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The space

Hn= (Bn,gH) where
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The spacetime

AdSn+1=(Hn × R,g) where

g = gH −
(

1 + r2

1− r2

)2

dt2

It is the space-form of constant curvature −1 in Lorentzian
geometry.
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The asymptotic boundary

∂∞AdSn+1=∂Hn × R
The metric g blows up on ∂∞AdSn+1.

Rescaling g by the factor (1− r2)2 we have

(1− r2)2g = 4(dx2
1 + . . . dx2

n )− (1 + r2)2dt2

On ∂∞AdSn+1 a conformal Lorentzian structure is defined.
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Spacelike graphs

Let M0 be a spacelike hypersurface in AdSn+1 that is a graph of
a function

u0 : Hn → R

Remark (Mess)
Every complete spacelike surface in AdSn+1 is a graph.

Remark

The function u0 extends to a function ū0 : Hn → R. The graph
of ū0 is the closure of M0 into AdS

n+1
.

∂∞M = closure of M in ∂∞AdSn+1
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The mean curvature flow

Let Mu0 be a spacelike graph in AdSn+1.
The mean curvature flow starting from Mu0 is a map

σ : Mu0 × [0,T ]→ AdSn+1

such that
For every s the map σ(·, s) is an embedding of Mu0 onto a
spacelike graph Mus ;
∂σ
∂s = Hν;
σ(x ,0) = x ;
∂∞Mus = ∂∞Mu0 .
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Longtime existence of MCF

Let M be a spacelike graph. In general ∂∞M is achronal.

If ∂∞M is acausal we prove that there exists a family of
spacelike hypersurfaces (Ms)s∈[0,+∞) such that

Ms are moving by Mean Curvature Flow;
M0 = M;
∂∞Ms = ∂∞M;
Ms is the graph of a function us : Hn → R;

.
For any divergent sequence sn, there is a subsequence snk

such that Msnk
converge to a maximal surface N with

∂∞N = ∂∞M.
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Let Γ be a spacelike curve in ∂AdS3 that is the graph of some
function

ψ : ∂H2 → R .

Let K be the convex hull of Γ. The width of Γ is

w(Γ) = sup{`(c)|c is a timelike path contained in K} .

We have w(Γ) ∈ [0, π/2], and w(Γ) = 0 iff K is a totally
geodesic plane.
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Maximal surfaces in AdS3

THM
If w(Γ) < π/2, then there is a unique maximal surface
M ⊂ AdS3 such that

∂∞M = Γ.
There is ε > 0 such that kM < −ε2.

Moreover, the second fundamental form is bounded.

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Statement of results
Spacelike graphs in AdSn+1

The existence of the mean curvature flow

Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdSn+1
Motivation

Quasi-conformal diffeomorphism of the hyperbolic
plane

A diffeomorphism φ : H2 → H2 is quasi-conformal if there
exists C < 1 such that

|∂z̄φ| < C|∂zφ| .

Any quasi-conformal diffeomorphism of H2 extends to a
homeomorphism of S1

∞ = ∂H2 that is quasi-symmetric.
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Quasi-symmetric homeomorphism of a circle

A homeomorphism g : S1
∞ → S1

∞ is quasi-symmetric if
there exists K such that∣∣∣∣g(θ + h)− g(θ)

g(θ − h)− g(θ)

∣∣∣∣ < K

for every θ,h ∈ R.
A homeomorphism g : S1

∞ → S1
∞ is quasi-symmetric iff

there exists a quasi-conformal diffeo φ of H2 such that
g = φ|S1

∞
.
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Schoen conjecture

Conjecture (Shoen)

For any quasi-symmetric homeomorphism g : S1
∞ → S1

∞ there
is a unique quasi-conformal harmonic diffeo φ of H2 such that
g = φ|S1

∞
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Main result

THM (B-Schlenker)

For any quasi-symmetric homeomorphism g : S1
∞ → S1

∞ there
is a unique quasi-conformal minimal Lagrangian
diffeomorphism Φ : H2 → H2 such that g = Φ|S1

∞
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Minimal Lagrangian diffeomorphisms

A diffeomorphism Φ : H2 → H2 is minimal Lagrangian if
It is area-preserving;
The graph of Φ is a minimal surface in H2 ×H2.
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Relation with AdS geometry

We use a correspondence between minimal Lagrangian
diffeomorphisms of H2 and maximal surfaces of AdS3.

Given a qs homeo g of the circle, we construct a curve Γg
in ∂∞AdS3 such that

1 w(Γg) < π/2.
2 qc minimal Lagrangian diffeomorphisms extending g

correspond bijectively to maximal surfaces in AdS3 with
uniformly negative curvature spanning Γg .

