr
(q) = µρ

∗
rL0(q) + λr is the Hilbert-Mumford weight with respect

to the new linearisation making the action special linear on H0(ρ∗rL
r
0 ). By

Definition of Chow weight∑
q

∑
pi∈Aq

an−1
i µ

ρ∗rL0

λr
(q) = chρ

∗
rL

r
0 ρ∗r(

∑
i

an−1
i pi )0,

the Chow weight of the limit inside ρ∗rX , i.e.
∑

i a
n−1
i limGm·ρ∗rX (pi), with

respect to the line ρ∗rL
r
0 .

For the second statement we only need to observe that while the value of
the integer chρ

∗
rL

r
0 ρ∗r(

∑
i a

n−1
i pi,0 )0 depends on r, the (semi, poly, in)stability

of the 0-cycle ρ∗r(
∑

i a
n−1
i pi)0 always equals the (semi, poly, in)stability of

the 0-cycle
∑

i a
n−1
i pi,0 on X0. This follows from the definition of stability

in terms of invariant sections (by pulling back invariant sections under the
canonical equivariant isomorphism (ρ∗rX )0 →X0).

Q.E.D.

3.3 Algebraic Arezzo-Pacard and its converse

We begin by a simple application of the Kempf-Ness Theorem to spell out
Theorem 2.20 in more algebraic terms.
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Theorem 3.15 Algebraic Arezzo-Pacard. Let L be very ample. Suppose
(X,L) is cscK and Aut(X,L) acts through SL(H0(L)∗). Let

∑l
i=1 a

n−1
i pi be

a Chow stable 0-cycle with respect to this embedding such that condition 2
in Theorem 2.20 is satisfied. Then for all γ � 0 the polarised manifold

(Blp1, ... ,pl X, π
∗Lγ ⊗li=1 O(π−1(pi))

−ai)

is cscK. Let ωγ be the cscK metric. There exists φ ∈ Aut(X,L) such that ωγ
γ

converges to φ∗ω in C∞ away from p1, ... , pl.

Proof. Firstly, condition 1 in Theorem 2.20 is implicit in the assumption
that

∑l
i=1 a

n−1
i pi is stable (it must have finite stabiliser). Now let mωFS

be the natural moment map with respect to the Fubini-Study metric. Since∑l
i=1 a

n−1
i pi is stable by the Kempf-Ness Theorem there exists φ ∈ Aut(X,L)

such that
l∑

i=1

an−1
i mωFS(φ−1(pi)) = 0.

But we can also leave the cycle fixed and pull back the metric instead,

l∑
i=1

an−1
i mφ∗ωFS(pi) = 0.

By our assumptions and Theorem 2.20 then we can constructs the desired
metrics ωγ and moreover ωγ

γ
→ φ∗ω in C∞ away from p1, ... , pl.

Q.E.D.

Theorem 3.16 Converse to Arezzo-Pacard. Let L be very ample. Sup-
pose that the Futaki character of (X,L) vanishes and Aut(X,L) acts through
SL(H0(X,L)∗). If the 0-cycle

∑l
i=1 a

n−1
i pi is Chow unstable with respect to

this embedding then the polarised manifold

(Blp1, ... ,pl X, π
∗Lγ ⊗li=1 O(π−1(pi))

−ai)

is K-unstable for all γ � 0. Therefore (X,L) does not admit a cscK metric.

Proof. By the Hilbert-Mumford Criterion there exists a 1-PS

α ↪→ Aut(X,L) ↪→ SL(H0(X,L)∗)

such that chL(
∑l

i=1 a
n−1
i pi, α) > 0. By assumption the product test configu-

ration given by X × A1 with action

t · (x, z) = (α(t) · x, tz)
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has vanishing Futaki invariant. Applying the blowup formula Theorem 3.14
with X = X×A1 and the action induced by α we have that for some c(r) > 0
bounded away from 0

F (ρ̂∗rX )(γ) = −chL(
l∑

i=1

an−1
i pi, α )

c(r)γ1−n

2(n− 2)!
+O(r−1γ1−n) +O(γ−n).

Thus for r � 0, γ = γ(r)� 0 we see that

F (ρ̂∗rX )(γ) < 0,

proving K-instability of the blowup.

Q.E.D.

Corollary 3.17 If (X,L) is asymptotically Chow stable its blowup along a
Chow unstable 0-cycle is asymptotically Chow unstable, when the exceptional
divisors are small enough.

Proof. As we recalled in Section 2.5 if (X,L) is asymptotically Chow stable
then it is K-semistable. In particular the Futaki character of (X,L) vanishes.
Now the same argument as above shows that the blowup along the Chow un-
stable 0-cycle is K-unstable when the exceptional divisors are small enough,
and so in turn asymptotically Chow unstable.

Q.E.D.

Example 3.18 Projective space. There is a very satisfactory geometric cri-
terion for Chow stability of points in Pn (see for example [21] 231–235). A
cycle Z =

∑
imipi is Chow unstable if and only if for some proper subspace

V ⊂ Pn one has
|V ∩ Z|

dim(V ) + 1
>

∑
imi

n+ 1
.

So already for X = P2 Theorem 3.16 gives infinitely many new examples
of K-unstable classes: it suffices that more than 2/3 of the points (counted
with multiplicities) lie on a line to get a K-unstable blowup. This gives
a full generalisation of Example 5.30 in [24] where it is shown that when
m1 � mj (j > 2) the blowup is K-unstable (actually slope unstable with
respect to E1).

Example 3.19 Products. Consider the product X × Y of (X,LX) and
(Y, LY ) polarised by LX � LY . Then for α : Gm ↪→ Aut(X,LX),

chLX�LY (
∑
i

aipi, α× 1) = chLX (
∑
i

aiπX(pi), α).
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Thus we may apply the above geometric criterion to the fibres of a product
Pn × Y . For example if Y is K-polystable the blowup of Pn × Y along an
unstable cycle supported at a single Pn fibre will be K-unstable. A special
case is the product Pn × Pm polarised by O(1) � O(1). A 0-cycle will be
unstable whenever its projection to one of the two factors is, e.g. in the case
of 3 distinct point, when 2 of them lie on a vertical or horizontal fibre. This
gives more examples of unstable blowups.

