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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

The space

H"= (B", gu) where

B" {(X1,...,Xn)|ZX,-2<1}
gﬂzﬁ(dfor...erx,z,) r=\/X+...+x?
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

The spacetime

AdS, . 1=(H" x R, g) where
14r2\? 5
g_gH—<1_r2> dt

It is the space-form of constant curvature —1 in Lorentzian
geometry.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

The asymptotic boundary

O0xAdSp1=0H" x R
@ The metric g blows up on 0,,AdS,. 1.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

The asymptotic boundary

O0xAdSp1=0H" x R
@ The metric g blows up on 0,,AdS,. 1.
@ Rescaling g by the factor (1 — r?)? we have

(1= r?)2g = 4(ax} +...axg) — (1 + r*)?af?
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

The asymptotic boundary

O0xAdSp1=0H" x R
@ The metric g blows up on 0,,AdS,. 1.
@ Rescaling g by the factor (1 — r?)? we have

(1= r?)2g = 4(ax} +...axg) — (1 + r*)?af?

On 0-,AdS,;1 a conformal Lorentzian structure is defined.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS, 4
Motivation

Spacelike graphs

Let My be a spacelike hypersurface in AdS, 4 that is a graph of
a function
Up : H" — R

Remark (Mess)

Every complete spacelike surface in AdS, 1 is a graph.

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Statement of results Anti de Sitter space and its asymptotic boundary

Mean curvature flow in AdS, 4
Motivation

Spacelike graphs

Let My be a spacelike hypersurface in AdS, 4 that is a graph of
a function
Up : H" — R

Remark (Mess)
Every complete spacelike surface in AdS, 1 is a graph.

The function uy extends to a function Ty : H® — R. The graph

of Uy is the closure of My into AdS"+1.

dooM = closure of M in 0,,AdS 1
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Statement of results Anti de Sitter space and its asymptotic boundary

Mean curvature flow in AdS, 4
Motivation

The mean curvature flow

Let My, be a spacelike graph in AdSy, 1.
The mean curvature flow starting from M,, is a map

[ MUO X [0, T] — AdSrH_‘]

such that
@ For every sthe map o(-, s) is an embedding of My, onto a

spacelike graph M,,;

) 3—(; = Hy;

@ o(x,0) = x;

o af)CMUS — OOOMUO'

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS, 4
Motivation

Longtime existence of MCF

Let M be a spacelike graph. In general 9,,M is achronal.

If 0o M is acausal we prove that there exists a family of
spacelike hypersurfaces (Ms)se(o,+o0) SUCh that

@ Mg are moving by Mean Curvature Flow;
e My =M,

@ O cMg = 0o M;

@ M; is the graph of a function us : H” — R;
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS, 4
Motivation

Longtime existence of MCF

Let M be a spacelike graph. In general 9,,M is achronal.

If 0o M is acausal we prove that there exists a family of
spacelike hypersurfaces (Ms)se(o,+o0) SUCh that

@ Mg are moving by Mean Curvature Flow;
My = M;

OocMs = Osc M

Ms is the graph of a function ug : H" — R;.

For any divergent sequence s, there is a subsequence sp,
such that M, converge to a maximal surface N with
OooN = 05 M.
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Statement of results Anti de Sitter space and its asymptotic boundary

Mean curvature flow in AdS, 4
Motivation

Let I be a spacelike curve in 0AdS; that is the graph of some
function
W OH? — R.

Let K be the convex hull of I'. The width of I'is
w(l') = sup{/(c)|c is a timelike path contained in K'} .

We have w(l) € [0,7/2], and w(I") = 0 iff K is a totally
geodesic plane.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS, 4
Motivation

Maximal surfaces in AdS;

THM

Ifw(l) < m/2, then there is a unique maximal surface
M c AdS; such that

@ O cM=T.
@ Thereis e > 0 such that ky < —e?.
Moreover, the second fundamental form is bounded.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Quasi-conformal diffeomorphism of the hyperbolic
plane

@ A diffeomorphism ¢ : H? — H? is quasi-conformal if there
exists C < 1 such that

|0z¢| < C|0z¢] .
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Quasi-conformal diffeomorphism of the hyperbolic
plane

@ A diffeomorphism ¢ : H? — H? is quasi-conformal if there
exists C < 1 such that

|0z¢| < C|0z¢] .

@ Any quasi-conformal diffeomorphism of H? extends to a
homeomorphism of S!_ = 9H? that is quasi-symmetric.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Quasi-symmetric homeomorphism of a circle

@ A homeomorphism g : S!. — S!_is quasi-symmetric if
there exists K such that

g(0+ h) — g(0)
gw—h)—g(e)‘ <K

for every 0, h € R.