The result eventually follows from THM 1.
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Spacelike graphs in AdS3

Let M be a spacelike graph in AdS3 and let us consider the
following tensors on M

γ: the first fundamental form;
b: the shape operator;
J: the positive rotation of π/2.

Consider the symmetric two forms

γ±(v ,w) = γ((Id ± Jb)(v), (Id ± Jb)(w))

THM (Krasnov-Schlenker)
If the sectional curvature of M is negative, then γ± are
non-degenerated hyperbolic metrics. The metrics γ± are
complete provided that M has bounded second fundamental
form and uniformly negative curvature.
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Spacelike graphs in AdS3

In the hypotheses of the theorem there are two isometries

φ± : H2 → (M, γ±)

Consider the diffeo fM = φ−1
+ ◦ φ− : H2 → H2:

fM is area-preserving.

fM is quasi-conformal: there is K < 1
K = K (sup ||A||,−1/k) such that

|∂z̄ fM | ≤ K |∂z fM | .

If M is a maximal surface then the graph of fM is a minimal
surface in H2 ×H2.
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Spacelike functions

A function
u : Hn → R

is spacelike if its graph

Mu = {(x ,u(x)) ∈ AdSn+1|x ∈ Hn}

is spacelike.

The function u is spacelike iff

∑(
∂u
∂xi

)2

<

(
2

1 + r2

)2

.

The function u is 4 Lipschitz w.r.t. the Euclidean metric of the
ball.
The function u extends to the boundary and u|∂Hn is 1-Lipschitz.
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Let ψ : ∂Hn → R be a 1-Lipschitz function. Then there is a
spacelike function u : Hn → R such that

u|∂H2 = ψ .

There are two functions

u± : Hn → R

such that
they extend ψ;
if u is any spacelike function extending ψ then

u−(x) ≤ u(x) ≤ u+(x) .
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The domain Dψ

Dψ = {(x , t)|u−(x) ≤ t ≤ u+(x)}
If u is a spacelike function extending ψ, then Mu is
contained in Dψ.
Dψ is a convex region of AdSn+1.
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The convex hull of Mu

Let u be a spacelike function and ψ = u|∂Hn .
The convex hull of Mu say Ku is contained in Dψ.
If the graph of ψ is a-causal, then Ku is contained in the interior
of Dψ.

D

K

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Statement of results
Spacelike graphs in AdSn+1

The existence of the mean curvature flow

The convex hull of Mu

Let u be a spacelike function and ψ = u|∂Hn .
The convex hull of Mu say Ku is contained in Dψ.
If the graph of ψ is a-causal, then Ku is contained in the interior
of Dψ.
For any p in the interior of Dψ, I+(p) ∩ Ku is a compact region.

p D

K
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The modified version of the flow

The modified mean curvature flow is a map

σ̂ : Hn × [0,T ]→ AdSn+1

such that
σ̂(x , s) = (x ,us(x));
us is a spacelike function;
g(∂σ̂∂s , ν) = −H;
us(x) = u0(x) for every x ∈ ∂Hn and s ≤ T
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The statement

THM
Let M0 be a spacelike graph in AdSn+1 such that ∂∞M0 is
acausal. Then there is a modified MCF

σ̂ : Hn × [0,+∞)→ AdSn+1

starting from M0.
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Scheme of the proof

Step 1: Let Mk be the intersection of M0 with Ck = B(0, k)× R.
Prove that there is a MCF Mk

s for s ∈ (0,+∞) such that
1 Mk

0 = Mk ;
2 ∂Mk

s = ∂Mk ;
3 Mk

s is the graph of a function u(k)
s : B(0, k)→ R.

Step 2: Prove that for every r > 0 and T > 0 the family

{u(k)|B(0,r)×[1/T ,+∞)}

is compact in the space of spacelike functions with respect
to the topology of C∞(B(0, r)× [1/T ,+∞)).
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Scheme of the proof

By a diagonal process we find a sequence kn such that u(kn)

converges to some map

u : Hn × (0,+∞)→ R

in the topology of C∞(Hn × (0,+∞)). We have that
σ̂(x , s) = (x ,u(x , s)) is a modified MCF.

Step3: Prove that u(x , s) converges to u0 as s → 0 and that
u(x , s) = ψ(x) for x ∈ ∂H2 and s ∈ [0,+∞).
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Step 1

Let Mk be the intersection of Mu0 with the cylinder
Ck = B(0, k)× R.
Ecker⇒ There exists a smooth family of surfaces Mk

s moving
by MCF such that

Mk
s is the graph of some spacelike function

u(k)
s : B(0, k)→ R.
∂Mk

s = ∂Mk .

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Statement of results
Spacelike graphs in AdSn+1

The existence of the mean curvature flow
Proof of the main estimate

The gradient function

Given a spacelike hypersurface M in AdSn+1, let ν be the
normal field. The gradient function on M is defined by

vM(x) = −〈ν(x),
1
|∂t |

∂t〉 .

