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Typical unique continuation results: Riemannian setting

Theorem (Holmgren, Carleman, Calderén)
An eigenfunction p; of A, never vanishes identically on an open set w # ().

Theorem (Donnelly-Fefferman 1988, Lebeau-Robbiano 95)
Assume w C M, w # 0. Then [|¢jl 12 pq) < Ce"VN il 20

~ ”‘PJ”LZ(W) pe e *V'Y for normalized eigenfunctions.

~» Optimal in general.

Relax the ellipticity condition g’jg,-{j > col€)?, with ¢ > 07?

What if g vanishes at some points, in some directions?
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Sub-Riemannian /hypoelliptic setting

e M compact connected manifold
ds a density on M, L? = L*(M, ds)
e m vector fields X1, , Xm

Type | Hormander operator

L= zm: X Xi.
i=1

Here [, X*(u)vds = [, uX(v)ds o X" =—X —divas(X)
e Formally symmetric nonnegative, £ = — divas(Vsr-)

Examples in dimension d =2, M = T? = [-1,1)?, ds = dxidx>:

o Elliptic operator: Xi = 0y, Xo = 0, => L = —(0 + 93,) is elliptic.

o Grushin operator:
X1 =08y, Xe=x0y = L=—(02+x05)
e p-Grushin operators:

X1 =084, Xe=x{8, = Lp=—(0 +x",)

The proofs
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Definition
with F = (X1, -+, Xm) set Lie(F):
o Lie'(F)(x) = span(Xi(x),- -+ , Xm(x)) ,
o Lie®"(F) = span (Lie(#) U {[X, Xj]; X € Lie"(F),j =1,--- ,m}).

Assumption (Chow-Rashevski-Hérmander)

e 3¢ > 1 so that for any x € M, Lie?(X1, -+, Xpn)(x) = T, M.

e set k := the minimal /.

Examples:
e Elliptic operator: X; =0y, and Xo =0y, ~» k=1
e Grushin operator: X; = 0, and Xz = x10x, ~» k =2
since [Ox,, x10x,] = O,
e p-Grushin operators: X1 = 0y, and Xz = xf[)‘Xz ~k=p+1
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Theorem (Chow-Rashevski, 1938)

Assume Chow-Rashevski-Hérmander condition. For any xo,x1 € M, there is a
curve [0,1] = M, t — 7(t) such that

e (0) =x0 and v(1) = x1
e v is always tangent to span(Xi, -, Xm)

Theorem (Hérmander 1967, Rothschild-Stein 1976)
Assume Chow-Rashevski-Hérmander condition.
e The operator L is hypoelliptic: Yu € 2'(M),x0 € M

Lu € C*™ near xo = u € C* near xo.

o The operator L is subelliptic of order %:

2 ey S 1€0l2gny + Nulizan

Examples:
e Elliptic operators ~ k = 1: [lull,o(nq) S LUl 2 a0y + 1ll 2 p0)
* Grushin operator ~ k = 2: [[ullya vy S 1Lull 2gpgy + l1ull 2 pn)
e p-Grushin operators £, = 7(851 + XIQP&ZQ) ~k=p+1

1l 221 gy = WEUlzean) F lllizr
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Properties of L:

L:D(L) C (M) = [2(M),

e subelliptic estimates = H?*(M) C D(L) C H%(M)
~~ L is selfadjoint on L*(M), with compact resolvent
~+ Hilbert basis of eigenfunctions (i;)jen, real eigenvalues (\j)jen

Loi = Xigi, (i @i)izmy =0, 0= <A1 <A <+ <\ — +oo.

- gy € CO(M).
~> Well-posedness of hypoelliptic wave and heat equations
(2 +L)v="Fand (O +L)u="F
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Assumption (Analyticity)
The manifold M, the density ds, and the vector fields X; are real-analytic.

~ the Chow-Rashevski-Hérmander is necessary for attainability /hypoellipticity.
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Theorem (Bony 1969)

An eigenfunction ; of L never vanishes identically on an open set w # ().

