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Construction of approximation spaces

F

parametric domain Ω̂ physical domain Ω

{Bi}i=1,...,N0
push forward of {Bi}i=1,...,N0

The geometry Ω and its NURBS parametrization F is “given” by CAD
general geometry: unstructured collection of “patches”.

The discrete space on Ω is the push-forward of Spline/NURBS

Refinement by knot insertion and degree elevation, geometry
unchanged.

Tensor product structure
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Construction of approximation spaces

F

parametric domain Ω̂ physical domain Ω

{Bi}i=1,...,N2
push forward of {Bi}i=1,...,N2

The geometry Ω and its NURBS parametrization F is “given” by CAD
general geometry: unstructured collection of “patches”.

The discrete space on Ω is the push-forward of Spline/NURBS

Refinement by knot insertion and degree elevation, geometry
unchanged.

Tensor product structure
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Approximation results in 1D

Given Ξ = {ξ0, ξ1, ..., ξn+p, ξn+p+1} be an open knot vector:

Ξ = {ζ1, . . . , ζ1︸ ︷︷ ︸
p+1 times

, ζ2, . . . , ζ2︸ ︷︷ ︸
r2 times

, . . . , ζm, . . . , ζm︸ ︷︷ ︸
p+1 times

},

with
∑m

i=1 ri = n + p + 1.

Ŝ(Ξ) = {s ∈ L2(0, 1) s|(ζi ,ζi+1) ∈ Pp

Dk
−s(ζi ) = Dk

+s(ζi ) ∀k = 0, . . . , p − ri ∀ 1 ≤ i ≤ m}.

= span{B`}`=1,..,n.

Given a mapping F ∈ Ŝ(Ξ), F : (0, 1)→ Ω,

Vh = {s : s ◦ F−1 ∈ Ŝ(Ξ)}}
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Approximation results in 1D

Given a mapping F ∈ Ŝ(Ξ), F : (0, 1)→ Ω,

Vh = {s : s ◦ F−1 ∈ Ŝ(Ξ)}}

Given u : Ω→ R we want to find an approximation in the space Vh; then,
we need a spline s ∈ S(Ξ) such that

u ≈ s ◦ F−1 in Ω

⇓
u ◦ F ≈ s in (0, 1)

BUT u ∈ Hs(Ω) 6⇒ u ◦ F ∈ Hs(0, 1) !!
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Approximation results in 1D

u ∈ Hs(Ω) 6⇒ u ◦ F ∈ Hs(0, 1)

Standard estimates does not work. In fact it would look as follows:

inf
s∈Ŝ(Ξ)

‖u ◦ F− s‖L2(0,1) ≤ Chp+1|u ◦ F|Hp+1(0,1)

Instead, u ◦ F ∈ Hs(0, 1) with

Hs(0, 1) = {v ∈ L2(0, 1) u|(ζi ,ζi+1) ∈ Hs(ζi , ζi+1)

Dk
−v(ζi ) = Dk

+v(ζi ) ∀k = 0, . . . ,min{s − 1, p − ri} ∀ i}.

The semi-norm for this space is: |v |2Hs :=
∑m−1

i=1 |v |2Hs(ζi ,ζi+1)

and ∀v ∈ Hs(0, 1) , ∃ Γ(v) ∈ Ŝ(Ξ) : v − Γ(v) ∈ Hs(0, 1) !!
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Approximation results in 1D
Schumaker book 2007, Beirao da Veiga et al 2008 - 2011

ΠS : L2([0, 1)→ Ŝ(Ξ) local projection operator:

ΠS f =
n∑

`=1

λ`(f )B` with λ`(Bk) = δ`,k .

