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o Approximation spaces
@ Definition and refinement
@ Basic estimates

9 Vector fields compatible approximations
@ De Rham Diagram : Maxwell and Darcy
@ New applications
@ The T-Spline complex
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Construction of approximation spaces

parametric domain 0 physical domain )

{Bi}i=1,...,1v0 push forward of {B;},_; No

@ The geometry Q and its NURBS parametrization F is “given” by CAD
general geometry: unstructured collection of “patches”.
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Construction of approximation spaces

parametric domain 0 physical domain )

{Bi}i=1,...,1\/1 push forward of {B;},_; x,

@ The geometry Q and its NURBS parametrization F is “given” by CAD
general geometry: unstructured collection of “patches”.
@ The discrete space on Q is the push-forward of Spline/NURBS

@ Refinement by knot insertion and degree elevation, geometry
unchanged.
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Construction of approximation spaces

parametric domain 0 physical domain )

{Bi}i=1,...,1v2 push forward of {B;},_; y,

@ The geometry Q and its NURBS parametrization F is “given” by CAD
general geometry: unstructured collection of “patches”.

@ The discrete space on Q is the push-forward of Spline/NURBS

@ Refinement by knot insertion and degree elevation, geometry
unchanged.

@ Tensor product structure
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Approximation results in 1D

Given = = {&0,&1, ..., €ntp, Entpr1} be an open knot vector:
E: {C17"’7<17C27’"7(27"’7<m7"'7<m}7
——— ——— —_——
p+1 times ry times p+1 times

with >>" i=n+p+1

S(Z) ={sel?0,1) sqc.,)€PP
Dks(¢;) = D¥s(¢;) Yk=0,....,p—r ¥V1<i<m}h
= span{By}/—1, n
Given a mapping F € 5(Z), F: (0,1) — Q,

Vi={s : soF 1e5(=)}}
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Approximation results in 1D

Given a mapping F € 5(Z), F: (0,1) — Q,
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Approximation results in 1D

Given a mapping F € 5(Z), F: (0,1) — Q,
Vi={s : soFleSE)

Given v : Q — R we want to find an approximation in the space V/; then,
we need a spline s € S(=) such that

ux~soF 1 inQ
I
uoF=~s in (0,1)

BUT ue H5(Q) # uoFe H%0,1) !l
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Approximation results in 1D

ue H(2) # wuoF e H*(0,1)
Standard estimates does not work. In fact it would look as follows:

inf [luoF —s201) < ChP"Hu o Flppiioy
seS(3)
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Approximation results in 1D

ue H(2) # wuoF e H*(0,1)
Standard estimates does not work. In fact it would look as follows:

inf [luoF —s201) < ChP"Hu o Flppiioy
seS(3)

Instead, uoF € 7°(0,1) with
H(0,1) ={vel?0,1) ugc..) € H (G, Civ1)
Dkv(¢) = DEv(¢) Yk=0,...,min{s—1,p—r} Vi}.

The semi-norm for this space is: |v|3,. 1= S v]? S(CiCinn)
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Approximation results in 1D

ue H(2) # wuoF e H*(0,1)
Standard estimates does not work. In fact it would look as follows:

inf [luoF —s201) < ChP"Hu o Flppiioy
seS(3)

Instead, uoF € 7°(0,1) with
H(0,1) ={vel?0,1) ugc..) € H (G, Civ1)
Dkv(¢) = DEv(¢) Yk=0,...,min{s—1,p—r} Vi}.

m—1 2
i=1 vi $(CisGit1)

and Vv € #5(0,1), 3T(v) € S(Z) : v—T(v) € H(0,1) I

The semi-norm for this space is: [v[3, :== Y
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Approximation results in 1D
Schumaker book 2007, Beirao da Veiga et al 2008 - 2011

e Mg : L%([0,1) — g(E) local projection operator:

n
Nef = Z)\Z(f) By with A\g(Bk) = dpk-
/=1
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Approximation results in 1D
Schumaker book 2007, Beirao da Veiga et al 2008 - 2011

e Ms: L2([0,1) — g(E) local projection operator:
n
Msf = Xe(f)Be  with Xg(By) = S
@ Let U= uoF. We can easily obtain: Q = F( ) = (Ci, Cit1)