Example 3.20 P1 bundles. Similarly we can consider the projective com-
pletion X of some line bundle L over a polarised manifold. In this case the
so-called momentum construction yields many examples of cscK metrics, see
[18]. Any polarisation L on X restricts to OP1(k) on all the fibres for some
k. There is a natural Gm-action on L given by complex multiplication on the
fibres, and this extends to a Gm-action α on X so that points lying on the
zero (resp. infinity) section X0 (X∞) are fixed, but with weight k (resp. −k)
on the line above them. By acting with α−1 instead if necessary, we conclude
that whenever more than half the points lie on X0 or X∞, the corresponding
0-cycle is Chow unstable (i.e. its Chow weight is > ck for some positive
constant c). We see that the conclusion is really independent of k and so the
blowup along such a cycle will be K- and asymptotically Chow-unstable for
any polarisation on X making the base cscK.

Remark 3.21 Suppose we wish to prove an algebraic analogue of the Arezzo-
Pacard theorem. For simplicity consider the following statement.

If (X,L) is K-stable then the blowup of X along any 0-cycle with the now
familiar polarisations is K-stable (this should certainly be true in the regime
predicted by the YTD Conjecture).

By the blowup formula Theorem 3.14 it is clear then that we would need a
uniform lower bound for the Futaki invariant of nontrivial test configurations
to prove this algebraically. But as we explained in Remark 2.17 this never
holds.

We believe this observation gives an interesting argument in favour of the
uniform notion of K-stability advocated by G. Székelyhidi (see again Remark
2.17).
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4 A proof of K-stability

In this Chapter we will offer the first proof (to the best of our knowledge)
of the K-stability of a cscK polarised manifold with discrete automorphisms,
refining the K-semistability proved by Donaldson.

Theorem 4.1 If (X,L) is cscK and Aut(X,L) is discrete (hence finite) then
(X,L) is K-stable.

Recall that if (X,L) is K-stable we know a priori that Aut(X,L) is finite.
Our proof rests on the following fact.

Proposition 4.2 Let (X,L) be a properly K-semistable polarised manifold.
Then there exists a point q ∈ X such that the polarised blowup

(BlqX, π
∗Lγ ⊗ O(π−1(q))−1)

is K-unstable for γ � 0.

In turn this is implied by the following algebro-geometric estimate (whose
proof will occupy most of this Chapter).

Proposition 4.3 Let (X ,L ) be a nonproduct test configuration for a po-
larised manifold (X,L) with nonpositive Donaldson-Futaki invariant. Then
there exists q ∈X1

∼= X such that

chL0( lim
t→0

t · q ) > 0.

Proof. By the embedding result for test configurations Lemma 2.15 we
reduce to the case of a nontrivial Gm-action on PN for some N , of the form

diag(λm0x0, ...λ
mNxN),

ordered by
m0 ≤ m1... ≤ mN .

Let {Zi}ki=1 be the distinct projective weight spaces, where Zi has weight
mi (i.e. the induced action on Zi is trivial with weight mi). Each Zi
is a projective subspace of PN , and the central fibre with its reduced in-
duced structure X red

0 is a contained in Span(Zi1 , ... Zil) for some minimal
flag 0 = i1 < i2... < il.

The case 1 < l. In this case the induced action on closed points of X0 is
nontrivial. Let q ∈X1 be any point with

lim
λ→0

λ · q = q0 ∈ Zil .
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Such a point exists by minimality and because the specialisation of every
point must lie in some Zj. Since the action on X0 is induced from that
on PN , q0 belongs to the totally repulsive fixed locus R = X0 ∩ Zil ⊂ X0.
By this we mean that every closed point in X0 \ R specialises to a closed
point in X0 \ R. In particular the natural birational morphism X0 99K
Proj(

⊕
dH

0(X0,L
⊗d
0 )Gm) blows up along R. So q0 ∈ R is an unstable point

for the Gm-action in the sense of Geometric invariant theory. By the Hilbert-
Mumford criterion the weight of the induced action on the line L0|q0 must
be strictly positive. Since after base-change we may assume that the induced
action on H0(X0,L0)∗ is special linear this weight coincides with the Chow
weight, so chL0( q0 ) > 0.

Degenerate case. In the rest of the proof we will show that in the de-
generate case X red

0 ⊂ Z0 the Donaldson-Futaki invariant is strictly positive.
Note that since by assumption the original Gm-action on PN is nontrivial,
Z0 ⊂ PN is a proper projective subspace.

We digress for a moment to make the following observation: for any
Gm-action on PN with ordered weights {mi}, and a smooth nondegenerate
manifold Y ⊂ PN , the map ρ : Y 3 y 7→ y0 = limλ→0 λ · y is rational, defined
on the open dense set {y ∈ Y : µ(y) = m0} of points with minimal Hilbert-
Mumford weight. Indeed, in the above notation, generic points specialise to
some point in the lowest fixed locus Z0. In any case the map ρ blows up
exactly along loci where the Hilbert-Mumford weight jumps.

Going back to our discussion of the case X red
0 ⊂ Z0, we see that this

means precisely that all points of X1 have minimal Hilbert-Mumford weight
m0, so there is a well defined morphism

ρ : X1 → Z0.

Moreover ρ is a finite map: the pullback of L0 under ρ is L which is ample,
therefore ρ cannot contract a positive dimensional subscheme. The mor-
phism ρ cannot be an isomorphism on its image, since it would then fit in a
Gm-equivariant isomorphism X ∼= X ×A1. Therefore ρ cannot be injective,
either on closed points or tangent vectors. If, say, ρ identifies distinct points
x1, x2, this means that the xi specialise to the same x under the Gm-action;
by flatness then the local ring OX0,x contains a nontrivial nilpotent pointing
outwards of Z0, i.e. the sheaf IX0∩Z0/IX0 is nonzero. In other words X0 is
not a closed subscheme of Z0. The case when ρ annihilates a tangent vector
produces the same kind of nilpotent in the local ring of the limit, by special-
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isation.

To sum up, the central fibre X0 is nonreduced, containing nontrivial Z0-
orthogonal nilpotents. Equally important, the induced action on the closed
subscheme X0∩Z0 ⊂X0 is trivial. The proof will be completed by a weight
computation.

Donaldson-Futaki invariant. Suppose Z0 ⊂ PN has projective coordinates
[x1 : ... : xr], i.e. it is cut out by {xr+1 = ... = xN = 0}. We change the
linearisation by changing the representation of the Gm-action, to make it of
the form

[x0 : ... : xr : xr+1 : ... : xN ] 7→ [x0 : ... : xr : λmr+1−m0xr+1 : ... : λmN−m0xN ],
(4.1)

and recall mr+i > m0 for all i > 0. It is possible that the induced action on
H0(X0,L0)∗ will not be special linear anymore, however this does not affect
the Donaldson-Futaki invariant.