Let û = u ◦ F. We can easily obtain: Q = F(Q̂), Q̂ = (ζi , ζi+1)

|u − ΠS(u ◦ F) ◦ F−1|Hm(Q) ≤ C |û − ΠS(û)|Hm(Q̂)

≤ C |û − Γ(û)− (ΠS(û)− Γ(û))|Hm(Q̂)

≤ C |(û − Γ(û))− ΠS(û − Γ(û))|Hm(Q̂)

≤ C ′ (hQ)p+1−m ∑

Q̂′⊂ ˜̂
Q

|û − Γ(û)|Hp+1(Q̂′)

= C ′ (hQ)p+1−m ∑

Q̂′⊂ ˜̂
Q

|û|Hp+1(Q̂′)

= C ′′ (hQ)p+1−m ∑

Q′⊂Q̃

|u|Hp+1(Q′).
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Approximation results in 2D and 3D
Schumaker book 2007, Beirao da Veiga et al 2006 - 2010 - 2011

ΠS = Π1
S ⊗ Π2

S ⊗ Π3
S

Exploiting the tensor product structure: Given u ∈ Hp+1(Ω)

|u − Π(u ◦ F) ◦ F−1|Q ≤ C (F, p)hp+1−m
∑

Q′∈Q̃

|u|Hp+1(Q ′)
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Approximation results in 2D and 3D
Schumaker book 2007, Beirao da Veiga et al 2006 - 2010 - 2011

ΠS = Π1
S ⊗ Π2

S ⊗ Π3
S

Exploiting the tensor product structure: Given u ∈ Hp+1(Ω)

|u − Π(u ◦ F) ◦ F−1|Q ≤ C (F, p)hp+1−m
∑

Q′∈Q̃

|u|Hp+1(Q ′)

Dependance of the constant in p still open. Only partial results
for reduced regularity splines: e.g., C 1 cubics, C 2 quintic ..

For NURBS, the projection becomes ...
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Approximation results in 2D and 3D
Schumaker book 2007, Beirao da Veiga et al 2006 - 2010 - 2011

u ≈
( s

w

)
◦ F−1 in Ω

⇓
u ◦ F ≈ s

w
in (0, 1)2 = Ω̂

⇓
w(u ◦ F) ≈ s in Ω̂

and the estimate works exactly the same way.
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Compute Vector fields - compatible discretizations
Finite elements

H(d ,Ω) = {v ∈ L2(Ω) | d v ∈ L2(Ω)}

{
curl u = f

⇒ u ∈ H( curl ,Ω)

div au = g

⇒ au ∈ H(div ,Ω) ....?

R→ H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H(div ,Ω)
div−−−−→ L2(Ω)→ 0

Π0

y Π1

y Π2

y Π3

y

R→ Λ0
h

∇−−−−→ Λ1
h

curl−−−−→ Λ2
h

div−−−−→ Λ3
h → 0
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Compute Vector fields - compatible discretizations
Finite elements, Nédélec ’80

R→ H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H( div ,Ω)
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Π0

y Π1
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y Π3

y
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h
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h
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h → 0
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h = Q1,1,1
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Compute Vector fields - compatible discretizations
Finite elements, Nédélec ’80
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Compute Vector fields - compatible discretizations
Finite elements, Nédélec ’80

R→ H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H( div ,Ω)
div−−−−→ L2(Ω)→ 0

Π0

y Π1

y Π2

y Π3

y

R→ Λ0
h

∇−−−−→ Λ1
h

curl−−−−→ Λ2
h

div−−−−→ Λ3
h → 0

Λ2
h = (Q1,0,0, Q0,,1,0, Q0,0,1)

A. Buffa (IMATI-CNR Italy) Compatible IGA 11 / 42



Compute Vector fields - compatible discretizations
Finite elements, Nédélec ’80

R→ H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H( div ,Ω)
div−−−−→ L2(Ω)→ 0

Π0

y Π1

y Π2

y Π3

y

R→ Λ0
h

∇−−−−→ Λ1
h

curl−−−−→ Λ2
h

div−−−−→ Λ3
h → 0

Λ3
h = Q0,0,0
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Compatible discretizations

Needed for problems with a geometric structure which has to be
preserved at the discrete level to obtain spurious free discretizations

Literature: Finite Element Exterior Calculus ...
started around 2000 and now is a rather mature theory
Arnold, Boffi, Bossavit, B., Costabel, Christiansen, Demkovicz, Dauge, Falk, Hiptmair,

Winther ....