\u—l‘ls(uo F)OF_ |Hm(Q) < C|u 5(U)|Hm(a)
< Cli— (@) (Ns(@) — (@) yogay
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Approximation results in 1D
Schumaker book 2007, Beirao da Veiga et al 2008 - 2011

e Ms: L2([0,1) — g(E) local projection operator:

n
Nef = Z)\g(f) By with A\g(Bk) = dpk-

@ Let U= uoF. We can easily obtain: Q = F( ) = (i, Cit1)
u—=Ns(uoF)oFun(q) < ClT — Ns(@)yn(g)

< Cla— (@) — (Ms(@) — T(@)] oo

< C|(a — (@) — Ns(@ = @)ooy

< C (he)Ptt7" Z [0 =T (@)l poes 1)
oca
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Approximation results in 1D
Schumaker book 2007, Beirao da Veiga et al 2008 - 2011

e Ms: L2([0,1) — E(E) local projection operator:

n
Nef = Z)\g(f) By with A\g(Bk) = dpk-

@ Let U= uoF. We can easily obtain: Q = F( ) = (i, Cit1)
u—=Ns(uoF)oFun(q) < ClT — Ns(@)yn(g)
< Cla— (@) — (Ms(@) — T(@)] oo
< C|(a— F(@) — Ms(@— F(@)l g3
< ' (h)Pttm Z [0 =T (@) or 2y
Qca
= C (b Y [l
Q'CQ
=C" (hQ)P+1—m Z |u|Hp+1(Qr).

Q'CQ
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Approximation results in 2D and 3D
Schumaker book 2007, Beirao da Veiga et al 2006 - 2010 - 2011

oMNs=Nt®NixN
e Exploiting the tensor product structure: Given u € HPT1(Q)

lu—T(uoF)oF g < C(F, p)hP"™ 3 " |ul o (Q)
Qe

(0, 1)2

QY
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Approximation results in 2D and 3D
Schumaker book 2007, Beirao da Veiga et al 2006 - 2010 - 2011

o MNs=NteNZend
e Exploiting the tensor product structure: Given u € HPT1(Q)

lu—T(uoF)oF g < C(F, p)hP"™ 3 " |ul o (Q)
Qe

@ Dependance of the constant in p still open. Only partial results

for reduced regularity splines: e.g., C! cubics, C? quintic ..

@ For NURBS, the projection becomes ...
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Approximation results in 2D and 3D
Schumaker book 2007, Beirao da Veiga et al 2006 - 2010 - 2011

4
voF~ > in (0,1)2=0Q
w
4
w(uoF)~s in Q

and the estimate works exactly the same way.
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Compute Vector fields - compatible discretizations

Finite elements

H(d,Q)={vel?Q)]|dvel?Q)}

A%
3
TN
e
Vi Rk
curlu=f i NS
SRSV NNV AR
di _ VO
wvau=g R N
N Q o
7,
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Compute Vector fields - compatible discretizations
Finite elements

H(d,Q)={vel?Q)]|dvel?Q)}

) L RETN
I A S
Y g AV
curlu=f = ucH ( curl Q) GRS
’ RSN
di _ H(div.Q 7 GO e
ivau=g = au€ H(div,Q) ...7 W)
’ S

X SR 007

LS

KO

curl

R — HY(Q) —— H(curl,Q) - H(div,Q) —&
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Compute Vector fields - compatible discretizations

Finite elements

H(d,Q)={vel?Q)|dvel?Q)}

curlu=f =

7

7

A

)
vt
iz

uc< H(curl,Q)

I S NG

SN

TN AL

di _ H(div.Q) ...7 S

ivau=g = au€ H(div,Q) ....7 N
W\ 1

R — HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q) -0

| | | |

| di
R—A —Y5 Al = A2 s A0
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Compute Vector fields - compatible discretizations

Finite elements

H(d,Q)={vel?Q)|dvel?Q)}

curlu=f =
divau=g =

R — HY(Q) —— H(curl,Q)

"]

‘!

