An approach for symmetric positive definite matrices

We now assume that the system matrix is symmetric and positive definite
(SPD), and discuss a different iterative approach.

Recall the problem we want to solve: given b € R"”, and A € R"*", we
look for x* € R" solution of

Ax" = b (1)
Write (x,y) = >, xiy; for the Euclidean scalar product. Since A is SPD,
it also defines the scalar product

(X;}/)A = (AX’y)v (XaX)A>0 VX#O

Then we can introduce the functional F : R" — R defined as:

1

~(x,x)a — (b, x) Vx € R" (2)

F(x) := 5
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Theorem 1

If A€ R"™" s SPD, problem (1) has a unique solution, and is equivalent
to the following minimum problem for the functional defined in (2):

(3)

find u € R” such that
F(u) < F(x) Vx € R"

(that is, (3) has a unique solution u € R", and u = x*).
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Proof.

Since A is positive definite, problem (1) has a unique solution (det(A) # 0).
Now, F is a quadratic functional (hence, differentiable), and

_a_F_
6X1

OF
VF(x)= |0x, | =Ax—b H(F)=A (H(F) = Hessian matrix)

oF
L Oxp |

Since A is positive definite, the matrix H(F) has positive eigenvalues (and real
because A is symmetric). Hence, F is strictly convex, that is, it has a unique
minimum. Let v € R” be the point of minimum. As such, it verifies

VF(u)=0 — Au—b=0.

Since the solution of (1) is unique, u = x*. O
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Example: gradient and Hessian in two variables
Let x = (x;,x2)7, b= (b1, b5)" and A = <311 a2

> be SPD, so ay; = a1s.
a1 ax
Expanding the products gives

1
F(x) = E(Ax,x) —(b,x)
1
= 5311X12 + axixo + 5322X22 — bixy — baxo.

Differentiate with respect to one variable, keeping the other constant:
oF 1

= —ai1 - 2x) + appxe — by = aiixqg + apxe — by,
8X1 2
OF 1
S = aX1 + zaxn - 2x0 — by = asnxy + axnxe — bo.
an 2

Collecting these derivatives in a column gives
VF(x) = axtawe — b\ _ fan aw) (xa) _ (b} _ 4,
axx1 + axnxe — by a1 an) \x bo
Differentiating each component once more gives the Hessian:

_ 82F/axl2 32F/3X23X1 _fau a2\
H(F)_<82F/8X18X2 62F/8X22 - dp1 a2 =A.
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Descent Methods

Given the equivalence between the linear system (1) and the minimum
problem (3), we look for x* as minimum point for F(x).

Starting from an initial guess x(®) (any), we want to construct a sequence
x(K) converging to x* in the following way:

xOgiven. Then, for k = 0,1,2,--- set  x(kT1) = x(K) o, p(k)

e p(%) are directions of descent,
e o, are numbers that tell us how much to descend along p(K).
They have to be chosen to guarantee descent, that is, to guarantee that

F(x% )y < F(x)y k.
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Descent methods

The optimal value of a, can be computed by imposing

63F(x +apy=0

which guarantees maximum descent of F along the descent direction p(¥). Indeed,
F(x(k) + ap(k)) - % (X(k) +ap® XK 4 ap(k))A _ (b, (k) 4 ap(k)>
2
— L (p R (k) _ (k) 1w () _ (k)
© T ) () ] (0, (54

With respect to the variable «, this function is a quadratic polynomial, its graph is a parabola
and its minimum occurs at the stationary point:

0
ZF(xF) £ apy = o (pk), pk) Ax(K) — p p(F)) =
(X" + ap') (p P ) +( X N ) 0

(6= Ao pk>) (r9, p9)
(pk), pR) 0 (p), p(k)) 4

ay = optimal a =
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Steepest Descent Method (or Gradient Method)

pk) = direction of steepest descent = —VF(x(K)) = b — Ax(K) = ((K)

llustration: A= (41), b=(1,1)7, starting from x© = (-3, -2)".
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Steepest Descent Method (or Gradient Method)

pt¥) = direction of steepest descent = —VF(x(k)) = b— Ax(K) = (k)

This is also seen from the Taylor expansion:
F(x® + apy = F(xK) + (ap®, VF(xK)) + O(||ap|?)