Conjugate results from differential geometry, functional analysis and
numerical analysis.

A. Buffa (IMATI-CNR Italy) Compatible IGA 12 / 42



Compatible discretizations

Needed for problems with a geometric structure which has to be
preserved at the discrete level to obtain spurious free discretizations

Literature: Finite Element Exterior Calculus ...
started around 2000 and now is a rather mature theory
Arnold, Boffi, Bossavit, B., Costabel, Christiansen, Demkovicz, Dauge, Falk, Hiptmair,

Winther ....

Conjugate results from differential geometry, functional analysis and
numerical analysis.

A. Buffa (IMATI-CNR Italy) Compatible IGA 12 / 42



The Spline Complex
B., Sangalli, Vazquez 2009-2011

Let F : Ω̂→ Ω be the parametrization of Ω
Let Ŝp be the space of splines of degree p in 1D and set in Ω̂:

Ŝp,p,p = Ŝp ⊗ Ŝp ⊗ Ŝp
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∇−−−−→ Λ̂1
h

curl−−−−→ Λ̂2
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Λ̂1
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Let Ŝp be the space of splines of degree p in 1D and set in Ω̂:
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∇−−−−→ H( curl , Ω̂)
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y Π̂1

y Π̂2

y Π̂3
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curl−−−−→ Λ̂2
h

div−−−−→ Λ̂3
h

Λ̂2
h = (Ŝp,p−1,p−1, Ŝp−1,p,p−1, Ŝp−1,p−1,p)
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Simple 1D complex

H1(0, 1)
d/dx−−−−→ L2(0, 1)

Π

y ΠD

y

Sp d/dx−−−−→ Sp−1

Π and ΠD chosen so that the diagram commutes ΠD
d
dxφ = d

dx Πφ.

ΠD = ΠS ⇒ generates a non local and nasty Π0 :-(

Π = ΠS ⇒ generates a local and nice Π1 :-)

ΠDv =
d

dx
ΠS

∫ t

0
v(s) ds

ΠD commutes, and it is a stable projector:

Π̂p−1
D s = s ∀s ∈ Sp−1

|ΠDv |H`(I ) ≤ C |v |
H` (̃I )

, ∀u ∈ H`(0, 1) , 0 ≤ ` ≤ p − 1 .
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The Simple Complex, 3D

H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H( div ,Ω)
div−−−−→ L2(Ω)

Π0

y Π1

y Π2

y Π3

y

Λ0
h

∇−−−−→ Λ1
h

curl−−−−→ Λ2
h

div−−−−→ Λ3
h

Π0 = ΠS ⊗ ΠS ⊗ ΠS

Π1 = (ΠD ⊗ ΠS ⊗ ΠS ,

ΠS ⊗ ΠD ⊗ ΠS ,ΠS ⊗ ΠS ⊗ ΠD)

...

Π3 = ΠD ⊗ ΠD ⊗ ΠD

Πi : L2(Ω)d → L2(Ω) are bounded operators

Finite Element Exterior Calculus applies!

Well-posedness for IGA discretizations of various problems.

A. Buffa (IMATI-CNR Italy) Compatible IGA 15 / 42



The Simple Complex, 3D

H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H( div ,Ω)
div−−−−→ L2(Ω)

Π0

y Π1

y Π2

y Π3

y

Λ0
h

∇−−−−→ Λ1
h

curl−−−−→ Λ2
h

div−−−−→ Λ3
h

Π0 = ΠS ⊗ ΠS ⊗ ΠS

Π1 = (ΠD ⊗ ΠS ⊗ ΠS ,ΠS ⊗ ΠD ⊗ ΠS ,

ΠS ⊗ ΠS ⊗ ΠD)

...