R — A9 v

e

y % QY

V) 27 1,1/,,4‘&{,7 RN

au € H(div,Q) ....7 Ny
W 074

7K

A

A. Buffa (IMATI-CNR ltaly)

74!
2

s H(div, Q) —2 12(Q) = 0

"] "]

| di
cur /\%7 v /\:;; N 0
|
I
— — [
Compatible IGA l 10 / 42



Compute Vector fields - compatible discretizations

Finite elements, Nédélec '80

R — HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q) -0

o | al | |

v | di
RN —— A 5 A2 s A0
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Compute Vector fields - compatible discretizations

Finite elements, Nédélec '80

R — HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q) -0

| | | |

| di
R—A  —Y AL o2 AV A3

/\% — @1,1,1
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Compute Vector fields - compatible discretizations

Finite elements, Nédélec '80

R — HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q) -0

| | | |

v | di
RN —— A = A2 s A0

A[l) — ((@0,1,17 (@1,0,17 Ql,l,O)
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Compute Vector fields - compatible discretizations

Finite elements, Nédélec '80

R — HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q) -0

| | | |

| di
R—A  —Y AL o2 AV A3

/\% — ((@1,0,07 @0,,1,07 @0,0,1)
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Compute Vector fields - compatible discretizations

Finite elements, Nédélec '80

R — HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q) -0

| | | |

| di
R—A  —Y AL o2 AV A3

/\2 — @0,0,0
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Compatible discretizations

@ Needed for problems with a geometric structure which has to be
preserved at the discrete level to obtain spurious free discretizations
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Compatible discretizations

@ Needed for problems with a geometric structure which has to be
preserved at the discrete level to obtain spurious free discretizations

o Literature: Finite Element Exterior Calculus ...
started around 2000 and now is a rather mature theory
Arnold, Boffi, Bossavit, B., Costabel, Christiansen, Demkovicz, Dauge, Falk, Hiptmair,
Winther ....

@ Conjugate results from differential geometry, functional analysis and
numerical analysis.
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) —2% 12(Q)

HQ (
| al e e
A

=}

v ~ curl ~ di ~
/\:}:’ ur| /\%1 iv /\?7

A0 _ Cp.p,p
N,=S
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) —2% 12(Q)

HQ (
| al e e
A

=}

\Y% ~ curl N
Y, A e, R

! Sp—1 Spp—lp © -1
A} = (SP~Lpp GPP=Lp SppPp-1)

Dy : SppP _y GP—Lp,p
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) —2% 12(Q)
ol ol
K% v K% curl 7\‘% div Ki

K% _ (§p7pfl,pfl7 sp—1p.p-1 §p717p717p)
)
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) —2% 12(Q)
ol ol
K% v K% curl 7\‘% div Ki

ﬂz — Gp—1p—lp-1
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

o | al e | dl

v 1 di
/\% /\:}:’ cur /\%’ iv /\?7
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

o | al e | dl

v 1 di
/\% /\:}:’ cur /\%1 iv /\?7

N=@[N] R)oF=0¢
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

o | al e | dl

0 A\ 1 curl 2 div 3
/\h /\h /\h /\h

Ay=u [A)] (U)oF =DF Tu
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

o | al e | dl

0 A\ 1 curl 2 div 3
/\h /\h /\h /\h

A2 =@2[AN]  &(@)oF = (detDF)"'DFu
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

o | al e | dl

0 A\ 1 curl 2 div 3
/\h /\h /\h /\h

A} =3 [SPLPbe=1] 3(4) o F = (detDF) 1
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The Spline Complex

B., Sangalli, Vazquez 2009-2011

Let F: Q — Q be the parametrization of Q R
Let SP be the space of splines of degree p in 1D and set in €2:

SPPP — GP  SP @ GP

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

o | al e | dl

v 1 di
/\% /\:}:’ cur /\%’ iv /\?7

Ny= @ [SP71272 ] () o F = (detDF) 1)

e how one constructs projectors?
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Simple 1D complex

H(0,1) /%, 12(0,1)

| o]

Sp d/dx gp-1
M and Mp chosen so that the diagram commutes I"IDd% = %I’Iqﬁ.
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Simple 1D complex

H(0,1) /%, 12(0,1)

I'Il nol
sp Y, gp

M and Mp chosen so that the diagram commutes I"IDd%QS = %I'Igb.
o [1p =Tls = generates a non local and nasty [y =(
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Simple 1D complex

H(0,1) /%, 12(0,1)

| o]