@ A homeomorphism g : S!. — S!_ is quasi-symmetric iff
there exists a quasi-conformal diffeo ¢ of H? such that
9=19ls-

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Schoen conjecture

Conjecture (Shoen)

For any quasi-symmetric homeomorphism g : S!, — S!_ there
is a unique quasi-conformal harmonic diffeo ¢ of H? such that
9= 9lst
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Main result

THM (B-Schlenker)

For any quasi-symmetric homeomorphism g : S!, — S!_ there
is a unique quasi-conformal minimal Lagrangian
diffeomorphism ® : H? — H? such that g = ®|g1_
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Minimal Lagrangian diffeomorphisms

A diffeomorphism @ : H? — H? is minimal Lagrangian if
@ ltis area-preserving;
@ The graph of ® is a minimal surface in H? x H?.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Relation with AdS geometry

@ We use a correspondence between minimal Lagrangian
diffeomorphisms of H? and maximal surfaces of AdSs.
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Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Statement of results

Relation with AdS geometry

@ We use a correspondence between minimal Lagrangian
diffeomorphisms of H? and maximal surfaces of AdSs.

@ Given a gs homeo g of the circle, we construct a curve 'y
in 0,,AdS3 such that

Q w(ry) <n/2
@ qc minimal Lagrangian diffeomorphisms extending g

correspond bijectively to maximal surfaces in AdS; with
uniformly negative curvature spanning 4.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Relation with AdS geometry

@ We use a correspondence between minimal Lagrangian
diffeomorphisms of H? and maximal surfaces of AdSs.

@ Given a gs homeo g of the circle, we construct a curve 'y
in 0,,AdS3 such that

Q w(ry) <n/2
gc minimal Lagrangian diffeomorphisms extending g
correspond bijectively to maximal surfaces in AdS; with
uniformly negative curvature spanning 4.

@ The result eventually follows from THM 1.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Spacelike graphs in AdS®

Let M be a spacelike graph in AdS® and let us consider the
following tensors on M

@ ~: the first fundamental form;

@ b: the shape operator;

@ J: the positive rotation of 7 /2.
Consider the symmetric two forms

1(v, w) = y((ld + Jb)(v), (Id + Jb)(w))

THM (Krasnov-Schlenker)

If the sectional curvature of M is negative, then v are
non-degenerated hyperbolic metrics. The metrics v+ are
complete provided that M has bounded second fundamental
form and uniformly negative curvature.

Francesco Bonsante Mean curvature flow in Anti de Sitter space




Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Spacelike graphs in AdS®

In the hypotheses of the theorem there are two isometries
¢i . Hz - (M"Vi)

Consider the diffeo fyy = ¢ 0 ¢ : H? — H:
@ fy is area-preserving.
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Spacelike graphs in AdS®

In the hypotheses of the theorem there are two isometries
¢i . Hz - (M"Vi)

Consider the diffeo fyy = ¢ 0 ¢ : H? — H:
@ fy is area-preserving.
@ fy is quasi-conformal:
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Spacelike graphs in AdS®

In the hypotheses of the theorem there are two isometries
¢i . Hz - (M"Vi)

Consider the diffeo fyy = ¢ 0 ¢ : H? — H:
@ fy is area-preserving.

@ fy is quasi-conformal: there is K < 1
K = K(sup ||A||, —1/k) such that

|0zfm| < K|0zfum| -
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Statement of results Anti de Sitter space and its asymptotic boundary
Mean curvature flow in AdS,, . {
Motivation

Spacelike graphs in AdS®

In the hypotheses of the theorem there are two isometries
¢i . Hz - (M"Vi)

Consider the diffeo fyy = ¢ 0 ¢ : H? — H:
@ fy is area-preserving.

@ fy is quasi-conformal: there is K < 1
K = K(sup ||A||, —1/k) such that

|0zfm| < K|0zfum| -

@ If M is a maximal surface then the graph of fy, is a minimal
surface in H? x H?,
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Spacelike graphs in AdS,, 1

Spacelike functions

A function
u:H" >R

is spacelike if its graph
M, = {(x, u(x)) € AdSp1|x € H"}

is spacelike.
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Spacelike graphs in AdS,, 1

Spacelike functions

A function
u:H" >R

is spacelike if its graph
M, = {(x, u(x)) € AdSp1|x € H"}

is spacelike.
The function u is spacelike iff

Z ou 2 _ 5 \2
OX; 1+r2 '

The function u is 4 Lipschitz w.r.t. the Euclidean metric of the

ball.