Π3 = ΠD ⊗ ΠD ⊗ ΠD

Πi : L2(Ω)d → L2(Ω) are bounded operators

Finite Element Exterior Calculus applies!

Well-posedness for IGA discretizations of various problems.

A. Buffa (IMATI-CNR Italy) Compatible IGA 15 / 42



The Simple Complex, 3D

H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H( div ,Ω)
div−−−−→ L2(Ω)

Π0

y Π1

y Π2

y Π3

y

Λ0
h

∇−−−−→ Λ1
h

curl−−−−→ Λ2
h

div−−−−→ Λ3
h

Π0 = ΠS ⊗ ΠS ⊗ ΠS

Π1 = (ΠD ⊗ ΠS ⊗ ΠS ,ΠS ⊗ ΠD ⊗ ΠS ,ΠS ⊗ ΠS ⊗ ΠD)

...

Π3 = ΠD ⊗ ΠD ⊗ ΠD

Πi : L2(Ω)d → L2(Ω) are bounded operators

Finite Element Exterior Calculus applies!

Well-posedness for IGA discretizations of various problems.

A. Buffa (IMATI-CNR Italy) Compatible IGA 15 / 42



The Simple Complex, 3D

H1(Ω)
∇−−−−→ H( curl ,Ω)

curl−−−−→ H( div ,Ω)
div−−−−→ L2(Ω)

Π0

y Π1

y Π2

y Π3

y

Λ0
h

∇−−−−→ Λ1
h

curl−−−−→ Λ2
h

div−−−−→ Λ3
h

Π0 = ΠS ⊗ ΠS ⊗ ΠS

Π1 = (ΠD ⊗ ΠS ⊗ ΠS ,ΠS ⊗ ΠD ⊗ ΠS ,ΠS ⊗ ΠS ⊗ ΠD)

...

Π3 = ΠD ⊗ ΠD ⊗ ΠD

Πi : L2(Ω)d → L2(Ω) are bounded operators

Finite Element Exterior Calculus applies!

Well-posedness for IGA discretizations of various problems.

A. Buffa (IMATI-CNR Italy) Compatible IGA 15 / 42



Darcy and Maxwell problems

σ = K∇u − g , div (σ) = f , σ · n = 0 at ∂Ω.

Find σ ∈ H0(div ,Ω), u ∈ L2
0(Ω) s.t.

(K−1σ, τ )− ( div τ , u) = (g, τ ) (div σ, q) = (f , q)
for all τ ∈ H0( div ,Ω), q ∈ L2

0(Ω)

curlµ−1 curl u− ω2εu = f, u× n = 0 at ∂Ω

curlµ−1 curl u = ω2εu, u× n = 0 at ∂Ω.

Find u ∈ H0( curl ,Ω), xsω ∈ R such that

(µ−1 curl u, curl v) = ω2(εu, v) for all v ∈ H0( curl ,Ω).
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Darcy and Maxwell problems

σ = K∇u − g , div (σ) = f , σ · n = 0 at ∂Ω.

Find σ ∈ Λ2
0,h, u ∈ Λ3

0,h s.t.

(K−1σ, τ )− (div τ , u) = (g, τ ) ( div σ, q) = (f , q)
for all τ ∈ Λ2

0,h, q ∈ Λ3
0,h

curlµ−1 curl u− ω2εu = f, u× n = 0 at ∂Ω

curlµ−1 curl u = ω2εu, u× n = 0 at ∂Ω.

Find u ∈ Λ1
0,h, ω ∈ R such that

(µ−1 curl u, curl v) = ω2(εu, v) for all v ∈ Λ1
0,h.
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Maxwell eigenproblem
B. , Sangalli, Vazquez 2009

curl curlu = k2u k 6= 0 , u 6= 0

F−1 singular! 10
−2

10
−1

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

 

 

1st eigenvalue

2nd eigenvalue

3rd eigenvalue

4th eigenvalue

y = C h 4/3

y = C h 8/3

y = C h6

Mesh size

R
el

at
iv

e
er

ro
r

p = 3, C 1 on coarse mesh
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The Spline Complex

curl curl u = k2u k 6= 0 , u 6= 0

on the Fichera corner domain.