LIS
1 and lNp chosen so that the diagram commutes I—IDd% = %I'Igb.
o [1p =Tls = generates a non local and nasty [y =(
o 1 =g = generates a local and nice M =)

d t
Mpv = dXI'IS/O v(s) ds
Mp commutes, and it is a stable projector:
ﬁ%_ls =5 Vs € §P1
Movlkey < Clvlpegs Yue HY0,1), 0</<p-1.
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The Simple Complex, 3D

HY(Q) —— H(curl,Q) - H(div,Q) -2

| al

\Y%

N A}

e N=Ns®Ns®Mg
o N'=(Np®Ns®Ms,

A. Buffa (IMATI-CNR ltaly)

curl

Compatible IGA

0|

A

d1v L2 (Q)
r|3l
div /\2
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The Simple Complex, 3D

HY(Q) —— H(curl,Q) - H(div,Q) -2

| al |

v |
/\% /\:,I'.l cur /\%’

e N=Ns®Ns®Mg
o M=MNp®Ns®Ns,Ms®Mp®MNs,
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The Simple Complex, 3D

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

| al | dl

v curl
Ny —— N N N

o M =Ns®Ns®MNs
o M=MNp®Ns®Ns,Ms®Mp®MNs,MNs®MNs®MNp)
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The Simple Complex, 3D

HY(Q) —— H(curl,Q) - H(div,Q) -2 12(Q)

| al | dl

v div

N N S A A2

o MN'="Ns®MNs®MNs

o N =(Mp@Ns®MNs,Ns®Mp®Ms,Ms @ MNs @ Mp)

o ...

o |_|3ZHD®|_|D®|_|D

N; : L2(Q)Y — L%(Q) are bounded operators

Finite Element Exterior Calculus applies!
Well-posedness for IGA discretizations of various problems. J
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Darcy and Maxwell problems

e oc=KVu-—g, div(e) =f, oc-n=0 at 0.

Find o € Ho(div,Q), u € L3(Q) s.t.
(K~to,7) — (div 7,u) = (g,7) (div o,q) = (f,q)
for all T € Ho(div,Q), g € L3(R)
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Darcy and Maxwell problems

e c=KVu-g, div(e) =f,
Find o € Ho(div,Q), u € L3(Q) s.t.
(K~to,7) — (div 7,u) = (g,7) (div o,q) = (f,q)

for all T € Ho(div,Q), g € L3(R)
curlu—w?cu=f, uxn=0atdQ

o-n=0 at 09Q.

o curlp™!
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Darcy and Maxwell problems

e oc=KVu-—g, div(e) =f, oc-n=0 at 0.
Find o € Ho(div,Q), u € L3(Q) s.t.
(K~to,7) — (div 7,u) = (g,7) (div o,q) = (f,q)
for all T € Ho(div,Q), g € L3(R)
eu=f, uxn=0atof
curlu = w?cu, uxn=0atoQ.

-1 2

o curlp “curlu —w

o curl ™!

Find u € Ho(curl,Q), xsw € R such that
(! curlu, curlv) = w?(eu,v) for all v € Hy(curl, Q).
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Darcy and Maxwell problems

e oc=KVu-g, div(e) =f, oc-n=0 at 0Q.

Find o € /\(2)7,7, ue /\g,h s.t.
(Ko, 7) — (div T,u) = (g,7) (divo,q)=(f,q)
for all T € /\%7,7, qe /\87,7
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Darcy and Maxwell problems

e oc=KVu-g, div(e) =f, oc-n=0 at 0Q.

Find o € /\(2)7,7, ue /\g,h s.t.
(Ko, 7) — (div T,u) = (g,7) (divo,q)=(f,q)
for all T € /\%’h, qe /\g h

1

o curlptcurlu—w?cu=Ff, uxn=0atodQ
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Darcy and Maxwell problems

e oc=KVu-g, div(e) =f, oc-n=0 at 0Q.
FindaE/\ah,uE/\ah s.t.
(Klo,7) - (div 7,u) = (g, 7) (divo,q)=(f,q)
for all T € /\(2)7,7, qc /\8’7,7
eu=f, uxn=0atoQ
curlu =w?cu, uxn=0 at 9Q.

1 2

o curlp " curlu —w

o curlp™!

Find u € /\é}h, w € R such that

(pteurlu, curlv) = w?(eu,v) for all v € A} ,.
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Maxwell eigenproblem
B., Sangalli, Vazquez 2009

curl curlu = k°u k#0, u#0

05 T8

F~! singular!