Note that for all large k,

H0(PN ,O(k))→ H0(X0,L
k
0 )→ H1(IX0(k)) = 0. (4.2)

By 4.2, our geometric description of X0 and the choice of linearisation 4.1
we see that any section ξ ∈ H0(X0,L k

0 ) has nonpositive weight under the
induced Gm-action. The section ξ can only have strictly negative weight if it
is of the form xr+i · f for some i > 0 (xr+i is now regarded as a linear form
and the sign is opposite to that of the action on PN by duality). Moreover
we know there exists an integer a > 0 such that xar+i|X0 = 0 for all i > 0.
Let w(k) denote the total weight of the action on H0(X0,L k

0 ), i.e. the
induced weight on the line ΛP (k)H0(X0,L k

0 ), where P (k) = h0(X0,L k
0 ) is

the Hilbert polynomial for k � 0. Our discussion implies the upper bound

|w(k)| ≤ C(P (k − 1) + ...+ P (k − a)) (4.3)

for some C > 0, independent of k. In particular,

w(k) = O(kn). (4.4)

On the other hand by the presence of Z0-orthogonal nilpotents there exists
a section xr+i, i > 0 with xr+i|X0 6= 0. Multiplying by H0(X red

0 ,L k−1
0 |X red

0
)

and writing Q(k) = h0(X red
0 ,L k

0 |X red
0

) gives the upper bound

w(k) ≤ −C1Q(k − 1) (4.5)
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for some C1 > 0 independent of k � 0. Then

w(k)

kP (k)
=

w(k)

kQ(k)

Q(k)

P (k)
≤ −C2

k
. (4.6)

holds for k � 0 and some C2 > 0 independent of k. Together with

w(k)

kP (k)
= O(k−1) (4.7)

which follows from 4.4 the upper bound we have just proved implies

w(k)

kP (k)
= −C3

k
+O(k−2) (4.8)

for some C3 > 0 independent of k.
By definition of the Donaldson-Futaki invariant, this immediately implies

F (X ) ≥ C3 > 0,

a contradiction.

Q.E.D.

Remark 4.4 If we assume a priori that X is integral and factorial (e.g. if
X is smooth, see [17] II Proposition 6.11) we can dispense with the second
part of the proof (“degenerate case”). In this case the Weil divisor X red

0

would be automatically Cartier and so IX0∩Z0/IX0 would vanish.

Proof of Proposition 4.2. By definition of proper K-semistability there
is a test configuration (X ,L ) for (X,L) which is not a product and has
vanishing Donaldson-Futaki invariant F (X ) = 0. By the general theory of
the Donaldson-Futaki invariant, we may assume without loss of generality
that the exponent is 1, L is relatively very ample and the induced Gm-
action on the central fibre acts through SL(H0(L0)∗) (i.e. we have twisted
the test configuration and base changed but still F vanishes). Also let q0 ∈
X0 denote the specialisation of q under the Gm-action. Then the blowup
formula Theorem 3.14 shows that for a sequence of base changes ρr and test
configurations

(ρ̂∗rX , ρ̂∗rL ) = (Bl(Gmq)− ρ
∗
rX , π∗ρ∗rL

γ ⊗ O(π−1(Gmq)
−)−1)

one has

F (ρ̂∗rX )(γ) = −chL0(q0)
c(r) γ1−n

2(n− 2)! deg(X)
+O(r−1γ1−n) +O(γ−n)
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for positive constants c(r) > ε > 0. By Proposition 4.3 we may choose q
such that chL0(q) > 0. Thus for r � 0, γ = γ(r)� 0 we see that

F (ρ∗rX̂ )(γ) < 0,

proving K-instability of the blowup.

Q.E.D.

Proof of Theorem 4.1. Suppose by contradiction that (X,L) is not K-
stable. Since it is K-semistable by Donaldson’s Theorem 2.16 this means it
must be properly K-semistable. Since Aut(X,L) is discrete and it is isomor-
phic to Ham(ω, J) we see that ham ∼= {0}, so Theorem 2.20 implies that for
any q ∈ X, for γ � 0 the polarised manifold

(BlqX, π
∗Lγ ⊗ O(π−1(q))−1)

is cscK (in other words when Aut(X,L) is a finite group one has Xss(L) =
Xs(L) = X independently of the linearisation). In particular for all q the
blowup is K-semistable. But this contradicts Proposition 4.2 for the some
special choice of q.

Q.E.D.

Remark 4.5 One can characterise the degenerate case in the proof of Propo-
sition 4.3 much more precisely.

As observed by Ross-Thomas [25] Section 3 a result of Mumford implies
that any test configuration (X ,L ) for (X,L) is a contraction of some blowup
of X × A1 in a flag of Gm-invariant closed subschemes supported in some
thickening of X × {0}.

The existence of the map ρ : X1 → Z0 means precisely that in this
Mumford representation of X no blowup occurs, i.e. X is a contraction of
the product X × A1.

Define a map ν : X × A1 → X by ν(x, λ) = λ · x away from X × {0},
ν = ρ on X × {0}. This is a well defined morphism, and since ρ is finite, ν
is precisely the normalisation of X ([17] II Exercise 3.8).

So in the degenerate case X red
0 ⊂ Z0 the normalisation of X is X ×A1.

Ross-Thomas [25] Proposition 5.1 proved the general result that normalis-
ing a test configuration reduces the Donaldson-Futaki invariant. This already
implies F ≥ 0 for the degenerate case, since the induced action on X × A1

must have vanishing Futaki invariant. In our special case our direct proof
yields the strict inequality we need.
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Remark 4.6 The result of Mumford mentioned above states more precisely
that any test configuration (X ,L ) for (X,L) is a contraction of the blowup
of X × A1 along some ideal sheaf of the form

I0 + tI1 + ...+ tr−1Ir−1 + (tr)

where I0 ⊆ ... ⊆ Ir ⊂ OX correspond to a descending flag of closed sub-
schemes Z0 ⊇ ... ⊇ Zr−1. The action (X ,L ) is the natural one induced
from the trivial action on X × A1.

Suppose now that F (X ) = 0 and that no contraction occurs in Mum-
ford’s representation.

Then in Proposition 4.3 we can simply choose any closed point q ∈ Zr−1.
This is because the proper transform of Zr−1 × A1 cuts X0 in the totally
repulsive locus for the induced action, i.e. the action flows every closed point
in X0 outside this locus to the proper transform of X × {0}.

