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Parabolic problems

Heat equation

ou(t) B
D sty = £
Variational formulation: for each ¢, find u(t) € V = H}(Q) s.t.
(Torhio) + atutt,0) = (f0.0) woev

Space semidiscretization. Take V;, C V and, for each ¢, look for
up(t) € Vy, such that

<8u£t(t)

,vh) + a(up(t),vy) = (f(t),vy) Yop € Vj




Parabolic problems (cont’ed)

Fully discretized problem

» Explicit Euler

uttt —yn
( h A h,vh> +a(uh,vh) (f vh) Yuy, € V),

» Implicit Euler

n-+1 n
U —u
( h A7 h,vh> — a(uZ’H,Uh) — (f”“,vh) Yo, € Vj,




Parabolic problems (cont’ed)

f-method (somewhat inbetween explicit and implicit)

UZH o UZ n n+1
A7 o |+ a(up,vp) + alu, ", vp) =

(f" o) + (" on) Yo, €V,

In one space dimension (finite differences, and f = 0)
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Parabolic problems (cont’ed)

If u(0) = sin(wz) then the solution in [0,1] with homogeneous
Dirichlet boundary conditions is

u(t) = sin(mx) exp(—m-t)

In particular, it goes to zero as t — 400
Study of discrete (absolute) stability
Discrete solution has the form

u; = o' sin(mih)

Stability condition |a| <1
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Parabolic problems (cont’ed)

mn mn k mn mn T
U; - U; = h2(1 —0)(ui g — 2uf +ui )+

Q(U?j_ll — Qu”“ + u"“)
uy = o' sin(wih)
Some trigonometry
sinm (¢ + 1)h — 2sin(meh) +sinnw(i — 1)h =
2sin(meh) cos(wh) — 2sin(wih) =
sin(mih)(—4sin*(7h/2))

Hence

a—1= }]:2((1 —0) + 0a)(—4sin*(7h/2))




Parabolic problems (cont’ed)

Finally

C1-(1-0)w - w
o« 1+ 6w N 1+ 6w

with w = 4% sin?(rh/2) > 0

Condition |a| < 1 equivalent to

w(l—20) <2

» 1/2 <6 <1 inconditionally stable

k 1
» 0 < 6 < 1/2 stability condition 3 < 21— 26)
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