A. Buffa (IMATI-CNR ltaly)

10
107 4
L
;_(10 b
o
—
g
10° 4
[
2
= —6— 1%t eigenvalue
.1«6107B P —<— 2" eigenvalue |4
é Pid —=— 3% eigenvalue
e —2— 4" eigenvalue
107 . ——y=ch® H
— —-y=ch®
——y=che
1072 .
107 107"

Mesh size

p =3, C! on coarse mesh
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The Spline Complex

curl curlu = k?u k#0, u#0

on the Fichera corner domain.

Eigensolutions are singular and going to infinity at reetrant edges

A. Buffa (IMATI-CNR ltaly) Compatible IGA

19 / 42



The Spline Complex
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on the Fichera corner domain.

Eigensolutions are singular and going to infinity at reetrant edges
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The Spline Complex

curl curlu = K%u

on the Fichera corner domain.

k#0, u#0

Eigensolutions are singular and going to infinity at reetrant edges

Eigenvalues computation

CODE by Schoberl Dauge et al. | IGA, p =3 | IGA, p =6 || Reliable digits
d.o.f. 53982 41691 8421 5436

Eig. 1. 3.2199939 3.3138052 3.2194306 | 3.2111746 3.2777e4-00
Eig. 2. 5.8804425 5.8863499 5.8804604 | 5.8809472 5.8877e+4-00
Eig. 3. 5.8804553 5.8863499 5.8804604 | 5.8809472 5.8877e+4-00
Eig. 4. 10.6856632 | 10.6945143 | 10.6866214 | 10.6938099 1.0694e+01
Eig. 5. 10.6936955 | 10.6945143 | 10.6949643 | 10.7069155 1.0694e+01
Eig. 6. 10.6937289 | 10.7005804 | 10.6949643 | 10.7069155 1.0777e+4-01
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Other applications

Since fields are smooth, we can also solve other 2nd (or more) order
problems!

For example: B., de Falco, Sangalli, 2010
o Stokes/Linear elasticity : —Au+ Vp=f, div(u) =0

seek for a up € A? such that div (up) =0!

John's Lecture tomorrow!

A. Buffa (IMATI-CNR ltaly) Compatible IGA 20 / 42



Solving the Stokes problem with IGA

B. De Falco, Sangalli 2010
Find (u, p) € HY(Q)? x L%(Q), such that

(Vu, Vv) — (p, divv) = (f,v) Yv e HY(Q)?
(g, divu) =0 Vg € L2(Q)

A. Buffa (IMATI-CNR ltaly) Compatible IGA
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B. De Falco, Sangalli 2010
Find (u, p) € HY(Q)? x L%(Q), such that

(Vu, Vv) — (p, divv) = (f,v) Yv e HY(Q)?
(g, divu) =0 Vg € L2(Q)

Use /\%7 for fields and /\,37 for pressures:
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Solving the Stokes problem with IGA

B. De Falco, Sangalli 2010
Find (u, p) € HY(Q)? x L%(Q), such that

(Vu, Vv) — (p, divv) = (f,v) Yv e HY(Q)?
(g, divu) =0 Vg € L2(Q)

Use /\%7 for fields and /\,37 for pressures:

Find (up, pr) € AZ x A3, such that

(Vup, Vvp) = (pn, divvy) = (F,vy) Vv, € A2
(qh, div uh) =0 th € /\?7
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Solving the Stokes problem with IGA

B. De Falco, Sangalli 2010
Find (u, p) € HY(Q)? x L%(Q), such that

(Vu, Vv) — (p, divv) = (f,v) Yv e HY(Q)?
(g, divu) =0 Vg € L2(Q)

Use /\%7 for fields and /\;9‘7 for pressures:

Find (up, pr) € AZ x A3, such that

(Vuh, Vvh) — (ph, div vh) = (f,vh) Vv, € /\%7
(qh, div uh) =0 Vap € /\?7

div : A2 — A} is onto: wellposedness (up to constants) and
div up = 0

A. Buffa (IMATI-CNR ltaly) Compatible IGA
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Numerical validation: Lid Driven cavity

B. , De Falco, Sangalli 2010

Divergence for Taylor-Hood

A. Buffa (IMATI-CNR ltaly)

Divergence for IGA

0
div(v)
2072
1

o

Compatible IGA
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Numerical validation: Lid Driven cavity
B. , De Falco, Sangalli 2010