Conversely blowing up q ∈ X \ Z0 only increases the Donaldson-Futaki
invariant (at least asymptotically).

For example K-stability with respect to test configurations with r = 1
and no contraction is known as Ross-Thomas slope-stability [25]. It will play
a major role in the next Chapter.
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5 Stability of Ross-Thomas and its Kähler

analogue

5.1 Statement of main result

While theoretically very important, Donaldon’s Theorem 2.16 does not a
priori give any explicit obstruction to the solvability of the cscK equation
1.2. In other words we are interested in explicit integrability conditions that
the class c1(L) (or perhaps more generally a Kähler class Ω) must satisy if it
can be represented by a cscK metric.

Much work in this connection has been done by R. Thomas and J. Ross in
the papers [25, 24]. For a polarised manifold (X,L) and a closed subscheme
Z ⊂ X Ross-Thomas studied the Q-test configuration

(BlZ×{0}X × A1, π∗L⊗ O(π−1(Z × {0}))−c) (5.1)

for suitable c ∈ Q+. This means that we allow our divisors to be Q-divisors;
since the construction is invariant under tensor powers, the Donaldson-Futaki
invariant and thus K-stability are still well defined, and still obstruct cscK
metrics. Geometrically this construction is the degeneration to the normal
cone of Z ⊂ X revived by W. Fulton [16] Chapter 5. But metrically the
construction also depends on a positive rational parameter c less than the
Seshadri constant defined by

ε(Z,L) = sup
s∈Q+

{π∗L⊗ O(π−1(Z))−s is ample on BlZ X}.

One can show that for 0 < c < ε(Z,L) the Q-invertible sheaf

Lc = π∗L⊗ O(π−1(Z × {0}))−c

on
X = BlZ×{0}X × A1

is relatively ample. Moreover the trivial action of Gm on the product X×A1,
i.e. t · (x, z) = (x, tz) gives rise to a nontrivial Gm-action on the blowup X .

In the simplest case when Z ⊂ X is a smooth irreducible subvariety, the
central fibre X0 is the union of the irreducible components

X̂ = π−1(X × {0} \ Z × {0})−,

the proper transform of X × {0}, and

P = P(νZ×{0}) ∼= P(νZ ⊕ OZ),
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the projective completion of the normal bundle to Z ×{0} in X ×A1. More
precisely

X0 = X̂ ∪P(νZ) P,

glued along the copy of P(νZ) embedded into X̂ as the exceptional divisor,

and into P by the injection νZ → νZ ⊕OZ . Then Gm acts trivially on the X̂
component, while it acts on P by t · [v : w] = [v : tw], v ∈ νZ , w ∈ OZ , thus
flowing as t → 0 from the repulsive infinity section Z ∼= P(OZ) ⊂ P to the
attractive locus P (νZ).

In [25] Section 4.2 the Donaldson-Futaki weight of degeneration to the
normal cone is computed. We only describe the final result. For this consider
the Riemann-Roch expansion

χ((I xk
Z /I xk+1

Z )⊗ Lxk) = α1(x)kn−1 + α2(x)kn−2 +O(kn−3)

for k � 0, xk ∈ N.

Theorem 5.1 (Ross-Thomas) The Donaldson-Futaki invariant of degen-
eration to the normal cone of Z ⊂ X with paramer c, 0 < c < ε(Z,L), is
given by

F(Z,L)(c) =

∫ c

0

(c− x)α2(x)dx+
c

2
α1(0)− ŝ

2

∫ c

0

(c− x)α1(x)dx. (5.2)

Definition 5.2 (Ross-Thomas) The quotient slope of the closed subscheme
Z ⊂ X with respect to the parameter c with 0 < c < ε(Z,L) is defined as

µc(OZ , L) =

∫ c
0
(c− x)α2(x)dx+ c

2
α1(0)∫ c

0
(c− x)α1(x)dx

(in particular this is a finite quantity for 0 < c < ε(Z,L)).

Corollary 5.3 (Ross-Thomas) If (X,L) is K-semistable then for any closed
subscheme Z ⊂ X and 0 < c < ε(Z,L) one has

µc(OZ , L) ≥ µ(X,L) =
n
∫
X
c1(X) ∪ c1(L)n−1

2
∫
X
c1(L)n

.

One says (X,L) is slope-semistable. In particular by Donaldson’s Theorem
2.16 this must hold if (X,L) is cscK.
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Consider the special case when Z is the closed subscheme associated to an
effective divisor D. Then the Hirzebruch-Riemann-Roch Theorem gives

α1(x) =

∫
X
c1(O(D)) ∪ (c1(L)− xc1(O(D))n−1

(n− 1)!
, (5.3)

α2(x) =

∫
X
c1(O(D)) ∪ (c1(X)− c1(O(D))) ∪ (c1(L)− xc1(O(D)))n−2

2(n− 2)!
(5.4)

and the slope inequality becomes an inequality of rational functions in the
(integrals of) the Chern classes c1(X), c1(L), c1(O(D)).

Let us now formally replace the Chern class c1(L) in 5.3 by any Kähler
class Ω on a (not necessarily projective) Kähler manifold X, i.e.

α1(x) =

∫
X
c1(O(D)) ∪ (Ω− xc1(O(D))n−1

(n− 1)!
, (5.5)

α2(x) =

∫
X
c1(O(D)) ∪ (c1(X)− c1(O(D))) ∪ (Ω− xc1(O(D)))n−2

2(n− 2)!
. (5.6)

We also define a Seshadri type constant

ε(D,Ω) = sup
x∈R+

{Ω− xc1(O(D)) is Kähler}.

Definition 5.4 The quotient slope of the effective divisor D in a Kähler,
not necessarily projective manifold X, with respect to a Kähler class Ω and
a real parameter 0 < c < ε(D,Ω) is given by the finite quantity

µc(OD,Ω) =

∫ c
0
(c− x)α2(x)dx+ c

2
α1(0)∫ c

0
(c− x)α1(x)dx

where αi(x), i = 1, 2 are defined by 5.5, 5.6. Similarly the formal analogue
of the Donaldson-Futaki invariant F(D,Ω)(c) is defined exactly as in 5.2 but
with αi(x), i = 1, 2 defined as in 5.5, 5.6.

In the next Section we will prove the Kähler analogue of Theorem 5.3 in the
case of effective divisors. Our result was conjectured by Ross-Thomas as part
of [25] Section 4.4.

