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Introduction
Prions UNI

Prion is derived from proteinaceous infectious particle.

The prion phenomenon involves

self-propagation of a biological information
through the transfer of structural information

from a misfolded/infectious protein in a prion-state to the
same protein in a non-prion state.

Prion cause various diseases: Creutzfeld-dacob, ...

Prion-like mechanisms are associated to Alzheimer,
Parkinson and Huntington diseases.
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Introduction
Prions UNI

Monomeric prion protein (PrPC) is converted into
misfolded aggregating conformers (PrPSc).

PrPSc assemblies have the ability to
self-replicate and self-organise (mechanism unknown).

Phenotype differences are assigned to
structural differences in PrPSc assembilies.

Experiments using Static Light Scattering (SLS) in the lab of
Human Rezaei studied the depolymerisation kinetics of
recombinant PrP amyloid fibrils.

= surprising, transient oscillations!
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The Challenge

Time evolution of the second moment of PrP polymers
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Background
Coagulation-fragmentation models RAY

The Formation and the Break-up of Clusters/Polymers in

Physics aerosols, rainsdrops, smoke, sprays
Chemistry monomers/polymers
Astronomy formation of galaxies

Biology hematology, animal grouping
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Coagulation-Fragmentation Models
Macroscopic viewpoint

The Formation and the Break-up of Clusters/Polymers

assume particles fully described by mass/size y € Y.

full/realistic models can quickly get very difficult
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Discrete coagulation-fragmentation models
The Smoluchowski coagulation equation [1916/17] RAY

discrete polymer size/mass ¢ € N, density ¢;(t) > 0, ¢ = (¢)

dici(t) = Qeoag(C; ¢) + Q frag(c)
= Q1(c,¢) — Qa(c, ¢) + Q3(c) — Qu(c)

Binary coagulation:
Q1 (c, ¢): gain of particles of size i

{i—jy+{j} =i}, j<i

Q2(c, ¢): loss of particles of size i

{i}+{j} =2 {i+j}, j>L
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Discrete coagulation-fragmentation models
The Smoluchowski coagulation equation [1916/17] RAY

discrete polymer size/mass ¢ € N, density ¢;(t) > 0, ¢ = (¢)

dici(t) = Qeoag(C; ¢) + Q frag(c)
= Q1(c,¢) — Qa(c, ¢) + Q3(c) — Qu(c)

Fragmentation:

Qs(c): gain of particles of size i

(i 45} 22098 v+ 5y, > 1

Q4(c): loss of particles of size i

(i} 25 allpairs {i—j}+{j} with j<i.
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Introduction
Discrete coagulation-fragmentation equation RAY

Discrete in size coagulation-fragmentation models
0i¢i = Qicoag(C; €) + Qi prag(c), 1 EN,
Qiycong = % ZZ: Ai—j,5 Ci—j Cj — Zj; Ui,j Ci Gy,
(i, frag = Zj:l Biyj BivjiCivj — Bici.
Coagulation-fragmentation coefficients

a;; = a;; > 0, Bi; > 0, (4,5 € N),
Blz(), BZZO, (ZEN),

1—1
(mass conservation) i = Z 7 Big, (2 € Nyi > 2).
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Discrete coagulation-fragmentation models
Weak formulation, conservation of mass Jh

Test-sequence y;,

Z i Qz coal — Z Z a; ,J C; C] QOH—] Pi — gpj)

1=1 j=1
Z Pi Qi,frag — = Z Bici (sz — Z 5@',]’90]') .
i=1 =2 =1

Conservation of total mass or gelation
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The Becker-Doring model
Interaction between monomers and polymers RAY

The Becker-Doring model only considers (de-)polymerisation
with monomers/clusters-of-size-one.
System of a monomer-equation and polymer-equations:

/

< dtcl — —Jl(c) — Z;)il Ji(c)7
\dtci = Ji—1(c) — Ji(c), L= 2

where JZ(C) = a; C1 C; — bi—H CZ'_HE

The Becker-Doring model is detailed balanced!

a1 =a12/2, bp =>011/2, and a;=a;1, bi+1="0;1, 1 > 2
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Coagulation-Fragmentation models
Detailed balance condition : continuous and discrete

non-negative equilibrium E(y) € Li(Y) := L'(Y, (1 + y)dy):
a(y, Y ) EWEWY) =by,y)E(y+y),  (y,y) €Y XY
This equation is also satisfied by all
E.(y)=FEw)zY, yeY, forz>0
but E. not necessarily in L1(Y"). Thus,

zoi=sup{z >0:E, ¢ Li(Y)} € [1, 0]
ps = Mi(E. (y)) € [0, 00].

p, 1S called the saturation mass
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Coagulation-Fragmentation models
Entropy and detailed balance