Divergence for IGA

div(v) div(v
2072 .9%e-14

1

Divergence for Taylor-Hood

it
¥l

Compatible IGA 22 /42
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Numerical validation: Lid Driven cavity
B. , De Falco, Sangalli 2010

Divergence for Taylor-Hood Divergence for IGA
0

div(v) (v,

2072 .9%e-14

1
le-14

0 0
-le-14

-1

-1.2072 @

0.0 1.8 -0.5

Evans-Hughes 2011-2012, and J. Evans PhD Thesis:
weakly imposed BCs, steady and unsteady Navier Stokes

u]

o)
I
i

it
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IGA techniques for Reissner Mindlin plates

Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

e Q C R? = midsurface of the plate, t = the tickness
@ w = deflection, 6 = rotation of the normal fibers
f = applied scaled normal load.

Reissner Mindlin plate blending problem:
Find 8 € H}(Q)2, w € H}(Q) s.t. for all p € H}(Q)?,v € HY(Q)

(Ce(0),e(n)) + pkt=2(0 — Vw,n — Vv) = (f,v)

Locking

When t — 0, R-M — Kirchoff which means: 8 = Vw.
Gradients needs to be represented in the space of rotations

A. Buffa (IMATI-CNR ltaly) Compatible IGA 23 /42



IGA techniques for Reissner Mindlin plates

Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

On the physical domain, by the transformation ¢!:

HY(Q) —— H(curl,Q) —— ...

o | m |

v

NV A

A} C HY(Q2)? as soon as \) C C!
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IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011

On the physical domain, by the transformation ¢!:

HY(Q) —— H(curl,Q) —— ...
| "]
A
A} C HY(Q2)? as soon as \) C C!

V(A2 N HZ(RQ)) € AL N HE(RQ)? < Kirchoff limit
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IGA techniques for Reissner Mindlin plates

Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011
On the physical domain, by the transformation ¢!:

HY(Q) —— H(curl,Q) —— ...
nOJ/ HIJ/
Ao AN A} — ...

A} C HY(Q2)? as soon as \) C C!

V(N N H3(Q)) € AL N HE(Q)? < Kirchoff limit

Reissner Mindlin discrete problem:

O, = AL NHI(Q)?, Wy, =A) N H(Q)
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IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011
On the physical domain, by the transformation ¢!:

HY(Q) —— H(curl,Q) —— ...
HOJ/ HIJ/
Ao AN A} — ...

A} C HY(Q2)? as soon as \) C C!

V(N N H3(Q)) € AL N HE(Q)? < Kirchoff limit J

Reissner Mindlin discrete problem:
O, = AL NHI(Q)?, Wy, =A) N H(Q)
Find 8, € ®p, wp, € W, s.t. for all p, € Op, v, € Wy
(Ce(0r),e(np)) + pk t=2(8, — Vwpy,my — Vi) = (f, vp)
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IGA techniques for Reissner Mindlin plates
Beirao da Veiga, B., Lovadina, Martinelli, Sangalli 2011
On the physical domain, by the transformation ¢!:

HY(Q) —— H(curl,Q) —— ...
nOJ/ HIJ/
Ao AN A} — ...

A} C HY(Q2)? as soon as \) C C!

V(N N H3(Q)) € AL N HE(Q)? < Kirchoff limit J

Reissner Mindlin discrete problem:
O, = AL NHI(Q)?, Wy, =A) N H(Q)
Find 8, € ®p, wp, € W, s.t. for all p, € Op, v, € Wy
(Ce(0r),e(np)) + pk t=2(8, — Vwpy,my — Vi) = (f, vp)

No stabilization, no reduced integration.. built-in stable and locking_free
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Convergence analysis

We can obtain a number of estimates.. and use a number of techniques..
Let v = t72(6 — Vw) and 7}, = t2(8), — Vwy) (shear stresses)

then, for regular solutions (and g.u. meshes):

10 = Onllp + hHlw — wi |2 + (£ + h)lly = y4ll2 < CHPT

A. Buffa (IMATI-CNR ltaly) Compatible IGA
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Convergence analysis

We can obtain a number of estimates.. and use a number of techniques..
Let v = t72(6 — Vw) and 7}, = t2(8), — Vwy) (shear stresses)

then, for regular solutions (and g.u. meshes):

10 = Onllp + hHlw — wi |2 + (£ + h)lly = y4ll2 < CHPT

@ it works with all possible BCs.