Theorem 5.5 Let X be a Kähler (not necessarily projective) manifold and
fix a Kähler class Ω. If Ω can be represented by a cscK metric then for any
effective divisor D and 0 < c < ε(D,Ω) one has

µc(OD,Ω) ≥ ŝ

2
=
n
∫
X
c1(X) ∪ Ωn−1

2
∫
X

Ωn
.

One says that (X,Ω) is slope-semistable with respect to effective divisors.
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The crux of the matter is that in the non-projective case we cannot apply
Donaldson’s Theorem. Thus we replace the test configuration by a metric
degeneration inside Ω whose K-energy is asymptotically controlled by the
quantity FD,Ω(c).

Note that while it might be difficult to compute with the definition of
ε(D,Ω) we can give an alternative numerical definition. We say that a (1, 1)
class Θ belongs to the positive cone P is Θ evaluates positively on every
irreducible analytic subvariety, that is∫

V

Θp > 0

for all V ⊂ X, p dimensional and irreducible.

Lemma 5.6
ε(D,Ω) = sup

x∈R+

{Ω− xc1(O(D)) ∈ P .}

Proof. By the beautiful Kähler Nakai-Moishezon Criterion of Demailly-
Paun [9] we know that the Kähler cone is a connected component of P . The
result follows since Ω− xc1(O(D)) lies in the same connected component of
P as the Kähler form Ω.

Q.E.D.

5.2 K-energy estimates

This Section is devoted to the proof of the following result.

Theorem 5.7 Let D ⊂ X be an effective divisor. For any base point ω ∈ Ω
and 0 < c < ε(D,Ω) there exists a family of Kähler forms ωε ∈ Ω, 0 < ε ≤ 1
with ω1 = ω and such that as ε→ 0

Mω(ωε) = −πF(D,Ω)(c) log(ε) + l.o.t. (5.7)

From this our main result Theorem 5.5 easily follows.
Proof of Theorem 5.5. If the Kähler slope inequality is violated for some
effective divisor D and 0 < c < ε(D,Ω) then the Futaki invariant of the
corresponding degeneration to the normal cone is negative,

F(D,Ω)(c) < 0.

By Theorem 5.7 then
lim
ε→0

Mω(ωε) = −∞.

This contradicts the lower bound on the K-energy, Theorem 2.33.
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Q.E.D.

The proof of Theorem 5.7 will be divided in several steps.
Let us first define the Kähler forms ωε appearing in the statement of

Theorem 5.7. Fix any Hermitian metric h on the fibres of the complex line
bundle O(D) and denote by Θ its curvature form. Given the canonical section
σ ∈ H0(O(D)) we define potentials

ψε =
1

2
log(ε2 + |σ|2h)

for 0 < ε � 1. By the Poincaré-Lelong equation (e.g. [7] Theorem 4.4) for
any c ∈ R+ there is a weak convergence

i∂∂(cψε) ⇀ −cΘ + c[D]

where [D] denotes the (closed, positive) current of integration along D. By
definition of the Seshadri type constant for 0 < c < ε(D,Ω) we can find a
potential u (independent of ε) such that

η = ω − cΘ + i∂∂u > 0.

We define our family ωε for 0 < ε� 1 by

ωε = ω + i∂∂u+ i∂∂(cψε). (5.8)

Since [D] is a positive current the inequality

η + c[D] > η

holds in the sense of currents, and by definition the metrics ωε converge
weakly to η + c[D], so the inequality

ωε > η

holds in the sense of currents for ε � 1. In other words ωε − η is a strictly
positive (1, 1) current for all small ε. But since it is also a smooth (1, 1) form,
this implies it is actually a Kähler form (more generally a similar pointwise
statement holds for a current with locally L1 coefficients, see [7] Section 3).

Thus for 0 < ε � 1, ωε is a Kähler form. We still need to define the
metrics ωε away from ε = 0, prescribing the base point to be ω1 = ω. This
can be achieved by choosing ψε → 0 as ε→ 1, and making u = uε dependent
on ε away from ε = 0 so that uε → 0 as ε → 1 and ω + i∂∂ψε + i∂∂uε is
always Kähler.
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Remark 5.8 In general it is not possible to find smooth positive (1, 1) forms
αε with αε ⇀ [D] as ε → 0. Indeed in our case the extra smooth term η
appears in the limit of ωε as ε→ 0.

Lemma 5.9 The metrics ωε are bounded in C∞ away from D.

Proof. This is clear from the above construction of ωε.

Q.E.D.

This means that for the sake of proving 5.7 we need only study the behaviour
of Mω near points of Supp(D).

Let us first write down in detail the model case of x ∈ Supp(D) near which
D is reduced and smooth. The general case will follow from this thanks to
standard results in the theory of currents.

So choose coordinates (z = {zi}n−1
i=1 , w) near x such that w is a local

generator for O(D). Then

ψε =
1

2
log(ε2 + e−2ϕ|w|2)

near x, where e−ϕ is the weight for h on O(D)|U with respect to the Euclidean
norm | · |. We make the first order expansion in the D-transversal direction

e−2ϕ = e−2ϕ̃(1 +O(|w|))

where ϕ̃ = ϕ̃(z) does not depend on the transversal coordinate w. Moreover
from now on we assume that we have chosen normal z coordinates at x so
that

ϕ̃ = ∂ziϕ̃ = ∂zj ϕ̃ = 0.

Since ϕ̃ is independent of w this holds in a small D-transversal slice

{z = z(x)}.

Notation. We introduce a piece of notation that will be very useful for
the rest of this Section. Namely we will denote by r any smooth function
r = r(z, w) which is O(|w|) uniformly in U , or any smooth differential form
whose coefficient functions have the same property in our fixed coordinate
system (z, w).

With the above convention in force, direct calculation gives

40



Lemma 5.10 Let x ∈ Supp(D) be a point where D is reduced and smooth.
In the D-transversal slice {z = z(x)},

∂εψε = ε(ε2 + (1 + r)|w|2)−1;

∂w∂wψε =
1

2
(1 + r) ε2(ε2 + (1 + r))|w|2)−2;

∂zi∂wψε = r;

∂zi∂zjψε = −(1 + r) ∂zi∂zj ϕ̃ |w|2(ε2 + (1 + r))|w|2)−1.