Entropy functional: H(f|E) = [, f (In(£) — 1) dy

H-Theorem f'=f(y), [f"=/fy+y)

d 1
ZH(f|E) = —5D

~D(f)
- /y /Y(aff’ —bf")(In(af f') — n(bf")) dydy

Dissipation D(f) = 0 vanishes only for equilibria,

f(t y) m E, (y) { Z Ml(Ez)Z) — M1(f0) ]512;0; i zs

No sustained oscillatory behaviour possible
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Modelling

A bi-monomeric, nonlinear Becker-Doring model oRhe

)Y monomeric species

W conformer species (assumed monomeric for simplicity)
C; polymers built from : monomers
C, smallest size of "active” polymers (one for simplicity)

EERYY

LGV

< W—|—CZ % C?H—la

Eoow,

(

A
VAN

n,

1
YioC 2V, 2<

VAN

n.

k reaction rate constant for the monomer/conformer.
a; and b; polymerisation/depolymerisation coefficients.
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Modelling
A bi-monomeric, nonlinear Becker-Doring model oRhe

)Y monomeric species

W conformer species (assumed monomeric for simplicity)
C; polymers built from : monomers

C, smallest size of "active” polymers (one for simplicity)

k

(yaw 5 oow,
§ WH+C 5 Cipa,

1
GV B C 42V, 2<

I/\
I/\
S

| /\
S

Key modifications compared to Becker-Doring:
# two monomeric species

# monomer induced nonlinear depolymerisation
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Equations and formal properties
A bi-monomeric, nonlinear Becker-Doring model oRhe

Definewith J, = J,=0,n e Nor J, =0, n = o0

Jz(t) — a; w(t)cz(t) — bz'_|_1 U(t)Ci_H(t), 1 S 1 S n — 1.
)
W = —kow +v ZQb iCi, v(0) =Y,
—1
& = —w ; a;c; + kvw, w(0) = w?,
\Ciiiz = Ji1 — i, Ci<0):Cg, 1 <7 <n.

Two conservation laws
# Total number of polymers: Py := > ", ¢i(t)

® Total mass: M, :=v(t) +w(t) + > ., ici(t)
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Modelling
The two polymer model n = 2 RAY

The simplest model for n = 2

dv __ der __
{Ev[kw%—@], {gwﬁ%-vcza

dw

aw deg
dt o

= w kv — 1], o7

we, — VCq,

transforms upon using the two conservation laws into a
generalised Lotka-Volterra system for v and w

D=y [M—(k+ 1w -],
W —w[(M—PBy)+ (k—1)v —w].

W|th M — Mtot _ P().
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Modelling

The two polymer model n = 2 RAY

Simplest model for n = 2

W= [M— (k+ 1w -],
D= w[(M = Py)+ (k= 1)v—u].

Boundary equilibria (v, w) = (M,0) and (v,w) = (0, M — F)
(in case M > F).

Positive equilibrium (v, ws) > 0 provided Py € (325, kM)

PO( 1) M M P
e EEE s Weo 1= — — —

k k-’ ko k2

Voo ‘=
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Modelling

Rescaling two polymer model kA

Equilibrium (v, w) is of order ¢ := 1/k.
Rescaling

v w
v%zzsv, and w— — = ew,

Rescaled equilibrium values
UOO:P0<1—|—€)—M, and wOO:M—ePO,

Rescaled two polymer system

dv
dt

dw
dt

=V |[Weo — W] — EV [V — Voo + W — Weo| ,

=W [V — Vo] — EW [V — Vo + W — W) -
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Modelling

Limiting < = 0 Hamiltonian system RAY

The case ¢ = 0 constitutes a classical Lotka-Volterra system

p
ddif = Vg [woo — wo] — Vo wo(—g—ﬂ),

\dd% = Wy [V — Vo] = wovo(g—ﬁ),

which is defined by and conserves the Hamiltonian

H(v,w) =v — Ve Inv + w — Wy Inw

d OH d’UQ O0H d’wo

ar 1ol wolt)) = 50 B

= 0.

Any positive equilibrium (v, ws,) > 0 is the unique minimiser
of the associated convex Hamiltonian.
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Analysis
Exponential convergence to positive equilibrium RAY

Theorem: Let Py € (425, kM) = positive equilibrium (v.., ws)

Then, the Hamiltonian is a convex Lyapunov functional with

d 2
S H(w(t), w(t) = —[(v—vee) + (w — wee)]”.

Moreover, for ¢ sufficiently small, every solution (v(t), w(t))
subject to positive initial data (vg, wg) > 0 satisfies

0 — Ueo|® + Jw — weo|* < C (H — Hy) e

The rate » and constant C' depend only on the initial
Hamiltonian value HY := H(v", w°) and (vae, ws).

Roma 11.11.2019 —p. 1¢



Analysis
Entropy method RAY

Proof: Entropy method for

d 2
S H((t),w(t)) = —ep(v, w)”.