Eigensolutions are singular and going to infinity at reetrant edges
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The Spline Complex

curl curl u = k2u k 6= 0 , u 6= 0

on the Fichera corner domain.

Eigensolutions are singular and going to infinity at reetrant edges

Eigenvalues computation

CODE by Schoberl Dauge et al. IGA, p = 3 IGA, p = 6 Reliable digits

d.o.f. 53982 41691 8421 5436

Eig. 1. 3.2199939 3.3138052 3.2194306 3.2111746 3.2???e+00
Eig. 2. 5.8804425 5.8863499 5.8804604 5.8809472 5.88??e+00
Eig. 3. 5.8804553 5.8863499 5.8804604 5.8809472 5.88??e+00
Eig. 4. 10.6856632 10.6945143 10.6866214 10.6938099 1.0694e+01
Eig. 5. 10.6936955 10.6945143 10.6949643 10.7069155 1.0694e+01
Eig. 6. 10.6937289 10.7005804 10.6949643 10.7069155 1.07??e+01
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Other applications

Since fields are smooth, we can also solve other 2nd (or more) order
problems!
For example: B., de Falco, Sangalli, 2010

Stokes/Linear elasticity : −∆u +∇p = f, div (u) = 0

seek for a uh ∈ Λ2
h such that div (uh) = 0 !

John’s Lecture tomorrow!
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Solving the Stokes problem with IGA
B. De Falco, Sangalli 2010

Find (u, p) ∈ H1(Ω)2 × L2(Ω), such that

(∇u,∇v)− (p, div v) = (f, v) ∀v ∈ H1(Ω)2

(q, div u) = 0 ∀q ∈ L2(Ω)

Use Λ2
h for fields and Λ3

h for pressures:

Find (uh, ph) ∈ Λ2
h × Λ3

h, such that

(∇uh,∇vh)− (ph, div vh) = (f, vh) ∀vh ∈ Λ2
h

(qh, div uh) = 0 ∀qh ∈ Λ3
h

div : Λ2
h → Λ3

h is onto: wellposedness (up to constants) and
div uh = 0
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Numerical validation: Lid Driven cavity
B. , De Falco, Sangalli 2010

Divergence for Taylor-Hood Divergence for IGA

Evans-Hughes 2011-2012, and J. Evans PhD Thesis:
weakly imposed BCs, steady and unsteady Navier Stokes
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IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

Ω ⊂ R2 = midsurface of the plate, t = the tickness

w = deflection, θ = rotation of the normal fibers
f = applied scaled normal load.

Reissner Mindlin plate blending problem:
Find θ ∈ H1

0 (Ω)2,w ∈ H1
0 (Ω) s.t. for all η ∈ H1

0 (Ω)2, v ∈ H1
0 (Ω)

(Cε(θ), ε(η)) + µk t−2(θ −∇w ,η −∇v) = (f , v)

Locking

When t → 0, R-M → Kirchoff which means: θ = ∇w .
Gradients needs to be represented in the space of rotations
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IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

On the physical domain, by the transformation ι1:

H1(Ω)
∇−−−−→ H( curl ,Ω) −−−−→ . . .

Π0

y Π1

y

Λ0
h

∇−−−−→ Λ1
h −−−−→ . . .