Taking exterior powers we find

Lemma 5.11 Let x ∈ supp(D) be a point where D is reduced and smooth.
In the D-transversal slice {z = z(x)} and for p ≥ 1,

(i∂∂ψε)
p = r + (−1)p(1 + r)p|w|2p(ε2 + (1 + r)|w|2)−p(i∂∂ϕ̃)p+

(−1)p−1

2
(1 + r)p−1ε2|w|2(p−1)(ε2 + (1 + r)|w|2)−p−1p (i∂∂ϕ̃)p−1 ∧ i dw ∧ dw,

and so

∂εψε(i∂∂ψε)
p = r + (−1)p(1 + r)pε|w|2p(ε2 + (1 + r)|w|2)−p−1(i∂∂ϕ̃)p+

(−1)p−1

2
(1 + r)p−1ε3|w|2(p−1)(ε2 + (1 + r)|w|2)−p−2p (i∂∂ϕ̃)p−1 ∧ i dw ∧ dw.

These first order expansions are used to prove a global result about the weak
convergence of some quantities which we will need later on when computing
the K-energy Mω.

Proposition 5.12 The following hold in the sense of currents:

ε∂εψε ⇀ 0 (5.9)

and for p ≥ 1

ε∂εψε(i∂∂ψε)
p ⇀

(−1)p+1π

2(1 + p)
Θp−1 ∧ [D]. (5.10)

Proof. Weak convergence can be checked locally (see e.g. [7] Section 2).
Consider first the model case of a point x ∈ Supp(D) near which D is reduced
and smooth. Choosing coordinates at x as in Lemma 5.11 we find that

ε∂εψε = ε2(ε2 + (1 + r)|w|2)−1.

The right hand side is uniformly bounded and converges to 0 uniformly away
from w = 0, thus it converges to 0 weakly as ε→ 0.
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The case when D is smooth but not reduced near x can be handled by a
finite ramified cover w 7→ wm, where m is the local multiplicity. The above
weak convegence is unaffected. Thus 5.9 holds away from the set of singular
points of Supp(D).

To prove weak convergence on all of X one uses the Support and Skoda
Theorems, as in the proof of Lemma 2.1 of [9] for example.

As for 5.10 multiplying by ε the second expansion in 5.11 we find

ε∂εψε(i∂∂ψε)
p = ε r + (−1)p(1 + r)pε2|w|2p(ε2 + (1 + r)|w|2)−p−1(i∂∂ϕ̃)p+

(−1)p−1

2
(1 + r)p−1ε4|w|2(p−1)(ε2 + (1 + r)|w|2)−p−2pΘp−1 ∧ i dw ∧ dw.

The curvature form Θ appears since i∂∂ϕ̃ represents the w-constant extension
to U of the pullback of the curvature form Θ to D.

The sequence of functions

ε r + (−1)p(1 + r)pε2|w|2p(ε2 + (1 + r)|w|2)−p−1

is uniformly bounded as ε → 0 an converges to 0 away from {w = 0}, thus
it gives no contribution to the weak limit.

Therefore 5.10 holds in a neighborhood of x provided the sequence of
forms

fε = (1 + r)p−1ε4|w|2(p−1)(ε2 + (1 + r)|w|2)−p−2dw ∧ dw

converges to the point mass π
p (p+1)

δ{w=0}dw ∧ dw in the sense of currents.
For this note that fε is converging uniformly to 0 away from w = 0. More-

over the pullback of fε under the change of variable w = εw′ is converging
point-wise to |w′|2p−1(1 + |w′|2)−p−2dw′ ∧ dw′, and the transversal integrals∫

{z=z(x)}
fεi dw ∧ dw

are converging to

2π

∫ ∞
0

s2p−1

(1 + s2)p+2
ds =

π

p(p+ 1)

by Lebesgue’s dominated convergence, proving fε ⇀
π

p (p+1)
δ{w=0}dw ∧ dw.

Global weak convergence then follows as for 5.9.

Q.E.D.
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With these preliminary computations in place we pass to compute the asymp-
totics of Mω along ωε as ε→ 0. By the integration by parts formula Theorem
2.36 the expansion Theorem 5.7 can be split into three separate statements
about the I, J and

∫
log det functionals.

Let us begin with an expansion for the J functional.

Definition 5.13 We introduce the cohomological quantity, depending on a
positive parameter c,

FJ(c) =
n−1∑
p=1

(−1)p+1cp+1

2(p+ 1)!(n− 1− p)!

∫
X

c1(X) ∪ Ωn−1−p ∪ cp1(O(D)).

Lemma 5.14
J(ωε) = πFJ(c) log(ε) + l.o.t.

Proof. We will actually find the limit of ε∂εJ as ε → 0. The integrand for
this functional is

(n− 1)!−1ε∂ε(cψε) Ric(ω) ∧ ωn−1
ε

which by the binomial theorem applied to (1, 1) forms can be rewritten as

(n− 1)!−1 Ric(ω) ∧
n−1∑
p=0

(
n− 1

p

)
(ω + i∂∂u)n−1−p ∧ cp+1ε∂εψε(i∂∂ψε)

p.

By Corollary 5.12 this converges weakly to

π(n− 1)!−1

n−1∑
p=1

(
n− 1

p

)
(−1)p+1cp+1

2(p+ 1)
Ric(ω) ∧ (ω + i∂∂u)n−1−p ∧Θp−1 ∧ [D].

Integrating over X proves our claim.

Q.E.D.

An identical argument applies to the I functional.

Definition 5.15 Introduce the quantity

FI(c) =
n∑
p=1

(−1)p+1cp+1

2(p+ 1)!(n− p)!

∫
X

Ωn−p ∪ cp1(O(D)).

Lemma 5.16
I(ωε) = πFI(c) log(ε) + l.o.t.
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Proof. Same as for Lemma 5.14.

Q.E.D.

Finally we consider the
∫

log det functional. This requires slightly better
estimates than for case of I and J .

Definition 5.17 Introduce the quantity

Flog =
n∑
p=1

(−1)p−1cp

p!(n− p)!

∫
X

Ωn−p ∪ c1(O(D))p.

Lemma 5.18 ∫
X

log

(
ωnε
ωn

)
dµωε = −πFlog log(ε) + l.o.t.

Proof. We study the weak limit on X as ε → 0 of the sequence of globally
well defined (n, n) forms

log(ε)−1 log

(
ωnε
ωn

)
dµωε .

Weak convergence can be checked locally, so we can write

log(ε)−1 log

(
ωnε
ωn

)
dµωε = fε − f ′ε

where fε, f
′
ε are the (n, n) forms

fε = [ log(ε)−1 log(det gε) det gε ] dz ∧ dz ∧ dw ∧ dw,
f ′ε = [ log(ε)−1 log(det g) det gε ] dz ∧ dz ∧ dw ∧ dw.