@ the quasi uniformity can be relaxed.
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Numerics for R-M

On a square, fully clamped,t = 1073, regular solution

1073

=
o
|
IS

URRRLL BR B L L R e

= =
99
© o)
Ty

T
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Numerics for R-M

Solution with boundary layer at curved sides (simply supported BCs),
t=10"2 p=3

16— 0n
[lw —wp
1079 = L

HY —V—
 —¥—

1 10 100
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Numerics for R-M

Solution with boundary layer at curved sides (simply supported BCs),
t=10"2 p=3

1072

s
10 110 — 0,
||w — wy,

H —vV—
— v
10-9 m L 1

1 10 100

It works very well...
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The Spline Complex on non-tensor product mesh
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The Spline Complex on non-tensor product mesh

- Cubic B-spline anchors, or odd B-splines anchors;

- Quadratic B-spline anchors, or even B-splines anchors.
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The Spline Complex on non-tensor product mesh

- Cubic B-spline anchors, or odd B-splines anchors;

- Quadratic B-spline anchors, or even B-splines anchors.

Bl5(C) P Bia(¢)— P B12(0)

=P B,)-
Eipz—& " it — &ip1
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The Spline Complex on non-tensor product mesh

Cubic T-splines
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The Spline Complex on non-tensor product mesh

Cubic T-splines

®

@D
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The Spline Complex on non-tensor product mesh

A. Buffa (IMATI-CNR ltaly)

Quadratic T-splines

Compatible IGA
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The Spline Complex in 2D

HY(Q) —Y H(curl, Q) —L, 12(Q)
nol nll r|2l
RO \%4 N1 curl o
—_— Ay, — A

° K% — SPp
° K}) — (§pfl,p7 /S\p,pfl)

° /\%7 — Sp—1p-1
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The Spline Complex in 2D

HY(Q) —Y H(curl, Q) —L, 12(Q)
nol nll r|2l
RO \%4 7\\}7 curl K%

° R% = PP
° K}) — (§pfl,p7 /S\p,pfl)
° K% — Gp—lp-1
Let us fix, p = 3.
We need to know details for S33, $22_ but also S?3 and S32 |
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The Spline Complex on non-tensor product mesh

Quadratic-cubic T-splines
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Derivatives of B-splines

Bl3(¢) = ——Bia(¢) - ————Bi112(0)

§it3 — ff it —&ip1

Implies the following:

M33 M23

A. Buffa (IMATI-CNR ltaly) Compatible IGA
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Derivatives of B-splines

Bia(C) - $Bi+172(0

it —&ip1

P
£I+3 f/

Implies the following:

/\/l33 M23

A tangent vector field basis function associated to_each, horizontal edges
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Derivatives of B-splines

Bl3(¢) = ——Bia(¢) - ————Bi112(0)

§ig2 — ff Sivor1 —&ip1

Implies the following:

M33 M32
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Derivatives of B-splines

Bia(C) - $Bi+172(0

Sivor1 —&ip1

P
£I+2 f/

Implies the following:

/\/l33 M32

A tangent vector field basis function associated to_each, vertical edges
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Derivatives of B-splines

15(0) = —L—Bia(O) - ——F——Bi112(0)

it2 — f: Eivor1 — &t

Implies the following:

./\/123 M22
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Derivatives of B-splines

15(0) = —L—Bia(O) - ——F——Bi112(0)

it2 — f: Eivor1 — &t

Implies the following:

./\/132 M22
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T-simple complex
B., G. Sangalli, R. Vazquez, 2012

) R% = §p’p(./\/l33)
° /\}7 - (5p—1,p(M23),5p,p—1(M32))
° /\%7 = Sp_l’p_l(./\/lzz)
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T-simple complex
B., G. Sangalli, R. Vazquez, 2012

) R% = §p’p(./\/l33)
° /\}7 - (5p—1,p(M23),5p,p—1(M32))
° /\%7 = Sp_l’p_l(./\/lzz)

Theorem
The sequence is exact for all Analysis Suitable T-meshes J
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T-simple complex
B., G. Sangalli, R. Vazquez, 2012

R — AY(Ms33) —— A(Maz, M) —25 A2(M3) — 0

° ﬂ% = 5PP(Ms3)
° /\}7 = (Sp_l’p(M23),Sp’p_l(M32))
° /\%7 = Spfl’pfl(./\/lzz)

Theorem
The sequence is exact for all Analysis Suitable T-meshes J

@ Exactness of the discrete diagram relies upon polynomial
characterization.
@ Construction of suitable commuting projectors is an open question.