Theorem
Let w C M, w # (. Then, for normalized eigenfunctions:

N
llill 2wy = Ce %

e False in general without the analyticity assumption (Bahouri 1986).

Proposition (Csq of Beauchard-Cannarsa-Guglielmi 2017)

For the p-Grushin examples, there are w # 0 and ();j, ;)
eigenvalues/eigenfunctions of L, s.t.

—C )\’.(/2
loilleey < Ce™™% , k=p+1.
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hypoelliptic heat equation: controllability

Sobolev norms:

, seR.

ol = 1+ 4],

Hypoelliptic heat equation controlled from w:

(0t + L)u = 1,1, in (0, T) x M,
{ u(0)=0,  in M. (2)

Approximate controllability: drive the solution to u(T) ~ uy?

Corollary (Approximate controllability and its cost)
Fix T > 0. Forany e >0, uy € L*(M), there is f € L*((0, T) x w)

s.t. the solution of (2) satisfies

[u(T) = wnllyy 1 < e flunllzgu -
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hypoelliptic heat equation: observability

Hypoelliptic free heat equation:

Oy + Ly =0, in (0, T) x M,
y(0) =0 in M,

Theorem (Approximate observability)
For all T > 0, there are C,c > 0 s.t. for all yo € H%, foralle >0

)
< 2 2 2
ool < CeF [ (et + ool

The proofs
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Motivation Hypoelliptic operators Two results

About the proofs

Theorem (Approximate observability)
For all T > 0, there are C,c > 0 s.t. for all yo € H%, for all ji large

]
2 k —tL 12 1 2
ool < Ce* [ eyl + ol

4 main steps/ingredients:

The proofs

1. Quantitative Unique Continuation for 87 4 £ (hypoelliptic wave equation)

~~ Laurent-L. 2015-2019



Motivation Hypoelliptic operators Two results The proofs

The proofs: Quantitative Unique Continuation

o Global UC statements « local UC results + geometric constructions.

Local (near x°) UC result across {¢ = 0} > x° for P = p(x, Dy):

(Pu=0near x°, u=0in{¢>0}) == u=0 near x°.

Holmgren-John (1949) Carleman-Hormander (1960)
e analytic coefficients e C* (even C?) coefficients
® ¢ non characteristic for P: e ¢ pseudoconvex for P:

p(x°, dp(x")) # 0 {p.{p, #}}(x",€) > 0
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Quantitative Carleman-Hormander theorem

Usual Hormander theorem: 3 steps:

1. Carleman estimates:

<

~

eﬂpv‘

, e”"PvH ) for all 7 > 79,
L L

v compactly supported near x°. Here, 1) = convexification of ¢.

2. Apply it with v = xu where Pu =0, x — levelsets of ¥. Yields (u = 7)

!
lully, S €™ llully, + e *[lull

~

expo. small remainder

3. propagates very well (Bahouri 87, Robbiano 95, Lebeau-Robbiano 95):

o
lull 2 S € Nlullpgey+ ¢ llully . Pu=0.
N————

expo. small remainder

The proofs
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Quantitative Holmgren-John theorem
(Tataru-Robbiano-Zuily-Hérmander spirit)

A Carleman estimate “localized in £ = 0"

+ e—rd e'rd)V

_ £ D2
He 7D ey, A

_ £ |p|?
< He 1P e py,

e Apply it with v = xu, x — levelsets of ¢. Yields (Pu = 0)
He*%m\zeﬂbqu < e lully, + e Jlul| for all 7 > 7.

o Complex analysis in the 7 variable ~~ Local estimate

C
llully, < €™ lully, + L el

~——

not so small remainder

e
PROBLEM: does not propagate well ~~ e
e Solution! propagate low frequencies only: with m € C°(R):

XwUu m Xwu
I 12

for all g > po and v € C(R").

e PROBLEM: Commutators {m (%) 7)((x)} are of order = — too bad
e Solution! analytic cutoff functions!

+C e
N—_——

expo. small remainder

< Ce™
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Thank you

THANK YOU FOR YOUR ATTENTION!
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