Λ1
h ⊂ H1(Ω)2 as soon as Λ0

h ⊂ C 1

∇(Λ0
h ∩ H2

0 (Ω)) ⊆ Λ1
h ∩ H1

0 (Ω)2 ⇔ Kirchoff limit

Reissner Mindlin discrete problem:

Θh = Λ1
h ∩ H1

0 (Ω)2 , Wh = Λ0
h ∩ H1

0 (Ω)

Find θh ∈ Θh,wh ∈Wh s.t. for all ηh ∈ Θh, vh ∈Wh

(Cε(θh), ε(ηh)) + µk t−2(θh −∇wh,ηh −∇vh) = (f , vh)

No stabilization, no reduced integration.. built-in stable and locking free

A. Buffa (IMATI-CNR Italy) Compatible IGA 24 / 42



IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

On the physical domain, by the transformation ι1:

H1(Ω)
∇−−−−→ H( curl ,Ω) −−−−→ . . .

Π0

y Π1

y

Λ0
h

∇−−−−→ Λ1
h −−−−→ . . .

Λ1
h ⊂ H1(Ω)2 as soon as Λ0

h ⊂ C 1

∇(Λ0
h ∩ H2

0 (Ω)) ⊆ Λ1
h ∩ H1

0 (Ω)2 ⇔ Kirchoff limit

Reissner Mindlin discrete problem:

Θh = Λ1
h ∩ H1

0 (Ω)2 , Wh = Λ0
h ∩ H1

0 (Ω)

Find θh ∈ Θh,wh ∈Wh s.t. for all ηh ∈ Θh, vh ∈Wh

(Cε(θh), ε(ηh)) + µk t−2(θh −∇wh,ηh −∇vh) = (f , vh)

No stabilization, no reduced integration.. built-in stable and locking free

A. Buffa (IMATI-CNR Italy) Compatible IGA 24 / 42



IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

On the physical domain, by the transformation ι1:

H1(Ω)
∇−−−−→ H( curl ,Ω) −−−−→ . . .

Π0

y Π1

y

Λ0
h

∇−−−−→ Λ1
h −−−−→ . . .

Λ1
h ⊂ H1(Ω)2 as soon as Λ0

h ⊂ C 1

∇(Λ0
h ∩ H2

0 (Ω)) ⊆ Λ1
h ∩ H1

0 (Ω)2 ⇔ Kirchoff limit

Reissner Mindlin discrete problem:

Θh = Λ1
h ∩ H1

0 (Ω)2 , Wh = Λ0
h ∩ H1

0 (Ω)

Find θh ∈ Θh,wh ∈Wh s.t. for all ηh ∈ Θh, vh ∈Wh

(Cε(θh), ε(ηh)) + µk t−2(θh −∇wh,ηh −∇vh) = (f , vh)

No stabilization, no reduced integration.. built-in stable and locking free

A. Buffa (IMATI-CNR Italy) Compatible IGA 24 / 42



IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

On the physical domain, by the transformation ι1:

H1(Ω)
∇−−−−→ H( curl ,Ω) −−−−→ . . .

Π0

y Π1

y

Λ0
h

∇−−−−→ Λ1
h −−−−→ . . .

Λ1
h ⊂ H1(Ω)2 as soon as Λ0

h ⊂ C 1

∇(Λ0
h ∩ H2

0 (Ω)) ⊆ Λ1
h ∩ H1

0 (Ω)2 ⇔ Kirchoff limit

Reissner Mindlin discrete problem:

Θh = Λ1
h ∩ H1

0 (Ω)2 , Wh = Λ0
h ∩ H1

0 (Ω)

Find θh ∈ Θh,wh ∈Wh s.t. for all ηh ∈ Θh, vh ∈Wh

(Cε(θh), ε(ηh)) + µk t−2(θh −∇wh,ηh −∇vh) = (f , vh)

No stabilization, no reduced integration.. built-in stable and locking free

A. Buffa (IMATI-CNR Italy) Compatible IGA 24 / 42



IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

On the physical domain, by the transformation ι1:

H1(Ω)
∇−−−−→ H( curl ,Ω) −−−−→ . . .

Π0

y Π1

y

Λ0
h

∇−−−−→ Λ1
h −−−−→ . . .