Thus F(x ) < F(x®)) if pk) = —VF(x(K)) and a > 0 is small
enough:
FO) = F(X) = o VF(O)| + 0(a?)
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Pseudocode for Steepest Descent Method

Steepest descent

Input: A SPD, b, x0 0 < e < 1, maxiter > 1.
Set r(® = p — Ax(®), pO) = ((0) 5 = ¢]|p]|.
If |r(©]| <, return x() with success.
for k =1,..., maxiter
y = Aptb)
a1 = (p—), D) /(y, plk—D))
x(K) = x(k=1) 4 ptk=1)
r) = b — AxK) (or r(K) = rk=1) — )
If |r()|| < n, return x(¥) with success.
pk) — ()
end
Return x(%) and report that the tolerance was not met.

Since y = Ap*~Y| substituting the update of x) gives
b— Ax® = p — Axt—Y _ ak,lAp(k_l) = kD Qak—1y.

The residual shortcut avoids another product with A; p®) reuses r®). With the fast
residual update, the cost is ~ 2n?> FLOPs per iteration.
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Convergence of Steepest Descent Method

Theorem 2

The Steepest Descent method converges for every initial guess x(©).
Moreover it holds:

N
b=l < () ==l

where ||x|| 4 = \/(x, x)a is the A—norm.

Convergence is guaranteed, but can be very slow if A is ill-conditioned.
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Summary and extensions of gradient methods...

We have our functional F(x) := 3(x,x)a — (b, x) to minimize and use
x(k+1) = x(K) o p(K) | where p(k) = —VF(x(K)) = b — Ax(K). Possible
alternatives are:
e to simplify the calculation of p(¥) = —VF(x(K), e.g. in the
stochastic gradient descent method, used in machine learning: we

save time per each iteration at the expenses of an increased number
of iterations to reach a given accuracy;

@ to find better descent directions p(k), such that the convergence at a
given tolerance requires fewer iterations, as in the conjugate
gradient method
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Steepest descent vs. Conjugate Gradient

A=3 (1% 12), b=0x@=(27,33)7, x* =0.

-9 11
I I I \(0)
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3 ~| | = #- Steepest descent (10 steps)
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Each steepest descent direction (gradient) is orthogonal to the level curve at its starting point.
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Conjugate Gradient method

with p(0) = —VF(x(9), at each iteration k take p(¥) in the plane
span{r(®) p(k=11 that is:

where 8y is chosen so that p(k) is A—orthogonal to p(k—1) j.e.

(p(k), p(k_l))A = 0 (orthogonal in the scalar product associated with A).
It can be proven that

This approach is faster than the steepest descent. Actually, the method
terminates in at most n iterations in exact arithmetic (n=dimension of the
system), although it is used as an iterative solver in floating-point
arithmetic.

Matlab function: x =pcg(A, b, ...)
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Pseudocode for Conjugate Gradient Method

Conjugate gradient

Input: A SPD, b, x0 0 < e < 1, maxiter > 1.
r(o) = b — AX(O)' p(o) fy r(o), 77 = g”b”
If |r®]| <, return x(®) with success.
for k =1,..., maxiter
y = Aptk=1; if (y, plk=1)) < 0, report breakdown.
a1 = (p—, D) /(y, plkD))
X(k) =] X(k_l) _|_ ak_lp(k_l)
r) = b — AxK) (or r(K) = rk=1) — )
If |r(K)|| < n, return x(¥) with success.
B = (v, r9)/(y, plk=1)
p(k) = r(k) — ﬁkp(k_l)
end
Return x(%) and report that the tolerance was not met.

The fast residual formula follows from y = Ap*~1) and the update of x(¥, as in
k), reuse the residual just computed: b — Ax¥) = f(K) Both
shortcuts avoid another product with A.
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