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Spacelike graphs in AdS,, 1

Spacelike functions

A function
u:H" >R

is spacelike if its graph
M, = {(x, u(x)) € AdSp1|x € H"}

is spacelike.
The function u is spacelike iff

Z ou 2 _ 5 \2
OX; 1+r2 '
The function u is 4 Lipschitz w.r.t. the Euclidean metric of the

ball.
The function u extends to the boundary and u|sgn is 1-Lipschitz.
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Spacelike graphs in AdS,, 1

Let ¢ : 9H" — R be a 1-Lipschitz function. Then there is a
spacelike function u : H" — R such that

U‘aHZ - w .
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Spacelike graphs in AdS,, 1

Let ¢ : 9H" — R be a 1-Lipschitz function. Then there is a
spacelike function u : H" — R such that

U‘aHZ - w .

There are two functions
u+ : H" - R

such that
@ they extend v;
@ if uis any spacelike function extending v then

u_(x) < u(x) <uy(x).
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Spacelike graphs in AdS,, 1

The domain Dy,

Dy = {(x. )]u_(x) < t < uy(x)}
@ If uis a spacelike function extending 1, then M, is
contained in Dy,

@ D, is a convex region of AdSy 1.
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Spacelike graphs in AdS,, 1

The convex hull of M,

Let u be a spacelike function and ¢ = u|ggn.
@ The convex hull of M, say K, is contained in D,,.
@ If the graph of v is a-causal, then K|, is contained in the interior
of Dy.
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Spacelike graphs in AdS,, 1

The convex hull of M,

Let u be a spacelike function and ¢ = u|ggn.
@ The convex hull of M, say K, is contained in D,.

@ If the graph of ¢ is a-causal, then K, is contained in the interior
of Dy.

@ For any p in the interior of Dy, I7(p) N K, is a compact region.
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Proof of the main estimate
The existence of the mean curvature flow

The modified version of the flow

The modified mean curvature flow is a map
& :H" x [0, T] — AdSn, 1

such that
® 5(x,s) = (x, us(x));
@ Uug is a spacelike function;
® 9(52.v) = —H;
@ Us(x) = up(x) forevery x e OH"and s < T
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Proof of the main estimate

The existence of the mean curvature flow

The statement

THM

Let My be a spacelike graph in AdS,, 1 such that ..My is
acausal. Then there is a modified MCF

& :H" x [0,400) — AdSpi1

starting from M.
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Proof of the main estimate
The existence of the mean curvature flow

Scheme of the proof

Step 1: Let MX be the intersection of My with Cx = B(0, k) x R.
Prove that there is a MCF MX for s € (0, +00) such that

Q M = Mk

Q oMk = oMk,

@ M¢ is the graph of a function u{¥) : B(0, k) — R.
Step 2: Prove that for every r > 0 and T > 0 the family

(U™ 80, ryx(1 /T 400)

is compact in the space of spacelike functions with respect
to the topology of C>(B(0,r) x [1/T,+00)).
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Proof of the main estimate
The existence of the mean curvature flow

Scheme of the proof

By a diagonal process we find a sequence k, such that u(%)
converges to some map

u:H" % (0,+00) - R

in the topology of C°(H" x (0, +00)). We have that
a(x,s) = (x,u(x,s)) is a modified MCF.
Step3: Prove that u(x, s) converges to up as s — 0 and that
u(x, s) = (x) for x € OH? and s € [0, +c0).
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Proof of the main estimate
The existence of the mean curvature flow

Step 1

Let M¥ be the intersection of M,, with the cylinder

Cx = B(0,k) x R.

Ecker = There exists a smooth family of surfaces V% moving
by MCF such that

@ M¥K is the graph of some spacelike function
u B0, k) — R.
@ oMK = oMK,
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Proof of the main estimate
The existence of the mean curvature flow

The gradient function

Given a spacelike hypersurface M in AdS,. 1, let v be the
normal field. The gradient function on M is defined by

vu(x) = —(v(x), ’;HOQ )

Francesco Bonsante Mean curvature flow in Anti de Sitter space



Proof of the main estimate
The existence of the mean curvature flow

The gradient function

Given a spacelike hypersurface M in AdS,. 1, let v be the
normal field. The gradient function on M is defined by

vu(x) = —(v(x), ;t|0t> )

Suppose that we have a family of modified MCF

ok : 2 x [0, T] — AdSj1 ans set Ny s = 04(£, s). Suppose that
there are constants h, ¢, ¢y, ¢y, Co, . .. such that for every
se[0,T]and every k € N

supy, It < h

supy, vV <¢

SUpy, IVPA2 < ¢  form=0,1,...
then, up to some subsequence,o converges to some modified
MCF o : Q x [0, T] — AdS,.1 in C*-topology.