Λ1
h ⊂ H1(Ω)2 as soon as Λ0

h ⊂ C 1

∇(Λ0
h ∩ H2

0 (Ω)) ⊆ Λ1
h ∩ H1

0 (Ω)2 ⇔ Kirchoff limit

Reissner Mindlin discrete problem:

Θh = Λ1
h ∩ H1

0 (Ω)2 , Wh = Λ0
h ∩ H1

0 (Ω)

Find θh ∈ Θh,wh ∈Wh s.t. for all ηh ∈ Θh, vh ∈Wh

(Cε(θh), ε(ηh)) + µk t−2(θh −∇wh,ηh −∇vh) = (f , vh)

No stabilization, no reduced integration.. built-in stable and locking free
A. Buffa (IMATI-CNR Italy) Compatible IGA 24 / 42



Convergence analysis

We can obtain a number of estimates.. and use a number of techniques..

Let γ = t−2(θ −∇w) and γh = t−2(θh −∇wh) (shear stresses)
then, for regular solutions (and q.u. meshes):

‖θ − θh‖H1 + h−1‖w − wh‖H1 + (t + h)‖γ − γh‖L2 ≤ Chp−1

1 it works with all possible BCs.

2 the quasi uniformity can be relaxed.
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Numerics for R-M

On a square, fully clamped,t = 10−3, regular solution

for which the exact solution is given by

θ(x, y) =




y3(y − 1)3x2(x − 1)2(2x − 1)

x3(x − 1)3y2(y − 1)2(2y − 1)


 (72)

w(x, y) = 1
3x3(x − 1)3y3(y − 1)3

− 2t2

5(1 − ν)

�
y3(y − 1)3x(x − 1)(5x2 − 5x + 1)

+ x3(x − 1)3y(y − 1)(5y2 − 5y + 1)
�

. (73)

In Figure (2) we plot the H1-norm of the approximation error for the displacement field w(x, y) and for a
component of the rotation field θ(x, y) (being the error for the other component, equal), using the following
spaces

• Wh(3, 2) for the deflections and Θh(3, 2) for the rotations (referred as p = 3);

• Wh(4, 3) for the deflections and Θh(4, 3) for the rotations (referred as p = 4);

and we note that the convergence rate is in good agreement with the theory.
We performed different simulations using for the thickness t = {10−1, 10−2, 10−3, 10−4} and we haven’t

noticed any significative difference (in terms of approximation error) between the various cases.
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Figure 2: Case 1 (square with four sides hardly clamped). t = 10−3

7.2. Case 2: quarter of annulus with four hardly simply supported sides.

The second test we consider consists of a fully hardly simply supported quarter of annulus (Figure 3)
and vertical load given by

f(x, y) = 104 sin
�
2 arctan( y

x )
�

15
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Numerics for R-M

Solution with boundary layer at curved sides (simply supported BCs),
t = 10−2, p = 3
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Figure 6: Coarsest mesh for the layers-adapted case.
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Figure 7: Case 3 (quarter of ring with boundary layers). Uniform mesh. p = 3, t = 10−2
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[4] I. Babuska, and J. Pitkäranta, The plate paradox for hard and soft simple support, Technical Report BN-1082, Inst. for
Phys. Sci. and Tech., Univ. of Maryland (1988).

18

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

1 10 100

h−1

h2

h3

||θ − θh||H1

!

!
!

!
!

!
!

!
||w − wh||H1

"

"
"

"

"

"

"
"

Figure 8: Case 3 (quarter of ring with boundary layers). Layers-adapted mesh. p = 3, t = 10−2. h represents the maximum
element size in the parametric domain.

10−8

10−7

10−6

10−5

10−4

10−3

10−2

0.1

1

1 10 100

h−1

h2

h3

||θ − θh||H1,p=3

!
!

!
!

!
!

!
!

!
||w − wh||H1,p=3

"

"

"

"

"

"

"

""

Figure 9: Case 4 (quarter of ring with boundary conditions for rigid motion test). p = 3, t = 10−2

[5] Y. Bazilevs, L. Beirão da Veiga, J. A. Cottrell, T. J. R. Hughes, and G. Sangalli, Isogeometric analysis: approximation,
stability and error estimates for h-refined meshes, Math. Models Methods Appl. Sci., 16 (2006), pp. 1031–1090.