@ Practical side: the spaces are all defined on the same Bézier mesh !
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The T-spline complex: numerics
B Sangalli Vazquez 2012

curlcurlu = ku k#0, u#0

Eigenvalue
©
8

O Degree 4
O Degree5
- Exact
10
o ‘ ‘ ‘ ‘
0 10 20 30 40 50 60

HEE SR Rank in the (non-null) spectrum
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The T-spline complex: numerics
B Sangalli Vazquez 2012

curlcurlu = ku k#0, u#0
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The T-spline complex: numerics
B Sangalli Vazquez 2012

Relative error

curl curlu = k°u

k#0, u0

10

07

10° F

—e— T-splines
—w— B-splines

y=cN*

- —6— T-splines
—— B-splines

y=CN®

Relative error

i
10° 10
Degrees of freedom

A. Buffa (IMATI-CNR ltaly)

n

i
10 10 10° 10*

Degrees of freedom
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ﬁ Y. Bazilevs, L. Beirdo da Veiga, J. A. Cottrell, T. J. R. Hughes, and
G. Sangalli.

Isogeometric analysis: approximation, stability and error estimates for
h-refined meshes.

Math. Models Methods Appl. Sci., 16(7):1031-1090, 2006.

ﬁ L. Beirdo da Veiga, A. Buffa, G. Sangalli, and J. Rivas.
Some estimates for h — p — k refinements in isogeometric analysis.
Numer. Mathem. 118 (2011), no. 2, 271-305.

[@ L. Beirdo da Veiga, D. Cho, G. Sangalli,
Anisotropic NURBS approximation in Isogeometric analysis
Comput. Methods Appl. Mech. Engrg., 209 (2012), pp 1-11.
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[§ A. Buffa, G. Sangalli, and R. Vézquez.
Isogeometric analysis in electromagnetics: B-splines approximation.
Comput. Methods Appl. Mech. Engrg., 199 (2010), pp. 1143 — 1152.

ﬁ A. Buffa, J. Rivas, G. Sangalli, and R. Vazquez.
Isogeometric Discrete Differential Forms in Three Dimensions
SIAM J. Numer. Anal. 49 (2) (2011), pp. 818-844.

[§ A. Buffa, C. de Falco, and G. Sangalli.
Isogeometric analysis: new stable elements for the Stokes equation.
Int. J. Numer. Meth. Fluids, 11-12 (2011), pp. 1407-1422

ﬁ L. Beirdo da Veiga, A. Buffa, C. Lovadina, M. Martinelli.
An isogeometric method for the Reissner-Mindlin plate bending
problem
Comput. Methods Appl. Mech. Engrg., (2011) 209-212, pp. 45-53.
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ﬁ L. Beirdo da Veiga, A. Buffa, D. Cho, G. Sangalli,
Analysis-Suitable T-splines are Dual-Compatible,
Comput. Methods Appl. Mech. Engrg,, in press (2012).

[§ L. Beirdo da Veiga, A. Buffa, G. Sangalli, R. Vizquez
Analysis-suitable T-splines of arbitrary degree: definition and
properties
Comput. Methods Appl. Mech. Engrg,, to appear (2012).
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Open Position

We have an opening for a post-doctoral position at the

Mathematics Department, University of Pavia

@ Two year position
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Open Position

We have an opening for a post-doctoral position at the

Mathematics Department, University of Pavia

@ Two year position

@ Skills: mathematics background in discretization of PDEs,

programming experience, possibly in C4++ or in other object oriented
languages

@ Application oriented research program
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Open Position

We have an opening for a post-doctoral position at the

Mathematics Department, University of Pavia

@ Two year position

@ Skills: mathematics background in discretization of PDEs,

programming experience, possibly in C4++ or in other object oriented
languages

@ Application oriented research program

Ask to either me or Giancarlo for further information
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