Our first claim is that the sequence of (n, n) forms fε converges weakly to
0. As in the proof of Lemma 5.12 we can reduce to a good coordinate slice
{z = z(x)} around a smooth (reduced) point x ∈ Supp(D). The sequence
certainly converges uniformly to 0 away from w = 0. The claim follows if we
can show that the integrals in the w direction∫

{z=z(x)}
log(det gε) det gε dw ∧ dw

are uniformly bounded. We can prove this using our previous computation
in Lemma 5.11. Namely we make a decomposition

ωnε = αε + βε (5.11)
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reflecting the decomposition of the powers (i∂∂ψε)
p in Lemma 5.11, where

αε = r +
n∑
p=0

(
n

p

)
(−1)p(1 + r)pcp|w|2p(ε2 + (1 + r)|w|2)−p(ω + i∂∂u)n−p ∧ (i∂∂ϕ̃)p,

βε =
n∑
p=1

(
n

p

)
(−1)p−1

2
(1 + r)p−1cpε2|w|2(p−1)(ε2 + (1 + r)|w|2)−p−1(ω + i∂∂u)n−p

∧ p (i∂∂ϕ̃)p−1i dw ∧ dw.

Next we make the change of variable w = εw′. Under this change of variable
αε and βε pull back to forms defined transversally on 0 ≤ s = |w′| < ε−1.
Moreover the pullback of αε is uniformly O(ε2), while the pullback of βε
restricted to each slice {z = z(x)} is dominated by (in angular coordinates)

Cs2p−1

(1 + s2)p+1
ds dθ = O(s−3) ds dθ,

since p ≥ 1 (where C is a positive uniform constant). It follows that∫
log(det gε) det gε dw ∧ dw is asymptotic in each slice to

2π

∫ ε−1

0

log(O(ε2) +O(s−3))(O(ε2) +O(s−3)) ds.

By dominated convergence these integrals are uniformly bounded as ε→ 0.
It follows that the (n, n) forms fε converge to 0 weakly as ε → 0 as we

claimed.

Let us now compute the weak limit of the (n, n) forms f ′ε. By the decom-
position for the volume forms 5.11 above,

f ′ε = log(ε)−1 log(det(g))αε + log(ε)−1 log(det(g)) βε.

The sequence of forms log(det(g))αε is uniformly bounded in ε, therefore
log(ε)−1 log(det(g))αε converges weakly to 0. On the other hand making the
change of variable w = εw′ pulls back the forms log(ε)−1 log(det(g)) βε to

log(ε)−1(log(ε2) + log(g(w′))) βε(w
′) = 2 βε(w

′) + log(ε)−1 log(g(w′)) βε(w
′).

Now log(ε)−1 log(g(w′)) βε(w
′) converges weakly to 0 (say by comparison with

the forms fε), while 2 βε converges weakly to

π
n∑
p=1

(−1)p−1λp

2p!(n− p)!
(ω + i∂∂u)n−p ∧ (i∂∂ϕ̃)p−1 ∧ [D].
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This is proved exactly as in Proposition 5.12 and Lemma 5.14; in other words
by the definition of βε it is enough to prove that for p ≥ 1 the sequence of
forms

(1 + r)p−1cpε2|w|2(p−1)(ε2 + (1 + r)|w|2)−p−1dw ∧ dw

converges weakly to π
p
δ{w=0}dw ∧ dw. These forms are certainly converging

to 0 uniformly away from {w = 0}, and their pullback under the change of
variable w = εw′ converge point-wise to |w′|2p−1(1 + |w′|2)−2p−1dw′ ∧ dw′.
Moreover the integrals in the w direction converge to

2π

∫ ∞
0

s2p−1

(1 + s2)2p+1
ds =

π

p

by Lebesgue’s dominated convergence, proving the required weak conver-
gence.

Q.E.D.

Substituting these partial results in the integration by parts formula 2.36 we
find

Mω(ωε) = −π (Flog + FJ − ŝ FI) log(ε) + l.o.t.

The proof of the required asymptotic expansion, Theorem 5.7, is completed
by the following combinatorial identity.

Lemma 5.19 ∫ c

0

(c− x)α2(x)dx+
c

2
α1(0) = Flog(c) + FJ(c);

∫ c

0

(c− x)α1(x)dx = 2FI .

Therefore
F(D,Ω)(c) = Flog(c) + FJ(c)− ŝ FI .

Proof. The computation is carried out explicitely in [25] Theorem 5.2 when
Ω = c1(L). The extension to general Kähler classes is purely formal.

Q.E.D.
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5.3 Slope-unstable non-projective manifolds

An alternative approach to slope-(in)stability for non-projective manifolds,
Theorem 5.5, is by a deformation argument. For example it is a classical
result of Kodaira that any compact Kähler surface admits arbitrarily small
deformations which are projective. If we could perturb the cscK metric at the
same time this would give an alternative proof of Theorem 5.5 for surfaces.

This motivates us to look for a genuinely non-projective example in higher
dimensions. This is based on Voisin’s manifold, combined with the following
result for projective bundles.

Lemma 5.20 Let E → B be a vector bundle on the Kähler manifold (B,ΩB).
Let OP(1) denote the relative hyperplane line bundle on P(E). If E is slope-
destabilised (i.e. Mumford-Takemoto destabilised) by a corank 1 subbundle
F ⊂ E then P(E) admits no cscK metrics in the classes

Ωr = c1(OP(1)) + rπ∗ΩB

for r � 0.

Proof. This is the Kähler analogue, via Theorem 5.5, of a special case of
Ross-Thomas’ Theorem [25] 5.12.

Since P(F ) ⊂ P(E) is a divisor, all the computions in loc. cit. hold in
NE1(P(E)) and therefore carry over without any change to our situation,
with the care of replacing the line bundle L⊗r there with the form rΩB.
Note in passing that a large part of the proof in loc. cit. is devoted to
prove that ε(P(F ),Ωr) = 1 for r ≥ r0 where r0 does not depend on F
(using boundedness of quotients). This is required to establish a general
correspondence with Mumford-Takemoto stability. However for our weak
statement we only need to prove ε(P(F ),Ωr) = 1 for r ≥ r0(F ). This is
trivial since c1(OE(1))− x c1(OF (1)) is relatively ample for 0 < x < 1.

Q.E.D.