[6] L. Beirão da Veiga, A. Buffa, J. Rivas and G. Sangalli, Some estimates for h-k-p refinement in isogeometric analysis,

19

It works very well...

A. Buffa (IMATI-CNR Italy) Compatible IGA 27 / 42



The Spline Complex on non-tensor product mesh

- Cubic B-spline anchors, or odd B-splines anchors;

- Quadratic B-spline anchors, or even B-splines anchors.

B ′i ,3(ζ) =
p

ξi+3 − ξi
Bi ,2(ζ)− p

ξi+3+1 − ξi+1
Bi+1,2(ζ)
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The Spline Complex on non-tensor product mesh

Cubic T-splines
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The Spline Complex on non-tensor product mesh

Cubic T-splines
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The Spline Complex on non-tensor product mesh

Quadratic T-splines
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The Spline Complex in 2D

H1(Ω̂)
∇−−−−→ H(curl, Ω̂)

curl−−−−→ L2(Ω̂)

Π0

y Π1

y Π2

y

Λ̂0
h

∇−−−−→ Λ̂1
h

curl−−−−→ Λ̂2
h

Λ̂0
h = Ŝp,p

Λ̂1
h = (Ŝp−1,p, Ŝp,p−1)

Λ̂2
h = Ŝp−1,p−1

Let us fix, p = 3.
We need to know details for S3,3, S2,2... but also S2,3 and S3,2 !

A. Buffa (IMATI-CNR Italy) Compatible IGA 31 / 42



The Spline Complex in 2D

H1(Ω̂)
∇−−−−→ H(curl, Ω̂)

curl−−−−→ L2(Ω̂)

Π0

y Π1

y Π2

y

Λ̂0
h

∇−−−−→ Λ̂1
h

curl−−−−→ Λ̂2
h

Λ̂0
h = Ŝp,p
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The Spline Complex on non-tensor product mesh

Quadratic-cubic T-splines
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Derivatives of B-splines

B ′i ,3(ζ) =
p

ξi+3 − ξi
Bi ,2(ζ)− p

ξi+3+1 − ξi+1
Bi+1,2(ζ)

Implies the following:

M33

∂x
−→

M23

A tangent vector field basis function associated to each horizontal edges
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Derivatives of B-splines

B ′i ,3(ζ) =
p

ξi+2 − ξi
Bi ,2(ζ)− p

ξi+2+1 − ξi+1
Bi+1,2(ζ)

Implies the following:

M33

∂y
−→

M32

A tangent vector field basis function associated to each vertical edges
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Derivatives of B-splines

B ′i ,3(ζ) =
p

ξi+2 − ξi
Bi ,2(ζ)− p

ξi+2+1 − ξi+1
Bi+1,2(ζ)

Implies the following:
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T-simple complex
B., G. Sangalli, R. Vazquez, 2012

R → Λ̂0
h(M33)

∇−−−−→ Λ̂1
h(M23,M32)

curl−−−−→ Λ̂2
h(M22) → 0

Λ̂0
h = Ŝp,p(M33)

Λ̂1
h =

(
Ŝp−1,p(M23), Ŝp,p−1(M32)

)

Λ̂2
h = Ŝp−1,p−1(M22)

Theorem

The sequence is exact for all Analysis Suitable T-meshes

Exactness of the discrete diagram relies upon polynomial
characterization.

Construction of suitable commuting projectors is an open question.

Practical side: the spaces are all defined on the same Bézier mesh !
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Ŝp−1,p(M23), Ŝp,p−1(M32)
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The T-spline complex: numerics
B Sangalli Vazquez 2012

curl curlu = k2u k 6= 0 , u 6= 0
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curl curlu = k2u k 6= 0 , u 6= 0
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