Aim for entropy estimate
H< —C(Hv,w) — H(Vso, Wao)).

Difficulty due to a degenerate line in (v, w)-phase space:
p=0 <= W—Wex=—(V— Vo).

Workaround: Show that trajectories cross an area containing
p = 0 In finite time with finite, positive speed.
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Numerics
Oscillatory mechanism of two polymer model hA

Trajectories of the monomeric concentrations v and w for the
two-polymer model for k = 10, a =b=1and #£ <« P, < kM.
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Numerics
Oscilatory mechanism of two polymer model

Monotone decay of the Lyapunov functional for the

kM

two-polymer model for k = 10, a = b = 1 and 4

< Py < kM
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Numerics
Oscilatory mechanism of two polymer model hA

Trajectories of the monomeric concentrations v and w for the
two-polymer model for k = 35, a =b=1and £ <« P, < kM.
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Analysis
Fast transient oscillations UNI

Corollary: For v = vg + ev; + O(e?) and w = wy + ew; + O(?),
we find a regular perturbation of the zero order T-periodic
Lotka-Volterra solutions (vg(t), wq(t)). The first order terms

(v1(t),wq(t)) satisfiy the non-autonomous, inhomogeneous
system

V1| [Weo —wWo  —o (1 V0(Voo — Vo + Weo — W)
w1 wo V0 — Voo ) \W1) \Wo(Voo — Vo + Woo — W)
The solutions (v(t),w(t)) deviate O(¢) far from the T-periodic

(vo(t), wo(t)) on a time interval of size O(T") and undergo
O(1/¢) many oscillations before converging t0 (vs., Woo ).
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The finite n €¢ N 2nBD model
Stationary state analysis RAY

Stability regions of the SSs in %Mp—y parametric space:

Mot
P

Case a; < b,

=
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The finite n €¢ N 2nBD model
Stationary state analysis RAY

Stability regions of the SSs in %Mp—y parametric space:

Mot
P

Case a; > b,

=
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The n < oo model
Biological Intepretation: Stationary state analysis oRhe

A key quantity is

Mtot_ZiciJrquw
) & Py’

sum of average polymer size plus momomer-polymer ratio.
The biologically more realistic zone is %t < n.

Then, there Is either one positive steaty state (conjecture to
be stable) or a stable boundary equilibrium with extinged
conformer species w = 0.
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Numerics
Oscillatory mechanism of two polymer model

Convergence to positive SS and evolution of the size

distribution (right images). The parameters are n = 100,
k=11, a=150b=2and 1+ ¢ < 4t <n+ ¢,
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The n = co model
The constant coefficient case a; = a, b, = b Al

A strictly positive steady state (v, w, ¢;>1) is given by

Py, c=1=7P, &z2=7"(1-7)F,

2
- 1 a kMtot a kMtot 4k
Where’y—§(—g+w+1—\/(g—w+1> +T>

Obtain perturbation of predator-pray Lotka-Volterra system

W = —kow + bv(Py — ¢1),

% = —awFy + kvw,

de; .
a 7;_1—J7; 1§’L
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The n = co model
The linear coefficient case a; = ia, and b;,.; = b Al

A strictly positive steady state (v, w, ¢;>1) is given by

_ alp _ by Py _ _ 1

v = , W= 6= (1=7)F, G2 =" (1-7) o,
F(1=7) R(1 =) -

and y = Mett=Blerh) ¢ (0,1). Introducing My = My — v — w

yields for Fy < M; a perturbation of the lvanova system B

(CCZZ_;’ — —kow —|—Ub(M1 — Po)a

\ % = —waM; + kvw,

A — waMy —vb(M, — F).

\ dt

Viw 5 oo, WaM S oM, M4V S a9y,

Roma 11.11.2019
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A hybrid bi-monomeric, Becker-Doring Model

Only small fraction of nonlinear depolymerisation RAY
V+w L oow
W +C; =5 Citq 1 <i1<n
<c+v”4’c“+2v 2<i<n
Cz—i—l % C;i + W 1<i<n

Simulation: £ =0.3, a; =2, b, = 0.1, 5, = 1.9, n = 50.
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A bi-monomeric, nonlinear BD model
Conclusions NI

# Biologist like the suggested mechanism
— Experiments are needed to test/improve the model.

#® Observed oscillatory behaviour should serves as hint
towards unraveling the biological machinery.

#® Two-polymer model can be solved completely and
examplfies an oscillatory mechanism for large k.

#® The models with n > 3 feature related oscillations as
interaction of momomer species to polymer hierarachy.

# Our model will needs extensions to explain
non-oscillatory behaviour of experiments.
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A bi-monomeric, nonlinear BD model

THANK YOU VERY MUCH!
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