Voisin [32] constructed Kähler manifolds in all dimensions ≥ 4 which are not
homotopy equivalent to projective ones. The simplest example in dimension
4 is obtained by a torus T with an endomorphism f : T → T . Consider the
product T ×T with projections pi, i = 1, 2. There are four sub-tori in T ×T
given by the factors Ti = p∗iT , the diagonal T3 and the graph T4 of f . Blow
up the intersections of all Tk, that is a finite set Q ⊂ T × T . Then blow up
once more along the proper transforms of the Tk’s. The result of this process
is of course a Kähler manifold M . Voisin proves that for a special choice of
(T, f), M is not homotopy equivalent to (and so a fortiori not deformable
to) a projective manifold.
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For any q ∈ Q, let Eq be the component of the exceptional divisor for

BlQ(T × T )→ T × T

over q ∈ Q. We write OM(−Eq) for the pullback of O(−Eq) to M . The rank
2 vector bundle OM(−Eq)⊕OM is Mumford-destabilised by the line bundle
OM(−Eq). Fix a Kähler class ΩM on M . By Lemma 5.20 the projective
bundle

π : P(O(−Eq)⊕ OM)→M

admits no cscK metric in the classes OP(1) + rπ∗ΩM for r � 0.
Note that by taking a projective bundle we have changed to homotopy

type of M so Voisin’s Theorem does not immediately imply that P(O(−Eq)⊕
OM) does not have projective deformations. However this is guaranteed by
the following result on deformations of projective bundles [8].

Theorem 5.21 (Demailly-Eckl-Peternell) Let X be a compact complex
manifold with a deformation X ∼= X0 ↪→ X → ∆. If X = P(E) for some
holomorphic vector bundle E over a complex manifold Y then Xt = P(Et) for
some deformation E → Y of E → Y .

Corollary 5.22 The Kähler manifold X = P(OM(−Eq)⊕ OM) is slope un-
stable (and so has no cscK metrics) with respect to the classes

c1(OP(1)) + rπ∗ΩM

for r � 0. Moreover X has no projective deformations.

48



References

[1] Apostolov, V. and Tønnesen-Friedman, C. A remark on Kähler metrics
of constant scalar curvature on ruled complex surfaces. Bull. London Math.
Soc. 38 (2006), no. 3, 494–500.

[2] Arezzo, C. and Pacard, F. Blowing up Kähler manifolds with constant
scalar curvature II. arXiv:math/0504115v1 (2005). To appear in Annals of
Math.

[3] Bando, S. The existence problem of Einstein-Kähler metrics: the case of
positive scalar curvature. Sugaku Expositions 14 (2001), no. 1, 91–101.

[4] Chen, X. The space of Kähler metrics. J. Differ. Geom. 56, No. 2 (2000),
189–234.

[5] Chen, X. On the lower bound of the Mabuchi energy and its application.
Internat. Math. Res. Notices, no. 12 (2000), 607–623.

[6] Chen, X. and Tian, G. Geometry of Kähler metrics and foliations by
holomorphic discs arXiv:math/0507148v1 [math.DG].

[7] Demailly, J.-P. Courants positifs et thorie de l’intersection. Gaz. Math.
53 (1992) 131–159.

[8] Demailly, J.-P., Bauer, Th., Peternell, Th. Line bundles on complex tori
and a conjecture of Kodaira. Commentarii Math. Helvetici 80 (2005) 229–
242.

[9] Demailly, J.-P. and Paun, M. Numerical characterization of the Kähler
cone of a compact Kähler manifold. Ann. of Math. (2) 159 (2004), no. 3,
1247–1274.

[10] Donaldson, S. K. Symmetric spaces, Kähler geometry and Hamilto-
nian dynamics. Northern California Symplectic Geometry Seminar, 13–33,
Amer. Math. Soc. Transl. Ser. 2, 196.

[11] Donaldson, S. K. Scalar curvature and projective embeddings I. J. Dif-
ferential Geom. 59 (2001), no. 3, 479–522.

[12] Donaldson, S. K. Scalar curvature and stability of toric varieties. J.
Differential Geom. 62 (2002), no. 2, 289–349.

[13] Donaldson, S. K. Lower bounds on the Calabi functional. J. Differential
Geom. 70 (2005), no. 3, 453–472.

49



[14] Donaldson, S. K. Scalar curvature and projective embeddings. II. Q. J.
Math. 56 (2005), no. 3, 345–356.

[15] Donaldson, S. K. Interior estimates for solutions of Abreu’s equation.
Collect. Math. 56 (2005), no. 2, 103–142.

[16] Fulton, W. Intersection Theory. Second edition, Springer-Verlag, New
York 1998.

[17] Hartshorne, R. Algebraic Geometry. Springer-Verlag, New York 1977.

[18] Hwang, A. and Singer, M. A momentum construction for circle-invariant
Kähler metrics, Trans. Americ. Math. Soc. 354 (2002), no. 6, 2285–2325.

[19] Mabuchi, T. K-energy maps integrating Futaki invariants. Tohoku Math.
J. 38 (1986), no. 4, 575–593.

[20] Mabuchi, T. An obstruction to asymptotic semistability and approximate
critical metrics. Osaka J. Math. 41 (2004), no. 2, 463–472.

[21] Mukai, S. An introduction to invariants and moduli. Translated from the
1998 and 2000 Japanese editions by W. M. Oxbury. Cambridge Studies
in Advanced Mathematics, 81. Cambridge University Press, Cambridge,
2003.

[22] Mumford, D.; Fogarty, J.; Kirwan, F. Geometric invariant theory.
Third edition. Ergebnisse der Mathematik und ihrer Grenzgebiete (2), 34.
Springer-Verlag, Berlin, 1994.

[23] Ross, J. and Panov, D. Slope-stability and exceptional divisors of high
genus arXiv:0710.4078v1 [math.AG].

[24] Ross, J. and Thomas, R. P. An obstruction to the existence of constant
scalar curvature Kähler metrics. J. Differential Geom. 72 (2006), 429–466.

[25] Ross, J. and Thomas, R. P. A study of the Hilbert-Mumford criterion for
the stability of projective varieties. J. Algebraic Geom. 16 (2007) 201–255.

[26] Schoen, R. and Yau, S.-T. Lectures on differential geometry. Conference
Proceedings and Lecture Notes in Geometry and Topology, I. International
Press, Cambridge, MA, 1994.

[27] Stoppa, J. Unstable blowups. arXiv:math/0702154v2 [math.AG] (2007).
To appear in Journal of Algebraic Geometry.

50



[28] Stoppa, J. K-stability of constant scalar curvature Kähler manifolds.
arXiv:math/0803.4095v1 [math.AG] (2008).

[29] Stoppa, J. Twisted cscK metrics and Kähler slope stability.
arXiv:math/0804.0414v1 [math.DG] (2008).
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