Proof of the main estimate
The existence of the mean curvature flow

MCF and convex hull

Let K be the convex hull of My. By maximum principle, M is
contained in K for every k > 0 and s > 0.
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Proof of the main estimate
The existence of the mean curvature flow

MCF and convex hull

Let K be the convex hull of My. By maximum principle, M is
contained in K for every k > 0 and s > 0.
An a-priori height estimate for MX:

sup |t] < sup |t].
MENC, KNC;
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Proof of the main estimate

The existence of the mean curvature flow

The main estimate

For every r > 0 there are constants c, ¢y, C1, Co, . .. Such that

SUPpnc, V < C
SUPync, IVTAl < Cm.

for k > k(r).

The proof is based on the maximum principle using a
localization argument due to Ecker.
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Proof of the main estimate
The existence of the mean curvature flow

The future of a point in AdS;,,1

Given p € AdS, 1 we consider the function 7 : /T (p) — R that
is the Lorentzian distance from p

7(q) = sup{¢(c)|c causal path joining p to q}

For e > 0 we put [ (p) = 77" ((¢, +0)).

-

o

-
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Proof of the main estimate
The existence of the mean curvature flow

The future of a point in AdS;,,1

Given p € AdS, 1 we consider the function 7 : /T (p) — R that
is the Lorentzian distance from p

7(q) = sup{¢(c)|c causal path joining p to q}

For e > 0 we put [ (p) = 77" ((¢, +0)).

-

>

-
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Proof of the main estimate
The existence of the mean curvature flow

Ecker estimate

Let p € AdS,;1 be such that IT(p) N K is compact.
We consider any family of surfaces Ns moving by MCF such
that

@ Ns; C K;

@ INsN(IT(P)NK) =10
We find a uniform estimate for vy,, A and [V"A| on the domain
IF(p) K
Lemma

For every T > 0, there are constants c, ¢y, Cy, ... only
depending on p, K, T, e such that for every Ns as above with
s>1/T

SUP; (o), [VTAl < Cm -

v
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Proof of the main estimate

The existence of the mean curvature flow

The main estimate

Let K, = KN C,.
There is a finite family of points p; ..., p, € D and numbers
€1,...ep such that K- < U /5 (p)).
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Proof of the main estimate
The existence of the mean curvature flow

The main estimate

Let K, = KN C,.

There is a finite family of points p; ..., ps € D and numbers
€1,...€psuchthat K, c | /;]?(pj).

For k >> 0, OME N I (p;) = 0 for j=1,..., n. So there exists ¢
such that forevery j=1,...,k

sup v<c.
Méﬂ/f;(p/)

fors > 1/T. In particular

sup v<ec.
MENK;
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Proof of the main estimate
The existence of the mean curvature flow

Step 3: The condition at infinity

We prove that for every k for every x € B(0, k) and for every s
we have that
u_(x) < uM(x,s) < uy(x)

As a consequence we have that
u_(x) < u(x,s) < uy(x)

for every x € H" and for every s € [0, +00).
Since u_ and u. coincides with uy on the boundary, then the
same holds for every u(-, s).
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Proof of the main estimate
The existence of the mean curvature flow

An a priori estimate for H

9 2 2 N
_ <
( A) (sH*) < H st
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Proof of the main estimate
The existence of the mean curvature flow

An a priori estimate for H

(83 A) (sH7) < 23

If Q is a compact domain in H" and

o:Qx[0,T] — AdS1

is @ MCF such that o(x, s) = o(x, 0) for every s > 0, then
H(x,s) = 0 for every x € 002 and every s > 0.
By maximum principle we get
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Proof of the main estimate
The existence of the mean curvature flow

Estimate for H on M,

By the previous argument for every uék) we get

2
Hz(k) (x) < —

for every x € B(0, k).
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Proof of the main estimate
The existence of the mean curvature flow

Estimate for H on M,

By the previous argument for every uék) we get

o 2

H (X)) < —
) < g

for every x € B(0, k). Passing to the limit

o 2

us < ns

for every x € H".
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Proof of the main estimate
The existence of the mean curvature flow

Step 3: convergence of u(x,s)as s — 0

Since 8su§k) v = H we derive that

5sU§k) < \/ I’?S

In particular we get

2
00 — w0 </
Passing to the limit on kK we have
2s
|u(x, 8) = Uo(X)] = \/—
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