Suppose that we have a family of modified MCF
σk : Ω× [0,T ]→ AdSn+1 ans set Nk ,s = σk (Ω, s). Suppose that
there are constants h, c, c0, c1, c2, . . . such that for every
s ∈ [0,T ] and every k ∈ N

supNk,s
|t | ≤ h

supNk,s
v < c

supNk,s
|∇mA|2 < cm for m = 0,1, . . .

then, up to some subsequence,σk converges to some modified
MCF σ∞ : Ω× [0,T ]→ AdSn+1 in C∞-topology.
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MCF and convex hull

Let K be the convex hull of M0. By maximum principle, Mk
s is

contained in K for every k > 0 and s > 0.

An a-priori height estimate for Mk
s :

sup
Mk

s ∩Cr

|t | ≤ sup
K∩Cr

|t | .
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The main estimate

Prop
For every r > 0 there are constants c, c0, c1, c2, . . . such that

supMk
s ∩Cr

v < c
supMk

s ∩Cr
|∇mA| < cm .

for k > k̄(r).

The proof is based on the maximum principle using a
localization argument due to Ecker.
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The future of a point in AdSn+1

Given p ∈ AdSn+1 we consider the function τ : I+(p)→ R that
is the Lorentzian distance from p

τ(q) = sup{`(c)|c causal path joining p to q}

For ε ≥ 0 we put I+
ε (p) = τ−1((ε,+∞)).
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For ε ≥ 0 we put I+
ε (p) = τ−1((ε,+∞)).
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Ecker estimate

Let p ∈ AdSn+1 be such that I+(p) ∩ K is compact.
We consider any family of surfaces Ns moving by MCF such
that

Ns ⊂ K ;
∂Ns ∩ (I+(p) ∩ K ) = ∅

We find a uniform estimate for vNs , A and |∇mA| on the domain
I+
ε (p) ∩ K

Lemma
For every T > 0, there are constants c, c0, c1, . . . only
depending on p,K ,T , ε such that for every Ns as above with
s > 1/T

supI+
ε (p)∩Ns

v ≤ c
supI+

ε (p)∩Ns
|∇mA| < cm .
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The main estimate

Let Kr = K ∩ Cr .
There is a finite family of points p1 . . . ,pn ∈ D and numbers
ε1, . . . εn such that Kr ⊂

⋃
I+
εj

(pj).

D
p_2p_1

K_r
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The main estimate

Let Kr = K ∩ Cr .
There is a finite family of points p1 . . . ,pn ∈ D and numbers
ε1, . . . εn such that Kr ⊂

⋃
I+
εj

(pj).
For k >> 0, ∂Mk

s ∩ I+(pj) = ∅ for j = 1, . . . ,n. So there exists c
such that for every j = 1, . . . , k

sup
Mk

s ∩I+
εj (pj )

v < c .

for s > 1/T . In particular

sup
Mk

s ∩Kr

v ≤ c .
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Step 3: The condition at infinity

We prove that for every k for every x ∈ B(0, k) and for every s
we have that

u−(x) ≤ u(k)(x , s) ≤ u+(x)

As a consequence we have that

u−(x) ≤ u(x , s) ≤ u+(x)

for every x ∈ Hn and for every s ∈ [0,+∞).
Since u− and u+ coincides with u0 on the boundary, then the
same holds for every u(·, s).

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Statement of results
Spacelike graphs in AdSn+1

The existence of the mean curvature flow
Proof of the main estimate

An a priori estimate for H

(
∂

∂s
−∆

)
(sH2) ≤ H2 − n

2
sH4

If Ω is a compact domain in Hn and

σ : Ω× [0,T ]→ AdSn+1

is a MCF such that σ(x , s) = σ(x ,0) for every s > 0, then
H(x , s) = 0 for every x ∈ ∂Ω and every s > 0.
By maximum principle we get

H2
max(s) ≤ 2

ns
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Estimate for H on Mus

By the previous argument for every u(k)
s we get

H2
u(k)

s
(x) <

2
ns

for every x ∈ B(0, k).

Passing to the limit

H2
us <

2
ns

for every x ∈ Hn.
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Estimate for H on Mus

By the previous argument for every u(k)
s we get

H2
u(k)

s
(x) <

2
ns

for every x ∈ B(0, k). Passing to the limit

H2
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2
ns

for every x ∈ Hn.
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Step 3: convergence of u(x , s) as s → 0

Since ∂su(k)
s v = H we derive that

∂su(k)
s ≤

√
2
ns

In particular we get

|u(k)
s (x)− u0(x)| ≤

√
2s
n
.

Passing to the limit on k we have

|u(x , s)− u0(x)| ≤
√

2s
n
.
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